View metadata, citation and similar papers at core.ac.uk brought to you by .i CORE

provided by Elsevier - Publisher Connector

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 164, 285-306 (1992)

On the Inversion of Integral Transforms
Associated with Sturm-Liouville Problems

AHMED 1. ZAYED

Department of Mathematics, University of Central Florida,
Orlando, Florida 32816

AND

GILBERT G. WALTER

Department of Mathematics, University of Wisconsin,
Milwaukee, Wisconsin 53201

Submitted by George Gasper
Received July 6, 1990

Consider the Sturm-Liouville boundary-value problem
(1) y'—gx)y=~ty,—w<asx<h<wx
(2) yla)cosa+ y'(a)sina=0
(3) p(b)cos B+ y'(b)sin f=0,
where g(x) is continuous on [a, b]. Let ¢(x, t) be a solution of either the initial-
value problem (1) and (2) or (1) and (3). In this paper we develop two techniques
to invert the integral F(1)= (% f(x) ¢(x, 1) dx, where f(x)e L*a, b); one technique

is based on the construction of some biorthogonal sequence of functions and the
other is based on Poisson’s summation formula. € 1992 Academic Press, Inc.

1. INTRODUCTION

Recently there has been some interest in the study of a certain class of
integral transforms which contains the continuous Jacobi, Gegenbauer,
Legendre, Laguerre, and Hermite transforms as special cases. The impor-
tance of these integral transforms lies not only in their intrinsic properties
but also in their connection with sampling theory and signal analysis. They
lead to various sampling expansions similar to the one given by the
celebrated Whittaker—Shannon—Kotelnikov sampling theorem [2,15]
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286 ZAYED AND WALTER

which states that if f(¢) is band-limited to [—=, n], then f(r) can be
expanded in the form

smn —n)
n(t—n)

fly= Z fn (1.1)
Analogously, it was shown in [29] that if /*(s) is the continuous
Jacobi transform of f(x), ie., if

P = 4 d ) x B> —Lie€  (12)
for some suitable function f(x), where ¢!*#(x) is the Jacobi function,
dw™@P(x)=2"29(1-x)*(1+x)?dx and 2g=a+ B+ 1 is an integer >0,
then a sampling expansion of /*#)(¢) can be given by

o0

f=Py= Z J=Pn+q) Si(t—q), (1.3)

where

v _2(n+gq)sinn(i—n—gq)
Sn(t_q)_ n[tz_(n+q)2] N (14)

When ¢=0, (1.4) is a symmetric version of (1.1). When a=f=21—1,
F*8(1) reduces to the continuous Gegenbauer transform studied in [28]
and when a=0=p, it reduces to the continuous Legendre transform
studied in [3, 17, 30]. The continuous Laguerre and Hermite transforms
and their sampling expansions have also been investigated in [9-12, 14, 16,
25, 33].

It seems desirable to have a more unified approach to all these integral
transforms and their sampling expansions. One such approach which is due
to Weiss [31] and Kramer [19] goes as follows: Suppose that ¢(x, t) is a
real continuous function on 7xJ where / is a bounded interval and Jis a
domain such that for some sequence {¢,}>_,in J, {¢,(x)=d(x, 1)}, is
a complete orthogonal family of functlons on [ w1th respect to some
measure dp. Then, for f(x)e L*(I, dp), we have

$n(x)

flx )= f( )||¢ e (1.5)

||M8

where

=] 1) 8,() dp() (16)
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If we call the sequence {f( n)} 0 the discrete ¢-transform of f(x), then it
is natural to call f(z) ={,f(x) ¢(x, 1) dp the continuous ¢- transform of
S(x).

It is our interest to find a sampling expansion and an inversion formula
for this transform. As for the sampling expansion, one can easily find from
(1.5) that

fiy=3 Fn)S,(0), (17)

where

1
S0 =153 | 40 9 1) o (18)

are the sampling functions. However, finding an inversion formula for the
continuous ¢-transform is not, in general, as easy.

To see where the function ¢(x, ¢) arises naturally let us consider the
regular Sturm-Liouville boundary-value problem

Y —q(x)y= —ty, —w<as<x<b< (1.9)

y(a)cosa+ y'(a)sina=0, (1.10)

y(b)cos B+ y'(b)sin f=0. (1.11)

Let {12}, denote the eigenvalues of this problem and let ¢(x, 1) be a

solutlon of (1 .9) together with one of the boundary conditions, say (1.10),
then it is well known that {¢,(x)=¢(x, t,)}_,, the eigenfunctions, form
a complete orthogonal family on [a, b] with respect to Lebesgue measure.
Therefore, the so-called continuous ¢-transform in this case takes on the
form

Fiy=[" 7e) pix, 1) i (112)

The function ¢(x, 1) with its main property of producing the eigenfunctions
when the parameter ¢ is replaced by the r,, may also arise from some
singular Sturm-Liouville boundary-value problems. Since the Legendre,
Gegenbauer, Jacobi, Laguerre, and Hermite functions are solutions of
Sturm-Liouville boundary-value problems, the importance of (1.12)
becomes evident.

The sampling expansion (1.7)-(1.8) of f(z) has recently been shown in
[33, 36] to be nothing more than the Lagrange interpolation of f(r)

As for an inversion formula for (1.12), no general procedure seems to
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exist; only a few scattered results are known. For the continuous Legendre
transform, inversion formulae were found earlier by MacRobert [23, 241
and more recently by Butzer, Stens, and Wehrens [3]. An inversion for-
mula for the continuous Gegenbauer transform was found by Walter in
[28]. As for the continuous Jacobi transform, an inversion formula was
found by Deeba and Koh for «+ =0 in [7, 8] and extended by Walter
and Zayed [29] to «+ f+ 1 a nonnegative integer, and by Koornwinder
and Walter for general a, f > —1 [18]; see also [34, 35].

The aim of this paper is to find an inversion formula for (1.12). The rest
of this article will be divided into five sections. Section 2 contains some of
the preliminary results that will be used in the sequel. In Section 3 we
develop a technique to invert (1.12) based on the construction of a
biorthogonal sequence. In Section 4 another technique based on the
Poisson’s summation formula is derived. In Section 5 we give some examples,
and in Section 6 discuss the singular case.

2. PRELIMINARIES

Consider the regular Sturm-Liouville boundary-value problem
(S-LBVP) given by (1.9)-(1.11), where ¢g(x) is real and continuous on
(a, b) and tends to finite limits as x »a™ and x> b . Let ¢(x, 1) and
Y(x, t) be solutions of (1.9) such that

o(a, t)=sina, ¢'(a, t)= —cos o (2.1)
(b, t)=sin B, ' (b, t)= —cos f. (2.2)

It was shown in [36, Lemma 2.1] that both ¢(x, ) and ¥(x, t) can be
chosen as even entire functions in ¢ of exponential type <(b—a) and as
functions in x they are real-valued whenever ¢* is real; they do not vanish
identically for any r whether real or complex, and are uniformly bounded
for all real ¢ and a < x < b. Indeed if sin « #0,

#(x, t) =cos(t(x —a)) sin a + O(|z| "' M1 (x=2)) 2.3)

and if sino=0

B, 1) = == sin(i(x—a)) +0(]1] 2 1<) (24)

[27, p. 10].
At most a finite number of the eigenvalues of problem (1.9)-(1.11) are
nonpositive; therefore we can assume, without loss of generality, all are
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positive; otherwise we choose a fixed number ¢ and consider the boundary-
value problem

V'+{(A—c)—q(x)} y=0

together with (1.10) and (1.11), where c¢ is larger than the magnitude of all
nonpositive eigenvalues. Hence, from now on, we shall denote the eigen-
values by {4,}>_,, and set 4,=12, t_,= —t,. We shall also denote the
eigenfunction corresponding to the eigenvalue 4, by ¥ ,(x) and since ¢(x, t)
is an even function in ¢, we have

Yux)=¢(x, 1,)=¢(x, t_,)=¢_,(x), n=12,..
and

W > = [ Usle0) W) dx

«@

_{0 if n#ttm
.l n=tm

Let f(x)e L*(a, b), f(n)=<{f, ¥,>, then

_ S gl LS ()
1= ¥ f =3 X T

(2.5)

Since ¢(x, t) is bounded in x for each ¢, it has a similar expansion. In (2.5),
the series converges in the sense of L*a,b), and X2 __ =37" .
We also have the following estimates [22, pp. 8-13]:

s, c 1
t"_(b—a)+(s,,)+0<?> as n-— oo, (2.6)

where s,=(n—1), or (n—13), or n as (i) sinasin §#£0, (ii) sina=0 or

sin =0 but not both, or (iii) sin «=sin $=0. Similarly in these three
cases we have respectively for sin o # 0

W ,(x) = sin « cos <(—n—w> +0 (%) as n—oo (27)

and for sin « =0,

w,,(x)=i£sin<(i_”—”(x_i)>+o<l2> as n - co.

b—a n
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The normalized eigenfunctions are [27, p. 19]

V) (2 N\ ((=Dmx—a)\ , (1
||wn>|"<b~a> °°S< b—a >+0<n) (28)

= (2a) () e ()

3. INVERSION FORMULAE

and

In this section we develop a technique for inverting any integral trans-
form whose kernel is a solution of the regular Sturm-Liouville differential
equation (1.9) and satisfies one of the initial conditions (1.10) or (1.11).

This technique is based on the construction of a biorthogonal sequence
of functions to be used in the derivation of the kernel of the inversion
formula. This idea was used earlier by Walter and Zayed [29] and
Walter [28].

Since the substitution X =n(x —a)/(b— a) transforms the interval [, ]
into the interval [0, =] without changing the form of the boundary-value
problem, we shall from now on suppose that a=0, b=rn.

We denote by G(z) the Wronskian W(¢, ) of ¢, ¢ which is known to be
independent of x (cf. [27, p. 7]);

G(1)=(x, )Y’ (x, ) —(x, 1) ¢'(x, 1).

The continuous Sturm-Liouville transforms will be denoted by

Fy=(@f)(1)= | 1x) plx, 1) dx (3.12)
and
FA(0)= (@, )0 =] f(x)¥(x. 1) d. (3.1b)

PROPOSITION 3.1. The map @ given by (3.1a) (respectively @, given by
(3.1b)) maps L*(0, n) into the Paley—Wiener space B, of functions in L*(R)
which are even, entire, and of exponential type <. It is continuous and one
to one and F(t) (resp. F,(t)) admits the sampling representation

Fy=1 S F1,) Go) (3.2)
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where G,(t)=2t,G(t)/(t* —12) G'(1,), and G(1) is the Wronskian given by

[s's) 2
6 =T1 <1—%>, Ref. [36]. (3.3)

n=1 n

Proof. We only prove the results for F(z) since the proof for F,(¢) is
similar. That F(¢) is an even entire function of exponential type n with
0<n<n was shown in [36] From (2.5), (3.1a), and Parseval’s equality,
one obtains

1 &, , W,
F=3 2 Hn) <|ﬁ//wn2>

since F(t,,)=f(n), n= 41,42, ... From the relation

(3.4)

[" P26 () dx— [ GENLF(x)) dx = W _ (F, G) = W._(F, G),
0

0

(3.5)
where
d2
L=;l,?——q(x), (3.6)
it follows that
(2= 2) [ gl 1) U(x) dx = W (1) (37)

since W, _o(d, ¥,)=0. But since ¢(x, ¢) and Y(x, ¢) are linearly dependent
at t=t,n=+1,+2,.. (cf. [27, p.8]), we have ¢(x, t,)=y,(x)=
k,W(x,t,); k,#0, co. Thus since y(z, t,) =y(m, t), (3.7) becomes

(=) [ 465 0l dv =k, W8 0)=h, G0, (38)

and

k,G(1)
(P—1})

(B =] gl 1) Y, x) de = (39)

By differentiating (3.8) with respect to ¢ and then taking the limit as t — ¢,
we find that

T k 4
e S I N €2L)

n
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By substituting (3.9) and (3.10) into (3.4) we obtain (3.2). That G(¢) has
the form (3.3) was shown in [36].
From the asymptotic formula (2.3), it follows that for sin « #0,

F(t) = sin j cos 1x f(x) dx + O(l1] ).
0

Hence, Fe L*(R). Similar calculations follow for sinax=0. If F(1)=0
almost everywhere, then since F is entire, F=0. In particular, F(z,)=0,
n= +1,+2,.., and hence f(n)=0, which, since ,(x) is complete in
L*(0, n), implies that /=0 a.e. Q.ED.

Integration by parts together with the asymptotic formulae give us the

COROLLARY. Let HY be the Sobolev space on (0, n) (consisting of the
completion of C3[0, n] with respect to the norm || f|,, =X o | ). Then
fe HY implies that F(t)=0(]t|™").

To derive the inversion formula for (3.1a) or (3.1b) we need

LemMa 3.1. Let G(t) be the Wronskian given in (3.3). Then G(t) is
an even entire function of exponential type <m with G(1)/(1*—12)e
L*(— o0, ).

Proof. That G(¢) is an entire function of exponential type follows from
the fact that ¢(x, ¢) and ¥(x, ¢) and their derivatives are. The estimates
(2.3) and (2.4) and similar ones for y(x, #) [27, p. 11] may be used to
show that the type of G(7) <. They may be used as well to obtain bounds
for G(t) on the real axis. Indeed, corresponding to the three conditions in
(2.6) we find for real ¢ as |¢| — oo,

(i) G)=0(1)
(i) G()=o0(1) (3.11)
(i) G(r)=0(1"").

In each of these cases G(¢)/(+> —t2) e L*(— o0, o0). Q.E.D.

The Wronskians for the three cases in (2.6) may be calculated explicitly
for the differential equation y”+ iy=0 with (i) a=p=mn/2, (ii) x=0,
B=m/2, (iii) a=p=0. They are (i) n?[]>, (1 —}/n*)=1tsinnt, (ii)
[1e o (1=t (n+ %)) =cos nt, (iii) n [T, (1 —1%/n?) = (sin nr)/1.

n=1
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THEOREM 3.1. Consider the regular Sturm—Liouville boundary-value
problem (1.9)—(1.11) on the interval [0, n] with sin o sin §#0. Let

=f: f(x) $lx, 1) dx (3.12)

for some f(x)e HY the Sobolev space on (0, n), m> 1. Then,

f(x)=rc Flt) K(x, 1) db, (3.13)
where
- )
1 3.14
2 X uw 2 B0 (3:14)
_sinn(t—2) _ 1" o,
B==r ‘27:[,,.8( ) dw, (3.15)

the sinc function,

Proof. The series defining K(x, t) converges absolutely and uniformly
for all xe [0, =] and fixed ¢ on the real line. To see this, first let us observe
that K(x, t) can be written in the form

i Y.(x) _D,(1)

2P (P =)

where D, (t)=tsin nt cos nt, — ¢, cos nt sin nt,,. The result now follows
from the estimate

1
Y, (x)=sinacost,x+ 0 (;)

and from the fact that ¢, sin nt,, is uniformly bounded (cf. (2.6)).
Moreover, K(x, t) is bounded in ¢ for almost all x. This follows from
(3.15) since

D,(1) B.()+ B,(=1) lr COs Wt cos wt, dw
(t —1 ) 2 TJo "

{coswt, f,>+ 0O (%)

1
L

409/164/1-20
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Hence, K(x, t) is given by the series expansion of (1/m) cos x¢ plus an L’
function which is bounded in ¢; i.e.,

o Yalx)
El A

1
K(x,t)——cosxt|<C
Y

>

where C is a constant independent of x and ¢

Since fe H(0, n) for m>1, it follows from (2.5) that f(n)nel? and
hence 3" |f(n)| < oo. Since F(t,)=f(n), and G,(t)=G(t)2t,/[(*—12)
G'(t,)] is uniformly bounded for all » it follows that the series in (3.2)
converges to F(¢) absolutely and uniformly on the real line and that
F(t)=0(1/t*) as |t| > co. Therefore, the integral in (3.13) is absolutely
convergent.

From Lemma 3.1, G(¢) is an even entire function of exponential type <=
and G(t)/(t*—12) is in L*—o0,00), hence by the Paley-Wiener
theorem [21, 267,

A
h,,(x)=—1.i.mf G, (1) e " dr, n=+1,+2, (3.16)
T A—> A
exists and
G,,(:):j" h(x)e™dx, n=+1,42, ... (3.17)

Since G(1,)=0 for n= +1,+£2, .., it follows that G,(z,)=0 if n# tm,
G,(t,)=1if n= £m and G,(t)=G _,(¢). Thus,

K”h,,(x)e"mx dx={(1) ﬂ Zi i’; (3.18)
From (3.15) we also have
g (@)= B0y e d (3.19)
Since B,(—1t)=B_,(1), it follows from Parseval’s equality that
jio G,(1) B,(1) dt:j; h(x) % dx = {? ii ;’Z :—_t’; (3.20)
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Therefore, from (3.2), (3.14), and (3.13) we obtain

fm F(t) K (%, 1) dt

:r

—

1z, 13 dlx)
(5,2 mmeo); X 55 o)

n= —oo =—-N
which upon using (3.20) and (2.5), and taking the limit as N — oo, yields

* R Yalx)
LO F(t) K(x, 1) dt—2,,:zm Flo,) 2=

Interchanging the integration and the summation signs is permissable
because of the dominated uniform convergence of the series involved.
Q.ED.

J(x).

Remarks. (1) For the cases where sinasin =0, the theorem still
holds except that the inversion formula (3.13) now is

f(x)= lim fw FU1) K(x, 1) dt,

N-oow v,
where

Kus. ot $ Yl

2,52 5 Wl?

B, (1)

and is valid for Sobolev spaces H{ with m > 2.

(2) One can easily verify that if zero is an eigenvalue, then the kernel
K{(x, t) can be written in the form
By(t)+=

_ Wolx) LS ) B
Wl 2, = L

where B(¢)=sin nt/nt, and

K(x, 1) (3.21)

F)=FO) Go()+3 Y Flt,) Gal1)

n= —o

(3) An inversion formula for the integral (3.1b) can also be derived
in a similar way.

The integral operator with kernel K(x, t) is also a right inverse of our
operator @ defined by (3.1a). Indeed we have
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COROLLARY 3.1. Let F(t) be an even entire function in the Paley—Wiener
space satisfying F(t)= O(|t|~°) for some s> 3, let sin a sin § #0, and let

f(x)= f K(x, 1) F(1) dt.

Then fe L*(0, n) and

(r)—f B(x, 1) f(x) dx.

Proof. We denote by H(z) the function given by

Hty=3 3 Ft)G,(0) (3.22)
n= —x

since G (1) =[5 ¢( V.(x)dx, it follows from the asymptotic formulae
that G, is umformly bounded in both n and ¢, and hence this series
converges uniformly on R. It also converges uniformly on bounded sets in
C and hence H(t) is an entire function. Furthermore, the series for r*H(t)

is given by

2H(1) =§ f F(t {226 (1) + K, G(1))

by (3.8), which again converges uniformly on bounded sets in C. The sum
of the terms involving k,G(f) converges since k, satisfies

k[ e ) de= v, 12

and |[y(-,t,)| is bounded below by a positive constant, and hence is
bounded. Also since G,(t) may be given by (3.17) where |4, is bounded,
it follows that H(t) is the Fourier transform of an L? function with support
on [0, ], i.e., a Paley-Wiener function.

By the uniqueness theorem for such functions [ 1, p. 163], it follows from
the fact that H(¢,)= F(¢,) for all n and

117 |H(1) = F(1)] < Ce™ '™ 1
for p=2>1, that

H(ty=F(t).
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We now may substitute the series (3.22) into the integral (3.13) and inter-
change the integral and summation to obtain

1 OO’ l//n(x)

X)== F(z, .
This is then substituted into (3.12) and the process repeated to obtain the
conclusion. Q.E.D.

4. INVERSION BY A POISSON SUMMATION FORMULA

The inversion formula (3.13) involves a kernel given by a series related
to, but itself not, a solution of the differential Eq. (1.9). It would be more
desirable to obtain a closed form expression which is a solution. In order
to do so, we need a version of a Poisson summation formula. The classical
version of this formula is given by

f $(w + 2mn) = i g(nye™,  weR, (4.1)

where ¢ is a function in L'(R) satisfying
dw)=0(1+ |w|) 175 e>0 (4.2)

and ¢ is its Fourier transform which also satisfies (4.2). The proof involves
finding the Fourier series of the periodic function on the left of (4.1).

We shall need a version of (4.1) involving nonharmonic Fourier series.
Accordingly let {r,}>___ be a sequence such that

{eit,,w ac Iw' Sn,

n= —oxc?

is a Riesz basis of L[ —=r, n] [32, p. 196].
We shall suppose that the ¢, satisfy the conditions of the last sections,
ie.,

1, =0(|n]),
t = —t,, n=12 ..,
but with 7,=0. Then {A,(w)} given by (3.16) (modified to include #,), is

the sequence biorthogonal to {e“*} [32, p. 149]. Hence, fe L*(—m, «)
may be expressed as

fw= Y (ke wl<n, (43)

n

with convergence in the sense of L*(—mn, n).
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The series in (4.3) may be extended to all of R in two ways. One way is
by extending it periodically to obtain

oc

)= 3 <f,h,,>( 5 e"'n("*"")xn(w—zkn)), (44)

¥ k= —o

where y. is the characteristic function of [ —=n, n]. The other involves
extending it by the analytic continuation of ", i.e.

fTwy= 3 <(fih,ye™, weR. (4.5)

n

The two series converge in L2 and hence in the sense of distributions on
loc

R. Thus by taking f(w)= H(w) for —n <w <=, the Heaviside function,
and differentiating, we obtain a convergent expansion of é *(w) from (4.5).

We may also extend § periodically to obtain 6*. This is not the same as
the derivative of H*, but rather we have

o*¥(w)— 0¥ (w—mn)=DH*(w),
where D is the derivative operator. Hence the difference between this and
ot is
0t (u)—0*(u)+0*(u—n)=D[H" (u)— H*(u)]. (4.6)

Now let ¢ be as in (4.2). Then
B, ¢>= 3 Cudlt,), (4.7)

n

where C,=it, (5 h,, while

(5% 8% ¢>= 3 $2mk)— (2 + 1))
k= —o0

K

= Y (=1)*§(nk). (4.8)

k= —oc

We combine these last three formulae into

Y (=1 g(nk)—Y. C,d(t,)

k

= (H*—H"', §'>
n Qk+Dn .
==Y [ b T [ Letm ety g dw,  (49)
770 K12k~ Dn

which is our substitute for the Poisson summation formula.
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Remark. 1f {1,} are integers or if ¢ has support on [ —n, n] then the
expression on the right hand side vanishes. If as in the case of
Sturm-Liouville problems

(i) t,=n+0(1/n), then (1 — e~ 2%} = O(k/n).

We now return to our Sturm-Liouville problem. In the three cases we
have considered in (2.6), it is possible to show [27, p. 11] that

(i) G(t)~sinasin B (¢ sin nt) for sin a sin f #0, (4.10a)
(ii) G(z)~cosasinffcosnt for sina=0, sinf#0 and
similarly for sin o #0, sin f=0, and (4.10b)

(ili) G(t)~cos a cos f (sin nt/t) for sinae =0 and sin f=0.  (4.10c)

Thus in the second case we have a function of sine type [32, p. 171]
while in the other two cases G(t)/(t+ t;) and ¢G(z) are functions of sine
type. The zeros of a function of sine type are such that {¢""} is a Riesz
basis of L% —n, n). Thus by removing the function ¢ " in case (i) and
inserting the function {1} in case (iii) we obtain a Riesz basis in all three
cases. The Fourier transform of ™"y (w) is exactly B,(7) of (3.15) which
is then a Riesz basis of the Paley—Wiener space B,.

We shall for the moment consider case (ii) only since we can use the
notation of the last section without modification. The dual basis of B,(¢)
then is just given by

___ 60 _
SO=Giusiy " EhERe

and

G()=S,)+S_, (1), n=1,2,..
Hence, for any sequence {a,} €/’

S a4,G,(1)

n=1

converges to some even function in B,. This enables us to construct the
weight function

)
4

where C,=it, [§ h,(w) dw
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Since in this case we have

t
Zro( ),

sin
¢(x, )= —cos «

it follows that |[¥,]|>= O(n~?), and since

C

n_

¢ 1. GO,
it, 2

NS AT

it follows from the asymptotic formula for G’(¢) [27, p. 11] and that of ¢,,,
that C, = O(1). Hence, r(¢)/t* is a Paley-Wiener function in B,.

LEMMA 4.1. Let fe L*(0, n) with expansion in terms of {Y,} given by

F= 3 Ft) gl

then

fx)= ¥ C.LnF,)]0r(,)1l8(x, 1)1, (4.12)
where t*F(t), r(t)/t*, and ¢(x, t) are entire functions of exponential type <.
Furthermore, if f e H§(0, 1), each of these functions is in L*(R) as well.

Proof. We observe that
F(t,) Y (X)W ull? = Cot s F(1, ) [1/(C,o 5 1,11%)] 6(x, 2,,)

which by (4.11) and the sampling property of G,(¢) gives us the first
conclusion. The second follows from the fact that if f € H§(0, n), integration
by parts gives us the fact *F(¢) is in L*(R). Q.ED.

We now define a function ¢ by means of its Fourier transform

o(1)=F(1) (1) ¢(x, 1) (4.13)

and use our modified Poisson summation formula (4.9) applied to it.
Clearly § is of exponential type <3m and belongs to L(R) since it is the
product of two L?(R) functions with a bounded function. Thus (4.9)
becomes

Y dlkm)(—1) - CEO: C,F(t,)r(t,) ¢(x,1,)=CH*—H™, ¢'). (4.14)

k= -2 n
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By the Fourier inversion formula ¢(w)=(1/2n) j'cfoc e ™g(t)dt
(# e L(R)), and we have for the left side of (4.14)
$(0) — d(n) — p(—7) + $(2n) + ¢(—2m) — f(x)
_1
T 2n

1
T 2n

JOO (1 _efim_eim_*_efiZm_*_eizm) &(t) dt—f(x)
ro (1 —2cos nt+2cos 2nt) F(t) r(t) ¢(x, t) dt — f(x). (4.15)
The right side of (4.14) may be expressed, by using the evenness of ¢, as

3n
CH* —H*, > = [H*w)— H* (w)] §/(w) dw

—n

F] L THA 0~ H 0] 00)

=" {LHOD ~ B v —20)] ¢/ (0 — 20)

—n

+[Hw)—H*(w+2n)]¢'(w+2n)} dw
=¢(n—2n)—d(0—2n)+ d(n + 2n) — $(0 + 27)

—f" [H* (w—2n1)— H* (—w +21)] ¢'(w — 27) dw

= ¢(n) — 24(2m) —J ut(w—2m)¢'(w—2n)dw, (4.16)
where ut(w—2n)=H (w—2n)— H*(—w+2n) is the extension of the
sgn function. We may replace ¢ and ¢’ in this expression by the inverse
Fourier integral since t¢(t) e L{R) as well. This gives us

1 = . .
<H*‘H+’¢'>:£J, (€™ — 2e= ) §(1) dt

—%jw “ w* (w—2m) e~ =2m1(jpy dw} 3(1) di

1

Zﬂjw [cos mt — 2 cos 2nt — g(1)] 4(¢) dt, (4.17)

where

g(n)= r ut(w—2m)e ™ 20t) dw,

—7
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We define u(t) as

u(t)=%(1—3cos nt + 4 cos 2t + g(t)) r(t). (4.18)

This gives us our inversion formula.

THEOREM 4.2. Let fe HF(0, n), m>4; let

Fit)=[ f(x)d(x. 1) d:
then f(x) is given by the convergent integral

S =] g0y Foyutn ds

where u(t) is given by (4.18).

The remainder of the proof merely requires that we rewrite (4.14) as

fx)="3} lkn)(~1)'—<(H*—H", 4> (4.19)

and substitute (4.15), (4.17), and (4.18) into it.
Similar results are possible in the other two cases (i) and (iii) with
appropriate modification of the definitions.

5. EXAMPLES

(1) Consider the regular Sturm-Liouville problem:

y'=—ty 0<x<n
¥(0)=0= y(n).

In this case «=0=p and ¢(x, ¢)=sinrx/t. The eigenvalues are »?
n= +1,+2, .. and the eigenfunctions i ,(x)=sinnx/n, for n= +1,+2, ...
Therefore,

2tsin it &
K(x’ t) = 2 z

n=1

(—1)"nsin nx
(1> —n?)
_ 2t sin nt (n sin tx) 1 sin 1x

2 : = , 0<x<n reR,
n 2 sin nt n
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and consequently Theorem 3.1 gives the known inversion formula that if

sin tx
t

Fo=| S = Zdx, feHi0,n)

then
tsin tx

dt, 0<x<m

fe=]" Fo

With a slight change of variable these become the Fourier sine transform
pairs.

(2) Consider

The same consideration lead to the Fourier cosine transform. Thus, by
Theorem 3.1 we have that if

F1)= j: f(x)cosxtdx, feHO,n),teR;

then

2 rec
f(x)=—f F(t) cos tx dr, 0<x<gm.
T Yo

(3) Consider again the problem
y' = —t%, 0<x<n
y0)=0,  y'(n)=0,

which corresponds to a =0, §=mn/2. Then ¢(x, t) = (sin £x)/t again, but the
eigenvalues now are (n+3)%, n=0,+1,+2, .., while the eigenfunctions are

_sin(n+%)x
l//rl(x)_ n+%
Therefore,
Nosin(n+3Yx (n+)sinn(z—n—1)
Knlx, )= Z i b4 ; 7I(t—n—-l)2 ’
n= —N 2

which may be shown to converge weakly to (¢/m)sinzx. This gives
formally the same results as in example 1.
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6. THE SINGULAR CASE

The argument given in Theorem 3.1 can be extended to singular Sturm-—
Liouville poblems but under further restrictions since, for example, the
spectrum is not always discrete and even if it is, the eigenvalues 4, are not
necessarily of O(n?) as n — oc, hence the canonical product given in (2.10)
may not converge.

In some cases of interest the eigenvalues are O(n?) but do not satisfy the
other asymptotics of the regular case. This happens, for exampie, in
the case of Jacobi polynomials as mentioned in the introduction
(t,=n(n+a+ p+1)). The inverse transform has already been found in this
case [18,29] by the same methods.

In other singular cases, the series method still works even though the
eigenvalues are merely O(n). This happens with the Laguerre functions as
may be seen from straightforward calculations.

In order to illustrate the method of series in the singular case, we apply
it in one case and show that the result is the same as that obtained by
direct calculations [3].

ExaMmpLE 4. Consider the singular Sturm-Liouville problem

Y+ i(sect x)y= —1%, —n/2<x<n/2 6.1)
| ¥(£7/2)] < 0. '

The eigenvalues are (n+3)> and the corresponding eigenfunctions are
P, (sin x) \/cos x, where P,(z) is the Legendre polynomial of degree n. The
function ¢(x, ¢) in this case is chosen as

P(x, t)=P, |,(sin x) \/cos x,

P(z)=,F, (—z, t+1:1, (%))

is the Legendre function. It is known that |P,||?= (n+ 1)~ and hence the
inverse kernel (3.14) will have partial sums given by

3 N\ (a+(=1)cosmt = .
Ky(x, z)—ngo <n+2> A=+ D) P, (sin x) \/cos x

= % (n +%>2 ——(——_I)HLSM) P, (sin x) \/cos x.

o (> —(n+1)?

where
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The corresponding series does not converge pointwise but does converge

weakly to
tsinmt P, | ,(sin x) \/cos x

with respect to Paley-Wiener functions F(t) = O(t ~?). This still holds if we
let w=sin x. Then we find that

r Ftytsinnt P, p(—w)dt

-3 (n+%>2Pn(w)(—1)" [ R =2

—w (= (n+ 1))

This is exactly the inverse given in [3] for Legendre transforms.
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