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ABSTRACT

Given a p by p matrix A, we solve the problem of the existence of a p by g
matrix B such that (A, B) has prescribed controllability indices and [AI, — A, — B]
has prescribed invariant polynomials. The solution of this problem, together with an
earlier theorem of the author’s, is used to provide a new proof of the Sa-Thompson
interlacing inequalities for invariant polynomials.

1. INTRODUCTION

Let F be an arbitrary field, F[A] the ring of polynomials with coefficients
in F, and F™*" and F[A]™>" the vector spaces over F of the m by n
matrices with coefficients in F and F[A], respectively. Gl (F) denotes the
linear group of order n over F, and I, the identity matrix of order n.
Throughout this paper A €F?*?, BEFP*Y, n=p+ q, [A, B] €F?*", and
if [A;,B,]€F™*9 then we have to understand that A, €F™*" and
B, € F™**. The elements of F[A] will be denoted by Greek letters; all the
polynomials will be considered monic; a:> 8 means “« divides 8,” and d(a)
will be the degree of the polynomial a.

In this paper (Theorem 3.1) we solve the following problem: Let A &
F?>P; let p,:> ---:>p, be p monic polynomials, and k,> --- >k, posi-
tive integers. Find a necessary and sufficient condition for the existence of a
matrix B € FP*9 such that rank B=r, p,,..., p, are the invariant factors of
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[Al,— A, — B], and k,,..., k, are the controllability indices of the pair
(A, B).

We will use the solution of this problem and Theorem 5.1 of [14] to obtain
a new proof of the interlacing inequalities for the invariant factors of a matrix
with elements in F and those of a prescribed principal submatrix [9-11].

2. AUXILIARY RESULTS

In this section we collect some lemmas which will be needed for the proof
of our main result: Theorem 3.1. Some of the lemmas are known. In this case
we just state them for the reader’s convenience, indicating where the proof
can be found.

DerFiniTiON. Let A}, A,€FP*?, B, B,€F?*9 and n = p + q. If there
exist matrices P € Gl (F) and Q €Gl (F) such that A, = PA,P~! and
B, = PB,Q, then we will say that [A}, B|] and [A,, B,] are P, Q-equivalent
matrices. The P, I -equivalent matrices will be said to be P-equivalent.

We observe that if [A|, B,] and [A,, B,] are P, Q-equivalent, then A,
and A, are similar matrices, and, B, and B, are equivalent in F?*9.

Lemma 2.1 [14, Proposition 2.4]. If [A,, B,], [Ay, By] €FP*" are
P, Q-equivalent matrices, then [N, — A, — B,] and [A],— A,, — B,] are
equivalent in F[X]P*".

LemMa 2.2. Let C, be the companion matrix of the polynomial X° —
aN'—--- —a,_ A—a, Let Co€F**" and C;€F"*". Then there exist
matrices T € F**' and d € F** such that

1, Tl[c, G|[I, -T] _[C D
o L|ljo ¢cllo I, [0 CF
where

D= [2]EIFSX'.
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Proof. Let t,,...,t, and c,,..., c, be the rows of T and C, respectively.
Take

k-1 s
=0, t= L cChit (k=2,...5), d=Y (C—ag, .
i=1 j=1
and check. [ ]
Note that

C, G d Cc, D
o ¢ ™ o g
are similar matrices.

By defining the controllability matrix and the controllability indices of
(A, B) as in [14] we can give the following result:

Lemma 2.3. Let [A, BleF?P*", and let S(A, B) be the controllability
matrix of (A, B). If rank B=r, rankS(A,B)=s, and k,> -+ 2k, (> 0)
are the nonzero controllability indices of (A, B) then [A, B] is P,Q-equiv-
alent to a matrix [A_, B,] verifying:

(i)

A, A
A= 1 0

| o

where (A, B,) is a completely controllable pair and k| + - -- + k

Bl]
O >

= 8.

r

(ii) A EF, B, eF*xa.
(iii) A1=[Aij]1<i,j,<r’
0 1 0 0
0 0 1 0
Av.= --------------------- eFkIXkI
0 0 0 1
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and for i # j,
O 0
A..j= 0 0 [|eFkxk ih,j=1,....r
ath alkn
Car 0 o 0.
(IV) AQ— s Cg,‘_ 0 EIFk'X(pfS)
C2r Cil Ctpfs
E,
(v) B,=| | E,:[g]emk-xq,
E 1

and e, is the ith row of I, i=1,...,7.

Proof. By making suitable changes in [13, p. 80-86] we can see that
[A, B] is P-equivalent to a matrix [ A, B] with the following form:

A= Ay {2 , ’1§=[§1],
0 A, 0
where A, = [A—,j]l <ijer Xij € F™ ™ are matrices with the required form,
m,...,m, being a certain reordering of k,,..., k,. Moreover
Bu 0 ;0 0.0 0
B,= . Bu=|og 0 0 o | SE™
Blr O 1 * *

with the 1 in the ith column, and Kz is a matrix which perhaps has not the
required form and the stars denote unspecified elements. Now, it is clear that
there exists a permutation matrix P, of order p and a matrix Q € Gl (F) such
that

., B.,=PBQ.
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We consider A, partitioned as follows:

G,

e
o
It

o

where C, e Fx>*(P~%) j=1,...,r. By Lemma 2.2 for each i=1,...,r there
exist matrices T, EFX*(®~9) and d, € F1*(»~% guch that

L, Ti[as G||L -T Ay D
0 I,,|/l0 Agflo I, |0 A
where
D,= [3'] e FkX(p=9)
Setting
L, 0 0 T
0 I 0 T,
P2= .................... ,
0 0 I T,
0 0 o I,

we have that A_ = P,AP; ! and B, = P,B.. Now, [A_, B,] is P, Q-equivalent
to [A, B] and has the required form. ]

We remark that if (A,B) is a completely controllable pair, i.e.
rank S(A, B) = p, then A, = A, and B, = B,. Moreover, in Remark 2.1 of [8]
it is shown that the numbers k; are invariant for the P, Q-equivalence.

LemMa 24. Let [A,B]€F?*", and let [A,, B,)JEFP*" be a matrix
with the form of Lemma 2.3 above and P, Q-equivalent to {A, B]. Then the
nontrivial invariant factors (i.e., those distinct from 1) of the polynomial
matrix [AI, — A, — B] are those of AI,_,— A,

Proof. Since (A,, B,) is a controllable pair, it follows (Corollary I of
Theorem 2.11 of [14]) that the Smith normal form of [AI,— A,, — B,] is
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[1,0]. Therefore, [A\I,— A,, — A,, — B,] has [I,0,0] as its Smith normal
form. So there exist unimodular matrices P(A) € F[A]*** and Q(X) € F[A]P*?
such that

P(A)[Als_ Ay, — A,y — BI]Q(}\) = [IS,O,O].
Since

P(A) 0 ][AL,-A, -4, -B
O ew

p—s

I, 0 0
“ | [o.AL,_, - As0]0(N) |

we conclude that the matrix on the right hand side is equivalent to [AI, —
A, — B.]. The invariant factors of AI,  — A; are of course the same as
those of [0,AI,_  — A;,0]. Therefore [AI,— A, — B.] has as invariant

factors those of AI,  — A; and s invariant factors equal to 1. ]

Just as in [14] we define a column degree dominant matrix as a matrix
whose element in the position (i,4) is a monic polynomial whose degree is
greater than that of any other in the ith column. In some of the following
lemmas we are going to use this concept.

Lemma 2.5. Consider the matrix [N, — A_, — B.], using the same
notation as in Lemma 2.3. This matrix is equivalent to a matrix of the form
[A(A), F,] where:

(1) A(X) is given by

I, , 0 0
AN =| 0 A,_,-A 0
0 C T())

with A €F P~ 9%X®-9) CeF @) and T(\) € F[A]"".
(ii) F, is given by
0 O
E=17 o)

r

(iii) T(X) is a column degree dominant matrix, the degree of its ith
column being k.
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Moreover,

(iv) AI,— A, and A(N) are equivalent A-matrices.

Proof. Assume A, and B, are in the form (i) of Lemma 2.3. We are
going to perform certain elementary operations on the rows and columns of
[AL,— A,, — B,] which transform this matrix into [ A(A), F,]. This proves (i),
(ii), and (iii). Notice that the column elementary operations will all be
performed either within the block AI, — A_ or within the block — B,. This
proves (iv).

Let us now describe the elementary operations.

To column &, —1 add column k, multiplied by A. To the column k, — 2
add column k; — 1 multiplied by A. Go on, and stop when the second column
multiplied by A has been added to the first column. The block A, of A, has
now the form (assuming k, = 3 for simplicity)

0 -1 0
0o o0 -1}

™ O O

where 7, 8,5, 8,5 are polynomials with 7,; of degree k.
The block A, of A, becomes (assuming k; =3, k, = 2 for simplicity)

[0 0 o]
Tor oo O3]

where 7,,, 05, 8; are polynomials and 7,; has degree smaller than k,. It is
easy to see that 7 is the polynomial with largest degree in its column.

Now we proceed in the same way for the columns passing through the
block A,,, then for those passing through A,,, etc., up to A,,.

Let us now focus our attention on the elements of each block Aj,
immediately above the principal ones. We see that they are equal to — 1 and
are the only nonzero in their rows [in the big p X(p + ¢) matrix]. For a
moment let us call these — 1’s “relevant elements.” It is obvious that with
elementary operations on the rows we can annihilate all the elements in the
columns of the “relevant elements” except themselves, leaving unchanged
the elements that are not in the column of the “relevant elements.” Now
multiply by — 1 the last p — s rows, the columns of the “relevant elements,”
and columns s+1,s+2,...,p, p+1,...,p+r. At this point we have a
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matrix with the form (assuming for simplicity p=38, ¢g=3, r=2, k, =3,
k,=2)

[0 1 0! 0 0| b
0 0 150 oi i
™m 0 0rme 00 4, 1B
0 0 oio 15 E
To1 0 0 : Too 0 : :
e 4o ———— | |- ——

o 0 VA —A,! 0 |

Recalling the special form of A, and B,, we can see that with suitable
permutations of rows and columns we can bring the matrix to the form
announced in the lemma. The elements of T(\) will be the 7,;’s, and the
elements of C will be the elements of A, that are not necessarily zero,
Namely,

C=[Cij], i=1,...,r;j=1,...,p—s,

T(A)=[7;], ij=1...m,

where
k;
Tii = N — Z aﬁ)}‘til’
t=1
kj
n=— L aN"t for i#j.
t=1
Finally, the principal elements of I, are the 1's appearing in B,. [ |

Remark. Notice that the successive transformations to bring
[AI,—A,, — B,] to the form [A(M), F,] are invertible. In fact, if a matrix
with the form [A(A), F,] of the lemma is given, the matrix [Al,— A, — B]
obtained by performing the inverse transformations of those of the lemma has
ky,..., k, as controllability indices, since these numbers are invariant for the
P, Q-equivalence relation.
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LeEmMa 2.6 (Theorem 1.5.1 of [10]). Let A(A) €F[A]™™ and G(A) €
F[A]+0XC*9) where r and s are nonnegative integers. Let a:> -+ :>a,,
and y;:> --- :>v, ., be the invariant factors of A(A) and G(M), respec-
tively, and let us agree that ;=0 for i > rank A(A) and v,=0 for i>
rank G(A). Then there exist matrices B(A) € F[A]™**, C(A) € F[A]™, and
D(X) €F[A]* such that G()) is equivalent to

A(N) B(A)}
C(A) D(A)

if and only if
Vi 0> Y s i=1,...,m. (2.1)

Lemma 2.7 (Lemma 3.4 of [14]). Let A(A)=diag(I,_,,,AI,,—N)€e
F[A]?*? (p>m), and let a;:> -+ > a, be its invariant factors. Let
Y;:> - - - > ¥, be n monic polynomials, where n=p + q (q = 0). Then there
exist matrices C € F7*™ and T(A) € F[A]9*9 such that

I, 0 0
0 A,-N 0
0 o T(\)

has y,:> --- :> v, as invariant factors if and only if
Y>> Y, i=1,...,p. (2.2)

Moreover, if (2.2) is verified, then T(\) can be constructed as a column
degree dominant lower triangular matrix such that its diagonal elements are
the polynomials

wherij=B{---B,{'+jandﬁi"=lcm(a,._j,yi), i=L...,p+j,j=01,...,q
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Lemma 2.8. Let A€F?*?, and let a,:> ---:>a, be its invariant
factors. Let p,:> ---:>p_ be p monic polynomials and d(p,...p,)=m.
Let q and r be nonnegative integers such that r < min(p — m, q). Then:

(i) There exists a matrix B € FP*9 such that rank B=r and
[Al,— A, — B] has ..., p,, as invariant factors if and only if
pi>a>p.,, i=l.o.p  (p;=0 if i>p). (2.3)

(ii) There exists BEFP*9 such that rank B=min(p —m,q) and
fys---s b, are the invariant factors of [AI,— A, —B] if the following
relations hold:

s> 0> o, i=1,...,p. (2.4)

(ii)) If (2.4) is verified and r = min(p — m, q), then a;:>p, > a;,,,
i=1...,p—1.

Proof. (i): Firstly we are going to see that (2.3) is a necessary condition
for the existence of B € F?*9 verifying the requirements of part (i). Let

D,=[i)’]EIF”X', r<min(p —m,q).

If B € FP*9 and it has rank equal to r, then there exist nonsingular matrices
P and Q such that

P[D,,0]Q =B.

Let A,=P 'AP. As A, and A are similar matrices, they have the same
invariant factors. So, if we denote the invariant factors of [AI, — A}, — D,]
by &:> --- :> ¢, then, by Lemma 2.6,

i=1,...,p. (2.5)

§1> 01> €y,

On the other hand,

O]=[Mp—A, - B].

P[A, - A, —D,,O][P(;l o

So ¢, =p,;, i=1,...,p, and therefore (2.3) follows from (2.5).
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Let us now assume that (2.3) is verified. From Lemma 2.6, there exists
By(A) €F[A]?™" such that [AI, — A, By(A)] has p,,.. ,yp as invariant fac-
tors. As AI, — A is regular, there exist matrices S(A) € F[A]”*" and BeFP*
such that

By(A)=(AL,— A)S(X) -

Hence, p,,..., 1, are the invariant factors of
I, —S(\) -
[)\Ip~A,B1(7\)]{O” : }=[)\I,,—A,~B].
If rank B = r, setting B = [B,0] € F?*9, we have that [AI,— A, — B] is the

required matrix. We assume now that rank B=1¢ < r. By Lemma 2.3, (A, B]
is P, Q-equivalent to a matrix [A_, B,] with the form

A Ay B,
— —_ pXr
A”—{O 3], BC—[O cFPxr,

where A = PAP~!, B,=PBQ, and (A,, B)) is a completely controllable
pair. (If g, = 1 for all ¢, then by Corollary I of Theorem 2.11 of {14], (A, B,)
is completely controllable and A,=A, and B,=B,) From Lemma 2.1
(AL,— A, - B] and (AL~ — B,] are equivalent A-matrices and their
nontrivial invariant factors are those of A;eF® X9 where s is the
order of the square matrix A,. As d(p,...p,)=m, it folIOWS that p — s =m.

Since B, = PBQ we have that ¢ = rank 1_3 = rank B, = rank B, and, from
Lemma 2.3, we know that B, has its first ¢ columns linearly independent.
Let us denote them by b,,..., b,, and let b, ,..., b, be r —t columns such
that

B,=[b,,....b]

is a nonsingular matrix. It is clear that (A, B 1) is a completely controllable
pair and rank B, = r. By setting

B < {%] and B—P'B,

we have that [A_, Ec] and [A, l§] are P-equivalent, and by Lemma 2.4 the
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nontrivial invariant factors of [AI, — A, — B,] are those of Al, — Aj. Thus,
[}\Ip— A, — B] has Mys-.-s b, as invariant factors. So B=[B,0] €F?*9 is
the required matrix.

(ii): If g < p — m, then by (2.4) and part (i) we can obtain a matrix B
such that rank B=gq. And if p —m < g, then the matrix B, in part (i) has
rank less than or equal to p — m. Using the same procedure as in that part,
we can obtain a matrix B, whose rank is p — m. Then the proof follows as in
part (i).

(iii): This part is an immediate consequence of (i) and (ii). a

Now we need some results related to the Hardy-Littlewood-Polya majori-
zation inequalities. We begin with

LEmma 2.9 (Lemma 4.3 of [14]). Let A(A) €F[A]"™" be a column
degree dominant matrix. Let d, be the degree of its ith column, and let
my,..., m, be positive integers. If

(my,...,m,) <(d,,....d,), (2.6)

then there exists a column degree dominant matrix A’(A) equivalent to A())
with m, as the degree of its ith column.

LEmMa 2.10.  Let x,,..., x,, be nonnegative integers such that Y.7_,x; =
q + m, where m is a positive integer. If m=1tq +r,0<r <q, then

(t+2,..,t+2,t+1,..,t+1)<(x),...,x,),
where t +2 appears r times.

Proof. Tt is clear that r(t +2)+(¢g—r)(t +1)=m+qg=217_;x,, We

can assume, without the loss of generality, that x,> --- > x,. Firstly, we
assume that r>0. Now x,>¢ +2, because if x, <t+2 then x,<¢+2,
i=1,...,q, and we come at the following contradiction:

q
Y x,<q(t+1l)<qgt+r+qg=m+q.
i=1

If there is k, 1 < k < r, such that X 1x, > (k — 1)(¢ +2) but Z¥_ \x, <k(t +
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2), then x, <t +1 and therefore x; <t +1,i=k+1,...,4q. So

q k q

Zxx_zxi+ Z x;

i= i= i=k+1
/L{#LO\L/A.:L\ItLI\:L 4_L.-./,~.+_L~_|_n=m_|_n
KK\ET2)T\—RplTLj=RTgivgsgiriTg=m-qg,

which contradicts the hypothesis. Hence ©¥_ x, > k(t +2), k=1,...,r

Finally, if there is k, 1 <k < q —r, such that ;2% 1, > r(t +2)+ (k —
I)(t +1) but Titkx, < r(t +2)+ k(t + 1), then x,+k<t+1 and x, <t for
i=r+k,...,q. S0

q r+k q
in= in+ Z x;
i=1 i=1 i=r+k+1

<r(t+2)+k(t+1)+(q—7r—k)t

=tg+r+k+r=m+k+r<m+gq,

which is again a contradiction. Therefore Y %x, > r(t +2)+ k(t +1), k=
I,...,.q—r.

A similar procedure enables us to prove that if r = 0 then T¥_,x, > k(¢ + 1)
fork=1,...,g—1l,and X¢_1x,=q(t +1)=m+gq. [ ]

Lemma 2.11 (Theorem 5.1 of [14]). Let A € FP*?, BEF?PX9, G € F**™,
and n=p+gq. Let us assume that rankB=r. Let p,:>---:>p  and
Y,:> -+ >y, be the invariant factors of [Al,— A, —B] and AL, —G,
respectively. Letk;> -+« >k, >k, ,=--- =k, (=0) be the controllabil-
ity indices of (A, B). Then there exist matrices C €F9*? and D € F 979 such
that G is similar to

[A B
C D

if and only if the following relations hold:
YitZ B> Yiggs i=1,...,p, (2‘6)

(ky+1,....k,+1) < (d(a,),...,d(a})), 2.7

where o;=BI/BI7, j=1,..,q; BI=P{---Bi.; and Bj=lem(p,_; ¥,),
i=1...,p+j j=01,...,q
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LemMa 2.12 (Corollary I of Theorem 5.1 of [14]). With the same
notation as in Lemma 2.11, if B =0 then there exist C €F9*? and D e F9%¢
such that G is similar to

& b

if and only if the relations (2.6) hold.

3. MAIN RESULT

TueoreM 3.1. Let A€FP*?, and let a,:> --- :>a, be its invariant
factors. Let p :> --- :>p, be p monic polynomials, and let k, > --- >k,
be r positive integers. Then there exists a matrix BEF?*9 with rank B=r
and such that p,,...,p, are the invariant factors of [AI,— A, — B] and
k,..., k, are the nonzero controllability indices of (A, B) if and only if the
following relations hold:

>, >,  i=1.,p—r, (3.1)
(kys.... k)< (d(6,),....d(8))), (3.2)
where 8;=¢l/el™!, j=1,...1 e"=e{...e{,ﬁ,+j, and &l =lem(p,,, ; a;),

i=1l,...,p—r+j, j=01,..,r

Proof. Let us assume that d(p, ---p,)=m.

(1) Necessity. From Lemma 2.8, (3.1) is obviously necessary, and it is
easy to see (Lemma 4.4 of [14]) that we can prove (3.2) is a necessary
condition by showing that the following relations are verified:

S d8)< Lk o j=Ller—l, (33)

Z d(6;) = Z k;. (3.4)
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Firstly we are going to see that (3.4) is necessary. In fact,

Y d(8) =d(e') — d(e) = d(ay - o)~ d(py.y 1y

i=1

But as rank B =r, we have that u, = --- =p,=1, and therefore X]_,d(¥,)
= p — m. On the other hand, by Lemma 2.3, [A, B] is P, Q-equivalent to a
matrix [A ., B.] with the form

A A, Bl]
aelo w0

where A, €F*** and s=k,+ --- +k,. Since m =p — s (see, for example
Theorem 2.11 of [14] or the proof of Lemma 2.8 above), we have k,
+ -« +k,=p—m and (3.4) follows.

Moreover, if r=p—m then k,=1, i=1,...,r, and therefore (3.2) is
obviously verified. Hence we are going to assume that r < p — m. By Lemma
2.5, [AM[,— A, —B], and therefore [AI,— A, — B], is equivalent to a
A-matrix with the form

I e, 0 0 0 0
0 AM,-A;, 0 0 0], (3.5)
0 C T(A) I, 0

where T(A) is a column degree dominant matrix such that the degree of its
ith column is k;, and A, — A, is equivalent to the submatrix of (3.5) formed
by its first p rows and columns. As A and A_ are similar, we conclude that

@) :> -+ :>a, are the invariant factors of
Ip—ﬂl*f 0 O
0 Al — A, 0
0 o T(X)

Let P be the permutation matrix such that T}(A)=PT(A)PT has as
columns and rows the columns and rows of T()A) but placed in reverse order.
Hence, T,(A) is a column degree dominant matrix such that the degree of its
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ith column is k,_; ;, i=1,...,7. So a,,...,a, are also the invariant factors
of

g 0 I .. 0 0 [ 0

A(N) = LP*' , 0 AM,-A; 0 [”’ T]
0 0 c T\ P
Ip—m—r 0 0
= 0 A~ A, o |
| 0 PC T,(X\)

We denote by A () the submatrix of A(A) formed by its first p + j — r rows
and columns, and by rf:> ... :>rl, . the invariant factors of A }),
j=1,...,r. Consider

I 0 0

P r

e , 3.6
0 A, —A; 0 (3.6)

the submatrix of A;(A) formed with its first p—r rows and p—r+j
columns. Since the nontrivial invariant factors of [AI, — A, — B,] are those
of Al — A;, we can conclude that p,_,,,,,..., 1, are the invariant factors
of Al,,—Aj, B,yps---5 1, are those of the matrix in (3.8), and p,=1 for
i=r+1,...,p— m. So, by Lemma 2.6,

T,.j:>pi+,:>'r,f+j, i=1,...,p—r, j=01,...,r.
And as p, =1 for i <7, we can put
p,+i,j:>"r,.f, i=1,..,p—r+j, j=0,1,...,r.
Since A].(A) is a principal submatrix of A(A), by Lemma 2.6 we have that
a;:> 1], i=1l,..,p—r+j, j=01,..r

Therefore 7/ is a common multiple of «, and p,,,_ j Since el=
lem(p, ,;_;, @;), we can conclude that

e{:>'rij, i=1,...,p—r+j, j=0,1,... r. (3.7)
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On the other hand, it is clear that

i
d|A,M])=m+ X k_r,  j=Ll...r, (3.8)
i=1
and
p—r+j )
d(|a,M)])= X d(+), j=L...r (3.9)
i=1
From (3.7)
p—r+j p—r+j
L ode)< X odr),  j=L..r
i=1 i=

So, from (3.8), we can write

i
de)sm+ Y k,_.yy,  j=L..,r. (3.10)

i=1

As m=d(p,,,...p,)=d(°) and d(ef)—d(*)=L]_,d(6,), (3.3) follows
from (3.10).

(2) Sufficiency. Now we assume that (3.1) and (3.2) are verified. We

put ¥,=p, ., i=1,...,p—r Hence (3.1) can be written as
a;>v>a,, i=l,..,p—r. (3.1
Assume that p,= --- =p, =1 and d(p,.;)=1, and put N =

diag(M,,..., M,,_,), where M, is the companion matrix of ,,,, i=1,...,p
—t. Thus N €F™ ™ and p,,_,,.y,..., i, are its invariant factors.

(i) Assume p —~m =r. This means that k;=1 for i=1,...,r. By (3.1)
and Lemma 2.12, there exist matrices C, D such that

[ % 3]

has «,,..., @, as invariant factors. Therefore, this matrix is similar to A, and
A, — D is a column degree dominant matrix such that the degree of its ith
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column is k,, i =1,...,r. From Lemma 2.5

Al - N 0 0 0
C AL-D I, 0O (3.11)
is equivalent to a matrix [AI,~ A, — B,] where (A, B,) has k,,..., k, as
nonzero controllability indices and rank B, = r.

It is easy to compute the invariant factors of the matrix in (3.11). We find
that they are p,..., p,,- Thus, these are the invariant factors of [AI b AL —
B ). Also, by Lemma 2.5, AI » — A, is equivalent to

AL,-N 0
C A, —D

So A and A are similar matrices. Thus, there exists P € Gl o(F) such that
A=PA P L By setting B=PB, we have that [A, B] and [A_, B,] are
P—eqmvalent and, consequently [)\I — A, — B] has p,,...,p, as invariant
factors and (A, B) has k; =1, i = 1,. .., r as nonzero controllabilty indices.

(ii) Assume p —m > r. In this case it is clear that the invariant factors of
diag(1,_,,_,,Al,—N) are Bri1s---» #, Hence, according to (3.1") and
Lemma 2.7, there exist matrices C,€F"™*™ and T(A)EF™" such that
..., a, are the invariant factors of

Ip—mfr 0 O
0 AL,-N o0 | (3.12)
0 C, Ty(A)

Moreover, T|(A) is a column degree dominant triangular matrix such that the
degree of its ith column is d(6;), i=1,...,r. By (3.2) and Lemma 2.9, T\(A)
is equivalent to a degree dominant matrix T(A) such that the degree of its ith
column is k;, i=1,...,r. So there exist unimodular matrices P(A), Q(A) €
F[A]™*" such that T(A) = P(A)T{(A)Q(A). Hence, the matrix in (3.12) and

I . _ 0 0

) o)
0 Al,-N 0
0 P(A) 0 . (0 0 Q(n)

I, O 0

=] o AM,-N o0
0 PNC, T(\)
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are equivalent. As AI, — N is regular, there exist S(A)€F[A]™™ and
C € F™*™ such that

P(A)C,=S(A\)(AL,— N)+C.

Then, a,,...,a, are the invariant factors of
I_,._, 0 (U 1 [ S— 0 0
0 I, 0 0 Al -N 0
o -sA) Ll o PG, TO)
Lo, 0 0
= 0 Al —N 0
0 c T(\)

According to Lemma 2.5 and its Remark,

- 0 0 0 0
0 ANM,-N 0 0 0
0 C T(A) I, 0

is equivalent to a matrix [AI,— A_, — B,] where (A, B,) has k,,.... k, as
nonzero controllability indices and rank B, = r. Now, the proof of the theo-
rem follows as in case (i). [ ]

CoroLrary 1. Let AEFP*? and a,:> --- :>a, be its invariant fac-
tors. There exists B € F?>9 such that (A, B) is completely controllable with
k> - =k, (>0) as nonzero controllability indices and rank B =r if and
only if the following conditions hold:

a,=1, i=1,...,p—r, (3.13)

(kp,.. k)< (d(a,),....d(a,_,, 1)) (3.14)

Proof. (A, B) is completely controllable if and only if the invariant
factors of [AI, — A, — B] are all equal to 1 (Corollary I of Theorem 2.11 of
[14]); ie., p, =1, i=1,..., p. So, in this case (3.1) and (3.2) are equivalent to
(3.13) and (3.14), respectively. [ ]
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CororLary II.  Let x be a monic polynomial of degree p. Then there
exist matrices A €F?P*? and B FP*9 such that x is the characteristic
polynomial of A, rank B=r, [AI,— A, —B] has p,:> ---:>p, as in-
variant factors, and (A, B) has k, > --- > k, (> 0) as nonzero controllabil-
ity indices, if and only if the following conditions hold:

p-r
‘ljl"'i+r:>X? (315)
Y ki=p-m, (3.16)
i=1
where m =d(p, -~ - p,).
Proof. If a;:>---:a, are the invariant factors of A, then (3.1) is

verified, and so (3.15) follows. Moreover, (3.16) follows immediately from
(3.2).

Conversely, if (3.16) is verified, then p — m > r because k; > 1; and since
p>m=d(p, - p,), we have that p,_, =1. So p, =1.If (3.15) holds, then
there exists » € F[A] such that

p—r
xzvl:lll'l'i-#r‘

We define o, = p, fori=1,...,p—1land a, =p».

Suppose that p,= -+ =pu,=1, d(p,;,) =1, and set A=
diag(A,,..., A, where A, is the companion matrixof e, ;,, i=1,...,p— ¢t.
It is clear that x is the characteristic polynomial of A. Moreover

a>p, >, i=l,...,p-—r, (3.17)
and by defining &/ as in Theorem 3.1, it is easy to see that fo_r i=1l...,p—r
+jandj=0,l,...,r—1, ai:>p.i+r_], and 8{=Mi+r—j‘ SO £]=:u'r—j+l .. .Hp

for j=0,1,...,r—1. Since p;=1 for i<r, we have that d(e/)=m for
j=0,1,...,7— L. Hence

(d(8,),...,d(8,)) =(p—m,0,...,0).

And as k;+ -+ +k, =p—m, then

(kpp. k) <(d(8,),...,d(6,)) (3.18)
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is always true. Now, the existence of B verifying the prescribed requirements
follows from (3.17), (3.18), and Theorem 3.1. |

We are now ready to give a new proof of the Sa-Thompson interlacing
inequalities.

TueoreM 3.2 (Interlacing inequalities for invariant factors: Marques de Sa
[9-10], R. C. Thompson [11]). Let AcFP*?, GEF™ ", and n=p+q.
Let ay:> - - :>a,, and y,:> - - - :> Y, be the invariant factors of A and G,
respectively. Then there exist matrices BEF?*9, C€F9*?, and D € F9*9
such that G is similar to

AB]
C D

if and only if the following condition holds:
Yii> Q> Y0, i=1,...,p, (3.19)

where we agree that v, =0 fori>n.

Proof. The necessity of (3.19) is an immediate consequence of Lemma
2.6. We are going to see that (3.19) is a sufficient condition. We begin by
defining p polynomials in the following way:

pi=lem(e, ,,v,) i=1,...,p.

These polynomials verify the following conditions (as one can see easily):
TR T i=1,...,p—1, (3.20)
po>a>p. ., i=lo,p (=0 fori>p), (3.21)
V> B> Y, i=1,..,p. (3.22)

Set d(p, - - - p,) =m and r = min(p — m, q). According to (3.21) and (i) of
Lemma 2.8, we have that

o>, > a, i=1,...,p—r. (3.23)
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If r=p—m,thenweput k;=1, i=1,...,r and it is clear that
(ky,.... k)< (d(8,),...,d(8))), (3.24)

where 8, is defined as in Theorem 3.1.
If r =g, then we divide (p —m)—1r by r:

(p—m)—r=tr+s, 0<s<r. (3.25)

Putting k,=t+2 for i=1,...,s and k,=t+1 for i=s+1,...,7, from
Lemma 2.10, we have that

(kpeoo k) <(d(8,),...,d(8,)). (3.24')

From (3.23) and either (3.24) or (3.24"), and by applying Theorem 3.1, there
exists B&F?*9 such that [AI,— A, — B] has p;:> - :>p, as invariant
factors and (A, B) has k,..., k, as nonzero controllability indices.

If r=p—m,weputk, = =k, =0, andsince p—m=0qg+(p—
m), Lemma 2.10 enables us to affirm that in this case

(ky+1,....k,+1) < (d(o,),....d(a})), (3.26)

where o; is defined as in Lemma 2.11.
And if r = q, then, from (3.25), p — m = (¢ +1)g + s. Again by Lemma
2.10 we have

(ky+1,....k,+1)<(d(o,),....d(a})). (3.26)

Now, the proof of the sufficiency follows from (3.22), from either (3.26) or
(3.26), and by applying Lemma 2.11. [ ]

4. FINAL REMARK

In this paper we have proceeded according to the following idea: In [12]
Wimmer solved the problem of the existence of a matrix with some pre-
scribed rows (or columns) and prescribed characteristic polynomial, and he
used the solution to give a new proof of an earlier result of de Oliveira [6]
related to the existence of a matrix with prescribed characteristic polynomial
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and a prescribed principal submatrix. Improving Wimmer’s result, in [14] we
solved the same problem but when the invariant factors are prescribed
instead of the characteristic polynomial. It seems natural to think that the
solution of this problem might serve to give a new proof of the interlacing
inequalities for the invariant factors of a matrix over a field and those of a
prescribed principal submatrix. We think that the proof we provide in this
paper gives some insight into the relation between the invariant factors
prescription problems and linear control theory.

Finally, we remark that by means of our method the convexity problems
which Marques de S3 and Thompson had to solve are subsumed in the
Hardy-Littlewood-Polya majorization inequalities which appear in the main
theorem of [14] and in this paper. So it has not been necessary to make any
explicit reference to convexity in our proofs.
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