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1. Introduction

In this paper we establish the uniform C% bound of the solutions for the following two parabolic
systems for « € (0, +00):
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and

B —diAuj = fi(up) — kui Y biju?, in 2 x (0, +00),
ui = @i, on 42 x (0, +00), (1.2)
ui = ¢i, on £2 x {0}.

Here 2 C R" (n > 1) is an open bounded domain with smooth boundary, i, j=1,2,...,K, K > 2;
di > 0 and b;j > 0 are constants (in (1.2), we also assume the symmetric condition b;j =bj;); ¢; are
given nonnegative Lipschitz continuous functions on 952 x (0,400); and ¢; are given nonnegative
Lipschitz continuous functions on £2, which satisfy ¢;(x) = ¢;(x,0) for x € 3£2. They also satisfy the
segregated property ¢;¢; =0 and @;@; =0 for i # j. f; are given Lipschitz functions, that is, 3C > 0,

|fiw) = fitv)| < Clu—v].

The first system (1.1) arises from population dynamics, known as the Volterra-Lotka competing
system, and the second system (1.2) has its origin in Bose-Einstein condensation. K is the number of
the species in (1.1) and is the number of hyperfine spin states in (1.2). For more background, see (7,8,
10,14] and references therein. Of course, in real applications, the most interesting cases are n =2, 3.
However, we do not assume this restriction on the dimension. This is possible by our conditions on
fi and the uniform bound on the solutions.

As k — 400, uniformly bounded solutions of (1.1) or (1.2) converge to a limiting configurations in
some weak sense, (uq, Uy, ..., Uug). The limit satisfies a separation condition (see [8]), that is, different
components have separated supports:

uju; =0, fori#j.

The uniform Holder regularity in related problems have been studied by many authors. In [8,14],
Susanna Terracini and her coauthors proved the uniform Holder regularity of solutions to the elliptic
analogue of (1.1) and (1.2). Although they only state the result for dimension n < 3, it's essentially
true in any dimension, as pointed out in their paper. In [2], Caffarelli, Karakhanyan and F. Lin also
proved these estimate for (1.1), both in the elliptic case and the parabolic case (see also [6]). However,
their result is a local one, only concerning the interior regularity. We will prove a global result and
the proof is different from the one in [2]. In fact, our method mainly follows the blow up method,
developed by Susanna Terracini and her coauthors in [8,14]. This method is a blow up analysis and
needs us to prove some Liouville type theorems. This can be achieved by some monotonicity formulas
of Alt-Caffarelli-Friedman type.

The original Alt-Caffarelli-Friedman monotonicity formula is only stated for the case of two
phases, see [1] and [4, Chapter 12]. In the first section, we generalize this monotonicity formula
to the case of multi phases. This can be seen as the analogue to the elliptic case in [8]. For (1.2), as in
the elliptic case [14], we also need another monotonicity formula of Almgren type. This monotonicity
formula was first introduced in [15], where it was used to prove a unique continuation property for
parabolic equations, after the ideas of Garofalo and Lin [13].

Now let’s give our settings. With minor assumptions on f; (for example, if we take the classical
logistic model f;(u) = a;u — u?), for fixed «, the existence of global solutions u, of both systems (1.1)
and (1.2) can be guaranteed. Moreover, u, are nonnegative and Lipschitz continuous on £ x [0, +00)
(but the Lipschitz constants may depend on «). We also assume that, 3C > 0 independent of «, such
that ) ;u; . <C.

The main result of this paper is the following uniform regularity result:



E.N. Dancer et al. / J. Differential Equations 251 (2011) 2737-2769 2739

Theorem 1.1. For any « € (0, 1), there exists a constant C, independent of k, such that if u, is a solution of
(1.1) or (1.2), then

[Uj g (X, 8) — Ui (¥, 9)]
max
i @x0400) d¥((x.0),(¥,9))

Here the parabolic distance is defined as

1
d((x,0), (v, 5)) = max{|t —s|, |x — y|*} 2.
In this paper, we denote the parabolic dilating as follows: if X = (x,t), then for A >0
AX = (x, 2%1).

We also denote Q := £ x (0,4+00), Qr(x,t) = Br(x) x (t — R%,t). The Gaussian measure on R",

2
du = e“XTI dx. With this measure we have the space L2(R",du) and the Sobolev space H'(R", dpu).
d(x,t) :=d((x,t), (0,0)) is the distance to the origin. In Sections 3 and 5, we sometimes denotes H as
a half space of R", for example, with the form {x; > t} for some t € R.

In Section 2, we establish some monotonicity formulas and Liouville theorems. In Section 3, we
perform the blow up procedure and prove Theorem 1.1 for the case of (1.1). In Section 4, we establish
the Almgren monotonicity formula. In Section 5, by utilizing this monotonicity formula, we deal with
the last case for (1.2) and finish the proof of Theorem 1.1.

2. The moneotonicity formula
In this section, we prove some monotonicity formulas and use them to prove some Liouville
type theorems, These results are generalizations of the corresponding results in the elliptic case (cf.

[8, Section 7] and [14, Section 2]).
Define the kernel

and

h X 2
Bhy:=2 inf ZIR" LA
vivj=0,ifij = [ Vi (¥)G(y, )dy

By the isoperimetric inequality in Gaussian space, we have B(2) =2 (see [4, p. 232], the last part of
the proof of Theorem 12.11) and B(h) > 2 for h > 2 (similar to the elliptic case, see [8, p. 557] and
[9, Proposition 5.1]). This can also be compared to the corresponding quantity in the elliptic case
defined in [8] and [14].

We also denote

which satisfies, in {t > 0}
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Theorem 2.1. Assume in R" x (—o0, 0], u; (1 <i < h) are continuous functions satisfying

8”‘ —d;Au; <0,
P =
”’ >0, (21)
uiuj =0, ifi#j,
u;(0,0)=0
Assume Viand t € (—o0, 0), fR" lui(x, £)|2G;(x, t) dx < +o0. Then
1 oo 2
](t)=mn//|Vu,-(x,s)| Gi(x,s)dxds
i=1""¢ fn
is a nondecreasing function on (0, +00).
Proof. Denote v(x,s) =u(x, —s) for s € (0, t), then
1
](t)=mnf/|Vvi|ZG,-dxds. (2.2)
i=1{ gn
So
SO _ pt) " fan IVViG OGix, £ dx 23)
J() t Sy fan IVVix. $)2Gi(x, s) dxds '
By noting that
8 .
% +diAv; >0, (24)

we can integrate by parts to get

t
//|Vv,-(x,s)|26,-(x,s)dxds

O R

—// vi(x, S)AVi(x,S)Gi(x,s) + vi(x,s)VVi(x,s)VG;i(x, s)dxds
0 R"

vi(x,s)
// Ly i(x,9)Gi(x, s)dxds+// AGi(x,s)dxds

0 R"

v 2(x, s) Vvj 2(x, 5) 0Gi
dz // 85( 5 >G(x s)dxds—i——// —( X, s)dxds
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t
_l//& v
d; as
0O R

< — ! v; 2(x, £)Gi(x, t) dx.
2d;

Rn

2
i (;’ S Gi(x, s)) dxds

Substituting this into (2.3) we get

J’(r)> ﬁ(h)—l-ZZ fRan(x t)Gi(x, t) dx

J@® n VE(X, 0)Gi(x, t) dx (2:5)

Define the rescaling
Vi(x) = vi(/ditx, t).
Since VV;(x) = /ditVvi(/djtx, t), by replacing x = \/djty, we get

Jen IVVix DPGix, D dx 1 [ [VVi(DIPG(y, Ddy
Jan V2, DGix, ) dx  t [ V()G (y, Ddy

d;

Because v; have disjoint supports, we have

Z fRn IVViWPGy, Ddy _ ph)
26y, Hdy T 2

Substituting this into (2.5), we get J'(t) > 0. O

Corollary 2.2. If (u;) is a solution to (2.1), and there exist constants b;; > 0 such that
a bij
— —diA Ju; — —diA Ju; >0. 2.6
(at ‘>12b1,< ’) 2©)

If each u; has sublinear growth, thatis, 3a € (0,1) and C > 0

ui(x,£) < C(1+d(x,0)",
then Vi, u; = 0.

Proof. As in the proof of the monotonicity formula, we have

//qul Gi(x,s)dxds < —/u (x, —t)Gi(x,t)dx. (2.7)

—t RN

Take any two distinct i, j, we know

0
](t)——|://|Vu| Gi(x, s)dxds:||://|Vuj|20j(x,s)dxds:|

—t Rn —t RN
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is nondecreasing for t > 0. By (2.7) and the sublinear growth of u; at infinity, we can bound this

quantity by
t —1 P& G X, t)dx G X, t)dx
J( ) < 2 f 2 ll (x, t)dx / ( )

]RH

1
<ct—2[/(|x|2+t Gi(x, t)dx]

RTI

|x| —H Gj(x, t) dx]

1 2
<ct—2[t"‘/(|y|2+l G(y,l)dX][ (vl +1)° Gj(%l)d"]

RTI

< CtZa—Z.
Since 2o — 2 < 0,

Jm_ 10 =0

Because J(t) is nondecreasing in t, we must have for Vt > 0
J)=0

So there is one term in J(t) vanishing. For example, if

0
// [Vu;|?Gi(x, s)dxds = 0

—t Rn

then u; is a function of t only. By the first inequality of (2.1) and (2.6), we see in the open set {u; > 0},

a
(— —d; A)ul =0.
at

Noting that u;(0,0) = 0, then we must have u; = 0. Since we can choose i, j arbitrarily, there is at
most one component, assuming to be uq, nonvanishing. Finally by (2.6), we get

(%—d1A>u1 0 inR" x (—o0,0]. (2.8)

Then the standard Liouville theorem for the heat equation implies that u; is a constant function,
too. O

Lemma 2.3. Assume in R" x (—o0, 0], u; (1 <i< M) are smooth and satisfy

3 1
{ U _diAu; = —Ui )i U, (2.9)
u; > 0.
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Then for any 2 <h < M, VB’ < B(h) and t large enough

Jo = ﬂ/l_[ff(qul +u22u])G(x s)dxds

i=1"¢ pn J#i
is a nondecreasing function of t.

Proof. Denote v(x,s) =u(x, —s) for s € (—t, 0), then

16 = ]_[//(del +vi> v )G(x s)dxds.

i=1 ORn ]?’El

We can calculate as in the previous lemma:

J'(t) _ _5_’ +i fRn(cIin,-l2 + vi2 Z#i v)Gix, t)dx
J® P

By noting that

Vi

— dAv_vE i)

s + i i ‘V]
J#

after integration by parts we have

//(d [Vvi|? +v22 )G (x,s)dxds

0O RM J#

—// di[vi(x, ) Avi(x, $)Gi(x, 5) + vi(x, ) VVi(x,5)VGi(x, s) ] dxds

0Rn
t
+// v?Ziji(x,s)dxds
0R" J#
[ avi F (V2
://gvi(x,s)Gi(x,s)ddede,-// : 3 AGi(x,s)dxds
o R 0 Rn
// 85( Z(X s)>G (x, s)dxds—i—// Z(X al 3G, ,s)dxds
0 Rn OR"

t
2
://i(vi (X’S)G,-(x,s))dxds
as 2

0 R"

— 5 Jan(di| Vi |2+ v? >4 vGilx, s)dxds

2743

(2.10)

(2.11)

(212)
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2 2
=/ Vi, t)c,-(x, t)dx — vi©.0
2 2

2
2(x,t
g/v‘ (; )Gi(x,t)dx.

Substituting this into (2.11) we get

" [ @il VVil2 + V2 Y v)Gi(x. 1) dx
Jpn VZ(x, DGi(x, 1) dx

J'®
J(®

/
> —’37 +2 (213)

i=1
Define the rescaling

Vi(x) = vi(V/ditx, t).
Since VV;(x) = /djtVv;(s/djtx,t),

Jan @i VVil2 + v Y v)Gilx, ) dx
Jen VX, DGi(x, ) dx
B 1[Rn(|Wi(y)|2 HVZ) Y V)G (Y, D dy
t Jan V()G (y, Ddy '

Because v; > 0, we claim that

h

fim 3" fRn(|vvi(y>|2ft_v2%(y) Y4 ViG(y, dy 0}
t—>+00 4 Jrn VNG (y, Ddy 2

i=

If this is true, then our lemma can be easily seen.
Assume this claim is wrong, then there exists a positive constant € > 0, a sequence ty — +oo and
vik € H'(R", du) such that

Xh: Jan (IVVikD P + v (0D Y i vik(IG(y, D dy IO 2.14)

i Jan VEG(y. D dy 2

By renormalization, we can assume fRn v,.zk(y)G(y, 1)dy = 1. Note that, by differentiation and the
equation of viz, we have

/vf(y)c(y,l)dyzfvl?(x, £)Gi(x, t)dx
Rn Rn

is nondecreasing in t, so it has a uniform lower bound for ¢ > 1. Then, v;j are uniformly bounded
in H'(R",du). So we can assume, after passing to a subsequence of k, Vi converges to v; weakly
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in H'(R",du). By the compactness embedding of H!(R",du) into L?(R",du), vij converges to w;
strongly in L%(R™, dp), so

/W,-Z(y)G(y,l)dy=1-

RTI
Moreover
2 - 2
/!Vwi(y)l G(y,1)dy<llmmf/|Vvi,k(y)| G(y, Ddy. (215)
k—+o00

Rn Rn

(2.14) also implies
V2N D vik(G(y. dy — 0, (2.16)
Rn J#i

so wiw; =0 for i # j. Then (2.14) and (2.15) contradict the definition of g(h). O
Lemma 2.4. Assume in R" x (—o0, 0], u; (1 <i < M) satisfy

ou; . L . 2
{ Bt —didup=—ui )5, (2.17)
u; > 0.

Then for any 2 <h < M, VB’ < B(h) and t large enough
P
Jo=71] //(di|Vui|2 +uf Zu})G,-(x, s)dxds
=12 fn i
is a nondecreasing function of t.
Proof. Denote v(x,s) =u(x, —s) for s € (0,t), then
18
J) = — dilVvil? +v*Y " v2 )Gi(x, s)dxds. (218)
th 1 J
i=1 i

We can calculate as in the previous lemma

(2.19)

J@®© =_5_’+i Jao @IVl VP Y Gk D dx
‘](t) t i=1 fotfRn(|Vvi|2+V,-2 Zﬁél V?)Gi(x, S)dXdS

By noting that

av; 5
¥+diAVi:V,'§Vj, (2.20)

after integration by parts we have
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//(d,Wv,l +V2Z )G (x, s)dxds

j#i
t

—//di[vi(x, $)AVi(X,5)Gi(X,5) + Vi(x,$)VVi(x, 5)VGi(x, )] dxds
0 Rn
t

/ v? Z V3Gi(x, s) dxds
0 Rn J#

// —v (x,5)Gj(x, s)dxds—l—//dl

0 R" 0 R"

V2 v2
// 8s< P s)>G (x, s)dxds—i—//ﬂacl s)dxds

O R 0 R"

¢
2
=//i<vi (X’S)Gi(X,S)>dxds
as 2

O R

B vi(x, 1) vZ(0,0)
_/ 2 2

AG(x s)dxds

Gi(x,t)dx —
Rﬂ

v2
g/ P )G(xt)dx

Rn
Thus

10 N Wi . 22’1: Jan @i1VVil? + V7 3 vGi(x, ) dx
G L Jpn VX, DGi(x, ) dx

(2.21)

Define the rescaling
vi(x) = vi(y/djtx, t).
Since VV;(x) = /djtVv;(s/djtx,t),

Jon@iIVViP + VP L vDGI(X O d 1 fen (VTP + 77 () 350 V)G l)dy
Jan V2, DGi(x, ) dx ot Jan V(G (y, D dy

Because Vv; > 0, as in the previous lemma, we still have

" fan (VTP A+ E02(9) Y V()G (. 1) dy

lim Z
t——+00

— Jen VG (y. D dy

= B(h).

This is similar to the previous lemma. O
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Corollary 2.5. If u; is a solution to (2.9) or (2.17), and it has sublinear growth, that is, 3o € (0, 1)
ui(x,t) < C(1+dx,0)*,
then each u; is a constant function.

Proof. We only prove the first case and the second case is similar.
As in the proof of the monotonicity formula, we have

//(d |V +u22u1>6 (x,s)dxds < f G )G,-(x, t)dx. (2.22)
—t R J#i
Take any two distinct i, j, and € > 0 small, we know
-t flamei i) ] (oot e
J#i Jj#i
is nondecreasing for t large. Using (2.22), we can bound this quantity by

2(x, — 2(x, —
tzjze(/ u (xz, t)Gl.(x, t)dx)(/wcj(x’ t)dx)

R Rn

1 a o
gcﬁ[ /(|x|2 +1)*G(x, t)dx][/(mz +1)°Gj(x, t)dx]
R R

1
<Come [t“ /(lyl2 +1)%G(y, 1)dx] [r“ /(|y|2 +1)°G(y, 1)dx]
R? R

< Ct2a—2+2€-

So if we choose € such that 2o — 2 + 2¢€ < 0, then
li =
Jm J0=0

Since for t large, J(t) is nondecreasing in t, we must have for t large

J®=0

So there is one term in J(t) vanishing. For example, if

//(d |Vu;|? +u22u,>c (x,s)dxds =0, (2.23)

—t Rn J#

then u; is a function of t only. Moreover, if u; # 0, then by the maximum principle u; > 0 everywhere
and thus for Vj #i, uj =0.
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Since we can choose i, j arbitrarily, without loss of generality, we can assume Vi > 1, u; = 0. Now
uq satisfies the heat equation

9
(5 —d; A)u1 =0 inR" x (—o0,0]. (2.24)

Then the standard Liouville theorem for heat equation implies that uq is a constant function. O

3. Blow up

Before going into the blow up procedure, we first give some preliminary results. Recall the defini-
tion of the heat kernel

_n
Gx,t)=t 2e 4 .

Lemma 3.1. Assume u is a continuous nonnegative function on R" x [0, +00), satisfying ‘;—Lt' — Au < 0inthe
distributional sense and u = 0 on R" x {0}. Moreover, assume Vt > 0,

/uz(x, £)G(x, t) dx < +o0.
Rl’l

Thenu =0.

Proof. By convolution with a mollifier p € C§°(R") and integration in the time t (changing u to

tt“ u(x, 7)dt), we can assume u is smooth enough. VT > 0, take H(x,t) = G(x, T — t), then for

t € (0, T), we can differentiate to get

d
a/uz(x, t)H(x, t)dx:/ZuutH—i—qut
Rn R?

g/ZuAuH—LﬂAH
Rl’l

g/ZuAuH — AuH
]Rn

= —/2|Vu|2H
RH
<0.

So Vt € (0,T), fpnu(x, t)?H(x,t)dx=0.Thus u=0. O
The following lemma is taken from [10, Lemma 5.7].
Lemma 3.2. [f in the parabolic cylinder Q2g, u satisfies the following

%—’: — Au < —Mu,
u>o, (3.1)
A,

AN\

u
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then

1
supu < Cq(n)Ae”C2MRM2
Qr

where Cq1(n) and Co(n) depend on the dimension n only.

In order to prove the uniform Hdélder bounds, we assume on the contrary, that there exists a
sequence of solutions u,, such that x;, — +oo (in the sequel, we will abbreviate this subindex m),
but

Ui (X) —Uuj (Y
I, = max sup Ui X — i ]

I X, Ye@2x[0,400), X£Y d“(X,Y)

We can take X, = (X, tc), Yie = (i, Sic) € 2 % [0, +00) such that

Ly _ [t e (Xie) — Ui e (Yie)|
2 d?(Xe, Ye) ' (32)

Without loss of generality we can assume s, < t,. Since u, is uniformly bounded, we must have
d( X, Ye) — 0.
Take a r, > 0, which will be determined later (but at least it is uniformly bounded). Define

Uy (X) = LlauK(XKJrrKX), (3.3)

Kk

which is still defined on a cylindrical domain Q, := %(Q — X)) = £2¢ x (=T, +00). (Here T, >0.)
Firstly, simple calculation shows

| 1 (X) = Ui (V)]

max sup m <1 (34)
I X,Ye@x[0,4+00), X£Y d*(X,Y)
If we denote Y, := L (Y — X,), we have
[T (Vi) — Ui O] _ 1 Gs)

d (Y, 0) 2
If u, is a solution to (1.1), then U, satisfies

2—a
K

oU; ~
B (X) — di ATl e (X) = -
Lo

fiti e Xe +1X)) = MicTi i (X) Y bijilljic(X).  (3.6)
J#

Here My =L, 27 If u, is a solution to (1.2), then 1, satisfies

2—o
K

Ly

Ui 4
at

(X) —diAllj « (X) = fi(tine Xic +1¢X)) = MicTi 1 (X) Zbiﬁ?,,((x) (3.7)

J#

— i [22+2
Here My =k Liri™.
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Note that

2—o

T ~
T fiti e Xee + 1 X)) | < Cr2 [ . (3.8)
K

Here C is the Lipschitz constant of fj.

Remark 3.3. Because the boundary values of u; are fixed Lipschitz functions, for X, Y € Qe x {—Ty)
or X,Y €082, x (—T,,+00), we have a constant C > 0 such that

|Hi,/((x) - ﬁi,K(Y)| < %Crkd(X, Y). (3.9)

e

Because L, — +oo and 1, is bounded, the boundary values of u;, (minus a constant) will converge
to O locally uniformly.

Remark 3.4. Consider the solution &; of

85— diA®; = fi(®i), inQ,

(3.10)
Pi = Ui, on dpQ.

By the comparison principle, we have u; , < @;. We can define

~ 1
Dj (X)) := m(pi(xk + e X).

K'K

Because @; are Lipschitz continuous, 51‘,;« (minus a constant) will converge to 0 locally uniformly. This
gives a control on Uj ;.

Lemma 3.5. Ifr, — O, d(xﬁ—K’Y“ < Cand My - 0, then 1, (0) is bounded.

Proof. Assume by the contrary, Ny := 17, (0) — +o0o. We will only treat the first case, i.e., u, satis-
fying (3.6). The second case is similar.

Claim. VR > 0, || M, U1 « Z#l Uj Il (@r)nd,) = O-
Because 1, is uniformly Holder continuous, we have
U1c(X) = Ne =R, in Qr(0) N Q. (3.11)
In particular, on Qg(0) N3y 6_,(, U1, >0 and Y ; ;U =0 (because they have disjoint supports on
the boundary).

Take a standard cut-off function 1 € Cg°(Qr(0)), such that =1 on Qg-1(0) and |%—’t7| +|An| <4
Multiplying the equation of u; . (i > 1) by n and integrating by parts (noting the boundary condition

of Uj ), we get
ol - on ~ ~
/[ 8;’(7]4- //N ui,K<_E_diAn)"‘MKui,KZuchn

QrONOS x(0,+00)) Qr(O)N, i#

<cry // Uie?). (3.12)

Qr(O)NQ
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Here v is the outward unit normal vector field to 8.5,(. Since

3’171',,(
at

— di ATl < Criiliy,
and Ui, =0 on Qg(0) N (8.5,( x (0, +00)), by comparing with the solution @; of

[ 3 _ ;A =Cr2d;, in Qy,

D; :ﬂi,l(s on 3palc,
we get a constant C > 0 independent of k such that on Qz(0) N (092 x (0, +00))

Ui 4
av

<C.

By noting that 3, ; > U (because i # 1) and using (3.11),

// M (N = R*)j e < Cr? // Ujen+CR™ 1+ 4 //

Qr(O)NQx Qr(O)NQ (QR(0)\Qr—1(0)N Qs

=
=

For « large, we have M, (N, — R%) — Cr,% > 0, thus
[Mic (N — RY) — Cr?] f/ Ui, <CR™2 +4 // i .

Qr-1(0)NTx (Qr()\Qr-1(0)NTx

Since Uj . is Holder continuous with constant 1, we get
/f Ui < // U« + CR™1.
(Qr(0\Qr-1(0)NTs (Qr-1(0\Qr—2(0))NTs
Combing these, we get for x and R large
Rn+2
U <Cormreoro— .
// T T Me(Ne —R%)
Qr-1(0)NQ

By (3.13) and the boundary condition, standard parabolic estimate shows

Rn+2

sup Te<Cc— R
P M S E Mo (N, — RY)

Qr—2(0NQx
In Qr—_2(0), we can substitute (3.11) into (3.6) to get

31\!‘,',,(
ot

— Allj e < —[Mie(Ne — RY) — Cr2 U .

2751

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(318)
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Now we can use Lemma 3.2 to get

~ Rn+2 C RM% N, —R% %
Sup Uik <C1(n)me_ 2MRME (Ne=R%) 2 (3.19)
Qg N x(Nie = R%)
2

and the claim can be easily seen.
Define

ﬁ],K(X) = al,K(X) - a],l( 0).
We have 17 ,(0) =0, and it is Holder continuous with constant 1, and

i (V) ~ Wi @ _ 1 (3.20)
d* (Y., 0) 2

Moreover, by the claim, it satisfies

RITE
at

- dlAﬁ1,K =&,

where ¢, — 0 uniformly on any Qz(0) N a,(.
From this equation, we can defer from standard parabolic estimate that Uy , are uniformly Lips-
chitz continuous. This fact, combing with (3.20), implies that 3C > 0,

d(Y.,0)>C. (3.21)
On the other hand, the assumption of the lemma says
d(Y.,0) <C. (3.22)

After passing to a subsequence, U7, converges to a continuous function % uniformly on compact
sets. U satisfies the equation

o~

— —d1AT=0.
at

By (3.21) and (3.22), we can assume lim, Y, =Y. (3.20) can be passed to the limit, which is

w — 1 (3.23)
de(Y,0) 2

In particular, T is not a constant function.
U is defined on the domain Q ., which could be of four types.

1. Qoo =R" x (—00, +00).
In this case, since U is a positive solution to the heat equation, it must be a constant function by
the Liouville theorem. This contradicts (3.23).
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2. Qoo =R" x [—tg, +00).
In this case, by Remark 3.3 we have the initial value condition

U=const. onR" x {—tg}.

We claim that tg > 0. In fact, if to = 0, then because Y= (¥,5) € Qo and s < 0 (from our
construction), we must have s = 0. Now the initial value condition and (3.23) contradicts each
other, and the claim is proven.
By this claim and the growth rate of U at infinity, we can use the uniqueness of initial value
problem for the heat equation to conclude that U = const. This contradicts (3.23), too.

3. Qoo = H x (—00, +00).
Here H is a half space, for example {x; >t} for some t € R. In this case, by Remark 3.3 we have
the boundary condition

U=const. ondH x (—oo, +00).

After an odd extension of i — ¢ to R" x (—oo, +00), we can use Liouville theorem again to obtain
a contradiction.

4. Qoo = H x [—tg, +00).
This case can be treated similarly. Since we have the initial-boundary value condition, we can use
the uniqueness result, too. O

Lemma 3.6. If u, satisfy (3.6), then k L, d**¥ (X, Yy) — ~+oo. If uy satisfy (3.7), then i L2d?F% (X, Yy) —
+00.

Proof. We will only treat the first case, i.e., u, satisfying (3.6). The second case is exactly the same.
Assume by the contrary, 3C > 0 such that « L,d*t®(X,, Y,) <C.
Take r, such that

My =kLer2™ =1,

Then lime_ oo = 0 and (&Y )2+ < € 5o we can use Lemma 3.5 to conclude that U, (0) is

T
uniformly bounded.
Our choice of r, implies the equation of 1, is

ot o T i i
B:K — di ALl = KL Filuie X +1eX)) = Ui Y bifilj e (3.24)
K

J#

First, from this equation we can derive a uniform Lipschitz estimate of Uj .. Thus, as in the previous
lemma, (3.21) is still valid. By our choice of r,, (3.22) holds too.

After passing to a subsequence, U;, converges to a continuous function ; uniformly on compact
sets. U; satisfies the equation

ol; - e e
T diAu; = —u; gbijuj. (3.25)

By (3.21) and (3.22), as in the previous lemma we can assume lim, Y.=Y. (3.20) can be passed to
the limit, which is
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[u(Y) —u(0)| _1 (3.26)
d“(Y 0 2 ’

In particular, T is not a constant function.
U is defined on the domain Q,, which could be of four types.

1. Qoo =R" x (—00, +00).
In this case, since U is a positive solution to (3.25). By Corollary 2.5 it must be a constant function.
This contradicts (3.26).

2. Qoo =R" x [—tg, +00).
In this case, by Remark 3.3 we have the initial value condition

U=const. onR" x {—tg}.

Similar to the previous lemma we still have tp > 0. Now we can use the uniqueness of initial
value problem for the equation of U to conclude that 7 = const., which contradicts (3.26), too.

3. Qoo = H x (—00, +00) for some half space H.
In this case, by Remark 3.3 we have the boundary condition: for constants ¢; > 0,

Ui=c; ondH x (—oo0, +00).

By the separation condition on the boundary, for i # j, c¢;c; =0, so there is only one ¢; which is
nonzero. By Remark 3.4 (after passing to the limit), there is only one nonvanishing component
of U. In particular, the right-hand side of (3.25) is 0. Thus we are reduced to Case 3 in the
previous lemma, and we can use Liouville theorem again to obtain a contradiction.

4, Qs = H x [—tg, +00) for some half space H.
This case can be treated similarly. Since we have the initial-boundary value condition, we can use
the uniqueness result, too. O

Now we come to the proof of our main result. Firstly, we prove the case (1.1).

Proof. From the previous lemma, we must have xL,d?T%(X,, Y,) — +o00. We take r, = d(Xy, Yi).
Thus after the blow up, we have

d(Ye,0)=1. (3.27)
We also have limy_, 00T =0 and limy_, ;o My, = +o00. Then by Lemma 3.5 we know 1, (0) are
uniformly bounded.

Simple calculation shows that 7, satisfies the following parabolic inequalities.

Bu, «

o~
—d;iAUj 4 < Crilig,

b (3.28)
(m — did)lic = Yy By (3¢ —djA)iju > Crg (T — Zm by Uik Ujx)-
After passing to a subsequence, U , converges to a continuous function u; uniformly on compact
sets, which is defined on the domain Q.
By (3.27), we can assume (after passing to a subsequence again) that Y. — Y which satisfies
d(Y,0) = 1. So after passing to the limit in (3.5), we get

M l (3.29)
de(Y,0) 2

In particular, U is not a constant function.
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VK € Q0, we know if k is large, K € (5,(. Then we can take a smooth function 7 € Cgo(a,() and

n =1 on K. Multiplying the equation of T; ., (3.6), by 1 and integrating by parts, we get

i#i

~ an ~ ~ ~
// Uj (—E —diAn> + Mt Zuj,ﬂl <cr? // Uj 7). (3.30)
Qe 0

Because 1, are uniformly bounded on any compact set (by the boundedness of 1, (0) and the uni-
form Holder continuity) and M, — +o00, we get

J#

 Jim /f Ui Y Uj, =0. (3.31)
K

So the limit U satisfies

-~

ﬁiu]:O, ifij. (3.32)

(3.28) can be passed to the limit, so in the distributional sense U; satisfies

~

% —diAu; <0,
) -~ bij (8 -~ (3.33)
(a_r — diA)u,- — Zj;éi b_ﬁ(ﬁ —de)Llj > 0.

Qoo could be of four types.

1

3.

Qoo =R" x (=00, +00).
In this case, since U is a positive continuous solution to (3.33), by Corollary 2.2 it must be a
constant function. This is a contradiction.

. Qoo =R" x [—tg, +00).

In this case, by Remark 3.3 we have the initial value condition
ﬁ,‘ =(; on R" x {—to},

for some constants ¢; > 0. From the segregation condition (3.32) and the continuity of u;, we
have

cicj =0, ifi#j.

Similar to Lemma 3.5 we still have to > 0. If there is one ¢; > 0, then for j#1i, cj =0. Since each
U;j is globally Holder continuous, Lemma 3.1 implies i; = 0 for j # i. Combining both inequalities
in (3.33) we know
ol; —~
— — Au; =0.
at

Now we can use the uniqueness of initial value problem for the heat equation to conclude that
U; = const. If all of ¢; =0, then by Lemma 3.1, Vi, u; = 0. This is again a contradiction.

Qoo = H x (—00, +00) for some half space H.

In this case, by Remark 3.3 we have the boundary condition

Ui=ci, ondH x (—oo, +00).
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From the segregation condition (3.32) and the continuity of U;, we have
CiCj = 0, ifi #].

If there is one ¢; > 0, then for j#1i, cj =0. Similar to the previous lemma, by Remark 3.4, we see
Uj=0 for j#i. Then by combining both inequalities in (3.33) we have
3t -
— — Au; =0.
at

Then we can use Liouville theorem (after odd extension to R" x (—o0, +00)) again to obtain
that if; = const. This is a contradiction. If all of ¢; =0, we can get a contradiction directly from
Remark 3.4.
4, Qoo = H x [—tg, +00) for some half space H.

This case can be treated similarly. Since we have the initial-boundary value condition, we can
use results similar to Lemma 3.1 (we can replace the Gaussian kernel with the heat kernel on
H x [—tp, +00)) and the uniqueness result of the initial-boundary value problem for the heat
equation in H x [—tg, +00), too. O

Remark 3.7. If we consider the case of (1.2), in Cases 2 and 4 above, we can still prove that u; is
a constant function, although we do not know whether u; satisfies the heat equation a priori. For
example, in Case 2, without loss of generality, we can assume U; =¢; > 0 on the boundary. Since U;
is globally Hélder continuous, 3¢ > 0 such that U; > 0 in the time interval [—tg, —tg + €). Because
U; satisfies the heat equation when U; > 0, we can apply the uniqueness of initial-boundary value
problem for the heat equation to conclude that U; = ¢; in the time interval [—tg, —tg + €). Then we
can extend further to get that Ul; = ¢; in the whole time interval [—tg, +00).

4. Almgren monotonicity formula

In this section, we establish a monotonicity formula of Almgren type. This monotonicity formula is
standard and it has been indicated in [3]. But here we mainly consider local solutions (also intended
for the applications in [11]), so the calculation is a little involved. We will present the calculation in
full details.

4.1. Definitions

Note that (1.2) and (3.7) has a gradient structure. For example, under suitable boundary condi-
tions, (3.7) is the gradient flow of the following functional.

1 ~ ~) o~ ~
/ 5 2 il V[P M Y TG = Y Fie @), (41)
gn i i#] i

Here Fj . (s) = gr’%L—Kaf,-(L,(r,‘ft) dt.

In the following of this section, we assume u, = (u; ) are a sequence of uniformly Hélder contin-
uous solutions of (1.2) in Q1(0) := B1(0) x (—1,0), and as k — +o0, u, converges to u uniformly in
Q1(0). For simplicity, we assume in (1.2), d; = 1. The general case can be easily changed if we change
the heat kernel as in Section 2. Note that for any fixed x < 400, u, is smooth. The limit functions u
satisfies (see [3, (3.14)])

Wi — Auj = fi(ui) — pi, in Q1(0),
u; >0, in Q1(0), (4.2)
ujuj =0, in Q1(0).



E.N. Dancer et al. / J. Differential Equations 251 (2011) 2737-2769

Here p; is a Radon measure supported on d{u; > 0}. This implies

8Ui . . — . . .
(W - Aul)ul = fi(upu;.

Define the backward heat kernel for t < 0:

)

x|
I .

NS
S

G(x,t) = (4r|t]) 2e”

Take a ¢ € Cgo(B%(O)). For any fixed (xg, to) € Q% (0) and t € (0, %). define

1
D (t) =/[5 > | Vtti(xo = x.to — 0> + > Fi(uie(xo — X, to — 1))

Rn
K
+ 1 Zuﬁk (X0 — x,t0 — t)u?’,((xo —X,to— t)}goz(xo —x)G(x,t)dx,
i#]
. 1 2 2 d
He®):= [ 5 > uf (X0 —x.to — )@* (X0 — )G (x, ) dx.
U
Concerning the limit function u, we have a similar definition,
1 2
D(t) = f[i Z|Vul~<xo —xto—0| + Z Fi (Ui (xo — X, o — t))]<ﬂ2(Xo —0G(x, b dx,
Rn 1 1

H() ::/ % > uf(xo —x.to — ) (xo — )G (X, t) dx.
Rﬂ l

Then we have the following monotonicity formula.

Theorem 4.1. For t € (0, %), 3C > 0 independent of (xg, to) € Q%, such that

tD(t
RALL)

HO + Ct

is nondecreasing in t.

4.2. Calculations

2757

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

Now let's compute D/ (t). In the calculation of monotonicity formula we will simply take (xo, to)

as the origin (0, 0).
Denote

Dy (t) :/[%Wu,((x, —0)|* + Fue (%, —0)) + Hie (uge (%, —r))}pz(x)c(x, t) dx.
Rn

(4.9)
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Here we abbreviate the index i, and H, (u,) = %Zi# uﬁku?w. Concerning u, we denote D(t) as
1
D(t) = /[§|Vu(x, —t)|2 + F(u(x, —t))}goz(x)c(x, t)dx. (4.10)
Rn
Firstly, by changing the coordinates through
x=t2y,
we get
1 1 2 1 1 1
DK(t)zf[E\VuK(tZy, —t)| +F(uK(t2y,—t))+HK(uK(t2y,—t))}¢2(t2y)6(y,1)dy-
]Rﬂ

So, if we denote

ul () = u,e (t2y, 1),

we have

1 1
D) = [ |51 IV + Pk ) + e ) [ (e )61 D .

]Rn

Now we can compute the derivative.

1 1 1
D;<r>=/ Vi () v (y)so 2(£29)60. 1) = 5t Vi ¢ (12y)6 3. 1)
RN
8HK au

2/.1
™ (t2y)G(y, 1)

+

2(t2)

1 1 1 1
¥ [Ew |w;<y>|2 P )+ (k) [ ol e(hy) -y,
(411)

Through integration by parts, the term involving Vul (y) - V (y) can be transformed into

-

R

2(t2y)G(y, D@2(t7y)

(#*(t2y))G(y, 1).

Note that
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y
VG ) =-3C0. D,

oy
at

1
K(y) 5t by Vue(thy, —t) - SE (e y, ),

AUl (y) =tAu,(t2y, —t),

and the equation for u, is

oy Auo + dHe _ OF
at “Thue T due

Substituting these into (4.11), we have

Df((t)=/

Rn

2(t2y)G(y, 1)

1g2(t2y)

1
(@*(25))60. 1 = 3tV 22 y)6 . 1

dH, dul

201
e 2 e

+ T (1)@ (r1y)G(y,

1
+ [EWuK (t%y, —t)]z + F(ul(»)) + Hi (ux (t%y, —t))}t’%go(t%y)Vgo(t%y) -yG(y, 1)

:/—Au,((x, —t)[%t”x-w,{(x —t)] 2(x)G(x, t)

Rn

1 -1 1 -1 _ 2
+2t X-Vue(x,t) Zt x-Vu(x, @ (X)G(x,t)

- 2[%t‘1x- Vi (X, — ]Vu,((x, —t) - Vo®)@p(x)G(x,t)

_ L [Vu (x, 0202 (0 G (x, £)

N

e PN oty -ty — 2% ]
+<8uK t)+8u>[2t X Vi (x, —t) T (x, t)](ﬁ )G, t)
“[3!

YV (X, t)|2 + Hye (uie (x, —r))]t—1<p(x)x Vo x)G(x, t)

l\JIv—k

= 1t‘1x Vi (x, — 2
- 2 . K\ (p (X)G(X5 t)

R

- 2[%t‘1x- Vi, (x, — “(x, —t)} Vi (x, —t) - Vox)@((X)G(x, t)
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1 2 -1
+ [i]VuK(x, —0)|” 4 F(ue (x, —1)) + He (ue (x, —t))j|t QX)X - Vox)G(x,t)

1
_ / SO Ve, O p?(0G(x, 0). (412)
Rn
As k — 400, since we have the weak convergence of Vu, and %Lt’(, after passing to the limit in the

above formula (similar to the local energy inequality, cf. [16, Section 3]), we get

2
D'(t) 2/[%t‘1x.Vu(x, —t) — g—':(x, —t)] P2 (0)G(x,t)
Rn

— 2[%t‘1x -Vu(x, —t) — %(X, —t)]Vu(x, —t) - VoX)pXx)G(x, t)
1 2 1
+ [5|Vu(x, —0)|" 4+ F(u(x, —t))]t (X)X - Vox)G(x,t)

- / %t”\w(x, D’ 0> G, ). (413)
Rn

In particular

d 1, ou :
a(tD(t)) >/t|:§t X Vux, =0 — 2 (x, —t)i| P (X)G(x,t)
]er

— Zt[%t’lx -Vu(x, —t) — g—? (x, —t)} Vu(x, —t) - Vox)eXx)G(x, t)

1
+ |:§|Vu(x, —t)|2 + F(u(x, —t))](p(x)x- Vo) G(x,t)
+ FW@*(0G X, b). (4.14)
These inequalities are understood in the integral sense.

Remark 4.2. Because f is Lipschitz, 3C > 0, |F(u)| < C|u|2. So

/|Vu|2<p2(x)G(x, ) — F(u®)@p?®)G(x,t) > —C/|u|2<p2(x)G(x, t). (4.15)
R R

That is, D(t) > —CH(t).

4.3. Take (xg,tp) as the origin (0, 0), and denote

H(t) = / %Zu?(x, —0)@?(X)G(x, t) dx. (416)

RN

We compute its derivative. By (4.2),
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, du . 1 2 5, G
H® = [ —ulx —0)—x —09 (06X 0 + S [ukx =D ¢’ ) - (x. 0
Rn

:/—u(x, —t)Au(x, —He*(X)G(x, t) + %|u(x, —t)|2<p2(x)Ac(x, t)
RH

- / Fu®, —0)ux, —H@* ()G (x, £)
Rﬂ

= / —u(x, —t) Au(x, =)@ ()G (x, t)
RH

+ / u(x, —HAux, —)@*(XG(x, 1) + |Vu(x, —t)]2¢2(x)c(x, t)
Rl’l

+2/g0(x)u(x, —O)Vux, —t)Vox)G(x,t)
Rﬂ

+ / lux, =0 (90 A0 + [Vo 0| Gx, 1)
Rﬂ

- / fu®, —0))ux, —H@? @G, b).
Rﬂ

By integrating by parts, the third term can be transformed into:

2 / oXux, —t)Vu(x, —t)Ve(x)G(x, t)
Rn

1 2o 2
= E/V|u(x, —)|"Ve* (0G(x, )
Rn

= —%/|u(x, O [A@*0Gx, 1) + V2 (0VG(x, 1)]

Rn
v
=—/|u(x, —t)lz[ivwx)!zﬂo(xmso(x)—qo(x)" z‘f(")]ax, .
Rn
Thus
H’(t)=/|Vu(x, 5?2 Gx. t)+/|u(x, —t)|2¢(x)x'vzf(x)c(x, £)
Rn Rn

- / fu®, —0)ux, —H@* @G (x, ).
R"

The following lemma follows the proof of Lemma 1 in [12].

2761

(417)
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Lemma4.3.Vt € (— %, 0), fBl © lu(x, t)|2 dx has a uniform lower bound.

Proof. By the Cauchy-Schwarz inequality and the Lipschitz property of f, we have

H'(t) > —/|u(x, —r)|2<p(x) G(x,t) — CH(t). (4.18)
]Rn

X-Vo(X)
2t
Because u is bounded, and ¢ € Cg°(B1), ¢ =1 on B%, we get a constant C > 0 such that

d
(EH®) > —Cceer. (4.19)

Now writing the dependence on (g, tg) explicitly, and integrating in t € (0, s), we get

1
C/|u(x, to — O)*@* X G(x — xo, £) dx > |u(xo, to)|* — Ce™ .
Rn
Integrating this inequality over xo € B 1 and recalling that fRn G(x — xg,t)dxo =1, we get

C/|u(x, to—t)‘zdx> /‘u(xo,to)fdxo—Ce*%,
By B

[

Thus if we assume fB] lu(x, 0)|%dx > 0, then the claim follows. O
2

4.4. For simplicity, denote v(x,t) :=u(xg + X, to — t). Define N(t) := %. We have

(tD(t))'H(t) — tD(t)H'(t)

N'(t) = HO? ;

and

(tD(®)) H(t) — DO H' ()

2
N /t x.Vv+v 026 + 1 /1|v|2<p26
~ 2t ! 2
R Rn
1
—t(/5|VV|Z¢ZG+F(V)§0ZG>(/|Vv|2(p26+12)
R® R

2 2

t x-Vv 2 2 2 t /‘ 2 2
= - _— - = v

2(/[ % +Vt]¢G)</|V|¢G> 2( IVv|“p°G

R" R" R"
1.9 5 1 2 2
+ 14 /EM QG| —tl /§|Vv| ©°G|. (4.20)
R" R"

Here
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x-Vv 1 2 2
I1=| =2t o +ve [VV - Vet + E|VV| + F(v) |px- VoG + F(v)p“G, (4.21)

= / M anss / fyvec. (422)
With the equation of v in mind, after integration by parts, we have

/vvtgoz(} =/VAV(pZG+f(V)V(p2G
R R

—/|Vv|2(pZG+vVvVG<p2+vVvV<p2G+/f(v)v<pZG. (4.23)
Rn R

Because VG = 4G, we get

v
/|Vv|2<p c——/ (vt—i—%)(pzc—/ngDVvVgoG—i—/f(v)V(sz. (4.24)
Rn Rn

Substituting this into (4.20), we get

(tD(t))’H(t)—tD(r)H’(r>>—%13+11( / %|v|2¢26> —”z( / %IVVI2¢ZG>
Rn Rn
—t(/F(V)(P20></|VV|2<P2G+12>,

where

2
I3=(/2V(pVVV(pG) + /f(v)V(p G)

RN

(

o [ 552)e) [ o)
)
(]

_2</V<Vt+x;v 7ale )(/f(v)vgo G)
Rn

—2</ZV¢VVV¢)G) fvyve G) (4.25)

Rn Rn

Substituting (4.24) into the above formula, we get
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2 2
13=(/2vg0VvV(pG> +</f(v)v<p26)
RN RP

—2(f|Vv|2<p2G+2vg0VvV<pG—f(v)vgoZG)</2v<vaV<pG>
Rr Rr

—2(/|VV|Z¢ZG+2V¢VVV¢G—f(v)vwzc)(ff(v)v¢26>
Rn RN

—2( ZV(vaV(pG>< f(v)V(pZG). (4.26)
Lol

By the Cauchy-Schwarz inequality, we have

2
5] < (/|Vv|2|w|zc>(fv2<pzc) +C(fv2<pzc)
Rn Rn Rn

+C(/|Vv|2(sz+v2|V(p|zG+v2(sz><fv2<sz+|Vv|2|Vg0|zG>
R® R?

+C(/|Vv|2(p2G+v2|V(p|zG+v2(p2G)</v2¢>26>
R R
+C(/v2|V<pIZG+|Vv|2<p2G)</vztp26>. (4.27)

Rn RH
Because Vt, [ |v|2 < C, we get

/v2|V<p|2G <C V2t e 6w < Ct™Ze G, (4.28)

Rn B1\B
2

AN

Because Vt, fB] |[Vv|? < C, we also have

/|VV|Z|V(p|ZG<C |Vv|2t— 3o < Ct2e o, (4.29)

R" B1\B

N

1
2

Moreover, recalling the definition of D(t) and H(t), we get

3] < Ct~3e~sa [H(t) + D(t)] + CH(®) + CH®D (). (4.30)

Concerning I1, we have
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x-Vv 1 2 2
|11|:/—2t —— + Vv Vv - VopG + §|Vv| + F(v) |@px- VoG + F(v)p°G
RTI

2t
X-Vv 2 2 2, 2
<C +tve|[VV[|[VRl@G + (IVVI* + [vI*)@| V|G + |v[*9*G
Rn
gc[t—%e—% FH(@) +t 2 e 64r/|vt| 4 (4.31)

While I, can be controlled by

|12|=/§0VVVV§0G+/IVI oA+ VeP) /f(V)vw G
Rn

<Ct~%e & + CH(b). (4.32)

Combing all of these together, we get

o Se~s[H(t) + D(O)] + H(®)2 + HE)D(t)

N'(t) >

H2(t)
Ct*%e*ﬁ FH©O) +t 5 emmw [ v 2 c (t~5e~s% + H(t)D(t)
H(t) H2(t)
_t
CtH(®)[D(t) + CH(t) + Ct—2¢ *] (4.33)
H2(t) ' ’
Noting that
_n 1 o1 n 1
H(t) >t 2e &4 [v] >Et 2e &4t
B
2
thus
N'(t) > —C — CN(t) —Ct/ [ve|?02%G. (4.34)
Rn
For t € (0, 1),
dt( e“'N(t)) > —Ce™" Ce“t/w 29 >—C— Ct/|v[| .
Thus

t
2
eCfN(r)+Ct+c/s/‘aa—‘t’(x, $)| p(x)dxds

0 Rn

is a nondecreasing function of t.



2766 E.N. Dancer et al. / . Differential Equations 251 (2011) 2737-2769

Remark 4.4. Because |%—‘t’|2 is locally integrable on R x (0, +00), the last term can be controlled by t:

t
[s/ 8V(xs)
ot
0 Rt

Remark 4.5. Because | f(v)| < C|v|, we have |F(v)| < C|v|?. Thus

2
@(x)dxds < Ct.

/F(v)gozG‘ < CH(t).

Rn

For t € (0, 1), if we replace the constant C in the second term by a larger e

t
2
~ ad
ech(t)+Ct+C/s/‘a—‘t/(x,s) @(x)dxds

0 R7

is still a nondecreasing function of t and is nonnegative.
Now for X = (x,t) € Q1, we can define

OX;u):= lim N(; X, u).
t—0t

In the following, if no ambiguity appears, we often omit u or X in ®(X; u) and N(t; X, u), writing as
@ (X) and N(t).

5. Completion of the proof

In this section we consider the second case, (1.2). The main difference is, now we do not have
the second inequalities of (3.33). As pointed out in Remark 3.7, this only affects the proof when
Qoo =R" x (—00, +00) or Qoo = H x (—00, +00) for some half space H.

If Qoo =R" x (—00, +00), now we can’t apply Corollary 2.2. However, if we check the proof of
Corollary 2.2 carefully, we still have the partial result that there is at most one component, say U7,
which may not be a constant function. By Lemma 3.2, in the open set {u; > 0},

o~

— — AU =0.
at

If {ti; > 0} =R" x (—o0, +00), because U7 is a globally Hélder continuous function, 1; must be a
constant function. This is a contradiction. Therefore, {7 = 0} is not empty. Without loss of generality,
we can assume

U1(0,0)=0.

We will use the monotonicity formula of Almgren type to exclude this possibility, because this mono-
tonicity formula will give the growth rate at infinity.

If Quo = H x (—00, +00), similar to the treatment of Case 3 in the case of (1.1), we can still get
that there is only one nonvanishing component of u, say 7. After odd extension to the whole space,
we can still apply the Almgren monotonicity formula to get a contradiction. In the following, we only
treat the case of Qo =R" x (—00, +00).
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Similar to the calculation in the previous section, we have an Almgren type monotonicity formula
for the limit . That is, for t > 0, if we define

D(t; xo, to) := / Zdiwﬁi(x—xo, to — t)|2Gi(x, t)dx,

R !
~ 2
H(t; X0, to) 52/2|ui(X—Xo,f0—t)| Gi(x,t)dx,
Rr
and
N(t; x t)—tD(t)
> A0, L0) = H(t) .

Here G;(x,t) is defined in Section 2. Then N(t; Xg, tg) is a nondecreasing function of t. In particular,

O (xg,to) = lim N(t; xo, to)
t—0t+

is well defined. Note that here we need not localize as in the previous section, thus these formulas
have clean forms.

Firstly, due to the global Hélder continuity of U7, we have the following result.
Lemma 5.1. V(xg, to) € {il; =0}, N(t; X0, t0) = 5.

Proof. By (4.17), direct calculation shows

d
talogH(t;Xo,to) = 2N(t; xg, to). (5.1)

First assume 3t > 0 such that N(t;xg, tg) < % — 8§ for a constant § > 0. By the monotonicity of
N(t; x0,to), VE < T,

o
N(t; xo, to) < 7 J.

Substituting this into (5.1), we get

H(t; xo, to)
{20-25

is nonincreasing in t € (0, 7). In particular, 3C; > 0 such that
H(t; X0, to) > C1t2%~2, (5.2)
However, since U is C* continuous, and U(Xg, tg) = 0, we have
[G(x + x0.t0 — )] < (1] +1¢]2)".
Substituting this into the definition of H(t; xo, to), we get for some constant C > 0,
H(t; X0, to) < Ct**. (53)

This contradicts (5.4) for t > 0 small.
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Next assume 37 > 0 such that N(t; xo, tg) > % + 8 for a constant § > 0. By the monotonicity of
N(t; X0, to), Vt > 7,

o
N(t; xo, to) > 5 +34.

Substituting this into (5.1), we get

H(t; xo, to)
20423

is nondecreasing in t € (t, +00). In particular, 3C; > 0 such that
H(t; xo, to) > Cot?9+20, (5.4)

However, since U is global C% continuous, and U(xg, tg) = 0, we have

[T+ x0.to — O] < (x| +1¢12)°.
Substituting this into the definition of H(t; xg, tg), we get for some constant C > 0,
H(t; xo, to) < Ct>*. (5.5)
This contradicts (5.4) for t > 0 large. O

By the method of Section 6.1 in [11] (see (6.24) therein), this lemma implies, VY(xg,to), if
11 (xo, to) =0, then VA > 0,

T(Ax +x0, to — A%t) = A%TW(x + Xo, to — ©). (5.6)
Proposition 6.3 in [11] also implies {ti; = 0} forms a self-similar linear subspace of R" x (—o0, +00)
(for the notation, see Definition 8.4 in [5]). By [5], either {ii; = 0} = R? x R or {ii; = 0} = R¢ x {0}.
By [11, Proposition 6.3], T = (11,0, ..., 0) is homogeneous of degree a with respect to (0, 0). That
is, VA > 0,
U1 (Ax, A%t) = A%U1 (x, 0).

If we denote w(x) =17 (x, —1), then it satisfies

Aw—%-Vw+%w:v, in R,
w >0, inRR", (5.7)
wAw —3%-Vw+$w) =0, inR".

Here v is a positive Radon measure supported on d{w > 0}. In particular, by integration by parts
(using the third equation of (5.7)) we have

XZ
@ o VW26 F dx
2=

- (5.8)
Jrn W(x)2e™ T dx
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2
In other words, % is the first eigenvalue of the above quadric form in Hé({w > 0}, e*% dx). We also

need to note that w is global Holder continuous and it is not a constant function. We show this is
impossible.

If {fi; =0} =R? x {0}, then w > O strictly on R". Then v = 0. Take a test function 7 € CPRM)
such that, n =1 in Bg(0), n =0 outside of Bg11(0), and

|An| + V| < 16.

X2
Multiplying the equation of w with ne*% and integrating by parts, we get

_x?

o K2 X w2
—/W(x)n(x)e 4 dx:/w(x)(An— E-Vn)e 4 dx. (5.9)

2
Rn Rn

If we take R large enough, the right-hand side can be arbitrarily small. So we must have w = 0. This
is a contradiction.

If (i =0} =R¢ xR, then {w =0} =R%. If d <n—2, then the set {w =0}, which is the sup-
port of the measure v, has capacity 0. So v = 0 again, and we can get a contradiction as above. If
d =n — 1, without loss of generality, we can assume {w = 0} = {x; = 0}. Then {w > 0} has exactly

two components, {x; > 0} and {x; < 0}. However, direct calculation shows that f(x) = |x1| is the

first eigenfunction on {w > 0}, with eigenvalue % > 2. This contradicts the uniqueness of the first

eigenfunction and the proof is finished.
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