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Love waves are dispersive interfacial waves that are a mode of response for anti-plane motions of an elas-
tic layer bonded to an elastic half-space. Similarly, Stoneley waves are interfacial waves in bonded con-
tact of dissimilar elastic half-spaces, when the displacements are in the plane of the solids. It is shown
that in slow sliding, long-wavelength Love and Stoneley waves are destabilized by friction. Friction is
assumed to have a positive instantaneous logarithmic dependence on slip rate and a logarithmic rate

Keywords: weakening behavior at steady-state.

;g/:evr?:ce Long—vx{avelength instabilities occur generica.lly in sliding with raFe— anq .st.ate—depend.ent fr.ict.ion, even
Elasticity when an interfacial wave does not exist. For slip at low rates, such instabilities are quasi-static in nature,
Dynamics i.e., the phase velocity is negligibly small in comparison to a shear wave speed. The existence of an inter-
Slip facial wave in bonded contact permits an instability to propagate with a speed of the order of a shear
Friction wave speed even in slow sliding, indicating that the quasi-static approximation is not valid in such
Instability problems.

Contact © 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Destabilization of interfacial elastic waves due to friction has
been a topic of some recent investigations (Adams, 1995; Ranjith
and Rice, 2001). For in-plane elasticity problems, where displace-
ments are confined to the plane of the solids, two well-known
interfacial waves are the Stoneley wave (Stoneley, 1924) and the
slip wave (Achenbach and Epstein, 1967). The Stoneley wave
occurs in bonded contact of dissimilar elastic half-spaces while
the slip wave, also called the generalized Rayleigh wave, is for a
freely slipping interface between two half-spaces. There are no
analogues of the Stoneley wave and the slip wave in anti-plane
elasticity, where the displacement is normal to the plane of the sol-
ids. However, an interface wave solution does exist in the bonded
contact of a finite layer on a half-space. This is the Love wave (Love,
1911). The Love wave differs from the Stoneley and slip waves in
that (a) it always exists if the shear wave speed of the layer is
greater than that of the half-space whereas the other two interfa-
cial waves exist only when the shear wave speeds of the solids are
not very different (b) its speed along the interface is greater than
the shear wave speed of the layer but less than that of the sub-
strate, while the other two waves are subsonic (c) it is dispersive
and the dispersion relations are multi-valued.

In this paper, two problems are studied involving dissimilar
materials that permit interfacial waves in bonded contact. Anti-
plane sliding of a finite layer on an elastic half-space is first stud-

* Corresponding author. Tel.: +91 491 2505409.
E-mail address: ranjith@post.harvard.edu.

0020-7683/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2009.04.010

ied. In slow frictional sliding, it is shown that the Love wave is
destabilized at long wavelengths. In-plane sliding of dissimilar
elastic half-spaces is subsequently analyzed. It is shown that
long-wavelength Stoneley waves are also destabilized in slow
sliding.

2. The anti-plane problem

In this section, the equation governing the stability of steady
sliding of an elastic layer on an elastic half-space is derived. The
perturbations from steady sliding are assumed to be transverse
to the direction of slip (i.e., anti-plane sliding). The elastodynamic
relation between slip and shear stress perturbations is first de-
rived. A friction law which also relates the slip and shear stress
perturbations is then introduced. These two relations are used to
obtained the equation governing slip stability.

Consider an isotropic elastic layer of thickness h sliding on an
isotropic elastic half-space with a steady rate V, (Fig. 1). The steady
motion is due to an applied shear stress 7, which is at the friction
threshold, 7, = fo,, where g, is the compressive normal stress on
the boundary of the layer and fis the friction coefficient at slip rate
V,. The shear modulus, density and shear wave speed of the layer
are denoted by i, p and c,, respectively, and corresponding proper-
ties of the half-space are denoted by 4, p" and ¢'s.

A Cartesian coordinate system is located as shown in Fig. 1 so
that the interface between the solids is at x, = 0 and the layer slides
in the x5 direction. The elastic fields are assumed to be independent
of the x5 coordinate. We are interested in the relation between slip
and stress perturbations at the interface when the perturbation is
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Fig. 1. Geometry for the anti-plane sliding problem.

transverse to the direction of slip, namely in the x; direction. If
ui(xq, X2, t), i=1,2,3 denote the displacement field, due to isotropy
of the solid, the only displacement component is that in the direc-
tion of slip:

Uy =uUp; = 07
Uz = U3(X1,X2,t).

(1)

Let 74(x1,X2,t),i,j=1,2,3 denote the stresses. The only non-zero
stresses corresponding to the displacement field Eq. (1) are
T13 = T31 and 7,3 = T3,. They are given by

ous
T13 = MT)@’

s (2)
T3 = MTXZ’

the latter being the traction component on planes normal to the x,
direction.
For the layer, the equation of motion in terms of the stresses is

0T13  0To3 o OZU3

LIt 3
o ok, P ®)
Substituting for the stresses from Eq. (2), one gets

02u3 82U3 o 1 ({)ZU3 (4)

o axd 2 o

where ¢, = /pt/p. Similarly, the equation of motion of the elastic
half-space in the region x, <0 is
QZU3 62u3 _ 1 82U3

o X3 e o

(5)

where ¢, = \/p//p’ is the shear wave speed of the half-space.

Slip at rate V, and a perturbation from it in a single Fourier
mode of wavenumber k can be represented by a displacement field
of the form

Us (X1, Xz, t) = Vot + U" (k, p)e*e™2ePt
Us(X1, Xz, 1) = U™ (k, p)e™™ e¥%2ePt,

X2 >0,

Fo (6)
x; <0.
where p is a complex variable, dependent on k, which characterizes
the time response to the perturbation. a(k,p) and o’'(k,p) are to be
determined so that the governing equations of motion are satisfied.
Substituting into the equation of motion for the layer, Eq. (4), gives

2
=K+ 5 (7)
S

Defining

o= |k|\/1+p?/kc2, (8)

where /- denotes the analytic continuation of the positive square
root function, both o and —a solve Eq. (7). A convenient choice of
branch cuts in the complex p-plane is from the branch points
D = #i |k| ¢; to p = oo along the imaginary axis, away from the origin.
The general form of the displacement in the layer is therefore

Us(X1,%2 > 0,t) = Vot + [U7 (k,p)e™2 + U; (k,p)e™2]e¥iert  (9)

The stress component 7,3 in the layer corresponding to the
above displacement field is

To3(X1,%2 > 0,t) = To + pu[—oU; (k,p)e” ™2 + aU; (k, p)e™2] e e
(10)

The perturbations at the interface do not alter the applied shear
stress 7, on the boundary of the layer. Thus 7,3(x1,h,t) = 7,, S0 that

—~Ufe " 4 Uje*h = 0. (11)

An analogous development for the half-space x, < 0 follows. The
displacement field in the half-space is of the form

Us(x1,X; < 0,t) = U (k,p)e*e*ePt. (12)

Substituting into the equation of motion for the half-space gives
2
a2 =k + 2 (13)

which has the solution

o = [k[\/1 + p2/k*c?. (14)

Branch cuts are defined as before from p = =+i|k|c} to p = co along
the imaginary axis, away from the origin. This ensures that
Re(o) > O for any p. It is noted that —o is not a valid solution to
Eq. (13) since it gives rise to an unbounded displacement field as
X > —o0.

The stress component 7,3 in the half-space is then

T3(X1,%2 < 0,t) = T, + (o' U (k, p)e“*eliept, (15)
The slip at the interface is

5(X1,t) = U3(X1,X2 = 0+,t) — U3(X1.,X2 = O:t)

= Vot + [U; +Uj — U ]e*ert, (16)
Denoting
D(k,p) = Uy (k.p) + Uy (k,p) = U (k,p), (17)
the slip can be written as
d(x1,t) = Vot + D(k, p)e*i et (18)
The traction component of stress at the interface
T(X1,t) = T23(X1,0,t) = To + T(k, p)e*e” (19)

is continuous. From Egs. (10) and (15), this requires

—polU; + poly = wo'u-. (20)
Egs. (11), (17) and (20) constitute a system of linear algebraic equa-
tions for U7,U; and U~ in terms of D. Solving that system,

_— o
U= ,ua+,u’<x’cothochD' @1

The shear stress at the interface is then

ol o

_ ikxq Hpt
o+ pror cothan Dk PIeT e (22)

T(X1,t) =T,

The amplitudes of the shear stress and slip perturbations at the
interface thus satisfy
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O

TkP) = =+ i cothah

D(k p). (23)
When h — oo, corresponding to the anti-plane sliding of two dissim-
ilar half-spaces,

oo

T(k,p) = T

g kD), (24)

in agreement with the result of Ranjith (2008) for that geometry.
Writing

Z,u’\/l +p2/kzc§\/l +p?/IPc?

F(k/p) = )
u\/l +p2/k2c§ +,u’\/1 +p2/k2c;2 coth <\k\h1 /1 +p2/kzc§>
(25)
Eq. (23) takes the form
T(k.p) =~ Kk p)D(k. ) (26)

For a given k, a pole of F(k,p) indicates a stress perturbation with no
associated slip perturbation. The only poles of F(k,p) are zeros of the
function

M(k.p) = /1 +p2 /K2 + 101+ p2 K
x coth <|k|h\/1 +p2/k2c§>, (27)

which is the equation for the Love wave in bonded contact of the
layer and the half-space. Using the notation c = —ip/k for the phase
velocity, we focus on the properties of F(k,c) and M(k,c) when c is
real, corresponding to steady-state wave propagation. Also it is as-
sumed without loss of generality that ¢ >0 - similar results apply
for c < 0. The Love function M(k,p) can then be written in terms of
cas

M(k,c) = i<,u c2/cz—1- ,u’\/] —c2/c? cot <\k|h~ /c2/c2 — 1))
(28)

It is readily seen that M(k,c) has zeros only when ¢; < c < c,
corresponding to Love waves. The Love wave speed c, depends
on the wavenumber k. The wave always exists for any k and u/y
as long as ¢, < c;. In the long-wavelength limit, |k| — O, it is clear
by inspection of Eq. (28) that ¢, — c.. In the short-wavelength lim-
it, |[k| — oo, there are multiple zeros of the Love function due to the
periodicity of the cotangent function. When |k| — oo, the cotangent
term in Eq. (28) has a limit only if ¢ — c¢,. Since the first term in Eq.
(28) also approaches zero as ¢ — c, the zeros, c,,n=0,1,...,N(k), in
the short-wavelength limit occur close to the roots of the equation

kihy/c2/c2 — 1= (2n+ 1)7/2, |k — oc. (29)

A zero of F(k,c) indicates a slip perturbation with no associated
stress perturbation. It is obvious that F(k,c)=0 when c=c; and
¢ = c,. However, these are branch points of F(k,c), not zeros, and
represent 1-D body waves in either solid. For example, from Eq.
(21) it is clear that when c = c,,U™ = 0 and the displacement field is

Us(x1,X; > 0,1) = Vot + D(k, p)eki+esd

(30)
Us3(X1,% <0,t)=0

The only zeros of F(k,c) are poles of the Love function M(k,c). For
generic k, poles occur only when ¢; < ¢ < ¢, and they are deter-
mined by the condition that

|klhy/c?/c2 —1=nx (31)

for an integer n > 1. From Egs. (29) and (31), it is clear that the
zeros and poles of F(k,c) alternate as |k| — co with the first pole
being closer to the branch point c = ¢; than the first zero.

Friction is now introduced at the interface and its effect on slip
stability is studied. A friction law dependent on the slip rate V(x4,t)
and a fading memory of its history, characterized by a state vari-
able 6(xq,t), is adopted. This is motivated by the experiments of
Dieterich (1979) and Ruina (1983). At constant normal stress a,,
the frictional shear stress is of the form

T=f(V,0)0,. (32)

The above mentioned experiments involve application of step
changes in slip velocity from steady sliding and observing the
instantaneous as well as the gradual change of the frictional shear
stress. A positive logarithmic instantaneous dependence of shear
stress on the slip velocity is observed, i.e.,

T~aln(V)e,, a>0. (33)

A logarithmic weakening with slip velocity at steady-state is
also seen in the experiments, so that at a steady slip velocity V,
the shear stress is

T=17—(b-a)lnV/V,)o,, b—a>0. (34)

It is observed that b — a is of the same order as a. The gradual
change of the shear stress during an imposed step change in slip
velocity, as seen in the experiments, is modeled empirically by
the state variable 0(xq,t). Ruina (1983) proposed a friction law of
the form

T=1,+aln(V/V,)a, + bia,,

g(z —(V/L)(0 + In(V/V,))
for the shear stress in terms of its value 7, at the steady slip rate V,,.
The constant L is a characteristic length for evolution of the shear
stress from 7, to the steady value given by Eq. (34) in the veloc-
ity-stepping experiments. Linearizing the above friction law about
the steady-state and eliminating the state variable we obtain

ot _ag, oV 'V, (b—a)a,
v, E*T<T*TU+T(V*V¢1) . (35)

Noting that T — 7o = T(k,p)exp(ikx; + pt) and V — V,, = pD(k,p)exp
(ikx; + pt), the linearized friction law Eq. (35) reduces to

(p+‘2) T(k,p) =

Suppose now that the steady sliding state is perturbed at t = 0.
The perturbation is such that if the interface were to continue to
slip at rate V,, it would cause a shear stress change t — 7, = Q(k,p)
exp(ikx;, + pt) at the interface, where Q(k,p) is a given function.
Since a generic perturbation will also cause a slip perturbation of
the form d(xq,t)-Vot = D(k,p)exp(ikx,; + pt), the total shear stress
change at the interface is T — 7, = T(k,p)exp(ikx; + pt), where, using
Eq. (26),

7t (a0~ 0~ 0) 7 )pDikp) (36)

(k.p) =~ “X F(k p)D(k.p) + QUK. ).

Using this relation in Eq. (36) above, we get for the slip response

Q(k.p)
4 (p +%)F(k,p) + 32 (ap — (b — a) ¥)p

Therefore, the equation governing slip stability is

Mzk| (p ) (k, p)+—<ap (b— )%)P=0- (37

D(k,p) =




K. Ranjith/International Journal of Solids and Structures 46 (2009) 3086-3092 3089

For a given wavenumber k, a root of the above equation at
p =p1 +ip, indicates a slip response of the form

5()(17 t) _ Vat ~ eikx1 e(p1+ip2)t — eik(xﬁpzt/k)ep]t.

Thus, a root with a positive real part, p; > 0, indicates unstable
slip. The phase velocity is clearly c = —p,/k. We say that the slip re-
sponse is quasi-static if the phase velocity magnitude is negligibly
small in comparison to a shear wave speed, |c|/cs < 1.

The following non-dimensional parameters and variables

k|
K= 240,
S= p/\k|c$,
2a0,h (38)
uL
= 'qu
2a0,Cs’

H=

are now introduced. K is a non-dimensional wavenumber and H, a
non-dimensional layer thickness. The non-dimensional S used
above is particularly convenient since its imaginary part gives the
phase velocity in comparison to the shear wave speed of the layer.
The non-dimensional slip velocity ¢ can be thought of as a measure
of the elastodynamic stress change in relation to the frictional stress
change accompanying a small slip velocity change AV from steady
sliding at rate V,. The former is (u/2c;)AV while the latter is (ao,/
Vo)AV. When ¢ < 1, i.e., slip velocity is sufficiently low, the elasto-
dynamic stress change is small and it may be naively expected that
elastodynamic effects would be negligible. However, as shown in
the following, that is not generally the case.

Using the non-dimensional quantities in Eq. (38), the governing
equation for stability can be written as

(1 sx) 2uV1+8, 1485
+_
¢ PVTHS + gy [14 5 coth (KHVT +57)

+§<%_b;a>:0 (39)

e\ & a

or

(1 +S—K> F(K,S) +> (ﬁ - ﬂ) —0. (40)
& e\ & a

3. Stability analysis

In this section, slip stability in slow anti-plane sliding, ¢ < 1, is
investigated for short- and long-wavelength perturbations. It is
shown that the response to short-wavelength perturbations is sta-
ble, thus ensuring that the stability problem is well-posed. The re-
sponse to long-wavelength perturbations is however shown to be
generically unstable. In particular, long-wavelength Love waves
are shown to be destabilized in slow sliding.

The short-wavelength limit is given by ¢ < 1 < K while the
long-wavelength limit is K < & <« 1. First, short wavelength stabil-
ity is studied. Eq. (40) can be written as

[$ <F(K,S) + §>} + {F(K., 5-Sb=a) 41)
& 13 & a
and we look for solutions S that are successively O(¢/K),0(¢), and
O(1). When S=0(¢/K), (K,S)=0(1) and it is easily verified that
there are no solutions of that order.

When S=0(¢), F(S,K)=0(1) again and the balance of terms
becomes

F(K,S) + % =0. (42)

The root of the above equation is

S = —6F(K — 00,0) = ~26—H— | (43)
u+u

Clearly Re(S)<0 and the root is stable. Next we look for roots
S=0(1). The balance of terms in Eq. (41) again leads to Eq. (42).
As discussed in the previous section, when S = O(1), F(K,S) has poles
that correspond to Love waves. It was seen that in the large K limit,
F(K,S) has multiple poles along the imaginary S-axis, S = iC, = ic,/
c,n=0,1,2,...,N(K), close to the roots of

KHVC? - =2n+1)n/2, K — cc. (44)
Close to S =iC,, F(K,S) has the structure
iAn

where, by inspection of F(K, S), A, = Ay(K,C,,) is a real constant. (For
the pole at S = —iC,, the sign of A, changes). Therefore, Eq. (42) is of
the form

iAn S
s5—ic, e O (46)
The roots are therefore
S = +iC, —%8. (47)

To ensure stability at short wavelengths, we need to show that
each A,>0. It was noted earlier that the poles and zeros of
FK - ,S) alternate. Therefore, A, is of the same sign for every
S =1iC, corresponding to a given, large K and it suffices to show that
the coefficient corresponding to the fundamental mode A, > 0.
Observing that very close to S = +i, the cotangent term in Eq. (28)
dominates, the singular structure has to be such that A, > 0. Thus
stability of short-wavelength perturbations is ensured.

In the long-wavelength limit, K< ¢ < 1, so that ¢ < 1 < ¢/K.
We look for solutions S that are O(¢), O(1) and O(¢/K) as before.
At O(¢), the dominant terms give

(b—a)S

FK.S) — =0, (48)

which has the solution

S— %eF(K ~0,0). (49)

But F(K — 0,0) = O(K) and therefore there are no roots that are
O(¢). When S=0(1), we again get Eq. (48). It has been pointed
out that when K — 0, F(K,S) has a pole at S = +iC, = tic,/cs, with ¢,
being close to ¢, corresponding to the Love wave. As discussed ear-
lier, the singular structure close to the pole is

iA,
F(K.$) == ic (50)
The roots of Eq. (48) are therefore
. aA,

The argument previously made for A, being positive still holds
and therefore long-wavelength perturbations are unstable with
velocity weakening friction, b — a > 0. The speed of propagation
of the wave is precisely that of the Love wave.

When S = 0(¢/K), the balance of terms gives
SK b-a

=0 (52)
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so that the root is

b—ae
S=" K 53)
indicating instability. However, the phase velocity is zero to leading
order, indicating the quasi-static nature of the instability. It must be
noted that unstable roots at O(¢) and O(¢/K) generically occur in fric-
tional stability problems. For the simple case of anti-plane sliding of
identical elastic half-spaces, Eq. (40) becomes

<1+%> 1+sz+§<%—b’a>:0. (54)
& e\ & a
When K <« ¢ <« 1, this equation has the solutions
a
S=—¢g,
b—a (55)

S_bfaf

T a K

4. The in-plane problem

In this section, the stability of slow sliding of dissimilar elastic
half-spaces is studied when the perturbations are in the direction
of slip (i.e., in-plane sliding). The elastodynamic relations for this
problem have been derived by Ranjith and Rice (2001) and slow
slip stability for short-wavelength perturbations has been studied
by Rice et al. (2001). Here, attention is focused on the long-wave-
length limit. It is shown that long-wavelength Stoneley waves are
destabilized in slow sliding.

As shown in Fig. 2, a Cartesian coordinate system is located so
that the interface is at x, = 0 and steady sliding with rate V, occurs
in the x; direction. The elastic fields are assumed to be independent
of the x5 coordinate. The far-field applied stresses are 7,7 = T, and
T2 = —0, such that they are at the friction threshold, 7, = fo,. At
steady-state, the shear and normal stresses at the interface equal
the far-field values.

Interfacial slip representing steady sliding with rate V, and a
perturbation from it in a single Fourier mode of wavenumber k is
of the form

d(x1,t) = Vot + D(k,p)eii e, (56)
The corresponding elastic shear and compressive normal stres-

ses on the interface are given by

T =1, 4 T(k,p)e’ e’

. 57
Z(k p)elkX1 ebt ( )

0=0,—

X2

X1

Fig. 2. Geometry for the in-plane sliding problem.

where

K
1(k.p) = ~ 2y, (k. p)D(k.p).

K (58)
2(k,p) = ~ a1 (k. p)D(K,p).

The explicit forms of Yi;(k,p) and Ys((k,p) in terms of the
elastic properties and wave speeds of the solids are given in
Ranjith and Rice (2001). It is noted that due to the difference
in material properties across the interface, the slip perturbation
induces a normal stress change at the interface in addition to
a shear stress change.

Since slip couples with normal stress, a friction law including
the dynamic response to normal stress changes is needed. Rice
et al. (2001) proposed a general linear friction law of the form

_ 80‘ aaoav
5 -5

—%(r—ro—f(a—ooH

VD ot

(b — (1)60
B0 - va>). (59)

Here f and « are constants. (The o above is not to be confused with
the o defined in Eq. (8), which is not used in the following.) The first
term on the right hand side above is the Coulomb-type instanta-
neous response to a normal stress change and the last term incorpo-
rates a memory of normal stress history. Using this friction law, Rice
et al. (2001) showed that the equation governing slip stability is

(1 SK)YH <f+(f—rx SK>Y21(S)+S<%—b;a> 0.
(60)

e\ & a

The function Y;1(S) has zeros corresponding to the slip wave,
when it exists, and both Y11(S) and Y>:(S) have poles, correspond-
ing to the Stoneley wave, when it exists.

For slow sliding, the short-wavelength limit of Eq. (60) was
studied in Rice et al. (2001). When ¢ < 1 < K, the roots of Eq.
(60) were shown to occur at O(¢) and O(1). At O(¢), the balance
of terms gives

5
Yi1(S) + (f )Y (S 8 =0, (61)

which has the root
S=—¢(Y11(0) + (f — )Y21(0)). (62)

Rice et al. (2001) showed that the real part of this root is nega-
tive. Hence it is stable. The roots at O(1) occur close to the Stoneley
poles. The dominant terms are again those in Eq. (61). The singular
structure close to the Stoneley pole at S = iCs, can be written as

iA
S—iCs’

B
S—iCs’

Yiu(S) =
(63)
Y2 (S) =

where A and B are real constants. (For the Stoneley pole at S = —iCs,,
the signs of A and B change.) The roots close to the Stoneley poles
are then

A (f- oc)B)
S==iCs — & =——1i . 64
5 (Csz Cst (64)

Rice et al. (2001) showed, using general arguments, that when-
ever the Stoneley pole exists, A > 0. Therefore the roots at O(1) are
also stable.

The long-wavelength limit of Eq. (60), K < & < 1, is now stud-
ied. We look for solutions S that are O(¢), O(1) and O(¢/K). At
O(¢), the governing equation is
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Y11(S) + Y5 (S) 7219%1:0, (65)

which has the solution

5= 221,04 11, 0)). (66)

Comparing to Eq. (62), which was shown to have a negative real
part, we conclude that the above root has a positive real part for
velocity weakening friction, b — a > 0. Hence the root is unstable.
At O(1), the governing equation remains Eq. (65) and we expect
roots close to the Stoneley poles. Assuming the singular structure
as in Eq. (63), the roots can be shown to be

L a A .(f-o)B
S_ilC5t+8b—a<C75[7l s > (67)

As mentioned, Rice et al. (2001) showed that A > 0. Hence the
Stoneley wave is destabilized at long wavelengths. Finally at O(e/
K), the root can be shown to be

b—ace
S=Ta K ©9
which is also unstable when b —a>0. In summary, it has been
shown that slip response at long wavelengths is always unstable.
The roots given by Eqgs. (66) and (68) have zero imaginary parts
(to their respective orders). When a Stoneley wave exists, it is
destabilized at long wavelengths.

5. Discussion

Solid mechanics problems involving slowly moving boundaries
are often studied using the quasi-static approximation - stress
transfers are assumed to be instantaneous and not wave-mediated.
However, this is not always valid. An example is the slow growth of
cracks, as in fatigue, which is generally assumed to be a quasi-sta-
tic process. A recently discovered instability of crack fronts (Rama-
nathan and Fisher, 1997; Morrissey and Rice, 1998) shows that
elastodynamic effects can be important even in slow crack growth.
The present study has an analogous implication for sliding, i.e.,
slow sliding cannot in general be equated with quasi-static sliding.

It is instructive to explicitly analyze the stability of slow sliding
in the quasi-static approximation. The governing equation for qua-
si-static anti-plane deformation is the Laplace equation,

82113 82u3
8—)(% -+ 8_)6% =0. (69)

Consider the problem geometry as in Fig. 1. For anti-plane slid-
ing of an elastic layer on a dissimilar elastic half-space, the quasi-
static elastic relation between shear stress and slip perturbations
from steady-state, analogous to Eq. (23) for the dynamic case,
can be shown to be

k 20
T(k.p) = — MM K

2 1+ g coth(kp) PP (70)

The governing equation for slip stability becomes, following the
steps leading to Eq. (37),

Wkl [V, 20 7, Vo)
3 (p %) (e seomam) v (- -a 2 )p=0
1)

In the long-wavelength limit, |k| — O, this yields a quadratic
equation for p in terms of |k| as

2, [WVolkPh (b —a)V,
ap +< o I p+

UV2kPh

=0 (72)

For sufficiently long wavelengths, it is clear that the roots of the
above equation are

_(bfa) Vo

= T+ O(|k[*) and

(73)
p = O(k[),

both being real and positive. Thus the response at long wavelengths
is unstable with the phase velocity of the instability being zero to
leading order. It has been shown in this paper that the above qua-
si-static behavior does not emerge as a limit of the full elastody-
namic equations when the slip velocity is low. An additional
unstable root occurs when elastodynamic effects, representing
wave-mediated stress transfers, are included. From Eq. (51), this
root is

) :%\m +icok + O(kP), (74)
where ¢, is the Love wave speed in the long-wavelength limit
(approximately c,, the shear wave speed of the substrate) and A,
is a positive constant. A similar discussion applies for the in-plane
sliding problem of Section 4, with the Stoneley wave playing a role
analogous to that of the Love wave above. It must be noted that in
the sliding of identical half-spaces, a quasi-static limit for slow slid-
ing does exist, as shown in Rice et al. (2001). In that case, the exis-
tence of Love and Stoneley waves is precluded and the results of the
present analysis do not carry over.

Physically, the results obtained here have the surprising impli-
cation that even surfaces that are slowly slid can produce acoustic
emissions. Prior work, summarized by Rice et al. (2001), had sug-
gested that such would not be the case. As mentioned, those stud-
ies assumed geometries and material properties which precluded
the existence of interfacial waves in bonded contact. In the context
of the earth, the instability identified here could be a possible ori-
gin of the observed global seismic background radiation. It is well
known that large earthquakes excite the free oscillations of the
earth. However, Nawa et al. (1998) have reported that the funda-
mental long-period spheroidal modes of the earth’s oscillations
are continuously excited, even when large earthquakes do not oc-
cur. Similar continuous excitation of the fundamental toroidal
modes has recently been observed by Kurrle and Widmer-Schnid-
rig (2008). The present analysis suggests that destabilization of
Love and Stoneley waves in the slow sliding of tectonic plates,
away from large earthquakes, could be a possible mechanism for
the continuous excitation of the earth’s oscillations. The spheroidal
modes involve vertical motions of the surface, consistent with the
displacements caused by Stoneley waves, and horizontal motions
accompany the toroidal modes as is characteristic of Love waves.

6. Conclusions

It has been shown that long-wavelength Love and Stoneley
waves are destabilized in slow frictional sliding. Essential to the
analysis is the assumption that friction has a logarithmic depen-
dence on slip rate, both instantaneously and in the steady-state,
the former being positive and the latter being negative, but both
effects being of the same order. Thus, the quasi-static approxima-
tion is not valid for slow sliding if the geometry of the problem
and material properties are such that an interfacial wave exists
in bonded contact of the solids.
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