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1. Introduction

We shall assume throughout this paper that X stands for a non-trivial Banach space, and use By and Sy to denote the unit
ball and unit sphere of X, respectively. Many recent studies have focused on the von Neumann-Jordan (NJ) constant and
James constant (cf. [1-16]). The constant

J&X) = sup{min(|lx + yIl, Ix — yIl) : x, ¥ € Sx}
is called the non-square or James constant of X. It is well known that [5,6]
() V2 <JX) <2

(i) J(X) = sup{min([lx + y|I, llx — yIl) : x, ¥ € Bx}.
(i) If 1 < p < coand dim L,(1) > 2, then J(L,(n)) = max{2"/?, 21-1/p},

The von Neumann-Jordan constant of a Banach space X was introduced by Clarkson [3] as the smallest constant C for
which

2 o2
1 Ik ey kvl
C 2711112 + lylI»
holds for all x, y € X with (x,y) # (0, 0). An equivalent definition of the NJ constant is found in [8] as the following form:
X+ yII” + lIx — yII?
CN(X)=sup{ :x€eSx,y€Bxy.
' 2(Ix12 + lyI1?)
Recently, ]. Alonso et al. defined the constant
X 2 x — vl2
CyX) = sup{ Ix+l I Ix =yl (X, Yy € Sx} .
Now let us collect some properties of these constants in [1,3,8,9]:
(1) CyX) = Gy (X).
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(2) 1 < Gy(X) < 2; X is aHilbert space if and only if Cyj(X) = 1.
(3) X is uniformly non-square if and only if Cy; (X) < 2.
(4) For any non-trivial Banach space X,

JX)? JX)?
2

SyX) =1+ 7 (1.1)

(5) For any Banach space X,

Cy(X) <2 [1 + Gy X) — /2c,g](X)] . (12)
(6) Cly(X) < J(X).
(7) If 1 < p < 0o and dim Ly(1) > 2, then Cyy (L (1)) = max{27 ", 2" 7).

In[11,12], L. Maligranda conjectured Cy;(X) < 1 +J(X)? /4 for any Banach space X. Recently, ]. Alonso et al. gave a proof
of itin [1], and another proof can also be found in [16]. In 2009 Wang and Pang [ 14] obtained the following inequality which
improves this conjecture:

CyX) =JX) +vJX) —1 {\/1 + (1 =VJX) =12 - 1}-

In this paper, we also consider the constant

Ix +yll + llx —yll
— 5 1X, ¥ € Sx

A>(X) = sup {
introduced by Baronti et al. in [2]. The aim of our main results is to prove A; (X) < % — ](XT)Z and Gy (X) < J(X).

2. Proof of the main results

First, we recall that the modulus of convexity of a Banach space X is defined for ¢ € [0, 2] as
Sx(e) =inf{1 — Ix+yll/2:x,y € Sx, lx — yll = €},
where “Sx” and “>" can be replaced by “Bx” and “=" respectively. Obviously, the modulus of convexity is a nondecreasing

function in [0, 2]. Moreover, the function ‘ngﬁ is also nondecreasing on (0, 2]. It is worth noting that J(X) = 2(1 — §(J(X)))
is valid for any uniformly non-square space X.

Theorem 2.1. For any Banach space X, we have

JX)?

2A,(X) = 3](X) — >

(2.1)

Proof. For simplicity we shall denote J(X) by J, and we can assume that ] < 2. If max{||x + y|, |x — yll} < J, then
lx+yll+llx—yll <2] < 3]—172.Sowe may also assume that ¢ := ||[x—y|| > J, otherwise, we may extracte := ||x+y| > J.
(MIfj<e=<2]— ];.Since] = 2(1 — 8x(J)), we have

x+yll + lIx =yl < &+2—25(e)

]2
< 2J_E+2_28X(])
_q )
—3-]_5.

_2 24 _ &0
(2)If2) -5 <e<2.By 5 == < Yy Z

jZ
Ix+yll + llx =yl <&+2—28 (21— 5

4_ﬂ[2 _12]
J

2
=3J—]5.

Hence (2.1) is valid.
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Let X* be the dual space of X. Recently, ]. Alonso et al. deduced an estimate

-2
2

2
UX") —JX)| <
by using the inequalities (see [8])

2J(X) -2 <J(X*) < j( ) 41, (22)

Here, we can obtain a better estimate by using Theorem 2.1. O

Corollary 2.1. For any non-trivial Banach space X. Then

{ZJ(X)—J(X)2 2J(X*) — J(X*)z} \/5—1

UX™) =JX)| = max 2 , 2 5

Proof. Note that A;(X) = A,(X*) (see [2]). Since for any Banach space X, J(X) < A;(X), from Theorem 2.1 we have
JX*) = J(X) < AX*) —J(X) = A(X) —J(X) < £ — 1<X> , and a similar one for J(X) — J(X*). O
Now, in order to give a simple proof of Cy;(X) < J(X), fll‘St we have the following lemma.

Lemma 2.1. Let X be a Banach space. Then
lIx + Y12+ lIx = yI? < 2 (X) +4y/J(X) = 1 (2.3)

forany x,y € Sx.

Proof. Let] = J(X).We canassume that] < 2.Ifmax{||x+y|, |[x—y||} < 144/ — 1,then ||x+y|®+|x—y|? < 2J+4./] — 1.
On the other hand, we may assume that ¢ := ||x — y|| > 14 /] — 1. Since % ‘SX(’) < X(‘° , then

2_ 2
%+ ylI> + llx — ylI> < &>+ [2 — 28x(e)]* < &> + [2 - ] s} :

Leth(t) =t +[2 — 2];] t]%. Since h(t) is increasing for t > j{<22]1+>2, and ]{(22122 <14 .J—1<e¢g <2 wehave that

Ix+y1? + Ix = yI* < h(e) < h(2).

To complete the proof of (2.3) we only need to see that h(2) < 2] +4+/] — 1.Now, h(2) —2] — 4/ — 1 = —%, where
f() = —-8+16] +2(/J —1—5)J> +J>. Tosee that f(J) > 0, take & = /] — 1. Then f(J) = (a* + 4a® — 1)(ax — 1)?,
with vV4/2—1 < « < 1. Finally, since g(o) = a* + 40> — 1 is increasing for v+/2—1 < a < 1, we have
g@) =g(WV2-1)=2-2/2+42-1?>0. O

Theorem 2.2. For any non-trivial Banach space X we have
Cy(X) = JX). (2.4)

Proof. By Lemma 2.1, we have

Gyoo =18 4 o 1. 25)

From (1.2) we know that Cy;(X) < 2(1 + C,/\, X) — 2C,/VJ(X)). The function g(t) :==2(1 4+t — V2t) is increasing in [1,2],
so (2.4) follows from (2.5). O

3. An example

In this section we shall compute the value of Cy;(X), J(X) for some space X.

Lemma 3.1 ([8]). Let X = (X, || - ||) be a non-trivial Banach space, and X; = (Xi, || - ||1), where || - ||1 is an equivalent norm on
X satisfying, for «, B > Oand x € X,

allx|l < lixlly < BlIx|.
Then

%0 < g0 < Beo
B o
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and
2 2
;2 CyX) = CyXy) < ECN](X)

Example. Let A > 0, X, = R? endowed with the norm

_ 2 2,1
Xl = (IxI2 + AlIx)2)2.

(i) If2 < p < g < oo, thenJ(X;) = 2 [, and Cy (X,) = Gy (%) = 2%
2P 42214 25 42
(ii) If 1 < p < q < 2, thenJ(X;) =/ % and Cy (X,) = Cj, (X)) = Zj(;jjf )
Proof. (i) First, we show that the following inequality is valid
2 2_2 2 2
Ixl,(14+22977) < |x|; < (A + DIIx|l,.
In fact, the right is obvious, and by Hélder’s inequality we have:
2 2_2., .2
X2 < 224 ||x||2.
Therefore, (3.1) is valid. From Lemma 3.1, J (R?, | - Ip) = 21_’ and CN]((R2 l-1p) = 2" ’ , we have
204+ 1)
X)) < ——,
2P + )»25

and

[ a+1
JX) =2 | 5———.
27 4224

2
2P

Now letting x = (-, 7),andy = (-7, ——3), wherea = ——.
2P 2P 2P 2P 2P 4321
x—y = (0, %). Hence,
2P
20+ 1)
Cy(X) = Gy () = S5
20 + A21

and

A+1
J&X) =22 | 54—
2D + Azq
(ii) By using Hoélder’s inequality, we have

2 2 2_2 2
IXlIgA + 1) < x5 < (A + 27 3)]|x]l5.

-Then [Ix[, = |yl =

=1Lx+y= (%,
2P

Applying Lemma 3.1,J((R?, || - [l5)) = 2% and Gy ((R2, || - [l)) = 2%71, we have the following inequalities

2 2
20 4+ A28
C -
N X)) < 2011
and
|25 + 221
p q
Xy) <y ———.
JX) < 1
2
Now letting x = (%,0),andy = (0, —5), wherea = \/L Then [Ix|l, = Iyl = Lx+y = (5%, —
2p 2P 2P
x—y_( , Z).Herlce
2P
2 2
2p 4 A21

Oy (X)) > Cy (X)) > 2011

|=

N
=N

(3.1)

0), and

), and
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and
2 2
2P 4+ A21
A+1

Therefore, the proof of the example is complete. O

J&X) =
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