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Abstract

A promising theory of quaternion-valued functions of one quaternionic variable, now called slice regular
functions, has been introduced by Gentili and Struppa in 2006. The basic examples of slice regular functions
are the power series of type ),y ¢"an on their balls of convergence B(0, R) = {g € H : |gq| < R}.
Conversely, if f is a slice regular function on a domain 2 € H then it admits at each point gy € {2 an
expansion of type f(q) = ), cn(q@—q0)*™" an where (¢ —qp)*" denotes the nth power of g —¢gq with respect
to an appropriately defined multiplication *. However, the information provided by such an expansion is
somewhat limited by a fact: if gg does not lie on the real axis then the set of convergence of the series in
the previous equation needs not be a Euclidean neighborhood of gp. We are now able to construct a new
type of expansion that is not affected by this phenomenon: an expansion into series of polynomials valid in
open subsets of the domain. Along with this construction, we present applications to the computation of the
multiplicities of zeros and of partial derivatives.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let H denote the real algebra of quaternions, that is the vector space R* endowed with the
multiplication constructed as follows: if 1, i, j, k denotes the standard basis, define

2= 2ok = 1,

ij =—ji =k, Jjk=—kj =1, ki = —ik = j,
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let 1 be the neutral element and extend the operation by distributivity and linearity to all
quaternions ¢ = xg9 + x1i + x2j + x3k. The conjugate of such a g is defined as g =
X0 — X11 — x2j — x3k, its real and imaginary parts as Re(q) = xo and Im(q) = x1i + x2j + x3k,
and its modulus as |q| = /g4 = v/Re(g)? + |Im(g)|2. The multiplicative inverse of each g # 0
is computed as

q71 — i
g

Much literature has been devoted to the possibility of defining for quaternionic functions
a notion of regularity playing the same role as holomorphy for complex functions. This is by
no means an elementary question, as neatly explained in [19]. First of all, let us consider the
following fact.

Theorem 1.1. A function f : H — H is left q-differentiable at every q € H, i.e.
lim K= f (g + 1) = [(@)]
exists at every q € H, if and only if there exist a, b € H such that f(q) = qa + b for all g € H.

A proof can be found in [19]. The class of functions encompassed does not grow significantly
if we vary the domain of definition or consider the analogous notion of right g-differentiability.
The next corollary can be easily derived.

Corollary 1.2. The class of functions f : H — H admitting at every qo € H a power series
expansion

f@ =Y (q—q0)a
neN
with {a, }neN coincides with the class of affine functions f(q) = qa + b witha, b € H.

Once again, the situation changes but little if we consider an expansion of type f(g) =
Zn enan(g — gqo)" instead. It should be noticed, however, that (g — qo)"a, and a,(q — qo)"
are not the only possible terms of degree n in g — go: in fact, in an (associative) non-commutative
framework, the generic form of such a term is

ao(q —qo)a1(g —qo) - - - an—1(q — qo)oty. (D

We may try to define a notion of analyticity based on series of terms of this type, but we are
immediately discouraged by the following fact.

Proposition 1.3. The class of functions f : H — H admitting at every qo € H an expansion
into series of monomials of type (1) coincides with the class of functions f : H — H that are
analytic in the four real variables xy, . . ., x3.

The proof of the preceding proposition relies upon the fact that if ¢ = xo + ix; + jx2 + kx3,
then

1 C 1 C
Xp = Z(q —iqi — jqj — kqk), x| = E(q —iqi + jqj + kqk),

1 e 1 o
X = 4—j(q +igi = jqj +kqk),  x3= (g +iqi+ jqj —kqk).
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The facts just mentioned encouraged to base the study of quaternionic functions on analogs
of the Cauchy—Riemann equations rather than on some notion of analyticity. The best known of
such analogs is due to Fueter [5,6] and it gave rise to a renowned function theory on Clifford
algebras, for which we refer the reader to [1,4,15] and references therein. Let us also mention the
work [16] on the specific topic of analyticity in this context.

A different notion of quaternionic analyticity arose from the theory introduced by Gentili and
Struppa in [10,11]. They gave the following definition, where S = {g € H : ¢> = —1} denotes
the 2-sphere of imaginary units.

Definition 1.4. Let {2 be a domain in H and let f : {2 — H be a function. For all I € S, let us
denote Ly = R+ IR, ; = 2N L;and f; = fln,' The function f is called (slice) regular if,
for all I € S, the restriction f7 is holomorphic, i.e. the function 97 f : {21 — H defined by

_ 1/0 0

ofx+Iy)=5\ =+ 11— ) filx+1y)
2 \ ox ay

vanishes identically.

The definition immediately implies that any power series f(q) = Y ,cn¢"an defines a
regular function on its ball of convergence

BO,R)={qeH:|q| <R}

(a perfect analog of Abel’s theorem holds). Moreover, the set of such series forms a real algebra
when endowed with the usual addition + and the multiplication * defined in the following
manner:

(ZQ"“") ' (Z‘I"”"> =0 aibi. @
0

neN neN neN k=
In [9], we considered series of the form
f@ =Y (q—q0)"an 3)
neN

where (¢ —q0)™ = (g —qo) *- - - * (g — qo) denotes the *-product of n copies of g — g —qo. We
were able to prove that the sets of convergence of such series are balls with respect to a distance
o : H x H — R defined in the following fashion.

Definition 1.5. For all p, g € H, we set

__Jlg — pl if p, g lie on the same complex plane L,
olq.p) = {w(q, p) otherwise “)
where
(g, p) = \/ [Re(g) — Re(p)]* + [[Im(g)] + [Im(p)|]*. (5)

More precisely, we proved the next theorem.

Theorem 1.6. If (2 is a domain in H, a function f : 2 — H is regular if and only if it is
o-analytic, i.e. it admits at every qy € {2 an expansion of type (3) that is valid in a o-ball
2(q0. R) ={q € H:0(q.q0) < R}
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The analogy with the complex case is remarkable, but it should be taken into account that the
topology induced by o is finer than the Euclidean: if go = xo + Iyo does not lie on the real axis
then for R < 2yq the o-ball X'(gg, R) reduces to a (2-dimensional) disk {z € L; : |z — go| < R}
in the complex plane L; through go (see [9] for a detailed account on o -balls). Hence the series
expansion (3), in general, may not predict the behavior of f in a Euclidean neighborhood of g,
but only along the complex plane L; containing gg. This curious phenomenon is partly explained
by the fact that for a generic domain {2 in H, a regular function f : {2 — H needs not be
continuous, as shown by the next example.

Example 1.7. For a fixed / € S, we can define a regular function f : H \ R — H by setting

0 ifgeH\ L,
f(")_{l ifgeL;\R

Clearly, f is not continuous.

However, [3] explained that real differentiability (and other interesting properties) are granted
if {2 is carefully chosen. First, let us consider the following class of domains.

Definition 1.8. Let (2 be a domain in H, intersecting the real axis. If, forall I € S, 2; = 2NL;
is a domain in L; >~ C then {2 is called a slice domain.

Theorem 1.9 (Identity Principle). Let (2 be a slice domain and let f,g : 2 — H be slice
regular. Suppose that f and g coincide on a subset C of {2, for some I € S. If C has an
accumulation point in 2y, then f = g in (2.

Second, let us consider slice domains having the additional property of axial symmetry with
respect to the real axis, i.e. those slice domains {2 such that

= U x + yS.
x+Ilyef2

The word symmetric will refer to this type of symmetry throughout the paper. A very peculiar
property holds for regular functions f on symmetric slice domains: they are affine when
restricted to a single 2-sphere x + yS. Indeed, the Representation Formula proven in [3] can
be restated as follows.

Theorem 1.10. Let f be a regular function on a symmetric slice domain {2 and let xo+yoS C {2.
For all q, q0, q1, q2 € X0 + yoS with q1 # q2
f@=(2=a0""a1f D) — a2/ @]+ a2~ 9D~ [f(q2) — fq)] ©)

and

F(@ = @)+ (@ —q0)(@ —q2) ' [f(q) — fg)] (7

where (g2 — q1) ™" [ f(q2) — f(q1)] and (q2 — 1) ™" [q1 £ (q1) — G2 f (2)] do not depend on the
choice of q1, qa, but only on xg, yo.

As an immediate consequence of Theorem 1.10, if f is a regular function on a symmetric
slice domain then its values can all be recovered from those of one of its restrictions f7. This
allowed a further study of these functions in [3], including the construction of a structure of real
algebra for regular functions on a symmetric slice domain {2 (with the usual addition + and a



C. Stoppato / Advances in Mathematics 231 (2012) 1401-1416 1405

multiplication * that extends the one defined in Eq. (2)) and the observation that a regular f on
a symmetric slice domain is C°°({2). This last result has been improved to f € C®({2) in [13].
This makes it reasonable to expect, in the case of symmetric slice domains, a stronger form of
analyticity than the one presented in Theorem 1.6. Finding this stronger notion of analyticity is
the aim of the present paper, which introduces a new type of series expansions and proves their
validity in Euclidean open sets.

We start in Section 2 with a regular function f on a symmetric slice domain {2, and we
construct a formal expansion of the form

f@) =) _I(g —x0)* + 351" [A2 + (g — g0) Azn1] ®)
neN

at each point go = x¢ + Iyp € 2. We then prove what follows.

Proposition 1.11. Let {a,},en C H and suppose

limsup |a,|'/" = 1/R )
n——+00
for some R > 0. Let g9 = xo + Iyo € Hwith xg € R,y9 > 0,1 € S and set Py,(q) =
[(g — x0)* + yé]’Z and Prn41(q) = [(q — x0)* + yé]" (g — qo) for all n € N. Then the function
series Y, . Pn(q)an converges absolutely and uniformly on compact sets in

U(xo+ y0S, R) = {g € H: |(g — x0)> + y§| < R*}, (10)

where it defines a regular function. Furthermore, the series diverges at every q € H \
U(xo + yoS, R).

In Section 3, we obtain estimates for the coefficients of our new formal expansion (8). More
precisely, we prove that for every U = U (xo + y0S, R) such that U C {2, there exists a constant
C > 0 such that

max | f|
Anl < €20
This result is achieved by means of new integral representations.

In Section 4 we define f to be symmetrically analytic if it admits at any gg € {2 an expansion
of type (8) valid in a neighborhood of gg. We are able to prove that regularity is equivalent to
symmetric analyticity.

In Section 5, we apply the new series expansion (8) to the computation of the multiplicities of
the zeros of regular functions. Finally, in Section 6, we apply it to the computation of directional
derivatives.

Theorem 1.12. Let f be a regular function on a symmetric slice domain 2, and let gy = xo +
Iyg € {2. Forallv € H, |v| = 1 the derivative of f along v can be computed at qo as

i f(go +tv) — f£(qo)
m

t—0 t

= vA1 + (gov — vgo)Az. (11)

We conclude by studying the bearings of this result in (real and) complex coordinates: it
turns out that if we fix gp and choose appropriate complex coordinates on H, then f is complex
differentiable at go and its Jacobian at the same point can be easily computed in terms of A
and Aj.
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2. A new series expansion
Let us recall a result from [18] (extending [7]) and derive from it the subsequent theorem.

Proposition 2.1. Let f be a regular function on a symmetric slice domain (2. A point qy € {2
is a zero of f if and only if there exists a regular function g : {2 — M such that f(q) =

(g — q0) * g(q).

Theorem 2.2. Let f be a regular function on a symmetric slice domain 2. For each qq € 2, let
us denote as Ry, f : {2 — H the function such that

(@) = f(qo) + (g = qo) * Ry f(q).
If g0 = xo + Iy for xg, yo € R and for some I € S, then

1@ = F(q0) + (@ — 40) Ryy £ (G0) + [(q — x0)” + Y5 1Rz, Ry (@)
forall g € £2.
Proof. The existence of a regular Ry, f : {2 — H such that

f(@) = 1(qo) + (g — q0) * Ry f(q),

is granted by the previous proposition, since f — f(qo) is a regular function on {2 vanishing at
go- Applying the same procedure to Ry, f at the point go yields

(@) = f(qo) + (g — q0) * [Rgy f G0) + (g — Go) * RgyRqy [ ()]
= £(q0) + (g — g0)Rgy £ (q0) + [(q — x0)* + Y51 Ry Ryo f (@)
where we have taken into account that

(g —q0) % (g — G0) = q° — q(qo + q0) + 90do
=q>—q2x0+ x5 +y5 = (g —x0) +y5. O
If we repeatedly apply the previous theorem, we get the formal expansion
F@) = f(qo) + (@~ 40) Ry f Go) + [(q — x0)* + ¥3]
x [RgyRgyf(90) + (4 — q0)Rgy Rgo Ry f (0)] + -+~
+1(g = x0)” + 351" [(Rgy Rgy)" £ (q0) + (g = G0) Ry (Rgo Re)" £ (G0)] + -+
where (Rg,Ry,)" denotes the nth iterate of Rg,Ry,. If A2, = (Rg,Ryy)" f(qo) and Azyi1 =
Ry (RgyRg))" f(qo) for all n € N, our new formal expansion reads as
f@) =) Pu(@)As (12)
neN

where Py(q) = [(g —x0)* + 31" and Pau11(q) = [(g — x0)* + y31"(q — qo) foralln € N. Let
us study the sets of convergence of function series of this type.

Lemma 2.3. Let xg € R, yo > 0,g € H and let r > 0 be such that |(qg — x0)> + ygl =r2 If
qo = xo + Iyo for some I € S then

V2455 — 0 < lg — qol < \/r?+ ¥§ + yo.
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Proof. If r = 0, i.e. ¢ € xo + yS, then clearly 0 < |¢g — qo| < 2y¢. Else ¢ &€ xo + yS and
(g — x0)* + 51 = lg — qol 1(g — g0)"'q(q — q0) — Gol =19 — qol lg — Gol
where Go = (¢ — g0)d0(q — o) " € xo + y0S.If [g — go| > \/r% + ¥ + yo then

lg — dol = g — qol — Iq0 — Gol = lg — qol — 2y0 > \/r2 + ¥Z — yo
so that

I(g — x0)* + ¥3| = lg — qol Ig — Gol > r* + y§ — y§ = r?

a contradiction with the hypothesis. A similar reasoning excludes that |g — gg| < /r? + yg
—y. O
Proposition 2.4. Let {a,},en C H and suppose

limsup |a,|'/" = 1/R (13)

n—-+00

for some R > 0. Let qo9 = xo + Iyo € Hwith xg € R,yg > 0,1 € S and set Py,(q) =
[(g — x0)> + yg]” and Pr,41(q) = [(g — x0)* + yg]” (g — qo) for all n € N. Then the function
series

> Pu(g)an (14)

neN

converges absolutely and uniformly on compact sets in

U(xo+ y0S, R) = {g € H: |(g — x0)* + y§| < R}, (15)

where it defines a regular function. Furthermore, the series (14) diverges at every q € H \
U(xo + yoS, R).

Proof. If K is a compact subset of U(xg + y0S, R) then there exists r < R such that
(g — x0)* + y§| <r2forallg € K. Thus, forallg € K

| Pan(q)az| = (g — x0)> + v |"laza| < r*"|az,|

while (thanks to the previous lemma)

| Pons1(@)azns1] = 1(q — x0)* + ¥21"g — qol lazn+1]

r2 (\/r2 + 5 + yo) laon+1-

Hence (14) is dominated on K by a number series ) _, .y ¢n With

IA

limsup |c, /" =r/R < 1.
n—-400

This guarantees absolute and uniform convergence of (14) in K. This, in turn, proves the
regularity of the sum (since all the addends in (14) are regular polynomials).

Finally, if g € H\ U(xo + yoS, R) then |(q — x0)> + y3| = r? for some r > R. Reasoning as
before, we get | P2, (q)az,| > r¥'|az,| and

| Pans1(@azns1l = r™" <\/r2 + 55 — yo) laznt1.
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Fig. 1. Examples of U (S, R), intersected with a plane L, for different values of R.

Thus, ), cn Pu(q)a, dominates a number series ), .y C,, with

limsup |C,|"" = r/R > 1

n——+00

and it must diverge. [

Let us now describe the sets U(xo 4+ y0S, R). The intersection between the hypersurface
(g — x0)* + yél = R? and any complex plane L; is a polynomial lemniscate, connected for
R > yg and having two connected components for R < yg. If yg # 0 then at the critical value
R = yp the lemniscate is of figure-eight type. Some examples are portrayed in Fig. 1.

Remark 2.5. For R > yq the set U(xg 4+ yoS, R) is a symmetric slice domain; for 0 < R < yp
the set U (xg + yoS, R) is a symmetric domain whose intersection with any complex plane L;
has two connected components.

So far, we have introduced the formal expansion (12), and we have studied what its set of
convergence would be if estimates for the coefficients A,, were provided. In the next section, we
will search exactly for such estimates by means of Cauchy-type integral representations.

3. Integral formulas and Cauchy estimates

Let us recall the “slicewise” Cauchy integral formula proven in [11]. We first introduce some
notations. Suppose y; : [0, 1] — L to be a rectifiable curve whose support lies in a complex
plane L; for some I € S; let I'; be a neighborhood of y; in Ly and let f, g : [T — H be
continuous functions. If J € Sissuchthat / 1L I then L; + L;J = H = L; 4+ JL; and there
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exist continuous functions F, G, H, K : I'1 — L;suchthat f = F+GJand g = H+ JK
in I';. Then

f g(s)dsf(s) = H(s)dsF(s) + H(s)dsG(s)J
Vi vi vi

+ J/ K(s)dsF(s) + J/ K(s)dsG(s)J.
v i
The aforementioned Cauchy-type formula reads as follows.

Lemma 3.1. Let f be a regular function on a symmetric slice domain 2, let I € S and let U;
be a bounded Jordan domain in Ly, with Uy C (2;. If dUj is rectifiable then
ds

ol au; S — 2

f@)= f(s) (16)

forall z € Uj.

The previous lemma was the basis for the proof of a more complete Cauchy formula in [2].
It will now provide a new integral representation and lead us to the desired estimates for the
coefficients A, in the formal expansion (12).

Theorem 3.2. Let f be a regular function on a symmetric slice domain (2, let I € S and let U;
be a symmetric bounded Jordan domain in L, with Uy C (5. If U7y is rectifiable then for each
z0 = x0 + Iyo € Uy and forall z € Uj

O =G0+ G0 [ o a7)
Furthermore,
(RzyRo)" £ (2) = ds —f(s) (18)
21 Jau, (s — 2)[(s — x0)2 + ¥
1 ds
Reg(R3y Rop) f(2) = £ (s) (19)

21 Jau, (s — 2)(s — 20)[(s — x0)2 + 2
foralln e Nandall z € Uyj.

Proof. The previous lemma is equivalent to (18) in the special case n = 0. That immediately
implies

Ry f(2) = (z— 200" '[f(2) — f(z0)]
1 1 1 1 J
T 2nl aU; 2 — 20 [s—z s—zo] sf(s)
1 ds

=5 [ (),

2l Jyy, (s —2)(s — 20)

that is (19) in the special case n = 0. This last equality, in turn, implies (17). Moreover,

ds
S F ()

z [ —
zof( 0) = 27_[1 au, (s — xo)z + Yo
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and

Rzy Ry f(2) = (2 —Z0) ' [Ryy f(2) — Ry f(Z0)]

1 1 s—z0— (s —2)
- d
2nl Jyu, 72— 20 (s — 2)[(s — x0)% + yg] )
: a5 £)
= — S),
211 Jou, (s — DI(s — x0)? + 3]

1 1 1
"ol - d
2l aU,Z—zo |:(S—z)(s_ZO) (S_x0)2+y§:| sf(s)

that is (18) with n = 1. An analogous reasoning proves that if (18) holds for n = k, then (19)

holds for n = k, which in turn implies (18) for n» = k + 1 completing the proof.

We are now in a position to get the desired estimates for the coefficients A, in the formal

expansion (12).

Corollary 3.3. Let f be a regular function on a symmetric slice domain (2, let xo + yoS C {2
and let gy € xo + yoS. Set Az, = (Rg,Ryo)" f(qo) and Azpy1 = Ryy(Rg,Ryo)" f(Go). For every

U = U(xg + y0S, R) such that U C 0, there exists a constant C > 0 such that

max ||
1%
|An| = C- R
foralln € N.

Proof. If we choose U = U (xg + yoS, R) then the previous theorem implies

|(RgoRqo)" f(q0)| = P AC))

1/ ds
271 Jou, (s — 20)[(s — x0)2 + v3

L 1))
~ 2 AUy ( /Rz-l—y(%—yo)RZ"

max | f|

R2n

if weset C = _length®U) __ Oy the other hand
271(,/R2+y§—y0
1 ds
[Rgo(RgoR4)" f(qo)| = —/ f(s)
q0 q0**q0 2l U, [(S _ xO)Z + yg]n+l
L[ 1o max|/l
< — dls| < K -
2 U, R2n+2 R2n+l

whereK:%fc. O

4. A new notion of analyticity

dis|<c- 2%

(20)

We are now ready to prove the desired result concerning the expansion of slice regular

functions.



C. Stoppato / Advances in Mathematics 231 (2012) 1401-1416 1411

Theorem 4.1. Let [ be a regular function on a symmetric slice domain {2, and let xo, yo € R and
R > 0 be such that U (xo + yoS, R) C 2. For all gy € xo + yoS, setting Az, = (RgyRy)" f (q0)
and Azn+1 = Ryy(Rg,R4)" f(qo), we have that

£@) = _[(q —x0)* + Y3 1"[ A2 + (q — g0) Azn11] @1
neN

forall g € U(xp + yoS, R).

Proof. Thanks to Proposition 2.4 and Corollary 3.3, the function series in Eq. (21) converges in
U = U(xg + y0S, R), where it defines a regular function. Let us consider the difference

g(q) = f(g) — Y (g —x0)* + y§1"[Azn + (g — q0) A2u11].
neN

By construction, g(g) = [(g — x0)2 + yg]” (RgyRyy)" f(g) for alln € N. For any choice of I € S
and for all z € U;, we derive that

21(2) = [(z = x0)” + Y1 (Rgo Ry)" f1(2) = [z — (x0 + Iyp)I"A (2)
where hl1(z) = [z — (x0 — Iy)]" (RgyRyy)" f1(2) is holomorphic in U;. The identity principle

for holomorphic functions of one complex variable implies that g; = 0. Since I can be arbitrarily
chosen in S, the function g must be identically zero in U. This is equivalent to Eq. (21). 0O

Definition 4.2. Let f be a regular function on a symmetric slice domain 2. We say that f
is symmetrically analytic if it admits at any go € {2 an expansion of type (12) valid in a
neighborhood of gy.

The previous theorem, along with Proposition 2.4, proves what follows.

Corollary 4.3. Let (2 be a symmetric slice domain. A function f : 2 — H is regular if, and
only if, it is symmetrically analytic.

We conclude this section reformulating expansion (21) as follows, thanks to Theorem 1.10.

Corollary 4.4. Let f be a regular function on a symmetric slice domain (2, and let xy, yo € R
and R > 0 be such that U (xg + yoS, R) C (2. Then, for all ¢ € U(xy + yoS, R)

f@) =Y (g —x0)* + 31" [Can + qCany1] (22)
neN

where the coefficients C, depend only on f, xo, yo and can be computed as

Con = (2 — q1) " [G1(Rgo Rg)" £ (q1) — G2(Rgo Rg)" £ (q2)] (23)
Cont1 = (@2 — q0) " [(RgoRg)" f(@2) — (RgyRge)" f(q)]

Sorall qo, q1, 2 € xo0 + yoS with q1 # q>.

We notice that the odd-indexed coefficients in expansions (21) and (22) coincide.
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5. Computing multiplicities of zeros

As a first application of our new type of series expansions, let us look at its bearings in
the computation of the multiplicities of the zeros. After the study of the roots of polynomials
of [17], the following result was proven for power series in [7], and in its present form in [8] (for
generalizations to other real alternative algebras, see [13,14]).

Theorem 5.1 (Structure of the Zero Set). Let f be a regular function on a symmetric slice
domain §2. If f does not vanish identically, then the zero set of f consists of isolated points or
isolated 2-spheres of the form x + yS.

The following notion of multiplicity was introduced in [7].
Definition 5.2. Let f be a regular function on a symmetric slice domain {2 and let gg € (2. We

define the (classical) multiplicity of qo as a zero of f and denote by m r(qo) the largest n € N
such that f(q) = (¢ — q0)™" * g(q) for some regular g : {2 — H.

In other words, m f(qo) is the index n of the first non vanishing coefficient a,, in the expansion
(3). Despite its analogy with complex multiplicity, this notion of multiplicity is not completely
satisfactory, since the sum of the classical multiplicities of the zeros of a polynomial is unrelated
to its degree.

Example 5.3. Let us choose / € S and let

P@=@q-Dx@g+D=q"+1.
P has multiplicity mp(/) = 1 atall I € S.

Example 5.4. Let us choose I, J € S with I # —J and let
Pi@)=(q—D*(g—DN=q>—qU+T)+1J.
The zero set of P is {I}.If I # J then mp(I) = 1, while f has degree 2.

For this reason [12] introduced alternative notions of multiplicity for the roots of regular
polynomials. We present them as generalized in [18] to all regular functions on symmetric slice
domains.

Theorem 5.5. Let f be a regular function on a symmetric slice domain §2; suppose f # 0 and
let x + yS C 2. There exist m € N and a regular function f : {2 — H not identically zero in
X + yS such that

f@=1@q =" +y1"[(@. (24)
If fhas azero p1 € x+yS then such a zero is unique and there existn € N, pa, ..., py € x+yS
(with p; # pi+1 foralli € {1,...,n — 1}) such that

@ =(q—p)*(q—p2)s-x(qg—pn)*g@) (25)
for some regular function g : {2 — H which does not have zeros in x + yS.
Definition 5.6. In the situation of Theorem 5.5, we say that f has spherical multiplicity 2m at
x + yS and that f has isolated multiplicity n at py.

As observed in [12], the degree of a polynomial equals the sum of the spherical multiplicities
and of the isolated multiplicities of its zeros. For instance: in the previous example, g + 1 has
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spherical multiplicity 2 at S, (¢ — I) * (¢ — J) (with I 5% —J) has spherical multiplicity 0 at S
and isolated multiplicity 2 at /.

Our new series expansion allows an immediate computation of the spherical multiplicity and
it gives some information on the isolated multiplicity.

Remark 5.7. Let f be a regular function on a symmetric slice domain {2 and let go = xo + Iyo
€ . 1f Ay, or Aj,4 is the first non vanishing coefficient in the expansion (21) then 2n is the
spherical multiplicity of f at xo+ yoS. Moreover, go has positive isolated multiplicity if and only
if Ay, = 0.

Remark 5.8. Let f be aregular function on a symmetric slice domain {2 and let xo + yoS C {2.
If the first non vanishing coefficient in the expansion (22) is Cy, or C2,1 then 2n is the spherical
multiplicity of f at xo + yoS. Moreover, there exists a point with positive isolated multiplicity in
xo + yoS if, and only if, CZ_HIHCQn € x0 + yoS.

6. Differentiating regular functions

In Section 4 we proved that a regular function f on a symmetric slice domain {2 admits an
expansion of the form

£(@) =g —x0)* + y51"[A2n + (g — g0) Au11]
neN

at each gg € 2. This new expansion allows the computation of the real partial derivatives of f.

Theorem 6.1. Let f be a regular function on a symmetric slice domain (2, and let gy = xo +
Iyy € §2. Forallv € H, |v| = 1 the derivative of f along v can be computed at qq as

y f(go+1tv) — f(qo)
m

t—0 t

= vA1 + (qov — vqo) A2 (26)

where A1 = Ry, f(q0), A2 = RgyRy, f(qo). In particular if ey, ey, e2, e3 € H form a basis for
H and if xo, x1, X2, X3 denote the corresponding coordinates, then

b
8_){(%) = e; Ry, f(q0) + (qoei — €iqo) Rgy Ry, f(q0). 27

Proof. We observe that

(q —x0)* + y5 = (¢ — q0) * (¢ — Go) = q(g — q0) — (¢ — q0)do
and for g = qo + tv

(g — x0)> + y§ = (g0 + tv)tv — tvgo = t(tv* + gov — v{0)

whence
flgo+1v) =) 1" (tv* + qov — v§o)"[Aza + VA2 1]
neN
Hence,

F(qo +1v) — f(qo) = tA; + t(tv> + qov — vq0)[Az + tvA3] + o)

and the thesis immediately follows. [
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We notice that similar reasonings allow the computation of higher order derivatives.
Furthermore, we make the following observation.

Remark 6.2. Let f be a regular function on a symmetric slice domain {2 and let g9 € 2. If v
lies in the same L; as gg, then v commutes with gg and

VRy, f(q0) + (qov — vq0) Rgy Ry f(q0) = v[Ry, f(q0) + (g0 — qo) Rgy Ryy f (q0)]

= v[Rg, £ (q0) + Rgy [ (q0) — Rgy f(qo0)]
URqof(QO)-

On the other hand, if gg = x¢ + /yo with yp # 0 and v is tangent to the 2-sphere xo + yoS at go,
then gov = vgo and

VRy, f(Go) + (qov — vg0) Rg, Ry, f (q0) = vRy, f(q0).

As a consequence, the notions of derivatives of regular functions already introduced in the
literature can be recovered as special cases of formula (26). Indeed, R, f(go) coincides with
dc f(qo), where 0, f denotes the Cullen (or slice) derivative of f, defined in [11] to equal

1 /0 0
81f(x+1y)=§<5—15) fr(x +1Iy)

at each point x + Iy € {2;. On the other hand, R, f (o) equals %, where 9, f denotes the
spherical derivative of f, defined in [13] setting

1
3 f(qo) = §1m<qo)—1<f(qo) — f(Go)).

We conclude by looking at the implications of our result in complex coordinates. In the
hypotheses of the previous theorem, let us choose I € S so that gg € Ly, choose J € S with
I 1 Jandseteg = 1,e; = I1,eo0 = J,e3 = IJ. Then H = (R 4+ IR) + (R + IR)J can be
identified with C? setting 71 = xo + Ix1, 20 = x2 + Ix3,21 = x0 — X1, 20 = x3 — [x3; we may
as well split f = f; + f»J for some fi, fo: 2 — Lj.

Theorem 6.3. Let (2 be a symmetric slice domain, let f : {2 — H be a regular function and let
qo0 € 12. Choos_e I, J € Ssothat gy € Lyand I 1 J, let 71, 22, Z1, Z2 be the induced coordinates
and let 91, 03, 01, 02 be the corresponding derivations. Then

Nfi oof 1) (0 O)
Z = = . 28
(alfz )|, ~\o o 29
Furthermore, if Ry f splits as Ry, f = R1 + RpJ with Ry, Ry ranging in L then
<31 h 32f1> _ (Rl(qo) —R2(q0) ) 29)
i afn)|, \Rq)  Ri(qo)

Proof. Settingey = 1,e1 = I, e = J, e3 = IJ and denoting as xg, x1, X2, x3 the corresponding
real coordinates, the derivations 91, 92, 91, 02 are defined by

g L(o 0 s _1(0 0
=0 \oxe Ty ) =2 ok 7 Moy
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o L( 0 (o, 0
272\, Toxs ) 272\ T )

By means of the previous proposition, we compute

0
a—f(qo) = Ry, f(q0) = R1(q0) + Ra(q0)J,
X0
0
8—){1(%) = IRy, f(q0) = IR1(q0) + I R2(q0)J,
af

3—)62(%) = J Ry, [ (qo) + (q0oJ — Jq0)Rgy Ry, [ (q0) = J Ry, f(qo)
= J(R1(q0) + R2(90)J) = —R2(q0) + R1(q0)J.

%(610) = KRy, f(qo) + (qoK — Kqo) Rz, Rg, 1 (q0) = K Ry, f(qo)

= 1J(Ri(qo) + R2(q0)J) = —1R2(qo0) + I R1(q0)J,

where we have taken into account that Jz = zJ for all z € L;. The thesis follows by direct
computation. [

Eq. (28) tells us that fixing go and choosing appropriate complex coordinates on H, f is
complex differentiable at gg; Eq. (29) then allows to compute the complex Jacobian of f at gg.
These tools open the possibility of using complex variables in the study of slice regular functions.
We also point out that in the special case where gg € R the complex Jacobian has the form

a —b
b al’
which implies limy_¢ h f(go+h) — f(qo)] = a+ bJ and proves what follows.

Corollary 6.4. Let 2 be a symmetric slice domain. If f : (2 — H is a regular function then it is
left q-differentiable at each qo € 2 N R, where limy_.0 h~'[f(qo + h) — f(q0)] = Ry, f(q0) =
A f (q0)-
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