=
View metadata, citation and similar papers at core.ac.uk brought o you by .. CORE

provided by Elsevier - Publisher Connector

ADVANCES IN MATHEMATICS 28, 148-173 (1978)

The Euler Characteristic of Vector Fields on Banach Manifolds
and a Globalization of Leray-Schauder Degree

A. J. TroMBA*

Division of Natural Science, University of California, Santa Cruz, California 95060
and
Institute for Advanced Study, Princeton, New Jersey 08540

In our search [I4] to find a unified approach to characteristics of vector
fields on finite- and infinite-dimensional manifolds we studied the notion
of a Fredholm vector field on Banach manifolds A with special differentiable
structures. If X is a Fredholm vector field on M with a finite number of zeros
we defined the Euler characteristic x(X). For bounded Hilbert submanifolds
M of finite codimension of a Hilbert space H and a special class of Fredholm
vector fields the Euler characteristic was shown to be independent of X and
equal to x(1) the Euler characteristic of M.

The attempt in [14] to apply the theory to the geodesic problem failed.
In this paper we abandon special differentiable structures and speak only of
Fredholm vector fields with respect to a connection on M.

The index theory of such vector fields applies to the study of many intrinsically
nonlinear problems [e.g., harmonic mappings between finite-dimensional
Riemannian manifolds, geodesics (see Section 6), and to simply connected
minimal surfaces spanning a fixed curve I'C R® [17]].

In addition this theory is related to the theory of the degree of Fredholm
maps on Banach manifolds as developed in [3]. The degree of Fredholm maps,
which includes the Leray-Schauder degree, also applies to intrinsically non-
linear problems in analysis. By intrinsically nonlinear we mean the study
of solutions to systems of nonlinear partial differential or integral equations
on spaces of mappings which are not linear or affine.

1. PRELIMINARIES ON FUNCTIONAL ANALYSIS

Most of the results in this section are well known and unless otherwise
stated can be found in Palais [8].

Let E, F be Banach spaces and Z(E, F) denote the linear continuous maps
from E to F. If ¥ = E we denote Z(E, F) by L(E).
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Dermation. Ce F(E, F) is compact if for any bounded set B C E, C(B)
is compact in F. Denote the linear space of compact linear maps by C(E, F)
or C(EYif F = E.

ProrosiTioN 1. C(E, F) is a closed subspace of £(E, F).

DrrnviTiON. T € #(E, F) is linear Fredholm if

(1) dim Ker T << oo,
(i) dim Coker T = dim F/T(E) < o0,
(i) Range T is closed.

Actually (i) + (ii) = (iii) but most authors assume (iii) in order to avoid
proving it. Let F(E, F) C #£(E, F) denote the subset of Fredholm maps.
By the index of a linear Fredholm map T we mean

ind T = dim Ker 7 — dim Coker 7.

ProrositioN 2. F(E,F) is open in L(E,F) and ind: F(E,F)— Z is
continuous and therefore constant on components of F(E, F).

DerinttioN. Let F(E) = {T| T =14 C, I the identity, Ce C(E)}. If
T e #,(E) then T is Fredholm of index zero.

Let GZ(E) denote the general linear group of E; i.e., the set of invertible
linear maps in Z(E). When E is a Hilbert space Kuiper showed in [5] that
G#(E) is contractible as a topological space. Since that time most of the function
spaces in analysis (e.g., Holder spaces, Sobelev spaces) have been shown to
have contractible general linear groups. This of course implies that tangent
bundles of Banach manifolds are trivial which means, in some sense, G.Z(E)
is too big a group for much of finite-dimensional topology to go through in
o0 dimensions. Thus we introduce a Lie subgroup G#(E) of G¥#(E), the
so-called Fredholm group.

DEerINITION.  Let GZ(E) = Z(E) N GZL(E).

ProrosiTiON 3. G.¥Z,(E)is a Lie subgroup of GL(E) which, if E has a Schauder
basts, has the homotopy type of GL(c0) = lim inf GL(n), the direct limit of the
general linear group of R ( for details see 3, 10]). In particular, n(GL(E)) ~ Z, ,
the integers mod 2. Thus GZ,(E) has two components, which remains true if E
does not have a Schauder basis. |

Let GZ*(E) be the component of the identity in G%,(E) and G%,~(E)
the other component. We would like to give an example of an element in
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G%,(E). Write E = E, X R where R is a one-dimensional subspace of E.
Define Je G¥,(E) by

Jx,y) =@x —y), (®3)eE XR

Then Je GZ,~(E).

It is easy to see that GZ(E) is not open on GZ(E). For the development
of vector field theory on Banach manifolds we need a slightly larger set than
G%(E), one which will have two components, which contains GZ(E), and
yet is open in GZ(E). Let S(E) C GZ(E) be the maximal starred neighborhood
of the identity in G#(E). Formally

P(E) = {Te GLE) | (T + (1 — ) e GL(E) Ve [0, 1]}.

ProposiTION 4.  F(E) is open in GL(E) and T € S (E) iff T € S(E).

Proof. Since the unit interval is compact we can find an € > 0 so that
if for any ¢ €0, 1]

|4 —(T+ (1 — D) <e
then AeG¥(E). Pick TeGL(E) with [T — T|| <e Then Te¥(E)

which proves openness.

Suppose (tT + (1 — 1)) e GL(E) forall t € [0, 1]. Then T{tI + (1 — t)T "} e
GZ(E). Setting s =1 —1t, we see that (1 — s)[ 4+ sT-1e GZ(E) which
implies that T-*e SL(E). |

ProrosITION 5. F(E) is contractible onto the identity.

DerFINITION. Let Z(E) ={4A|A =T+ C, Te #(E) and Ce C(E)} and
let GR(E) = A(E) N GZL(E).

It follows at once that Z(E) C Z(E) and GZ(E)C GA(E).

We shall call Z(E) the Rothe set of E and GZ(E) the invertible members
of the Rothe set.

PrROPOSITION 6. Z(E) is open in L(E) and hence GA(E) is open in GZ(E).

Proof. Let A € #(E). We must show that there is an ¢ > 0 so that whenever
IS— A4l <e SeRE). Now A = T+ C, Te L(E), Ce C(E). Since F(E)
is open in G.Z(FE) there is an € > 0 so that whenever || T— T\ <e¢ Te S(E).
Let Se #(E) with | S— Al <e Set T=(S—A4)+ T. Then S =
(S—A4)+ A =T+ Cwhere|| T— T|| < e.Thus T'c #(E)and S e Z(E). |

We have already observed that GZ(E) D GZ(E) and that GZ(E) has two
components, and we would like to show this also holds for G#(E). To do
this we shall show that GZ(E) is homotopically equivalent to GZ(E).
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ProposiTiON 7. The quotient space GR(E)[C(E) is a contractible paracompact
space.

Proof. It is paracompact because it is an open subset of the quotient of
Banach spaces which is a Banach space and hence it is metrizable and therefore
paracompact. To see that it is contractible consider the canonical projection
map w: GH(E) — GA(E)/C(E). Obviously = is surjective. Let 4 € GA(E).
Then

A=T+C, Te #(E), CeC(E).

The homotopy (¢, A) - (tT + (1 — ))(I + T71C), 0 <<t < 1 is not well
defined on GZ(E) but the projection of this homotopy onto GZ(E)/C(E)
is well defined, continuous, and contracts GZ(E)/C(E) to a point. ||

ProposiTioN 8. m: Z(E) — Z(E)/C(E) is a trivial vector bundle over the
space L(E)/C(E).
Proof. The result follows from a theorem of Bartle and Graves which

can be found in [6, Proposition 7.2]). ||

Consider the map m: GH(E) — GH(E)/C(E). Since GH(E)/C(E) is open
in Z(E)/C(E), by Proposition 9 the triple (=, GR(E), GZ(E)/C(E)) admits
local sections. #~1[T] can be identified with GZ,(E) which acts transitively
on 77 T]. Thus the existence of local sections implies that (m, GZ(E),
GZ(E)|C(E)) is in fact a principle bundle. Since GZ(E)/C(E) is a contractible
paracompact space this implies that this bundle is trivial. Thus we have

ProrosiTION 9. The triple (m, GA(E), GZ(E)/C(E)) is a trivial principle
bundle with fiber GZ,(E) over the contractible base space GR(E)|C(E). Therefore

GA(E) ~ (GA(E)|C(E)) x GZL(E)
where ~~ denotes bundle equivalence. ||

As immediate corollaries we have
CoroLLARY 1. G(E) is homotopically equivalent to GL(E).
CoROLLARY 2. GZ(E) has two components which we shall denote by GA+(E)
and G#-(E).
2. A ReviEw oF THE BROUWER DEGREE OF A FreDHOLM MaAP

In discussing the degree of a Fredholm map we shall be following [3, 4].
This degree is an extension of the Leray—Schauder degree using some simple
techniques of differential topology. An elementary discussion of the finite-
dimensional theory can be found in Milnor’s book [7].

607/28/2-5
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DEerFiniTION. A “@-structure” or “Fredholm structure,” M, modeled on
E on a manifold M consists of a maximal atlas {(%, , ¢,)} for M, ¢;: %, — E
such that when defined, the derivative, D(g; o p;*)(x) € GZ(E). The structure
M, is said to be “orientable” if there is a subatlas of {%; , @;)} with D(e; o ¢;Y)(x) €
GZLH(E). A maximal subatlas will be called an “orientation” of M, .

If M is connected, any orientable ®-structure on M will admit precisely
two orientations. M will be called “‘completely orientable” if it admits a @-
structure and if every such structure that it admits is orientable. Each @-structure
M, on M gives rise to a class »(M,) in the first singular cohomology group
HYM, Z,) of M with the property that M is orientable iff »(M_) = 0. It
can be shown that if M admits C7 partitions of unity, r > 3 and GZ(E) is
contractible then M is completely orientable iff HYM; Z,) = 0, however,
we shall not need this fact for our theory.

DeriNiTION. Let M and N be smooth Banach manifolds. A C! map
J: M— N is Fredholm if Df,: T,M — Ty»yN is linear Fredholm for each
x € M. By the index of f we mean the index of Df, . If M is connected this
does not depend on x. If J is not connected, we shall assume the index to be
the same for all components. A Fredholm map of index » will be called a @,
map.

DEerFINITION. A map f: M — N is a “proper map” if the inverse image of
any compact set in NN is compact; it is o proper if M can be written as the
countable union of closed subsets M = {J; M; with f| M; a proper map.
Recall from [12] that a Fredholm map is locally proper; thus a Fredholm
map with separable domain is necessarily ¢ proper. We shall rely strongly
on Smale’s infinite-dimensional version of Sard’s theorem. The following
generalization is due to Quinn:

THEOREM 1 (Smale-Sard). Suppose that f: M — N is a CT, c-proper
Fredholm map between Banach manifolds where r > max(ind f, 0). Then the
set € of regular values of f is a Baire subset of N. If f is proper € is open and
dense. |

Suppose that M, N are manifolds with @-structures M,,, N, modeled in E.
A C7 map f: M — N will be called a @(I)-map from M, to N, if

D(f; o f o 97" i) € Z(E)

for all x € M and charts ¢; , ¢; of M, N, for which it is defined. A @(I) map
is necessarily a @p-map. If » > 2 and M, , N, have orientations and if f is
proper we may apply Smale’s theorem to obtain an oriented degree for f just



VECTOR FIELDS 153

as in the finite-dimensional case; namely, take a regular value y of f in N and
let deg f be the algebraic number of points in f~(y)

degf= Y sgnDf, ¢))

zef~y)

where sgn Df, = 41 depending on whether D(¥, o fo p;")(p,(x)) lies in
GZLH(E) or G¥,(E) for oriented charts ¢;, @; at f(x), x. If f~Yy) =4,
deg f = 0. This Brouwer degree gives an invariant of f under proper CT
homotopies through proper @(I)-maps of M, into N, .

The following theorem shows that @, maps are often @(I) maps for some
P-structure. Its proof can be found in [3, 4].

THEOREM 2 (Pull Back Theorem). (1) A D@y-map f: M — E induces a unique
D-structure {M, f}, on M modeled on E, with respect to which f is a O(I)-map
into E with its trivial structure.

(i) If M, is a D-structure on M modeled on E and if M admits C™ partitions
of unity there is a C* Oy-map f: M — E with (M, f}, = M, . |

Theorem 2 has several extensions, in particular the range space E of f in (i)
could be replaced by any manifold with a @-structure. However, for most
applications to analysis it suffices to consider the case of maps whose range
is a Banach space. In fact, from the analysis point of view the Brouwer degree
is, in effect, also a local theory, a theory which gives the local degree of a
Palais-Smale vector field (cf. Section 3).

It follows from Theorem 2 that one may obtain an oriented degree for a
proper C” @y-map f: M — E, r > 2 by considering it as a ®(I)-map on {M, f},,,
provided the latter is orientable. In general one would have to use some theorem
like the vanishing of HY(M; Z,) to guarantee that {M, f}, is orientable. This
is a major point of departure between our vector field theory and the general
Fredholm theorem. As we shall see further on, the maps f we will be considering
will naturally induce an “orientation” on M.

This degree for @y-maps f: M — E will not, however, be an invariant of
proper homotopies through @g-maps. For example, suppose E is an infinite-
dimensional Hilbert space and T e G%,(E). Then deg T = —1, although
GZ(E) is connected and so T is homotopic in GZ(E) to the identity map,
which as degree 1. However, as mentioned earlier, the degree is a proper
homotopy invariant through &(f)-maps and we shall use this fact.

A more direct extension of the Leray—Schauder degree occurs when one
has a closed domain B of E (or M) whose boundary will be denoted by 0B,
together with a point y of E and a proper C* ®y-map f: B, 6B > E, E — {y},
r > 2. In the same way as before, given orientability, we can define an integer
deg(f, 2B, y) by looking at the inverse image of a regular value of f lying on
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the component of y in E — f(0B). If f is an identity plus compact field and B is
bounded in E, this reduces to the Leray-Schauder degree.

This degree has been used by many people to obtain existence and uniqueness
theorems in partial differential and integral equations. But for intrinsically
nonlinear problems the Leray—Schauder théory is insufficient. We are interested
in a globalization of this theory which can aid us in obtaining theorems on
the number of solutions to intrinsically nonlinear partial differential equations
(e.g., the Plateau problem) and integral equations.

We shall now introduce the notion of a Rothe map and the degree of such
amap. A C? function f: B — F, B a domain in E, is Rothe if for each xe BCE
the Frechet derivative Df(x)e %Z(E). Rothe maps are clearly Fredholm of
index zero, and moreover we have

TreoREM 3. A Rothe map f induces in a natural way a unique oriented
D-structure B, on B, the interior of B, with respect to which f is a D(I)-map.

Proof. Let xye B°. Then Df(x,) = T + C where Te S (E) and C is
compact linear. Consequently we can find a linear operator S e £(F) with
finite-dimensional range so that Df(x,) + S € GZ+(E). Consider the map
¢: % — E defined by ¢(x) = f(x) + S(x). Then De(x,) is an isomorphism
and by the inverse function theorem ¢ restricted to some open ball # is a
diffeomorphism onto W C E with Dgp(x) € GZ*+(E) and inverse ¢~1: W — E.
Thus ¢ is a chart for B about x,. Do this for each x, of B® and we obtain
an atlas for B° consisting of such charts. Then

fooHw) = @ogw) + Sop(w)
=+ So g (w)

which shows that f is a @(J)-map with respect to the atlas B, . Next we show
that B, is an orientation for BY. Suppose now that at two points x,, %, € B
there are neighborhoods ¥, V; about x;, %, and charts @y, ¢;: V,y, Vi —E
in B, chosen as above. Then

foor' =1+ 8oy’ =14k,
foor' =I+Soq =1tk
and thus
(I + ko)po = (I + LALA
giving
(I‘l‘ko)%"?;l =14k,

thus ¢ = @, 0 @' is of the form identity plus finite dimensional and hence
for all we ¢ (Vy N V), Db(w) = D(py o ¢1°)(w) € GL(E), which implies that
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this atlas is a C structure for B% The following lemma is all that is required
to finish the proof of Theorem 3.

Lemma.  For all w e o)(Vy N V) we have that

Dj(w) € GLHE).

Proof.  Dij(a) — Dyyfx) o Do () = [Df () + SlIDf(x) + Si] = [T + C,]
[TH CJr =1+ CT I 4 C, T where TeF(E) and Cy, C, are
compact linear with (7 4 C;) e GZ+(E) and [T + Cy]€ GZ*(E) which
implies that (I 4+ CyTY) € GELHE)and (I + C,T7Y) € GZLH(E). Since GZL,H(E)
is a group it follows that

Di(w) e GLHE). |

Let f: B, 0B — E, E — {¥} be a proper Rothe map. Since f is proper f(¢B)
is closed and y € ¢, O the open component of y in E — f(6B). Let B, be the
orientable C structure on B® given by Theorem 3. @ as an open submanifold
of E inherits a natural orientation. Let M = f~Y(C) and let M, be the oriented
®-structure on M induced by B, . Then f: M — @ is a proper @(I)-map from
M, to @, and therefore has a Brouwer degree, deg f given by formula 1 of
this section. We shall denote this degree by

deg(f, B, y)

which is the degree of a Rothe map.
From what we have stated in this section and from the standard properties
of degree it follows that deg(f, B, y) has the properties:

(1) If z € O then deg(f, B, 2) = deg(f, B, »).
(i) If deg(f, B,») 7 O then there exists an x € B® with f(x) = .
(iii) If y(y) = Ui, C; where the C; are disjoint compact sets and if
C,CUS, UNU; = ¢, i + ], then
deg(f, B, y) = 3. deg(f, %;, y)-

This is the additivity property of degree.

(iv) (Invariance under homotopy.) If f,: B, 6B — E, E — {y},0 < < |
is a homotopy of Rothe maps then

deg(fo, B, y) = deg(f1, B, ¥).

When y is a regular value a very nice interpretation can be given of this
degree, an interpretation which is already implicit in what we have done.
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If y is regular, let x, ,..., 3, be the finite number of points in @? in f~Y(y). Then

deg(f, B,y) = Y sgnDf(x)

z.efUy)

where sgn Df(x;) = -1 if Df(x;) € GZ+(E) and sgn Df (x;,) = —1 if Df(x,) e
GA(E).

3. FrepHOLM AND PALAIS-SMALE VECTOR FIELDS

Let X: M — TM be a C7, r > 1 vector field on a C"*! Banach manifold,
modeled on a space E. How can we define X to be Fredholm? If we fix pe M
and look at DX, T,M — Ty, )(TM) we see that, since T,M is linearly
isomorphic to E and Ty, (TM) is isomorphic to E X E, DX{(p) could not
possibly be linear Fredholm if dim E = co. Thus this definition does not work.

Now let ¢: % — @ C E be a coordinate patch about p € M. Consider the
principle part X®: @ — E of X in this coordinate system. One can ask that
this be nonlinear Fredholm. But it is not hard to see that this notion depends
on the coordinate mapping ¢ and thus is not intrinsic. T'o see this suppose
X(p) # 0, then by the flow box theorem [l] there is a coordinate patch
@: % — O about p such that for x € ¢, X®(x) = v where v is some fixed vector.
Thus DX¢%(x) = 0 which is not Fredholm if dim £ = co.

In [14] the author defined a notion of Fredholm vector fields on manifolds
with special structures and then unsuccessfully tried to apply this notion to
intrinsically nonlinear problems in analysis.

In the paragraphs below we define the notions of Fredholm and Palais—
Smale vector fields on M with respect to a connection X on M. It is our con-
tention that the latter class of vector fields arise naturally in analysis and they
have as their zeros long studied objects of geometry and analysis, as, for example,
geodesics, harmonic maps between finite-dimensional Riemannian manifolds,
and simply connected minimal surfaces. We begin our study with the notion
of a connection.

For the exposition of connections on bunles we follow Eliasson [2] and
the reader is referred to that source. Let #: § > M be a Banach bundle of
class C7 with fiber E over a paracompact Banach manifold M (possibly with
boundary). Let A: T¢ — ¢ denote the tangent bundle to the bundle ¢ with
canonical projection map A.

A local trivialization of = is given by a bundle equivalence

'n"l(”?l)-;t—-»(ﬁ(%) X E

U ———— (%)




VECTOR FIELDS 157

where ¢ is a chart for M. @, = @ | nY(p) is a linear isomorphism of E, =
7-1(p) onto () x E = E.

DEeFINITION. A connection map K for the bundle £ is a bundle map K:
T¢ — € over the map =. Thus we have the commutative diagram

Te K . ¢
/\l lﬂ'
§——— M

which implies that K maps the fiber T,¢ linearly into E_,(,) .

In addition we assume that for any local trivialization (%, ¢, @) of m: ¢ =~ M
there is a C! map I'y: §(%) — Z(E X F; E), the E valued bilinear maps on
E x F, which gives the local representative of K, K, = @ o K o 791 by the
formula

ch(x’ Py ¥ m) = (%, 7+ Fd’(‘x) ) (y’ P))

It follows that K is of class C'. The map I, is the local connector for K
with respect to the chart ¢. When M 1s C™+, £ = TM the local connector I,
corresponds to the classical Christoffel symbols and in finite dimension we have
(L), 2)]F = ZTa(a) b,

If ¢ = TM we say that K is symmetric if locally there is a chart ¢ so that
TIy(x): E x E — E is a symmetric bilinear map. It is easy to check that this
property is independent of the choice of coordinate chart ¢. It follows easily
that if M admits a partition of unity of class C"-! then there exists a C7!
connection map for m: £ — M.

A connection for a manifold M is defined to be a connection for its tangent
bundle 7M. The important thing about bundle connections from our point
of view is that they occur naturally in the context of manifolds of maps. This
was proved in great generality by Eliasson [2, Theorem 5.4] and by the author
at a later date. It is this fact that motivated the present theory.

“Roughly speaking” if X and Y are two finite-dimensional manifolds of
class C¢ with Y admitting a connection K of class C*% and ¢ is a manifold
of maps functor (e.g., %2, k& > (dim X)/p, C¥, C*2) then K induces a C*~*
connection %(K) on the manifold of maps (X, Y). If K is symmetric then
%(K) is also symmetric.

Again let M be a differentiable Banach manifold with tangent bundle 7:
TM — M. In addition let =: £ — M be a Banach vector bundle with a connec-
tion map K on T¢. If s: M — £ is a2 smooth section of £, we define the covariant
derivative of s to be the bundle map Vs: TM — ¢ defined by Vs(p) = K o Ds(p).
Ds{ p), the Frechet derivative of s at p, takes the fiber T,M linearly into Tyy&
and K maps Ty,¢ into E,, . Therefore Vs(p) is a linear map from T,M to E,, .
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DrrintTion. A C% k < v, section s of a C” bundle #: £ — M is said to be
Fredholm with respect to a C! connection K on £ if for each pe M, Vs(p):
T,M — E, is a linear Fredholm map. The Fredholm index of s at p is the
Fredholm index of Vs(p). Thus

ind Vs(p) = dim Ker Vs(p) — dim Coker Vs(p).

if M is connected this is independent of p and we call this common integer
the index of the Fredholm section s. If M is not connected we shall require
the index to agree on all components of M.

Remark 1. If p is a zero of a section s, s(p) = 0, then Vs(p): T,M — E,
does not depend on the connection K. To see this note that in a local coordinate
chart ¢ with local representative s* of s

Vs¥(p)#] = Ds¥(p)[h] + To(p)(h, s*(p))-

Consequently if s(p) =0
Vs(p)[h] = Ds(p)[k]-

Remark 2. The notion of Fredholm section depends strongly on the choice
of connection K. A section may be Fredholm with respect to a connection
K; and yet not Fredholm with respect to another connection K, . However,
we can define an equivalence relation on the space of connections in such a
way that the property of being Fredholm for a section s is independent of
the choice of representative connection in any equivalence class. To be more
precise let K, , K,: T¢ — £ be two connections for the bundle £. Define the
torsion J (K, , K,): T¢ - € by T (K, , K;) = K; — K, . Let n: £(é) - M
be the bundle of maps over M with fiber over p, =,(p) consisting of bilinear
maps on E, = =1(p) with values in E, .

The torsion tensor J (K, , K,) can be interpreted as a section of %().
In local coordinates ¢: % — E, x e (%), (h, k) e E X E

To(Ky s Ko)(x)(h, k) = TH(x)(h, k) — TXx)(h, )

where I';! and I';2 are the local connectors of K, and K, . We say that 7 (K , Kj,)
is left completely continuous (or left compact) if for every p € M and every
fixed k& € E,, the linear correspondence

h—> T (K, , K)(p)h, kl € L(E,)

is in addition a compact linear map.

K, is equivalent to Ky(K; ~ K,) if 7(K,, K,) is left compact. If § = TM
and K, and K, are symmetric then J(K,, K,) is a symmetric tensor and
there is no distinction between left compact and right compact. The following
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proposition follows immediately from the invariance of Fredholm linear maps
under additive translations by linear compact maps.

PropositioN. If K, ~ K, then a section s: M — ¢ is Fredholm with respect
to K, iff it is Fredholm with respect to K, .

We conclude this section with the definitions of Palais—Smale and Rothe
vector fields.

DeriniTION. A C? vector field X on a C” manifold M with a C! connection K
is Palais—Smale or simply PS with respect to K if for each p € M the covariant
derivative VX(p) of X at p is an element of GZ,(T,M). Thus Palais-Smale
vector fields are Fredholm vector fields of index zero.

DrerFINITION. A Rothe vector field X is one for which VX(p)e Z(T ,M)
for every p € M. These are also Fredholm of index zero.

DerFINITION. A C? vector field X on a Banach manifold M is ZPS if whenever
X(p) = 0 the Frechet derivative X, (p) € L(T,M).

Thus a ZPS vector field is one which is Palais—Smale on its zero set. It is
clear that a PS vector field is a ZPS field. The author is unaware of a vector
field arising naturally in an intrinsically nonlinear problem which is ZPS
but not PS with respect to some connection.

A C* vector field is Z-Fredholm of index n (resp. Z-Rothe, or ZR) if whenever
X(p) = 0, Xy (p) is linear Fredholm of index n (resp. X.(p) € Z(T,M)).

We are now prepared to introduce the Euler characteristic of ZPS vector
fields.

4. THE EuLEr CHARACTERISTIC OF ZPS VECTOR FIELDS

Let M be a C™, r = 2 paracompact manifold (perhaps with boundary)
modeled on a space E which admits an equivalent C? norm. Thus M admits
C? partitions of unity.

Let X: M — TM be a C? ZPS vector field with a finite number of isolated
zeros py -** Py in the interior of M.

Let ¢;: %; — @ with ¢,(p;) = 0€ E. Then X%, the principal part of X in
the coordinate system ¢;, is a map X%:0 — E with derivative DX%(0)e
GX%,(E). For a sufliciently small closed ball B; about 0, X®:: B, — E is a proper
Rothe map (this follows from the fact that Z(E) is open in #(E)), and hence
has a local degree deg(X®, B;, 0). As in finite dimensions one checks, using



160 A. J. TROMBA

the homotopy property of degree, that this does not depend on the coordinate
patch @; . We define the Euler characteristic y(X) by the formula

X(X) = ¥ deg(X", B, ,0) M)

and if X has no zeros we set y(X) = 0.
If X is a ZR field with finitely many zeros then formula (1) also defines
the Euler characteristic for X.

DeFINITION. A vector field X: M — TM is proper if the set of zeros of X
form a compact subset of M.

If the zeros of a proper vector field are isolated then there are only finitely
many of them. If in addition the vector field is ZPS (or ZR) and the zeros
are in the interior of M the Euler characteristic y(X) is defined.

DEerINITION. A zero p of a C? vector field X is nondegenerate if X, (p) =
DX(p): T,M?2 is an isomorphism.

It is easy to see that nondegenerate zeros are isolated. In many applications
to analysis one is given a family of PS vector fields {X,},.s depending on a
parameter space (7 (e.g., (¥ could be a space of boundary conditions, a space
of connections, and so on). In [16] sufficient conditions are given when, for
an open dense set (or Baire subset) of (¥, X, has nondegenerate zeros.

When a proper ZPS (ZR) vector field has only nondegenerate zeros one
can give a particularly simple interpretation of the Euler characteristic. Let p
be a nondegenerate zero of X. Then for E = T,M, DX(p) € GA(E). Define

cgn DX(p) — ti if DX(p)e GR+E),

if DX(p)e GA-(E).
The Euler characteristic is then given by the formula

XX)= ) sgnDX(p). )

peZeros(X)

We would now like to show that given a proper ZPS field X with isolated
zeros in the interior of M we can perturb it slightly to produce a proper ZR
field Y which

(a) has nondegenerate zeros,
(b) equals X outside an arbitrarily small neighborhood of the zeros and
© x(¥) = x(X)-

To see this it clearly suffices to consider the case X has only one isolated

zero p of X. Let ¢: % — E be a coordinate neighborhood of p containing
no other zero of X with ¢(p) = 0, (%) = B, a ball of radius r centered at
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in E and such that X*: B — E is a proper Rothe map (cf. Section 2). Thus
X%(0) = 0 and inf,vE,,’__,,'l2 | Xo(x)| = n > 0.

Let y: E — R be a C? function, 0 < y < 1, which equals one on B, and
is zero outside B,. By the Smale-Sard theorem [1] of Section 2 given e,
7/2 > € > 0, we can find a regular value y € E for X° with || y|| < e. Define
Ye: B, -> E by Y%(x) = X°(x) — y(x)y and the C? vector field ¥ on M by

7 L X(Q)» qu - 02/,
YO =lyew), ~—olg), geu. )

If € is sufficiently small DY?(x) € Z(E) which implies that Y is Z-Rothe. Note
also that Y(g) # 0 if ¢¢% and Y(g) = 0 in % iff for x = ¢(g), X(x) = y.
Since y is a regular value and Y°®: B, — E is still nonlinear Fredholm of index
zero (Y® is a finite-dimensional perturbation of X*) this implies that all zeros
of Y¢ in B, (and hence all zeros of Y in ) are nondegenerate.

Now (¢, x) — tX®(x) + (1l — t) Y*(x) is a homotopy between X°® and Y©
which has no zeros on 0B,. Thus by the homotopy property of degree
deg(X®, B,,0) = deg(Y®, B,,0) which immediately implies that x(X) =
x(Y). Let us state this result formally as

THEOREM 1. Let X: M — TM be a C* ZPS vector field with-a finite number
of isolated zeros in the interior of M. Then given an arbitrarily small neighborhood U
of the zeros of X there exists a proper C® Rothe field Y with the properties

(a) Y has a finite number of isolated nondegenerate zeros,
(b)Y Y equals X outside %,

© x(X) =x(¥) 1

Let ¥, ps(M), (M), ¥ M), Fo(M), F*(M) be the spaces of C? proper
ZPS fields, proper ZR fields, proper ZR fields with nondegenerate zeros,
proper Z-Fredholm fields of index 0, and those with nondegenerate zeros,
respectively. Using the techniques of Theorem 1 we can prove a somewhat
stronger version of the result.

THEOREM 2. If X e ¥;ps(M) with zeros in the interior of M then given
any neighborhood U of the zeros of X there exists a Y e #¥(M) with ¥ = X
on M — . If U is sufficiently small x(Y) is independent of all choices made.
We can take this to be the definition of x(X). |

Along the same lines but less interesting from the point of view of degree
theory one can also show that if

Turorem 3. If X € F(M), with zeros in the interior of M, then given any
neighborhood % of the zeros of X there exists a ¥ e Fy*(M) with ¥ = X on
M- 1
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Let us now move on to an investigation of how the Euler characteristic
behaves under homotopy.

DerinNiTION. Let my: M — [0, 1] be a C? smooth fiber bundle over the
unit interval with 75(¢) = M, a C? Banach manifold.

Two C? proper ZPS vector fields X;: My — TM, and X;: M, — TM, are
equivalent (X, ~ X)) if there is a C? proper vector field X: M -~ TM such
that

() X, =X|M:M,—~ TM,.

Thus X, is a “vertical” family of vector fields (e.g., see [16]). Geometrically
this means that X is a section of the vertical subbundle v(TM) of TM, where
the fiber of v(TM) over m € TM is the kernel of the Frechet derivative Dmg(m)
of m, at the point m. This can be naturally identified with .M, (n) -

(ii) For each ¢, X, is ZPS.
(iii) The zeros of X are in the interior of M.

The following is the globalization of the property of invariance of degree
under homotopy.

Tueorem 4 (Invariance of the Euler characteristic under homotopy.) Suppose
Xg~ X, . Then x(X,) and x(X,) are both defined and equal.

Proof. That both x(X;) and y(X,) are defined follows from Theorem 2.
By the same theorem we can assume that both X, and X, have nondegenerate
zeros. Since X is proper we can apply the Smale-Sard theorem and simple
transversality arguments to find a proper vertical ZR vector field Y on M and
on ¢ > 0 with

(@ Y| M, =X|M,, 0<t<e, 1—et <,

(b) Y(M)n Z(o(TM));
that is, Y, viewed as a section of the vertical subbundle o(7'M) of TM, is trans-
verse to the zero section of this bundle; and

(c) the zeros of Y are in the interior of M.

Identifying Z'(o(TM)) with M we see that these conditions imply that
Y(M)N M is a compact one-dimensional submanifold & of M° We are
interested only in those components of # with boundary. Let {p,,..., pu}
be the zeros of X and {g, ,..., ¢,,} be the zeros of X, . Each p; and ¢, is a boundary
point of some component of .

Since the zeros of X, and X, are nondegenerate it follows that

x(Xo) = 3. sgn DX(p;)
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and

x(Xy) = Z sgn D.X;(g;)-

%

Applying the techniques developed in [3] based on geometric ideas due to
Pontrjagin we see that

(1) if p;, and p;, are boundary points of the same component #; ; of #
then sgn DX(p; ) = —sgn DXo(p;);

(2) if ¢; and g;, are boundary points of the same component #; ; of #
then sgn DX (g; ) = —sgn DXy(q;,);

(3) if p; and ¢, are boundary points of the same component of & then
sgn DXo(p;) = sgn DX(g,).

Putting (1), (2), and (3) together we can immediately conclude that

X(Xo) = x(X1)

which concludes the proof of Theorem 4. ||

5. THE EurLer-HoprF THEOREM

In this section we state conditions under which the Euler characteristic of
a proper ZPS vector field on a manifold M is equal to the Euler characteristic
of M. This of course would imply that the cohomology of M, Hi(M, Q), with
rational coefficients, vanishes for sufficiently large ¢ and hence the Euler
characteristic would be defined. We shall have the blanket assumption that
our manifold M is a C® complete Finsler manifold (possibly with boundary)
modeled on a real Banach space E with an equivalent C2 norm.

DeFINITION. A set S C M is bounded if for all p, g € S sup,, 4es p(p> g) < ©
where p is the distance function induced by the Finsler on M (for relevant
definitions see [11]).

DerFINITION. A vector field X: M — TM satisfies condition (CV') if when-
ever {p;} is a bounded sequence in M and || X(p,)| — O then there is a sub-
sequence { p;;} which converges.

We have an immediate consequence of this definition, namely,

PROPOSITION. Let X be a wvector field on M satisfying condition (CV'), and
S C M any bounded set. Then the set of zeros of X in S is compact. Hence if the
zeros of X itn any closed set A are isolated then A contains at most finitely many
of these zeros. ||
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We wish now to define what it means for a vector field to behave like a gradient
with respect to some scalar function. Let ¢ — o,(f) denote the trajectory of X
with initial condition p. Further let f: M — R be a C? function.

DerintioN.  We say that a C! vector field X is gradient like for f if:

(G0) X satisfies (CV').

(Gl) X, (f) = Df(pXX,) = 0 and equals zero only if p is simulta-
neously a critical point of f and a zero of X.

This condition implies that f increases along the trajectories of X.

(G2) Let p € M. The trajectory o, of X through p has a maximal domain
(@, B) CR. Then as ¢t — B either

() Flost) > +oo or
(i) |} X(o,(9)} = 0 and 6,0, B) is bounded.

Similarly as # — « either

(iii) y(o,(t) = —o0 or
(iv) | X(o,(£))] = O and o,(x, 0] is bounded.

(G3) (Regularity condition.) Let K{a, b) denote the zetos of X in
fa,b], —0 <a—b < oo. Then K(a,b) is bounded. From condition
(GO) and Proposition 1 it follows that K(a, b) is also compact.

ProrositioN 1. In axiom (G2), if, as t — B, || X(o,($))l — O and [0, B)
is bounded then B = + 0 and o,(t) has a critical point as a limit point as t — 0.

Similarly if, as t — «, || X(0,(¢))]| = 0 and o,(«, 0] is bounded, then « = — o
and o,(?) has a critical point as a limit point as  — —o0.

Proof. Condition (GO) implies that if, as £— B, || X(o,(t))]| — 0 with
a,[0, B) bounded, then o,(¢) has a limit point in M as £ — . By Theorem 3.9
of [11] this is impossible unless 8 = co. Since || X(o,(¢))]| = 0 as ¢ — 8, this
limit point must be a zero of X and hence a critical point of f.

The proof for # — a is exactly the same. ]|

DerINITION. Let f: M — R be C? with X a C? gradient-like vector field
for f. A critical point p of f is B-nondegenerate with respect to X if:

(a) DX(p): T,M — T,M, the Frechet derivative of X at p is symmetric
with respect to the Hessian H,(f) = D*(p): T,M x T,M — R.
(b) DX(p) is an isomorphism with spectrum off the imaginary axis.

(©) H,(F)DX(p)u,u) > 0 if u 5 0.
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DerFINITION. Let p € M be the critical point of a C? function f: M — R.
By the index of f at p we mean the dimension of the maximal subspace on
which the Hessian H,(f) is a negative definite bilinear form (for details see
[9, 15]).

The following theorem connects the local vector field index and the index
of the zero of a ZPS vector field.

THeOREM 1. Let X be a CY ZPS wvector field which is gradient like with
respect to f: M — R. Let p be a B-nondegenerate critical point of f in M° with
respect to X and set 8 = index of f at p. Then B < o0 and

sgn DX(p) = (— 1.

Proof. Let A = DX(p): T,MD. We shall show that T\M = T,M, ®
T,M_ with H(f) positive on T, M, and negative on T,M_ with dim T M_ =
B << co. Moreover T, M is H, (f) orthogonal to T,M_ , each of these subspaces
is invariant under 4, and A4 | T,M_ has real spectrum to the right of the
imaginary axis and A | T,M_ has real compact discrete spectrum to the left
of the imaginary axis.

Since X is ZPS, A is invertible and of the form I 4 C. Therefore —1 is
not an eigenvalue of C (recall all points in the spectrum of a completely con-
tinuous operator except 0 are eigenvalues). Let A, ,..., A, be the real eigenvalues
of C less than —1 with multiplicities £, ,..., B, . Recall (e.g., see Taylor [13])
that there is a least integer n, << co with F; = Kernel(A,] 4 C)™t" =
Kernel(A,I + C)™ for all positive integers 7. By definition 8; = dim F; <C c0.
Set B, =EB;, T,M_ = @F,. Then 8, = dim T,M_ < o0. Clearly T,M_
is invariant under A and since T,M_ is also finite dimensional it has an H,(f)
orthogonal complement T)M_ = T M, so that T,M =T ,M_D T, M, .

Since 4 is symmetric with respect to H,(f) it follows that T, M, is also
invariant under A.

LemMa 1. Under the above circumstances the spectrum of A is real.

Proof. Let E = T,M. By passing to the complexification of E and 4 we
may view E as a Banach space over the complex field C. Suppose A € C belongs
to the spectrum of 4. Then (A — 1) belongs to the spectrum of C, but all
members of the spectrum of C (except 0) are eigenvalues. Thus if A 52 | belongs
to the spectrum of A4 then A — 1 is an eigenvalue of C and hence A is an eigen-
value of A. Since H,(f)(Au,u) > 0 for u + 0 (this still holds on the com-
plexification space) it follows as in the Hilbert space case that A must be real.
Thus the entire spectrum of 4 is real.

Lemma 2. If A belongs to the spectrum of A | T,M+ then X > 0.
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Proof. If A <0 (A 5= 0) then A — [ is an eigenvalue of C which is less
than —1, but this is impossible since C has no eigenvalue less than —1 on
T,.M,.

From Lemmas 1 and 2 we can conclude that the spectrum of 4 | T,M_ = A4_
is real negative and the spectrum of 4 | T, M, = A, is real positive.

Lemma 3. H(f) is positive on T,M, and negative definite on T,M_.

Proof. Using the operational calculus we can define square roots S, and S_
of A, and —A_ which can be expressed as power series in A, and 4_, respec-
tively. Thus S.2 =4,, S22 = —4_, and S, and S_ are symmetric with
respect to H,(f) and take T,M, and T,M_ isomorphically onto themselves.

Letue T ,M,, then u = S, v and

Hy(f)u, u) = Hy(f)(Ssv, 5,2)
= H,(f)(S:", v) = Hy(f)(4dv,v) >0

whence H,(f) is positive on T,M, . In a similar way we see that H,(f) is
negative on T,M_ but dim T,M_ = B, < oo and so H,(f) is negative definite
on T, ,M_.

From Lemma 3 it follows easily that B, = 8. The proof of Theorem 1
will be completed once we show ‘

LemMma 4. sgn VX(p) = (—1).

Proof. Consider the homotopy 4,, 0 < = < 1 defined by 4, | T, M, =
(I++C)y| T,M, and A4, | T,M_ == A. Then 7 — A4, is a path in GZ(T,M)
connecting A with a linear map which is the identity on T,M. . Thus, whether
or not 4 € G¥HT,M), depends only on A | T,M_ . From the Jordan canonical
form it follows that sgn det(l + C | T,M_) = (—1)’». Hence if (—1)* <0,
(I+ C)e GEA(T,M) and if (—1)f > 0, (I + C) e GLH(T,M). This proves

the lemma and concludes the proof of the theorem. ||

TuroreM 2. Let f: M — R and X: M — TM be a proper C* ZPS gradient-
like vector field with f having B-nondegenerate critical points in M° with respect
to X. Then

13

X(X) =X (=1 G, (1)
@
where Cy_ is the number of critical points of index B; . If M has no boundary

x(X) = x(M). @

If M has a boundary and X points outward along @M equality (2) still holds.
Thus M has a well-defined Euler characteristic in either case.
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Proof. Equality (1) follows directly from Theorem 1. Equality (2) is a
consequence of the Morse theory as developed in [15]. |

In conclusion we apply Theorem 4 of Section 4 to obtain

THEOREM 3 (Euler~Hopf). Let M be a complete C® Banach-Finsler manifold
modeled on a Banach space E with an equivalent C* norm. Suppose oM = ¢
and Y is a proper C? ZPS vector field which is equivalent to a proper C* ZPS
vector field X which is gradient like for f: M — R where f has B-nondegenerate
critical points with respect to X. Then

x(9) = x(X) = x(M). )

If oM 5 ¢ and Y points outward along 6M and is equivalent to a gradient-like
X as above we again have equality (3). |

Remark. 1In finite dimensions if M is compact with M = ¢ Eq. (3) holds
for all vector fields. But even in finite dimensions if the manifold 3 is not
compact there is no guarantee that the Euler characteristic of a proper vector
field will be the Euler characteristic of the underlying space without some
further assumptions. For example, let M = R%, and X = gradf, where
f(x, ) = 3(x* + »%). Then X(x,y) = (¥, y) and X is clearly a proper vector
field which is gradient like for f and has one nondegenerate zero (which is a
B-nondegenerate critical point for f). Thus x(X) = x(R?) = 1.

Consider the constant vector field ¥ on R? given by Y(x, ¥) = (1, 0). Y has
no zeros and so x(Y) = 0 s~ x(M). One readily checks that Y is not equivalent
to X.

6. ApPLICATIONS TO GEODESICS ON FINITE-DIMENSIONAL
RIEMANNIAN MANIFOLDS

Let V be a C™* Riemannian manifold. By the Nash imbedding theorem
we may assume that V' is a Riemannian submanifold of RN for some N.

Denote by Z,? (k = 1) the Sobelev space of maps functor (these are maps
whose kth derivatives are in %,). Let P, O be two points in V' and 4, 2(P, Q)
be the space of £,? paths which join P and Q. Specifically

AP, Q) ={o: I = V| o€ L2, RV), o(0) = P, o(0) = Q}.
Then M = A,7(P, Q) is a C" Banach submanifold of £,*(I, R¥) (see [19]),
the %,? maps of the unit interval to R¥. If p = 2 then 4,%P, Q) is a Hilbert
submanifold of X1, R¥). The tangent space to 4,?(P, Q) at a path o, say

607/28/2-6
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A7(P, Q), , can be identified with the %,® paths k: I — R¥ with h(t) e T,y V
and A(0) = 0 = A(1). Define the energy functional E: 4,»(P, Q) — R by

B =1 [ 100

It is well known that E is C” smooth [9], and that the critical points of E are
the geodesics joining P and Q parameterized by arc length,

In [9] the functional E was studied in the case p = 2, k = 1. Define the
vector field A: M — TM by the elliptic differential equation

Do) Do
6t(2 = o )

with A(c)(0) = 0, A(c)(1) = 0 and where D/ot denotes covariant differentiation
with respect to the unique symmetric connection induced by the Riemannian
structure on V. If o € 4,7(P, Q) = M then (1) uniquely defines a vector field
Alo) over o and hence an element of 4,2(P, Q), = T, M.

In [15] it was shown in the case p =2, k =2 and in [9] for p = 2, k =1
that A is a C™1 vector field whose zeros are the critical points of E and that A is
gradient like for E. Thus, in particular, A,(E) = DE(s)(A(c)) = O as the reader
may easily verify. Using the same techniques as in [15] or by appealing to
standard regularity results in linear elliptic systems one has in general that
for any p, & > 1 Eq. (1) defines a C™! vector field on /A,7(P, Q) whose zeros
are geodesics parameterized by arc length and which is gradient like for
E: A4,7(P, Q) — R.

The Riemannian connection on V induces a connection K on A.7(P, Q)
(see remarks in Section 3). If B: M — TM is a vector field the covariant
derivative VB(o): T,M — T,M with respect to K at a point o is characterized
as follows.

Let h € T,M be arbitrary and let s — o, be a smooth path in M with g, = o
and (d/ds)e, |9 = k; i.e., (d]ds)oy(t) |;—q = A(t) for all 1[0, 1]. Then

VRG] — 2B - o)

The aim of this section is to show that if \: M — TM is the gradient-like
vector field defined by (1) then A is PS with respect to the induced connection
K on M.

We shall show that X is P.S on 4,7(P, Q) in the case £ == 2. With the introduc-
tion of the more exotic #?, sections of vector bundles our proof can be pushed
through for 2 = 1 but we shall not do this. Using the methods of [15] a proof
can be given in the case £ = 1 which avoids the use of the #?; spaces.

Consider a parameterized surface ¢: R2 — V" and let 8 be any vector field
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along @. One can apply two covariant operators D/dx and D[dy to B, to obtain
the relation on mixed partials

DD DD R(—aﬁ 8_<p)ig 3)

oyt " mat  Rla
where R: TV x TV X TV — TV is the Riemann curvature tensor.

PropOSITION 1. The covariant derivative VA(o): T,M O of the vector field A
at a path o € M satisfies the second-order equation

G O = 1) = R (7 ) = )~ 5 (R ()

“R(% ) - Caan (B h) @
~ R (G A= R ) A= 2R ()

where V4,4 denotes the covariant derivative of the Riemann curvature tensor
in the direction do/dt.
Thus, in particular, if De’[0t = O [thus o is a zero of A]

D? D? do do
= VNG — B = 2 Q)R — By = R (5, )

where A, (0): T,MD denotes the Frechet derivative of A at o.
Proof. By (2)

VA = 7 X | _

But
2 ’
7 A0)
Using (3) we get
D D2 DDd DDd do, do,\ da,
s = nan=anae R %) @
D d do, do,\ do,
= no TR 2) G
Setting s = 0 we get
D D2h do do
a5 [8t2 Now| =G +R (g5 H) g )
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Moreover

D Dz DDD do, do,
s ot (S)_—a?@sat/\(GS)_i_R(dt ' T ds ) Aos)

D D D do, do,
=% 55 %) T3 gR () A("s)f

do, do, )

+R( dt ’ ds

Aoy)-

Letting s = 0 we obtain

D Dz
os ot Mo 8)

D? D do DA
= 57 VD + 5 (R (G m) A + R(GH 1) S5 ©
But applying a little elementary tensor calculus we get

2R (e )] = Casa (5 13) R )5

FR(G )R (G

Making this substitution and equating (5) and (6) we obtain (4) concluding
the proof of the proposition. [|

Let A,2(P, Q), = {k: I — TV | h(t) € T,y V, 0 € 4,7(P, Q), h € L,#}. Thus
A4,7(P, 0), D 4P, Q), -

ProposITION 2. Suppose aeAkP(P 0), k=2, and he L,7P,Q),. The
linear map T: A,2(P, Q), — A2 (P, 0), deﬁned by

h> R ({%‘- , h) — (VaoraeR) ( b, A)

—R(Pé:—’—,h)/\—R(da Dh

7’—&}‘)"—2’*(@ h) =4

dt ) et
is @ compact map.

Proof. We must show that if {#,} is a bounded sequence in A ?(P, Q),
then Th, has a convergent subsequence in A2 (P, Q),. The basic reason
why this is true is that 7 is a linear map into A%_, but only the first derivatives
of & appear in the expression for T.

Rather then prove this for all the terms above we shall consider only one.
The proof for the rest is more or less the same. First let us look at the case
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k = 2. Consider h, — R(Dd’[dt, h,)A for fixed o. Since {h,} is bounded in
A,P(P, Q) there is a subsequence (say {k,}, again) which converges to
he A,P(P, Q) in supremum norm. Thus sup, || A,(t) — k()] — 0 as n — co.
Here || A(2)| = <A(t), h(t))*/* where { , >, is the Riemannian inner product
on T,V. Now if o€ 4,7(P, Q), R(Dd'[ét, hy)r € AP(P, Q),. All that remains
to prove is that R(Do’[dt, h,)A — R(Dq'|t, H)X in the norm of A*(P, Q), .
Let the C,’s below denote constants:

02 )02 oo

:|}R(—’§,hn(t)—h(t)) 30 < Gl 22w — we-1aen. )

But sup, || ()| < CyllAllgs, the £ norm of A which in turn is bounded by
some constant C, which depends on o (recall D?\[0t? = Do’[0t). Therefore (7)
1s bounded by

D 7

= | 1 Aae) — He).

CoC

Setting C,C, = C;, raising (7) to the pth power and integrating we get
Do’
ot

1R (B 1ty = o) x| e < csup iy — wnpe [ |

D
| dt.

But the right-hand side clearly goes to zero as # — o0, and the proposition
is established for this term when & = 2.

For k > 2 we proceed inductively. So, for example, if & = 3 we must show
not only that R(Dd’[0t, h,)A — R(Ds’[0¢, )\ in L, but the covariant derivative
Dot of the right term tends in %, to the covariant derivative to the left term
in %, . However, the same sort of calculation we have already done also
establishes this fact.

THEOREM 1. Let M = A, *(P, Q). Then the vector field A: M — TM defined
by Eq. (1) is PS with respect to the connection K on M induced by the Riemannian
connection on V.

Proof. We must show that
VA(o)[h] = k + S(#)
where S: T,M — T,M is compact. By Proposition 2 we have shown that

D2 D*h

607/28/2-7
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where

T: 4P, Q), —~ AL (P, Q)
is compact. Note that L = D?/ét? is an isomorphism
AP, Q) 5> A7 o(P, Q).

Set S = L~'T, and since T is compact so is S which completes the proof
of the theorem. |

In [16] it is shown that for fixed P and “for almost all Q" the vector field A
has nondegenerate zeros and therefore E: 4,2(P, Q) — R has B-nondegenerate
critical points with respect to A. In [18] it is shown that the regular values of E
form a residual Baire subset of R. The following corollary follows immediately
from the previous theorem, Theorem 2, Section 5, and the fact that A is gradient
like for E which is proven in [15].

CoroLLARY. Suppose E: A,*(P, Q) — R has only B-nondegenerate critical
points with respect to which the vector field A is defined by the elliptic equation (1).
Let ac R be a regular value for E and M® = {c € 4,7(P, Q)| E(c) < a}. Then
A points outward along OM® = E-Y(a) and x(A) = x(M9).

One can eliminate the need to assume that E has only B-nondegenerate
critical points. We conclude this paper with the following.

THEOREM 2. Let E: A,P(P, Q) — R be the energy functional, X the gradient-
like field for E defined by Eq. (1), and a € R a regular value for E. Suppose further
that the underlying Riemannian manifold V is C™+%, r = 3. Then y(X) = x(M®).

Proof. First observe that A points outward along &M° and therefore has
no zeros on éMe. Since A is gradient like for E the zeros of A are a compact
subset of the interior of M¢ which by Theorem 2 of Section 4 implies that
x(A) is defined. Let WC ¥ be a path connected neighborhood of Q so that
for all Q* e W “a” is a regular value for E: 4,7(P, 0*) — R. We can do this
since the vector field A* on 4,2(P, O*) defined by (1) satisfies (CV) and A*
varies continuously with O*. Let O, € W be sufficiently close to Q so that
E: 4,7(P, OQ;) has only nondegenerate zeros. Let ¢t —> Q;, 0 <t <1 be a
smooth imbedding of the unit interval into W joining O, = Q and Q, .

Set M, = A,7(P, OQ,) and A; the PS vector field on M, defined by (1). Let
& = U; M, with =: £ — I the obvious fiber bundle over I = [0, 1]. Then
t— A; is an equivalence between A = A and A; and therefore y(A) = x(A;).

Consider E as a map on £. Then A: £ — T¢ defined by A | M; = ), is nonzero
on E-Y(a). From this it follows that E-(a) is transverse to the fibers of £. To
see this note that E~Y(a) is a codimension one submanifold of ¢ with o)
“orthogonal” to E-Y(a) at any point ¢ € E~Y(a). M, is also a codimension one
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submanifold of £ Consequently if E-Y(a) were tangent to M, for any ¢ this
would imply that A, ¢ TM,; which i1s impossible. Therefore §* = {o€ £
E(e) < a} is a smooth fiber bundle over I with boundary E-%(a) which implies
that M* = M® is diffeomorphic to M, Thus (M%) = x(M;%) = x(A) = x(A)
which concludes the proof of the theorem and this paper. ||
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