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1. INTRODUCTION

Initially, optimization and the theory of best approximation developed
independently. However, in the 1960s, with the appearance of convex
analysis, it was realized that best approximation problems can be regarded
as special problems of optimization. This led to a systematic effort to
obtain approximation results as special cases of more general theorems of
optimization theory. This parallel treatment is presented in the
monographs of Holmes [14] and Laurent [17], which illustrate that there
is a strong interaction between approximation theory and what is known
by now as “nonsmooth analysis.”

stability (sensitivity) and stochastic approximation.

In the study of stability our main tool is the so called
Kuratowski-Mosco convergence of sets and the corresponding t-con-
vergence of proper functions. So we perturb the data dstermining the f-best
approximations and the f-farthest points and we examine how the sets of
these points vary. Such sensitivity analysis is, among other things, very
important in designing efficient numerical algorithms. Additional results in
this direction were recently obtained by the authors in [20].

In stochastic approximation, which is studied in Section 4, we allow both
the set and the function to depend measurably on a parameter w and we
examine the dependence on w of the various notions of approximation
theory. We also study the approximation problem in which the function is
the integral functional determined by f(-, -). In all these our main tools are
the theory of normal integrands of Rockafellar [23, 247} and the theory of
measurable multifunctions.

Finally in Section 5 we have gathered some general results which
illustrate the strong interaction between approximation theory and non-
linear analysis.

* Research supported by N.S.F. Grant D.M.S.-8403135.

58
0021-9045/88 $3.00

Copyright © 1988 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82168525?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

NONSMOOTH ANALYSIS AND APPROXIMATION 59
2. PRELIMINARIES

Let (2,2) be a measurable space and X a Polish space. Let
F: Q- 2"\ {4} be a multifunction (set-valued function) with closed values.
Then the following statements are equivalent:

(i) F(U)y={weQ: Flwo)nU#¢}ecX for all U< X open,
(if) > dp,)(x)=10f._ 4., |x —z| is measurable for all xe X,
(iii) there exist measurable functions f,: 2 — X s.t.

Flo)=c{f,(®)},s, forall weQ (Castaing’s representation).

A multifunction satisfying any of the above statements is said to be
measurable. If there exists a complete, o-finite measure u(-) on 2, (1) — (iii)
are all equivalent to

(iv) GrF={(w,x)eQxX:xeFlw)}eXxB(X), where B(X) is the
Borel o-field of X.

From now on assume that (Q, 2, u) is a complete probability space and
X a separable Banach sspace. By X* we will denote its topological dual.
We will use the notations

P, ,(X)={A < X:nonempty, closed, (convex)},

Py k(X)) = {4 € X: nonempty, (w-)compact, (convex)},

where w denotes the weak topology on X. If 4 < X we will denote by ¢ ()
the support function of 4, ie, for all x*e X* ¢ ,(x*)=sup, . (x*, x).

Consider the set S}.= { f(-)e L}(2): f(w)€e Flw) p-a.e.}, i.e., SL contains
all selectors of F(-) belonging to the Lebesgue-Bochner space L.(£2).
Clearly S} is a closed (maybe empty) subset of LL(£2). It is nonempty if
and only if inf, _ ., [ x| € LY, (£2). We will say that F(-) is integrably boun-
ded if and only if sup,, .z, 1]l = [F(w)| € L', (£2). Using S}. we can define
an integral for F(-),

J‘Q Fo) du(w) = {Jgf(w) du(w). f(-)e Sﬁ}»

where [, f(w) du(w) is the usual Bochner integral. This set-valued integral
is known as Aumann’s integral. For more details on measurable multi-
functions and their integral we refer to Castaing—Valadier [4], Himmel-
berg [10], and Rockafellar [23].

Now let us pass to normal integrands. These were introduced and
studied by Rockafellar [23,247, as the appropriate generalization to
accommodate the needs of optimization and optimal control, of the
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Caratheodory integrands from the calculus of variations. So assume that
f:2xX - Ris a proper integrand (i.e., f(-, -) takes values in (—oc, + oc ]
and f# +o0). We say that f(-,-) is a normal integrand if and only if
w - epif(w, -) = {(x, 1) e X x R: f(w, x) <A} is closed valued and
measurable. A straightforward application of Von Neumann’s projection
theorem tells us that the above definition is equivalent to saying that f(-, -)
is X' x B(X)-measurable and f(w, -) is Ls.c. for all we Q. Recall that nor-
mality is preserved by the Fenchel transform. For more details the reader
can look at the excellent survey paper of Rockafellar [23].

As we already mentioned in the Introduction, in the next section we will
be using the Kuratowski-Mosco convergence of sets and the corresponding
t-convergence of proper functions. Very briefly we will recall those notions.
Let {4,,A4},.,<2" and set w-lim,_ , 4,={xeX: x=w-lim,_ . x,,
x,€4,, k=1} and slim, ., A4,={xeX:x=slim,  , x, x,€64
n>1}. We say that the 4,’s converge to 4 in the Kuratowski-Mosco sense
(denoted by A,—>XMA4) if and only if wlimA,=A4=slimA,. If
{fusS}ns1 SR¥ are proper functions then {f,}, t-converges to f
(denoted by f, - f) if and only if epif, »* M epif. For more details we
refer to Mosco [19] and Salinetti-Wets [25].

A last piece of terminology. If fe R* is proper, by dom f we denote the
effective domain of f(-), ie., dom f={xe X:f(x)< +o0}. Moreover, all
R-valued functions will be assumed to be proper.

ns

3. STABILITY RESULTS

If feR¥ is a proper function and 4<X nonempty, then we set
fax)=inf,c, f(x—y) and P, (x)={hed:f,(x)=f(x—h)}. The
elements of P, ,(x) are said to be elements of f~best approximation (f-b.a.)
to x from the set 4. Throughout this paper we will assume that f,(-) is
proper.

A sensitivity analysis was first conducted by Brosowski-Deutch—
Niirnberger [3], who considered a family {4,},. ; of subsets of a normed
space X parametrized by a topological space T and studied the continuity
of t > P, (x) (here f(-)=|-1|). Recently Tsukada [28] addressed the same
problem but with a nonparametrized method. Namely he allowed the sets
{4,},5, to converge to 4 in the K-M sense and then examined what
happens to the sequence {P,(x)},. . His study was limited to strictly
convex, reflexive Banach spaces.

Our first result examines the behavior of P, ,(x) under variations of the
set A. Assume that X is a Banach space.
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THEOREM 3.1. [If f: X - R is continuous and w-sequentially ls.c. and

{AII’A}HZlng('(X) S't’An—K—&A’

then for all xe X, w-im P, , (x) < P, 4(x).

Proof. Let hew-lim P, ,(x). Then by definition we can find
hiePr g, (x)st hy—"h Let yeA and let y,ed,, st y,—>’yp This is
possible since 4, % ™ 4. Then using the properties of f(-) we have

Jx—=h) <f(x—=pi)
=lim f(x—h) <lim fx - y,)
=fx—h)<f(x—y)

Note that heA and since yeAd was arbitrary we conclude that

he P, 4(x). Q.E.D.
Remark. Note that with our assumptions on f(-) we cover the case
where f(-)=-I|. We could have also assumed that f(-) is w-sequentially
continuous.
Let f(-)=|-|. Recall that if X is reflexive and strictly convex then every

A€ P,(X)is a Chebyshev set, i.e., P,(x) is a singleton for all xe X. Also X
is said to have property (H) if and only if for every x,—"x with
|x,|l = |x| we have x,—°x. Locally uniformly convex spaces (in par-
ticular Hilbert spaces) have property (H). Using Theorem 3.1 we can have
the following corollary which is Theorem 3.2(i) of Tsukada [28].

COROLLARY (28). If X is vreflexive and strictly convex and
{AH’ A }n;l < P/”((X) Wlth

A,—— A as n— o0,

then for all xe X, P, (x)—>" P,(x) as n— cc.
If in addition X has property (H) then P4 (x)—* P 4(x).

Proof. Since P, (x), P (x)nz1 are singletons, the first claim of the
corollary follows directly from Theorem 3.1. Then |x— P, (x)]| <
lim [x—P,(x)|. Let yp,ed, st y,=°P,yx). Then |x—y,]|-
llx — P 4(x)Il. Since ||x — P, (x)| < |lx—y, | we get that im |x— P, (x)| <
[ x — P 4(x)|l. Thus |[x— P4 (x}| = |lx — P ,(x)|| and because X has property
(H) we get that P, (x) =" P (x). Q.E.D.

Remark. In the above proof we also got that d,, (-) = d ().
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Next we will allow f(-) to vary too. Then we have the following variant
of Theorem 3.1. Assume X if finite dimensional. By 9 ,(-) we will denote the
indicator function of 4 € X.

THEOREM 3.2. If {f,.f},>1 SR"Y are continuous, convex, f,—f as
n-ow and (A, A},>  SPu(X)st. A,-5MA then for all xe
X,ﬁ_ﬁ{P,- 4,(X)E P, 4(x).

Proof. For any xe X, let f.: X —» R be defined by f.(» x — ). Then
from Coroilary 2E of Salinetti-Wets [25] we have f,l ()= 1) as
n—oo. Also since A,—~% ™ 4, we have that d,(-)>*9 ( ) Note that
dom f, —dom § ,=R"— 4 =R" So by Theorem 5 of McLinden—Bergstrom
[18] we get that (f, +3,)(-) =" (fo+3.)(:) = (fu +3.)*()~"
(fe+ 5A)*( ) = Gr(f, . +38,)*>FMGra(f,+6,)*(). But recall that
P, 4 (x)=0[fn.+0,,1%0) and P, (x)=2[f.+06,1*0). Hence it
follows easrly that Tim P, , (x)<S P, ,(x). Q.ED.

We will close this section, with a result analogous to Theorem 3.1 but for
J-farthest points. If fe R is a proper function, 4 < X is nonempty then we
define [,(x) )=sup,.f(x—y) and @, ,(x)= {hEA Falx)=£( x—h)}. To
avoid trivialities we will always assume that f,(-) is proper Let X be a
Banach space. By A(-, -) we will denote the Hausdorff distance on 2%

THEOREM 3.3. If f: X - R is continuous, {A, },,>1_P,( )andA —>”A
asn—»oothenforallxeXfA" x) o falx x) and s-im Q, , (x) = Q, ((x

Proof. First note that AePk( ) For any ye A4, Let r,,eA,, s.r.y, =" )
Then we  have <fA X)=f(x—y <lxmfA( () =74 (x) <
lim fA"(x). Let h,,eA n>1 st. fu(x)=f(x—h,). Observe that

dy(h,)<dy(h,)+h(A,, Ay=h(A,, A)>0 as n—>oc. So d,(h,)—0. Let
a,c A st d 4(h,)=lh,—a,ll. By passing to a subsequence if necessary, we
may assume that a, >*he 4. Then ||h,— k)| < b, —a,l + |a,— k] = 0. So
h,—~* he A. This implies that

im f, (x)=1lim f(x — h,) =f(x = h) <4 x).

Hence we fmally have that £, ( 40— F4(+). Next let heeQp 4, (x)k>1and
hi—*h. Then f, (x)=f(x—h )_’f(x_h)—fA(X)aSk—)oo:hleA(V)
:sllmQ,A( X)E Qy 4(x). Q.E.D.

4. STOCHASTIC APPROXIMATION

Throughout this section assume that (£, X, u) is a complete probability
space and X a separable Banach space.
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In the first result on the f-approximation of random sets we examine
how the pointwise approximations are related to the aggregate (integral)
approximation. So we will obtain a relation between the functions

Srey(¥) =Inf{ f(x —y): y e F(w)}
and
i) =int {fx=yiye | Flo)}.

THEOREM 4.1. F: Q- P (X) is measurable with S.# ¢, f: X - R is Ls.c.,
convex and for all x(-)e #'(x)={x(-)e L}(RQ): x= _[g x(w) du(w)} and all
y()eSL, f(x()—y(+)) is quasmtegrable and integrable for one such pair

(X'(-), () then f;{x) = [$a frw) 1(x), where §, denotes the operation of
continuous infimal convolution.

Proof. From Lemma 2.1 of Hiai-Umegaki [9] we know that
@ - fr)(X) is measurable. So the continuous infimal convolution in the
conclusion of the theorem is well defined. Also from the definition of the
Aumann integral we have that

Sir(x)=nf f(x—y)= inf1f<x—f y(m)du(w)).
velF y(-)e Sg Q

Let x(-)e #'(X). Then we have

(-)e Sk

firt= it f( [ (st = st0) dutw)).

Applying Jensen’s inequality (see Kozek—Suchanecki [15, Coroilary
7.1]) we get that

Jidx) < o, . S (x(0) — y(w)) du(w).

Since x(-)e #'(x) was arbitrary we have that

fir)< inf | f(x(0) = y@) dut)

y()e Sk
x(-)e £L(x)

640/52/1-5
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Applying Theorem 2.2 of [9] we have that

fix)< o [ il flx(w) - ) du(e)

x(-)e L(x) ve Flw)

x()e LYx)

= i T ftston di=|§ S| 0

Hence we have shown that

fot0) <[ § oo | 5. (1)

Next let he g Fw)du(w) st f(x—h)<fix)+e e>0. Note that
h={oh(w)du(w) with h(-)eSL Let x(-)=x—h+h(-). Clearly
x(-)e#Yx) and f(x(w)—h(w)) = flx=h)<fip(x)+e  Also
Srw(x(@)) Sf(x(0)—h(w)). So we have fr,(x(w))<fix)+e.
Integrating both sides over Q we get that

J, rnx()) di(@) <y rx) + &

= il | f(x(©) du(@) < fix) +o

x()e LUx)

N [ifm] () <filx) +e

Let ¢ | 0. We have that

[ frr | ) <30t @)

From (1) and (2) we conclude that f;{(x) = [§ng(w,](x). Q.ED.

Remark. If f(-) is such that f(x(-)) is quasintegrable for all
x(-) e L'(Q), then the theorem is true for all x e X. This is the case if /() is
bounded from below.

When f(-)=||-|, then the quasintegrability hypothesis is automatically
satisfied and if F: 2 — P,(X) is as above then:
COROLLARY. For all xe X, dj{x) = [§q dp.)](x).

For the pointwise approximation problem we can say more. By S, we
will denote the set of measurable selectors of F(-). Also a set 4 = X non-
empty is said to be f~proximinal if and only if for all xe X, P, ,(x) # .
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TueoreM 4.2. If f: X - R is Ls.c. and F: Q —» P{X) is measurable with
F(w) being f-proximinal for all weQ then for all xe X, there exists
h(-)€ Ses.t. for all w e Q, fr,)(x)=f(x—hw)).

Proof For xeX consider the multifunction ®— P/, (x). By

- 7Y n\ a that
1 W€ naveé inat

P/;F(w)(x) = (h€X3f(x“h) _fF(w)(x) =g lw, h) =0} N Flo).

Recall that @ — fg,(x) is measurable, while f(x—-) is ls.c. Hence
g {w,h) being the sum of two normal integrands is normal. Thus

Gr P (x)={(w, h): g (w, h) =0} N Gr Fe X x B(X).

Apply Aumann’s selection theorem to find h: @ - X measurable s.t.
h(w) € P py(x) for all w € Q. Therefore f(x — A(w)) = fr.)(x). Q.E.D.

Remark. The above result is still true if instead of xe X we have a
measurable function x: Q — X.

Next consider the following integral functional
= | /(0. x(@)) duto),

where f: 2 x X —» R is a measurable integrand and x: £ — X is measurable.
Additional hypotheses will be introduced later. Let M = L}{2) and define

IF(x(-))= inf I (x(-)=p(-))
y(-)eM
Having established this notation consider a multifunction F: Q - 2*\{¢}
s.t. SL+# . We will examine the following two problems.

(1) Forwe®, find he F(w) s.t. fr,,,(@, x(w))=f(w, x(w)—h).
(2) Find h(-)e Sk st I5(x(-)) = L(x(-) = h(-)).

By Py ), rey(X(@)), @€ we will denote the solution set of problem
(1), while by P, s (x(-)) we will denote the solution set of (2).

Under normality and measurability hypotheses on f(-,-) and F(-),
respectively, we can show as in Theorem 4.2 that w — P, ., g, (x(@)) is
nonempty, closed valued, and measurable.

Our next theorem compares those two solution sets.

THEOREM 4.3. If f:Q x X - R is a normal, convex integrand s.t. for all
x(-)e LK), f(-, x(-)) is integrable and F.:Q — P, (X) is integrably
bounded, then for any x(-)e L}(Q2) we have P, g(x(-))= S;’f«,).n (x(.yy and
is a w-compact subset of L'(Q).
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Proof. First note that since for all weQ, f(w, -)e I'y(x)= {proper,
ls.c., convex, R-valued functions defined on X} and F(w)e P, (X), then
by Weierstrass theorem we have that P, ) ) (x(w))# . Furthermore
as we already pointed out w — P, . re)(X(w)) is a measurable mui-
tifunction, with w-compact, convex values. Also it is integrably bounded
since F(-) is. So from Proposition 3.1 of [21] we deduce that
Shi s myx(-n * s is w-compact and convex in L3(Q).

It 1s clear that Sp . ) S Pr.si(x(+)). Let A(-)e P, si(x(-)). Then

S

ISH(x(-)) = I (x(-)— h(*)). So we have
J, /(@ (@) = h(@)) ~ frw(e, x(@))] du() =0

Since f(w, x(w)) — AHw)) 2 frw) o, x(w)) p-a.c. we get that

f(@, x(0)) — (@) = f @, X(0)) p-ae.

1
= h( : ) € SP'[(...).F(.,(X('))‘

Thus the claim of the theorem follows. QE.D.

Remark. When f(-,-)=]-|, then the above theorem tells us that for
any x(-)e Li(Q), the best approximation from S is also a pointwise best
approximation to x(w) from F(w) and vice versa. Furthermore the set of
such best approximations is w-compact in L}(£2).

Working as above we can have an analogous result for f~farthest points.

THEOREM 44. If f: Q2 x X - R is X x B(X)-measurable and w-u.s.c. in x
and for all x(-)e L3(2),1(-, x(-)) is integrable, while F: Q2 — P, (X) is
integrably bounded, then Q,f,SnF(x(o))z SIQ,(,,.,,F[.,(X(.))for all x(-)e LL(2).

Theorem 4.3 is useful in obtaining interesting information about the
structure of certain f~-proximinal sets.

If fe R¥ is a proper function and 4 a nonempty subset of X, then we say
that 4 is an fsun if for each xeX\A4 there exists he P, (x) s.t.
he P, 4(h+ A(x—h)) for all A >0. We will say that 4 is a strict f-sun if this
is true for all he P, ,(x). Note that if f(-)= ||, then the above definition
reduces to the classical definition of solarity of a set (see Vlasov [29]).

As before X is a separable Banach space.

THEOREM 4.5. If f: 2 x X = R is a Caratheodory, sublinear integrand s.t.
Sfor all x(-)e LY(R), f(-, x(-)) is integrable and F: Q — P, (X) is integrably
bounded, then F(w) is an f(w, -)-sun p-a.e. if and only if Sk is an I, -sun.
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Proof. First assume that S} is a I-sun. This means that for all
x(-)e L}(£2) there exists h(-)e Py si(x(+)) st. h(-)e Py su(h(-)+ A(x(-) —
h(-))) for all 1>0. Let x(w)= x and use Theorem 4.3, to get that

h(w)e Priw ) Flon(X) pra.e. = h(w)e Priw, . Fanli(@) + AMx —h(w))) p-ae.

for all A>0, which means that P, , r,) (%) is an f(w, -) sun p-a.e.

Now assume that F(w) is an f(w, -)-sun p-a.e. By definition this means
that for p-almost all we we have that, for all xe X there exists
hePry ) rofX) St hePy,  rwlh+A(x—h)) for all A>0. Let
x(-)e L}(2) and consider the multifunction 77(-) defined by

Nw)={he P, ., poX(@)): h€ Py .y polh+ Ax(@)—h)), 120}

From Govindarajulu-Pai [7] we know that x = P/, , g, (X) is us.c.
So we can write that

No)= () P relh+Alx(o)—h)).

Az0
4 =rational

= I'(-) has a measurable graph (see [4, Theorem III-40]).
Applying Aumann’s selection theorem to find A: 2 — X measurable s.t.
h(w)e I'(w) for all we Q. So we have that

M) € Psy,. ), ran(A(0) + Ax(0) — A(w))), we

=>h(-)e St py (h(-)+ Ax(-) = h(-)))
=h(-)e Py si(h(-)+A(x(-)=A(-)),  A=0.

which proves that S} is an J-sun. QED.

Now we will pass to the integral functional F: X — R defined by
F(x)={gof(o, x) du(w), where f(-, -) is a convex integrand. The next result
provides a necessary and sufficient condition for the existence of f-b.a.

Assume that X is a reflexive, separable Banach space.

PROPOSITION 4.1. If [: 2 x X = R is a normal, convex integrand s.t. for
all x: Q - X measurable and bounded, (-, x(-)) is integrable and A is a non-
empty, closed, convex subset of X, then for all xe X we have, he P ((x) if
and only if there exists

x*() eSSk n s.t.x*=f x¥(w)du(w) and o (x*)=(x* h).
X Q
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Proof. Note that inf,. , F(x —y)=inf, [ F .+ 0,](y), where F.(y)=
F(x —y). From convex analysis (see [24]) we know that he P, 4(x) if and
only if 0€d(F, + 0 4)(h). But from Theorem 23(a) of Rockafellar [24] we
know that F(-) is continuous, convex. So applying the Moreau—Rockafellar
theorem (see Laurent [17]) we get that

0€d(F,+ 8 ,)(h)=0F (h) + 86 ,(h).

Observe that JF . (h)= —0F(x—h). Also from Theorem 23 (b) of
Rockafellar [247] we know that

OF(x — h) =J of (@, x—h) du(w).
Q

So there exits x*(-) € Sy, , 8t x*= [ x*(@) du(w) and x* €85 4(h).
Hence (x*, y—h) <0 for all ye A. Thus o ,(x*)=(x*, h). QED.

Useful for the purposes of numerical analysis is the concept of e-f-best
approximation. We will say that he 4 is an ¢-f-b.a. to x from A4 if we have
S(x—h)<f(x)+ e We will denote the set of e-f-best approximations to A
by P ,. For those points we have a result analogous to Proposition 4.1.

Assume that X is a finite dimensional Banach space.

ProprosiTION 4.2. If f:Qx X —> R is a Caratheodory, convex integrand
s.t. for all x: Q - X measurable and bounded f(-, x(-)) is integrable and
A< X is nonempty, closed, and convex, then he P (x) if and only if there
exists ¢ Q — R, measurable, ¢ 20, x*: Q - X* measurable s.t. x*(w)e
of (w, x — h) p-a.e.,

x*=J x¥w)du(w), o (x*)—& <(x* h)
o
and

[ 6(0) du(@) + 5 =s.

Q

Proof. Note that

P J(x)={he A: F(x —h)<F (x)+¢}.

So he P% ,(x) is equivalent to saying that for all y e 4 we have F(x —4) <
Fix—p)+e = —¢ < F(y) - Fdh) & —¢ < (F. +0,)(y) —
(F,+04)(h)<=0€d(F,+04)(h). From Theorem 23(a) of Rockafellar
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[24] we know that F (-) is continuous, convex on X. Also from
Hiriart-Urruty [12] [13] we have

O(F +0,)h)= | {0,Fdh)+8,6.h)}

2120520
Elt+er=2¢

Moreover, again from [13] we have that

0 F = U | o filo, ) du()

s()eLle) 2
e(w)=0

So 0ed,(F,+6,)(h) is equivalent to saying that there exists
z* € [ g Oy fo(w, h) du(w) for which —z*ed, 5A(h and |, e(w) du(w) +
¢ =¢, where &(w)>0. Hence z*—jgz w)du(w) with z*(w)e
Octwr [olw, h) p-a.e. But note that 0., f(w, h)= —0,,, f(o,x—h). So
finally we can find x*: 2 —» X* measurable s.t. x*(w)ed,,,, f(w, x—h) p-
a.e., x*:j'Q x*¥(w)du(w) and x*e€d,6,(h) which is equivalent to saying
that o ,(x*)—¢ < (x*, k), with [, ¢(w)du(w)+¢ =¢ and &(w)>=0 for all
we . Q.E.D.

Next we will have a result analogous to Proposition 4.1 for the integral
functional 7,(-).
Assume X is a reflexive, separable Banach space.

PrOPOSITION 4.3.  If f: Q2x X — R is a normal, convex, integrand s.t. for
all x(-)ye L), I,(x(-)) is finite and F: @ — P,(X) is integrably bounded,
then for any x(-)e L) we have h(-)e P su(x(+)) if and only if

min f(x*(w),y(m)—h(w))du(w)so for all  y(-)eSL.

X ESSer -

Proof.  As before h(-)e P, ¢2(x(-)) if and only if 0e (I, + dsi)A(-)).

Recall that I, (-) is continuous, convex on LL(£2). So we can apply the
Moreau-Rockafellar theorem and get that 0e 0, (h(-))+ ddsi(h(-)). This
means that there exists —x*(-)edl, (h(-)) s.t. X*(-)eddg ( (-))- Since
ol (h(-))= =0T (x(-}—h(-)) we have X*(-)edl(x(- )—h(-)) and
(X*(-), y(-)—h(-)) <0 for all y(-)eS%. Recalling that oI (x(-)—h(-)) is
w*-compact we can write that

min (x*(-), y(-) = h(-))

() el (x(-)— h(-))

= min (x*(-), y(-)—h(-)) <0

x*(-)eextdl(x(-)—h(-))
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From Theorem 2.1(c) of Rockafellar [24] we know that

al/'(x(')*h('))=S3ff(-,x(-)—h(~))
=ext Al (x(-) —h(-))=ext SG . .()_acy

Then from Benamara [2] we get that

ext 0L (x(-) —h(-)) = SZiarc. <) nin -

Therefore we have that

min | (x*@), y@) - o)) die) <0

X‘(‘)Esglﬂft-.x(-)—h(-)) 2
for all y(-)e St Q.ED.

Remark. In the above result instead of p=1, g= +00 we could have
used a pair p, g =1 of conjugate exponents.

We will close our investigation of the multifunction P, q(-) with a
theorem concerning its continuity properties.
Assume X is a reflexive, separable Banach space.

THEOREM 4.6. If f: Q2 x X —» R is a Caratheodory, convex integrand s.t.
for all x:Q —X bounded and measurable, f(-,x(-)) is integrable and
F:Q— P, (X) is integrably bounded, then P, s\(-) is us.c. from L} into

(L, w).

Proof. We know that for all x(-)e L (Q), P, s(x(-))= Spﬂ R () -

So for any x*e X* we have ¢ i(x¥)=04 . Then by definition
Pip.S¢ Skrt g Bty |

x*)= lsup (x*, h())a
AUYEShe ) popatn

where (-, -) denotes the duality brackets between L} and L§.. Thus we
have that

Ot
Sep o, FED

)= sup [ (% b)) du()

1
O.S”/’(-,~). FxCD) hye St Q
CYESpr( oy pn

= '[Q sup d‘u(w):LG“’/uu,->,r(w>(x(w))(x*)d#(w)‘ (*)

he Prw, ), Auw)x(w))

Next we will show that x(- )—»ap, skx(y(x*) is usc. on Li. So let
x,(-)=°" Ly x(-). Then by passing to a subsequence if necessary we may
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assume that x,(w) - x(w) p-a.e. Using Fatou’s lemma and (*) we get that

T * s
lim T, shia(n(X*) < L lim op, n,.).‘x"“”)’(x*) du(w).

From Govinarajulu-Pai [7] (Proposition 2.4), we know that
X = Pro ) re)(X) is w-us.c. So Proposition 2 (p. 122) of Aubin-Ekeland
[1] tells us that x > 65, . (x*)is w-us.c. So we have

lim O-Pf((u-),F((u)(X"('))(x )SL a”/(m.v»,/uw(x(w))(x )

n— oc

— *
= [im 6”:,.5;<x,,<~))(X*)<JQ T oo X ) dit(@)

h— oC
*) — *
= OFS;’/( L F(.)(-\’('))(x )_ O-P’IYS;‘(X('“(X )
=x(-)—> a,,,/,s;{x(,))(x*) is us.c.

Since P, ¢1(x(-)) has w-compact, convex values in L), Theorem 10
(p. 128) of [1] tells us that x(-) — Py su(x(-)) is us.c. from L} into (L%, w).
Q.E.D.

Remark. | If for all we Q, f(w, x)= x| and F(w) is Chebyshev and if
xp(-) Ly x(-)land h,(-) are the best approximations to x,(-) from S%,
then A,(-) "~ ¥ h(.) = best approximation to x(-) from S..

We will close our study on stochastic f~best approximations, by examin-
ing what happens when we consider the conditional expectation of the
integrand f(-, -) with respect to a sub-o-field X, of 2.

Assume X is finite dimensional.

THEOREM 4.7. If f: 2 x X — R is a Caratheodory, inf-compact integrand
s.t. for all xe X, jg flw, x) dp(w) < +0 and f(w, x) = a(w) p-a.e., where
a(-) is integrable and if A S X is nonempty, closed, bounded, and convex,
then for all xe X, (E**f) J(w, x) = E* f ,(w, X) p-a.e.

Proof. First recall that for all weQ, f (v, )=[f(w,-)06,](-) and
since by hypothesis f(w,-) is inf-compact, using Proposition 6.5.5 of
Laurent [17] we deduce that f,(w, -) is proper. ls.c,, and convex. Also
Proposition 2R of Rockafellar [23] tells us that f,(-,-) is X x B(X)-
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measurable. Furthermore it is u-a.e. bounded from below by a(w) which is
integrable. So f,(-, -} is a quasintegrable integrand and so we can consider
its conditional expectatlon with respect to 2,. Let Be &, x: Q2 — X boun-
ded, X' ,-measurable and y e A. We have

|| E= S0, x(0) du() = | falo, x(0) du@) <] f(o.x(0)-) duo)

- L E* f(o, x(w) - y) du(w).

Invoking Lemma 6 of Thibault [27] we get that
E* f (o, x) < E® f(w, x )

for all we Q\N,, u(N,)=0. Let {y,},., be dense in X. Then clearly
E* f (0, x)<E*f(w, x—y,) y-a.e. and so exploiting the continuity of
E* f(w, ) (see [27]) we have that E** f (w, x) < E* f(w, x — y) y-ae. =
EE"wa, S (E* ) (w, x) p-ae.

On the other hand for all y: Q - 4 X ,-measurable and all x: Q — X,
bounded, 2 ,-measurable and for Be 2, we have that

[ (E=1) s, x(0) du(@) < | E* (o, x(0) - o)) du(w)
=] (0, x(0) - y(0)) du(w)
= | (E)) 40, x()) du(o)

< inf | f(,x(@) = () dio)

¥ e S(Zo) 'R

=L inf f(o, x(0)—y) du(w)

veAd

= |, 1o, x(@) dutw)

= [ B /o, x() dut)

As before we get that (E*°f) (o, x) < E**f (w, x) p-a.e. (exceptional set
is independent of x)

= (E* f) 4(@, x) = E* f (0, x) p-ae. Q.ED.
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Now we change direction and pass to the study of stochastic f~farthest
points. The first result shows that S, s(x(-)) has a solarity type property.
Assume X is any separable Banach space.

ProPosITION 4.4. If f: Q x X > R is a Caratheodory, sublinear integrand,
F:Q — P/(X) is a measurable multifunction with Sy# & and there is a
Yol-)eSE st Ifyo(-))<oo, then h(-)eQ, s(x(-)) implies that
h(-)e @y si(h(-) + Ax(-) —h(-))) for all 1>0.

Proof. By definition A(-)e Q, si(x(-)) means that

ISH(x(-)) = I(x() = h(-)) = jgf(w, X(0) — h(w)) du().

Also

IPHx()) = sup, L(x(:)= ()

SUP | flw, x(w)— y(w)) du(w)

v( )ESF
= [ sup f(o, x(0)~y) du(w).
2 yeFlw)
So we have that

J, sup S, x(@) =) du(@) = | f(@, x(@) - ho)) duw)

Q ye Flw)

Since h(w) e F(w) p-a.e. we deduce that

f(o, x(w)—h(w))= sup [f(w, x(w)-y)p-ae.

ve Flw)

= h(w)€ Qo .. oy X(w)) p-ae.

From Proposition 2.8 of Govindarajulu-Pai [8] we know that for all
4>0, h(w)e€ Qrw. ). Fn(M(w) + A(x(w) — h(w))) p-a.e. So for all y(-)e Sk
we have

S, h(w) + Alx(w) — h(w)) — y(@)) <flo, Ax(w) - ko)) pae
= I (h(-}+ Ax(-) = h(-)) = y(-)) S T(A(x(-) = A(-)))
=h(-)e Q,, si(h(-)+ A(x(-)—h(-))) forall 1> 0. Q.E.D.
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The next theorem provides a pointwise necessary condition for /(-) to be
in @, s1(x(-))).

Assume as before that X is a separable Banach space. If A = X, by N (x)
we will denote the normal cone to A4 at the point x (see Clarke [5]).

THEOREM 4.8. If f:QxX—>R is a k(-)-Lipschitz, L'-measurable

integrand with k(-)e L*() and F. Q@ > P, (X) is integrably bounded, then
h(-)e Q(x(+)) implies that (—Of (w, x(w) —h(®))) N N, (h(w)) =¢ py-ae.

Proof. We will start by showing that if A(-)e @, su(x(-),), then for
some />0, A(-) also solves locally the following maximization problem

Sup [y, —lds ](z(-)). (*)

H(reLh
Suppose not. Then for every n > 1 there exists zn(-)—>“L1Xh(-)s.t.
I (2) = ndgp(2,0)) > L(x(-) = h(-)) = FPHx ().
Then Iy (z,(-)) =1, (h(-))>ndsy(z,(-)) and so B,=ds z,(-))—>0 as

n— oo. Recall that S! is w-compact in L}. So we can find A,(-)e S} s.t.
dsi(z,(-))=PB,=lz,—h,l, for all n> 1. So we have

L(x(-) = b () S IAx(-) = h(-)) = Br(x() < L(x( ) = 2,(-) — B, (1)

On the other hand, from the Lipschitzness hypothesis we have that

If(X(-)—zn(-))SI_,‘(X(-)—hn(-)HL) k(o) l|z,(w) —h, ()| du(w)
SIAx() = ho()) + Ikl o B
Let n> 1 be such that ||k||, <n. Then we have
L(x(+) = z,(:)) = 0B, <L (x(-) = h,(-)). (2)

From (1) and (2) above we produce the desired contradiction. Hence,
knowing that A(-) solves (x) locally, we can write that

0edll,  —lda1(h(-)),

where the subdifferential here is the generalized subdifferential in the sense
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of Clarke [5]. Recall that Clarke’s subdifferential is subadditive. So we
have that

0edly, (h(-))+ 00 —lds J(h(-))
=0edl, (h(-))—1-0dsy(h(-)) = —0I(x(-)—h(-)) — - 0ds\(h(-))
= =0l (x(-)— h(-)) N (10dgi(h(-))) # O

From Clarke [6] we know that oI(x(:)—h(-))S S} «.,-n.) Also
note that dg(-) and dpg,)(-)(we2), are Lipschitz, convex functions.
Moreover, it is easy to see that for any v(-)e LL(Q)

dsy() < | i) du() = L o))
Thus for A(-)e S., we have that
ads;(h) = aIdF(h) = Sér( yd(h(-)) *
Combining all the above observations we deduce that there exists
x*: Q- X* st
—x*(w)edf (w, x(w)— h(w)) u-ae. and x*(w) € 10d g, (h(w)) p-ae.

But recall that [ddp,,(h(w))<S Np,)(h(w)) for all wef. So
X*(w) € Ng(,)(h(w)) p-ae. Therefore finally we have

(—of (0, x(0) — H(@))) A N g (h(0)) S ¢ p-ace. QED.

Now we turn for a while our attention to the pointwise maximization
problem and we will examine the multifunction @ = Q,, ., rw)(X{(®)).
As always X is a separable Banach space.

PROPOSITION 4.5. If f:QxX—>R is a measurable integrand and
F:Q - P/(X) is a measurable multifunction then for all x:Q—-X
measurable, ® = Qs ), p)(X(w)) is graph measurable.

Proof. By definition we have that
Q fto. . Flo(X(@)) = {h € F(®): f (0, x(@) — h) = f ) (x(w)) }
= {he X: f(@, X(0) — 1) 2 fpo,(x(®))} N Fo).

We claim that w — fnw,(x(a))) is measurable. To see that let 4> 0. Then
we have that fm,)(x(w)) >4 if and only if there exists ye F(w) s.t.

640/52/1-6
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flo, x(w)—y)>A So we can write that {weQ: f(x(w)>4i}=
projo[ {(w, »)e2x X:  flw, x(w)—y)>2} nGr F]. Recall that
Gr Fe 2 x B(X). Also since f(-,-) is X x B(X)-measurable, we have
{(w, )R X X: f(w, x(w))—y>Ai}eXx B(X). So their intersection is in
2'x B(X). Then the projection theorem tells us that {we Q:
fnw)( (w))>A}eX. Hence w—»fp(w)(x(w)) 1s measurable From this we
deduce that (w, h)— ¢(w, h)=f(w, x(w)— fﬂw) x(w)) is 2 x B(X)-
measurable. Now observe that

Gr Q. ) r(x(:))={{w, h) e 2x X: §(w, h) 20} N Gr Fe X x B(X).
QED.

An interesting consequence of this proposition is the following result.
Assume that the same set of hypotheses is still in effect.

CorOLLARY. If for all weQ, Q ., . rw)X(w))#@, then there exists
h: Q - X measurable selector of F(-) s.t.

Trtn(X(@)) = f(x(@) — h(w)).

Proof. From  the  previous proposition we  know  that
Gr Qs r(x(-))e Zx B(X). Apply Aumann’s selection theorem to get
h: Q - X measurable s.t. A(w)e Flw) and fF(w, x(w})) =f(w, x(w)— h(w))
for all we Q. Q.E.D.

Under mild regularity assumptions on f(-, -), we can have the following
interesting characterization of the pointwise stochastlc [f-farthest points.

PROPOSITION 4.6. If /- Q2 x X —» R is a measurable integrand s.t. for all
weR, f(w,-) is proper, convex, us.c., and F: Q2 — P, (X) is measurable,
then given any xeX, we can find h:Q — X measurable s.t. for all
we R, h(w)eext Flw) and h(w) € Q. ), ro)(X(0)).

Proof. We saw in the proof of Proposition 4.5 that o — fp(w)(x) is
measurable. Consider the multifunction G(-) defined by

G(w)= {heext F(w): f(w, x—h) =fF(w,(x) 3

From Bauer’s maximum principle, we get that for all we Q, G(w) # &.
Also Gr G = {(w, h) € 2 x X: f(@, X —h) ~ fra)(x) =0} N Gr(ext F). Recall
that the first set in the intersection is in X x B(X), while from Benamara
[2] we know that Gr(ext F)e L' x B(X). So we can apply Aumann’s selec-
tion theorem to find h: 2 — X measurable s.t. for all we 2, hw)e G(w).
This is the desired A(-). Q.ED.

Remark. It is easy to check that this result holds true if instead of a
fixed x e X, we have x: 2 — X measurable.
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As with stochastic f-approximations, we will conclude our study of
stochastic f-farthest points,by looking at the conditional expectation of
f.(-) with respect to a sub-o-field Z, of Z. The result is analogous to
Theorem 4.7 but our assumptions on the space X and on the integrand
f(-,-) are less restrictive. The space X is as always a separable Banach
space.

THEOREM 4.9. If [:QxX->R is a normal integrand s.t. for all
x(-)e L), f(-,x(+)) is integrable and there exists a(-) integrable s.t.
flo, x) > a(w) p-ae. for all xe X and if F: Q — PAX) is X -measurable and
integrably bounded then for all x(-ye L}\(X,) we have

[EZ £ ] (@, X(@)) = E* fro (@, X(@)) p-ace.

Proof. From Thibault [27] we know that there exists an increasing
sequence of Caratheodory integrands {f,(-, -)},-, s.t. for all xe X we have
that

flw, x)=sup f, (o, x) y-a.e.

nzl

So we can write that

fr‘(m)(w, x(w))= sup flw,x(w)—y)

ye Flw)

= sup supf,(w, x(w)—y)

veFlow)nz1

=sup sup fu(@, x(0) =) =3up (f,) po)( @, X(w)) p-ace.
nzl

nzl yveFlw)

Since X is separable and f,(-,-) are Caratheodory integrands, we
have that (f,)x. () are  ZxB(X)-measurable. So Froo( )=
sup, > 1( (f, Yrcy(+5-) is a normal integrand. Furthermore for all xeX,
fF(w)(w x) =2 a(w) u-a.e. Hence fH (5 is a quasintegrable, normal
integrand and so E*°f(-, -) exists. Usmg Proposition 12 of Thibault [27]
we have that for any 4 620 and any y(-)e SL(Z,),

|, B (o x(@) = y) di@) = | [0 x(@)- ) duw)

= sup | E%f(0, x(@)- )
y(- )ESF(Z())
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= sup | (o, x(0) = (@) duo)

_v(~)es;{£0)

= L sup f(w, x(w)—y)) du(w)

ve Flw)

= LfF(w,(w, x(w)) du(w)

= | E% o, x() du(o) (1)

On the other hand note that

sup [ E% f(), x(0) - 7(0)) du()
¥(-)eSHEq) * 4

- j sup E™ f(w, x(w)—y) du(w)

4 yeFlw)
=] (E% /)@, x(@)) du(o). @)
From (1) and (2) above we get that for all A€ and all x(-)e L\ (X)),
[ B, x(0)) dust) = | (E% [ Yo, x(0)) di(w).
Invoking Proposition 7 of [27] we conclude that

EX f @, x(@)) = (E* f ), x(w)) p-ace. Q.E.D.

5. GENERAL RESULTS

In this section we have gathered some useful general results about f~best
approximations.

The first result illustrates how fixed point theory can be instrumental in
obtaining interesting results about f-best approximations. Our theorem
generalizes earlier results obtained by Ky Fan [16] and Reich [22].

Assume that X is a locally convex space. We recall that a set 4 < X is
said to be f-approximatively compact if and only if for all xe X, every
minimizing net {h,} (ie. f(x—h,) - f,(x)) has a convergent subnet in A.

THEOREM 5.1. If f: X — R is continuous, sublinear, A< X is a nonempty
S-approximatively compact, convex set, and ¢: A — X is continuous with ¢(A)
compact, then there exists he A s.t. f (d(h)) = f($(h) - h).
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Proof. Consider the multifunction 1.4 - P,(A) defined by
I(y)=(P;4°8)(y)= P 4(4(y)). From [7, Proposition 2.4] we know that
P, 4(-) is us.c. while ¢(-) is by hypothesis cotinuous. So we deduce that
(P; 4°¢)(-) is us.c. Moreover, we claim that P, ,(-) has nonempty, com-
pact, convex values. Nonemptiness follows from Proposition 2.1 of [7],
while convexity is a straightforward consequence of the sublinearity of /().
For compactness let {z,} be a net in P, ,(x). Then by definition we have
that f,(x)=f(x—z,). So {z,} is trivially a minimizing net in 4. Because by
hypothesis A4 is f~approximatively compact, we can find a subnet {z,} s.t.
z,—>zeA. Also because of the continuity of f(-) we get that
fa(x)=f(x—z). So ze P, ,(x) and this proves that P, ,(-) is compact
valued. Then since ¢(A4) is compact, we have that P, ,(#(A4)) is compact.
Applying Himmelberg’s fixed point theorem [11], we get that there exists

he A st. he I'th)= Py (¢(h)) =1 4(¢(h))=f((h) - h). QED.

Remark. When f(-)=p(-), a continuous seminorm on X, then our
theorem recovers the result of Reich [22].

We will conclude with two propositions on the properties of the mul-
tifunction P, ,(-). In both X is assumed to be a locally convex space.

ProposiTION S5.1. If f:X — R is continuous sublinear and A< X is non-
empty, f-approximatively compact, closed, and convex, then for any K< X
nonempty, connected, P, (K)=\,cx P 4(x) is connected too.

Proof. For all xe X, P, ,(x) is convex and so connected. Also recall
that P, ,(-) is u.s.c. Hence it maps connected sets to connected set. Thus
P, 4(K) is connected. Q.ED.

PROPOSITION 5.2.  If f: X - R is continuous, sublinear and A< X is non-
empty closed, f-approximatively compact on K< X nonempty and compact,
then P, (K) is nonempty, compact and {x,h} e Kx A: he P; J(x)} is com-
pact in X x X.

Proof. Since A4 is f-approximatively compact on K, for all xeK
P, 4(x)e P(X). Also P, 4(-) is us.c. on K. Then the claims of the propo-
sition follow from the results of Smithson [26]. Q.E.D.
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