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Suppose # competitcrs each compete in 7 races and a ranking function F assigns a
score F(f) to the competitor finishing in the jth position in each race. The sum of the
scores over the r races gives each competitor a final ranking with equal rankings being
possible. A series representation and an asymptotic estimate are obtained for ay,, the
number of ways of ranking n competitors in order, given that equal rankings are per-
missible. Also algebraic results are obtained whick: give criteria Yor the construction of
a ranking function F which ranks scores in a predetermined way.

1. Introduction

We pronose to examine the algebraic and combinatorial properties of
the problem of ranking # competitors each of whom participates in r
races. A “‘ranking function™ F for these competitors will be a positive
function defined on the first n positive integers and satisfying the condi-
tion F(j) > F(j+ 1), for 1 € j< n - 1. In each race the competitor fin-
ishing in the jth position is awarded a score F(j). The sum of the scores
over the r races gives each competitor 4 final score and the competitors
are ranked by these final scores

A “‘result” will be simply a finite set of positive integers {o; }, << >
where for each £, 1 < a; < n. That is, a result represents the placings of
a single competitor over the r races. Although we do not allow ¢he possib-
ility that two competitors be placed equal in a given race, if r > 1 then
they will certainly be rarked equal if they achieve the same result and
possibly in other cases depending on the ranking function F.

In Section 2 we obtain an asymptouic estimate for a,,, the number of
ways of ranking n competitors in order, given that equal rankings are
permissible.
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In Sectiion 3 we examine the problem, which is essentially algebraic,
of determining if certain apparently reasonable rankings of results can in
fact be achieved by choosing a suitable ranking function.

2. Combinatorial results

Let us denote by ¢, the number of ways of ranking n competitors
where equal rankiugs are permissible and for convenience take ay = 1.
Then, for example,a, =1,a, =3,a3 =13 and a, = 75.

Although the following result does not seem to appear explicitly else-
where it is probably not new and is certainly closely related to known
cesults.

Proposition 2.1. For each positive integer n,
T mn

mc<} 2m+! )

a, =

(1t is of interest to note that the sum of the infinite series is an integer
for all n.)

Proof. If a ranking is to contain i competitors ranked equally at the top
there are (7}) ways of choosing such a set of i/ competitors and in fact
(1) a,, _ ; rankings which satisfy chis criterion. Hence we obtain th~
identity

n o
(7)e
= \i )

A well known technique to obtain an explicit solution from an identity
of 1ins nature is to find a generating function. See, for example, [ 1, p.
230] where the Catalan numbers are obtained in this way. We define
G(t)=Z}.ga, t"/n and then from eq. (1) we see that
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and by addition of ‘erms in (2),
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Thus G(t) = (2 - ¢') ~ ! and we note that for |¢] < log, 2 we may rewrite
G(t) n the form

C(:):— 2 l im

and conclude that

s n
m

0=
m=i 2m+i

Proposiiion 2.2.

4,

~i =1 (log, 2) "L+ o(2m)™").

Proof. ¥ we let z be complex then G(z) = 1/(2 — ¢*) has simple poles at
the poiats 2, = log, 2 + 2kni. The nearest singular pointtoz = 0isz, =
log, 2 with residue —3 . The result then follows by considering G(z) —
1/2(log, 2 -~ 2). For further details see a similar proof [3, pp. 28--30].

3. Algebr:’ vesults

We ¢ v .y stating the following proposition the proof of which is
imm:
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Proposition 3.1. Ler C be a set of resuits which kave been ranked by
applying a ranking function (with of course the possibility of equal
rankings).

(i) If any two clements of C say {ay }1 < k< r a1d B}y < k<, (relabel-
led if necessary) satisfy the condition ay < @i, for | K k< r, with at
least one strict inequality. then the result {og}, ¢ o, I8 ranked above
che residt {By} < v<r

(ii) (A substitution condition) Suppose two results {a,} < k<, and
{Bx}1< 1< r have a subset of common elements (v}, ¢ j<p- Lot {oghichar
and (B} < k<, be results produced by replacing the elements (v} ¢ j<p
by elements (i}, ¢ j< p in each of the results {ay) ¢ k<, ad {Br}) < k< »
respectively. Then the ranking of {ay} < k<, relative to {83}y < 1 <, mMust
ke the same as the ranking of {3} < k<, relative to (3;} 1< g < -

We now pose a question which is in a sense a converse of the above
propositior:; namely if from a set of results we construct a ranking
which satisfies the conditions (i) and (ii), th a is there a ranking func-
tion F(j) which gives this ranking? The answer is negative and in fact
we shall see that tlns is so even if we require that the ranking satisfies
the further condition:

{iii} Whenever {a;} < k< » €1d {Br}i < k <, are results with
E’Z;{f, ay < T} By then the result {ag} < r <, is ranked above the result
B herer

Suppose x = (xy,x,, ..., x,) and V;(x), | < i< p, are linear functionals
on Euclidean n-space E". Then the following lemma is due to Carver [ 2]
and is also proved in the paper of Fan [4, p. 115].

lemma 3.2. The system of inequalities
Vi{x)> 0, I <i<p,

Ias a solution if and only if the zero-functional is not in the convex hull
(} V" Vz, cony ¥P'

Let C be a set of results and R(C) a ranking of the set which satisfies
conditions (i), (ii) and (iii). Further suppose no two results are given an
equal ranking and whenever {eg} < p <, and {8} <, satisfy £hoy o =
D=1 B with {ag} <4 <, ranked above {8} < 1 <, then we define a linear
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functional f on E” by
4 4
fix)= kz;} Nap :él Xy -
Let the linear functionals defined in this way be {f;(x)}, < i< 4-

Proposition 3.3. Let R(C) be a ranking of C which satisfies conditions (i),
(ii) and (iii) and gives no two results an equal ranking and let {f(xX)} < i< 4
be the linear functionals defined above. Then there is a ranking function
which gives C the ranking R(O) if and only if the zero-functional is not

in the convex hull of f,. 15, ..., fq:

Proof. For1 <j<n - 1, let gj(x) denote the linear functional on E”
defined by g;(x) = x; - x;,,. Further suppose that for every pair
{log <k r and {8} < 4 <, OF successive results in the ranking R(C) we
define a linear functicnal

r 4
hix) = - —
h(x) kE:l X, kZ}l gy -

Let the linear functions defined in this way be {#,(x)},< <, and then of
course {f;(xX)} ¢ <o € 10} < < p- Now by Lemma 3.2 there exists a
ranking function which gives C the ranking R(C) if ar:d only if the zero-
functional is not in the convex hull of

ghi<jen 1 Yilhicicp -

If we define the “moment” of a linear function
n 1]

b(x) = 27 X, tobe wu)= 2 ke,

a0 -

we note that each f,(v) has zero moment while each g,-(x) and the re-
mainder of the /;(x) have a negative moment.

Since the zero-functional has zero moment, it is clear that if it be-
longs to the convex hull of (g}, < j<n-1 YV {1 cigps the‘n in fact it
belongs to the convex hull of {fi(x)}, < ;< , and the proof is complete.

Example 3.4. An example of a ranking which cannot be induced by a
ranking function is (r = 2 and n = 6)

{155}9 {294.s {.314}9 {laé}a [296}9 {3,5} .
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it is interesting to note that these results can arise from the two races:
1 2 3 4 5 6
D B F C A E
A E C B F D
[iEx)=x, x5 — Xy — X,
jé(."):x3 +.¥'4 ~«x1 "”’X6 ’

and the zero-functional belongs to the convex hull of £, f5. 13, since
L)+ f5x) 00 =0,

When confronted with the practical problem of ranking competitors
one possible procedure is to choose a ranking function which «istinguishes
at least some of the possible results according to the preference of the de-
signer although the above example demonstrates that Lis expectations
must necessarily be limited. We do however give a further proposition
which shows that if an appropriate set of results C is chosen, then any
ranking of C which satisfies conditions (i), «ii) and (iii) can: be induced
by a ranking function.

Proposition 3.5. Let C be a set of results. For each pair of results {ag}i<r <,
and {By Yy cx<r With Zoy ag = Z[ .| By define a linear functional on E”
by

F r
)= 2 x,, - Zioxg,

(here the sign of {(x) can be arbitrarily fixed). If" the linea- functionals
defined in this way are linearly independent, then for any ranking R(C)
of € which satisfies conditions (i), (ii) and (iii) (including the possibil-
ity of 2qual rankings) there exists a ranking function which induces this
ranking.

Proof. If R(C) is a ranking in which no two results are given equal rank-
ing, then we may apply Proposition 3.3. (Since the linear functionals
to which this proposition refers will in fact be linearly independent, it
follows that the zero-functional does not belong to their convex null.)
Now we suppoie R(C) is a ranking which assigns equal ranks to cer-
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tain pairs of results. In particular suppose there is just one such pair of
results {o4}) < x <, and {B;}; < & <, Then again by Proposition 3.3 there
exist ranking functions F and & such that

r 14
,;’-?, Flay) - ?3 FB) =6, .

r v
20 Gley) - 29 GB)= -
faed (o) e (By) 6, ,

where 6, and 8, are positive and F and G rank the remaining results as
requirad. If we dc ine

H(G) = FPIS, + GG)S,, 1<j<n,

then H ranks {a;}) ¢ x <, and {B}} <k <, tO be equal and the raviking of
the remaining results is unchanged.

To complete the proof we observe that if R(() assigns equal rankings
to a number of pairs of results we may apply the above procedure to
each pair in succession and thus construct a ranking function which
gives the prescribed ranking R(Q).

We note that condition (iii) is certainly a restriction which one might
wish to avoid in practice and conclude by pointing out a further combi-
natorial problem.

Two rar king functions can be said to be “equivalent” for fixed n and
r, if for any set of race results they give the same final ranking of the n
competitors.

Example 3.6. If F i; a ranking function and m and ¢ are positive con-
stants an equivalent ranking functicn ¢ may be defined by setting
GGy =mF(jG)+c forl <j<n.

The problem posed is to determine asymptotic estimates in terms of
n and r for the number of equivalence classes.
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