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1. Introduction

Since the pioneering work of Witten [21] in 1989, a multitude of people studied on the
relationship between the Chern—Simons integral, a formal path integration over an infinite-
dimensional space of connections, and quantum invariants, new topological invariants of three-
manifolds and knots (see, for instance, Atiyah [3] and Ohtsuki [20] for overviews of recent
developments in this area). Amongst others, a rigorous mathematical model of the perturbative
Chern—Simons integral was constructed by Albeverio and his colleagues; first in the Abelian case
as a Fresnel integral [1], and then for the non-Abelian case within the framework of white noise
distribution [2].

Recently, an explicit representation of stochastic oscillatory integrals with quadratic phase
functions and the formula of changing variables, based on a method of computation of prob-
ability via “deformation of the contour integration,” have been established on abstract Wiener
spaces by Malliavin and Taniguchi [17]. Motivated by these antecedent results, the first-named
author studied the Chern—Simons integral, in [18,19], from the standpoint of infinite-dimensional
stochastic analysis.

The main objective of this paper is, based on the work of Bar-Natan and Witten [5] and the
mathematical formulation of the Feynman integral due to Itd [15], to construct, in an abstract
Wiener space setting, a rigorous mathematical model of the one-loop approximation of the per-
turbative Chern—Simons integral of Wilson lines, and derive its explicit asymptotic expansion.

To state our result succinctly, let M be a compact oriented smooth three-manifold, and con-
sider a (trivial) principal G-bundle P over M with a simply connected, connected compact
simple gauge group G with Lie algebra g. We denote by £2" (M, g) the space of g-valued smooth
r-forms on M equipped with the canonical inner product (, ), and identify a connection on P
with a g-valued 1-form A € 2!(M, g). Let

QA() = (*dAO + dAo *)J

be a twisted Dirac operator acting on £2” (M, g), where % is the Hodge x-operator defined by
a Riemannian metric chosen on M, d4, is the covariant exterior differentiation defined by a
flat connection Ag on P, and J is an operator defined to be Jo = —¢ if ¢ is a O-form or a
3-form, and J¢ = ¢ if ¢ is a 1-form or a 2-form. For a sufficiently large integer p, we define
the Hilbert subspace H,(£24) of L2(.Q+) =L%2(2Y (M, g) ® £23(M, g)) with new inner product
(,)p defined by

((A,9), (B,9), = (A, (I + 0}))"B) + (¢, (1 + 03,))"0),

where 1 is the identity operator on L% (§2).
Now, let H = H,(£24) and (B, H, 1) be an abstract Wiener space (see Section 3 for the
precise definition). Let A; and e;, i =1, 2, ..., denote the eigenvalues and eigenvectors of the
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self-adjoint elliptic operator Q 4,, and h; = (1 + )Ll.z)_l’/ 2¢; be the corresponding CONS of H,
respectively. Choosing a sufficiently large p satisfying the condition

o0
(142 1ai] < oo,
i=1

we define the normalized one-loop approximation of the Lorentz gauge-fixed Chern—Simons
integral of the e-regularized Wilson line Fjo (x), defined in Section 4, to be

1
ICS(Ff‘ )zlimsup— F§ (ﬁx)e‘mkcs(ﬁx)u(dx), (1.1)
0 n—o0 Z}’l 0
B
where
o0
Zn :feﬁk“(ﬁx)mdx), CS() =Y (1+23) "ai(x, hi)?,
3 i=1

and (,) denotes the natural pairing of B and its dual space B*.
Then we obtain the following expansion theorem.

Theorem. For any fixed € > 0 and positive integer N,

Ics(F5,) =fF§O(ka)u(dx) =Y kU o (kN (1.2)
B m<N

where

— —1/2
s =k [ R w@n. Re={-2VET(+ 05) T 0m)

B
and Ff"om (x) is defined by (5.3).

The organization of this paper is as follows. In Section 2, we recall relevant basic materials
and definitions regarding the one-loop approximation of the perturbative Chern—Simons integral.
Then, in Section 3, we define the notion of a stochastic holonomy, and in Section 4, that of a
stochastic Wilson line, which is realized as an H C°-map on an abstract Wiener space. Section 5
is devoted to a rigorous mathematical model of the normalized one-loop approximation of the
Lorentz gauge-fixed Chern—Simons integral, which leads to (1.1) defined in an abstract Wiener
space setting. Working out this, we then prove our main result, the expansion formula (1.2). In
Section 6, as an example, we derive linking numbers of loops from our expansion formula for
the e-regularized Wilson line.

Throughout the paper, /z is understood to denote the branch for which —7/2 <

arg /7 < m/2.
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2. One-loop approximation

Let M be a compact oriented smooth three-manifold, G a simply connected, connected com-
pact simple Lie group, and P — M a principal G-bundle over M. Since G is simply connected,
P is a trivial bundle by topological reason, so that, with a choice of a trivialization of P, we may
identify the space of smooth r-forms taking values in the associated adjoint bundle P x aoq g with
22" (M, g), the space of g-valued smooth r-forms on M.

Let A denote the space of connections on P and G the group of gauge transformations on P.
Note that, by fixing a reference connection on P as the origin, we may identify .4 with the
(infinite-dimensional) vector space 2'(M, g), and G with the space C*°(M, G) of smooth maps
from M to G, respectively. Then the Chern—Simons integral of an integrand F'(A) is given by

/ F(A)eWD(A), 2.1
A/G

where the Lagrangian L is defined by

L(A) = —ﬂ Tr{
4

2
A/\dA—i—gA/\A/\A}. 2.2)
M

Here D(A) is the Feynman measure integrating over all gauge orbits, that is, over the space A/G
of equivalence classes of connections modulo gauge transformations, Tr denotes the trace in the
adjoint representation of the Lie algebra g, that is, a multiple of the Killing form of g, normalized
so that the pairing (X, Y) = —Tr XY on g is the basic inner product, and the parameter k is a
positive integer called the level of charges.

Among various integrands, the most typical example of gauge invariant observables is the
Wilson line defined by

F(A) = HTrR_,Pexp/A, (2.3)

Jj=1 Vi

where P denotes the product integral (see [11], or equivalently [7]), y;, j =1,2,...,s, are
closed oriented loops, and the trace Tr is taken with respect to some irreducible representation
R; of G assigned to each y;. It should be noted that the term P exp [ vi A in (2.3) gives rise to
the holonomy of A around y;, which is defined to be a solution of the parallel transport equation
with respect to A along y;. From the standpoint of infinite-dimensional stochastic analysis, we
need to regularize the Wilson line (2.3), in a manner similar to that in Albeverio and Schifer [1],
to obtain its e-regularization Fjo (A) (see Section 3).

We now recall the perturbative formulation of the Chern—Simons integral [4,5] and adopt the
method of superfields in the following manner. Let Ag be a critical point of the Lagrangian L
such that

dAyg+ AgANAyp=0,
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thatis, A is a flat connection. For simplicity, we assume as in [4,5] that A is isolated up to gauge
transformations and that the group of gauge transformations fixing Ay is discrete, or equivalently
the cohomology H*(M, da,) of da, vanishes, that is,

H'(M,ds)={0},  H°(M,day) = {0}, (2.4)
where dg,, is the covariant exterior differentiation acting on £2” (M, g), defined by
da, =d +[Ao, -].

Here the bracket [A, Blof A=Y A*® E, € 2" (M,g) and B=Y Bf ® Ege 2(M,g) is
defined to be

[A, B] = ZA“ ABP @ [Ey, Egle 2172 (M, g),
a.p

where {E,} is a basis of the Lie algebra g.

Then, for the standard gauge fixing, following [4,5], we introduce a Bosonic 3-form ¢,
a Fermionic 0-form ¢, a Fermionic 3-form ¢, which are g-valued smooth forms on M, and the
BRS operator §. The BRS operator § is defined by the laws

1
8A=—Dyc, BC=E[c,c], 8¢=+—1¢, 8¢ =0,

where Dy = da, + [A, -]. In order to define the Lorentz gauge condition, we now choose a
Riemannian metric g on M and denote by * : 2" (M, g) — 2377 (M, g) the Hodge *-operator
defined by g, which satisfies %> = identity. Then the Lorentz gauge condition is given by

(day)*A=0, (2.5)
where (d4,)* = (—1)" % d4,* denotes the adjoint operator of d4,. We set
0 0 0

k
V(A) = E/Tr(é*dAo * A),
M

and define the gauge-fixed Lagrangian of (2.2) by
L(Ag+ A) — 8V (A),
where §V (A) is given by
k
BV(4) = /Tr(«/—lqb kdp, *x A — Cxday* Dac).
b4
M

Noting that around the critical point Ag of L, L(Agp + A) is expanded as

v —1k 2
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this leads to the Lorentz gauge-fixed Chern—Simons integral written as

////D(A)D(¢)D(5)D(C)F(A0+A)

Ao G C
=1k 2
X exp|:L(Ao) T Tr{A ANdayA+ §A ANANA
T
M
+2¢>|<dA0*A+2«/—16*dAO*DAcH. (2.6)

Geometrically, one can derive (2.6) in the following way. First recall that the tangent space
Ty, A= 2 (M, g) of the space of connections A at Ag is decomposed as

TyyA=1Imdy, ® Ker(da,)",

since for each ¢ € 2%(M, g) we have (d/dt)|;—o(exptc)*A = d4c. Thus the Lorentz gauge con-
dition (2.5) corresponds to the choice of the orthogonal complement of the tangent space to the
gauge orbit through Ag. Under the assumption (2.4) we may think that the Lorentz gauge condi-
tion (d4,)* A = 0 has a unique solution on each gauge orbit of G. Then, denoting by det 7 (A) the
Jacobian of the transformation G 5 g — (da,)*(g* (Ao + A)) € 2°(M, g) at the identity element
of G, we obtain the following basic identity for the Chern—Simons integral (2.1):

/ F(A)e" Y D(A) = / D(A) F(A)e" M5 ((day)*A) det T (A), 2.7)
A/G A

where § denotes the Dirac delta function. Here it should be noted that the term §((d4,)*A) can
be read into the Lagrangian in the form

/ D(¢)exp[—¢—_1 f Tr{(dA())*A-qb}},
[} M

and the term det 7 (A) in the form

//D(é)D(c) expl:/Tr{E~(dA0)*DAc}i|,
M

“

c C
where ¢ and ¢ should be understood as Grassmann (anti-commuting) variables (cf. [22]). Encod-

ing these contributions into (2.7), and taking account of the fact that, when deriving the identity
(2.7), the Lorentz gauge condition (2.5) may be replaced by

K(day) A =0

for any non-zero constant k € C, we obtain (2.6), by choosing k = —k /2.
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Now, noticing that likewise one may simply substitute §(k (da,)*A) for §((da,)*A) in (2.7),
we set

=1/2nA, ¢ =/1/2n¢ and ¢ =k/2nc, & =x/k/2n¢

in (2.6), and collect the terms that are at most second order in A’, ¢’, ¢’ and ¢’. In the result, we
obtain the following Lorentz gauge-fixed path integral form of the one-loop approximation of
the Chern—Simons integral, written in variables ¢/, ¢’ and (A’, ¢’):

/ / / / D(A) D) D) D() F(Ag + A')
A o ¢ C
x exp[L(Ag) +V=T1k((A",¢), Q4 (A, ")), + (@, Aoc)] (2.8)

(see [5,18] for details). Here we denote by (, ) the inner product of the Hilbert space L2(24) =
L*(2' (M, g) @ £2°(M, g)) given by

((A, ), (B,9)), = (A, B) + (¢, 9),
where the inner product and the norm on 2" (M, g) are defined by

(w,n)Z—/TrwA*n, |- 1=v(0). (2.9)

M
Furthermore, Q 4, is a twisted Dirac operator defined by
QA() = (*dA() + dA()*) J, (2.10)

where J¢ = —¢ if ¢ is a O-form or a 3-form, and J¢ = ¢ if ¢ is a 1-form or a 2-form. It should
be noted that Q 4, is a self-adjoint elliptic operator, and Ay = (da,)*d4, is the Laplacian acting
on 20(M, g).

Finally, balancing out the contributions coming of the term L (Ag) as well as the Fermi integral

/ / D(E)D(c') e 20,

o

we arrive at, from (2.8), the normalized one-loop approximation of the Lorentz gauge-fixed
Chern—Simons integral:

1
~ / / F(Ag+ A)exp[vV—1k((A, §), Qa,(A, $)), ] D(A) D(¢), (2.11)

where

Z= f f exp[V—1k((A, $), Q4,(A, ) | D(A) D(@).
A D
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Our primary objective is to give a rigorous mathematical meaning to this normalized one-loop
approximation of the perturbative Chern—Simons integral (2.11).

3. Stochastic holonomy

To handle the integral (2.11) in an abstract Wiener space setting, we need to extend the
holonomy of a smooth connection A around a closed oriented loop v,

Pexp/A,

14

to a rough connection A. To this end we regularize the Wilson line in a manner similar to that
in [1], which is suitable for our abstract Wiener space setting.

As in the previous section, let M be a compact oriented smooth three-manifold, G a simply
connected, connected compact simple Lie group with Lie algebra g, and P — M a principal G-
bundle over M. Let A be the space of connections on P, which is identified with £2' (M, g), the
space of g-valued smooth 1-forms on M, and denote by {E,}, 1 <« < d, a given basis of g. Let
y :[0,1] > 7+ y (1) € M be a closed smooth curve in M, and set y[s,t] ={y(r) | s <t <1}
We regard y[s, t] as a linear functional

'
(y[s,t])[A]: / A:/A()}(r))dr, A€ A,
] s

yls.t

defined on the vector space A. Then y[s, 7] is continuous in the sense of distribution and hence
defines a (g-valued) de Rham current of degree two.

To recall the regularization of currents, we first consider the case where y is a closed smooth
curve in R3 and A is a g-valued smooth 1-form with compact support defined on R>. Let ¢ be a
non-negative smooth function on R> such that the support of ¢ is contained in the unit ball B3
with center 0 € R? and

/¢(x)dx =1.
R3

Then define ¢, (x) = e_3¢(x/e) for each € > 0. If we write

A=) A*®E,=) A“dx'®E,, ?(f)=zyi(f)<%)

i,a

y(7)

for given A and y, then we have

lim sup
e—>05<t<t

/ A (X)¢e(x —y () dx — A,»“(y(r))‘ =0, 3.1

R3
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and

<@ A% gy It = s1. (3.2)

3 t
>/ ( / A,-“<x>¢>e(x—y(r))dx)y"mdr
=19

R3
Here and in what follows, we denote by ci (x) a constant depending on the quantity « and simply

write ¢; whenever no confusion may occur.
Now, according to de Rham [10], the regulator of the current y[s, ¢] is defined by

(Reyls. t1)[Al = (y[s, t]) [REA]

3 t
> ( / Ai“(y(w+y)¢g<y>dy)y"‘<r>dr®Ea

R3
3 t
- Z[( /Ai“(x)cbg (x— 7 (0) dx)y‘fmdr ® Eq.
i=1 s R3

to which is associated an operator defined by

(Acyls. t])[B] = (yls. t])[Af B]
3 1 1

= Z /{/(/yiBij“(V(T)+ly)dt>¢€(y)dy})}j(l.)d.L.@Em
ij=1% o

R3

where B =) B;;“ dx' Adx) @ E, is a g-valued smooth 2-form with compact support on R3.
Then we have the following relation between the operators R, and A, which is known as the
homotopy formula (see [10, §15] for details).

Proposition 1. For each € > 0, Rey[s,t] and Acy[s,t] are currents whose supports are con-
tained in the e-tubular neighborhood of y s, t], and satisfy

Reyls,t]—yls,t]1=0Acyls, 1]+ Acdyls, 1],
where 0 is the boundary operator of currents.

As in [10], the above construction of regularization generalizes to our case in the following
manner. First take a diffeomorphism / of R3 onto the unit ball B* with center 0 which coincides
with the identity on the ball of radius 1/3 with center 0. Denote by s, the translation sy (x) =
x + y and let s, be the map of R? onto itself which coincides with % o S5y 0 h~! on B3 and with
the identity at all other points, that is,

hosyoh™(x) ifxe B3,

sy(X)Z{x ifx ¢ B>.
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Note that with a suitable choice of 7 we may make s, to be a diffeomorphism. Then define
Reyls,t] and Acy[s, t] by the same equations above, but now replacing y (t) +y and y (t) +1ty
with s, (y (1)) and s,y (y (7)), respectively.

Now, let {U;} be a finite open covering of M such that each U; is diffeomorphic to the unit ball
B? via a diffeomorphism ;, which can be extended to some neighborhoods of the closures of U;
and of B3. Using these diffeomorphisms, we transport the transformed operators R, and A,
defined on R to M. Indeed, let f be a cutoff function which has its support in the neighborhood
of the closure of U; and is equal to 1 on U;. Set T = y[s, t] for simplicity. Then T’ = fT is a
current which has its support contained in the neighborhood of the closure of U;, and i; T’ is a
current which has its support contained in the neighborhood of the closure of B3. Note that the
support of T” =T — T’ does not meet the closure of U;. We define

RIT=h7'oRe ol T/ + T, AT =h"o Ao T’
and set inductively
k 1 2 k k 1 2 k=1 _ gk
ROT =R oR20--- o RET, APT =R oR20-- o R o AFT.
Then R.T and AT are obtained to be
N
R =RMT,  AT=) APT,

k=1

where N is the number of open sets in {U;}.

The construction of these operators R and A, is easily generalized to any current 7 defined

on a compact smooth manifold of arbitrary dimension. We remark that the following properties
hold for regularization of currents.

Proposition 2. (See [10].) Let M be a compact smooth manifold. Then for each € > 0 there
exist linear operators Re and A¢ acting on the space of de Rham currents with the following
properties:

(1) If T is a current, then ReT and AT are also currents and satisfy
ReT —T=0AT + A0T.

(2) The supports of ReT and AcT are contained in an arbitrary given neighborhood of the
support of T provided that € is sufficiently small.

3) ReT is a smooth form.

(4) For all smooth forms ¢ we have

ReT[el = Tle]l and AT[e]— 0

as € — 0.
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Given a closed smooth curve y : [0, 1] = M in M, for each ¢ € [0, 1] and sufficiently small
€ > 0 we consider a smooth current associated to y [0, 7] defined by

Cy (1) = *Reyl[0,1],

where * is the Hodge x-operator defined by a Riemannian metric chosen on M, and write
C; 1) = ZC; (t)* ® Eq. Let Uy, be a tubular neighborhood of y[0, 1]in M and j: U, — M
denote the inclusion. Then

JH(*C5 (1) = j*(Rey10,1])

is a g-valued smooth 2-form on U, and has a compact support in U, from Proposition 2. In
particular, for r = 1 we see that

dj*(xCy (1)) = dj*(Rey 10, 11) = j*d(Rey 10, 11) = —j*Re3(y [0, 1]) =0,

since R and d commute and d(y [0, 1]) = 4.

As a result, each j*(*C;(l)"‘) determines a cohomology class [j*(*Cf,(l)"‘)] € HCZ(Uy) in
the second de Rham cohomology of U, with compact support. Indeed, by virtue of Proposi-
tion 2(1), it is not hard to see that

fa)/\j*(*C;(l)“) =/i*w
U, Y
holds for any [w] € Hcl (Uy), where i : y[0, 1] — U, denotes the inclusion. Namely, we have

Proposition 3. (See [1].) [j*(*C;(l)“)] € ch(Uy) is the compact Poincaré dual of y in U,, for
eacha=1,2,3.

Recalling the construction of regulators of currents and noting (3.1) and (3.2), it is not hard to
see that we have

3 t
lim sup Z/(/Ai“(x)¢e(x—y(t))dx—Ai“(y(t))>)}i(t)dr =0,
e—>0 0<r<1 P ; A
‘ / A% — / A% < cr(A)|t — s, (3.3)
r10,1] 710,s]
and
|C5(1) — C5(9)| < cr(e)]r —sl, (3.4)

where | - | on the left side of (3.4) is the norm defined in (2.9).

Now, in order to extend the holonomy to a rough connection A, for a non-negative integer p,
let H,($24) denote the Hilbert subspace of L2(2) = L2(2' (M, g) ® 23(M, g)) with new
inner product (, ), defined by
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(A, 9).(B.9), = ((4,9), (I + 03,)" (B.9)
= (A (1+03,)"B) + (. (1 + Q4,)"9)- (3.5)

Here [ is the identity operator on L2(£2,), and the p-norm on H p(£24) is defined as usual by
Il - I, =+/(,")p. Henceforth we denote H,(§2,) briefly by H, whenever no confusion may
occur.

Then the holonomy for a smooth connection A is extended to the stochastic holonomy
of (A, ¢) € H,, in the following manner. Since

(A, Cy ) = ((A, ), (1 + 03,) " (C;),0)) .
by setting
Com=(I+03%,) " (C5).0), (3.6)
we obtain from (3.4) that
|G = Cs)], <erele =sl. 37)
Given (A, ¢) € H), we now write

d
A5 =) ((A,9),Cy ()" ® Eq)  Ea, (3.8)

a=1

where C; ®H=> C‘; (1)* ® E, and define

A@) = / A.

r10,1]

With these understood, recall that for the holonomy for a smooth connection A around Ag,
it follows from (3.3) that, in terms of the product integral or Chen’s iterated integral (see Theo-
rem 4.3 of [11, p. 31] and also [7]), it is given by

Pexp/Ao—i—A
¥

3] t—1

00 1
—1+ 3 [ [ [ atior b dtior b dGio+ e, 69)
00

r=1 0

where 0 <71 <--- <11 <19 =1. Then, noting (3.7), for each (A, ¢) € H, we define the
e-regularization of the holonomy by

WE(A) =1+ W' (A), (3.10)

r=1
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where

11 tr—1

w;~’(A)=//-.- / d(Ao+ AS) (1) d(Ag+ AS)(12) -+ d (Ao + AS) (1),
00 0
and the e-regularized Wilson line by

S
Fi (A) =[] Tr, Wy, (A), @3.11)
j=1

where the trace Tr is taken in the representation R; of G assigned to each loop y;.

4. Stochastic Wilson line

We now proceed to extend the e-regularized Wilson line FZO (A) in (3.11) even to an abstract
Wiener space setting. To this end, let M and G be as in Section 3, and denote by H,(£2y)
the Hilbert subspace of L2(9+) =L%2(2' (M, g) ® 23(M, g)) with inner product (, ), defined
by (3.5). Then set H = H,(£24) and let (B, H, ) be an abstract Wiener space such that u is a
Gaussian measure satisfying

/EJ—_l<x,s> w(dx) = e IEI3 2
B

for each £ € B*. Here B is a real separable Banach space in which the separable Hilbert space H
is continuously and densely imbedded, (,) denotes the natural pairing of B and its dual space B*,
and B* is considered as B* C H under the usual identification of H with H* (cf. [17]).

We first note that the twisted Dirac operator Q 4, of (2.10) has pure point spectrum, since Q 4,
is a self-adjoint elliptic operator (cf. [13]). Thus let

My ei=(efel), i=1,2,...,
be the eigenvalues and eigenvectors of O 4,. Recall that by our assumption (2.4) the eigenvectors
{e;} form a CONS (complete orthonormal system) of L>(£2..). If we define

hj= (14237 j=1.2,...,

then the set {4 ;} gives rise to a CONS of H),, so that the increasing rate of the eigenvalues of Q 4,
guarantees the nuclearity of the system of semi-norms | - ||, ¢ = 1,2, ... (see, for instance,
Lemma 1.6.3(c) in [13]). Hence there exists some integer pg independent of p such that B is
realized as H_,_j, (cf. [12]), where H_, is the dual space of H,. If we choose a sufficiently
large p such that p > py and

o0
(142 1ai] < oo,
i=1
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if necessary, then we see from (3.6) that
C5(t) € Hyyp, = B*.

In what follows we take this suitable space as B throughout the paper.
According to (3.8), for each € > 0 and x € B, we define

d
xy (1) = {x. C ()" ® Eq)Ea

a=1
where {Ey}, 1 <o <d, is a basis of the Lie algebra g, and briefly denote
X501 = (x, C5()* ® Ea),
which is a Gaussian random variable such that
~ 2
E[xf,""(t)z] =[C5(1)* ® Ea ||p. 4.1)

Since it follows from (3.7) that

]x}é,’“(t) Xy O‘(S)! cr@lxlslt —sl, 4.2)

the Lebesgue—Stieltjes integral

/dx (r)_Z/dx”‘(r) E,

alo

is well defined. Hence, according to (3.10), for each € > 0 we define the e-regularized stochastic
holonomy for x € B by

We) =1+ Z We' (x), 4.3)
r=1

where

14 t—

WET (x) = // f (Ao +x0) (1) d (Ao +x5) (12) - d (Ao + x5) 1.
Then the e-regularized Wilson line for x € B (cf. [1]) is given by

F§, ) =] Tre, Wy, ). (4.4)
j=1

Now, we will see the well-definedness, the smoothness in H-Fréchet differentiation and the
integrability of the e-regularized Wilson line Ff‘o (x) as an analytic function in the sense of
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Malliavin and Taniguchi [17]. Indeed, in the representation R; of G assigned to each loop y;, if
we define for a given basis {E} of g and an n x n matrix A = (a;;),

n
ce= max [|El.  [Al= ) lal.
1<ad

i,j=1
then we have the following

Lemma 1. For € > 0 and x € B, define the e-regularizations W; (x) and Fjo(x) by (4.3)
and (4.4), respectively. Then the following hold.

(1) Wy (x) is well defined and C* in H-Fréchet differentiation.
(2) For any positive integer q we have

E[[ W] ] < oo.

(3) For any positive integer q and positive number s we have

ok ) 2\ 17124
S e[ X 1w ) ] <o
k=0 " 1502000k

and
ok 2\ 4712
ZFE[( > ’Dijo(x)(hil,hiz,...,hik)‘)] <00,
k=0 i1,02,000s ik

where {h;} is a CONS of H.

Proof. First we prove (1). It follows from (3.3) and (4.2) that for any ¢ > 0 we have

t

[ ddo

0

t

/dx (r)

0

<o (Ao, <oci(e)lxlBt,

where 0 =d - cg. Then it is not hard to see that for x € B

14 tr—1

sl < S| [[ - [ atdo+x5)aaio ) --ali++5)a)
r=011% 0 0
00 1n tr—1
<3 (e(eaa0) + 1@ lxll )’ /f [ and--a,
r=0 0
< (0(c2(A0) + cr(@)lxllp)) " /r! = e A0 Ha @), (4.5)

=0

<
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which implies the well-definedness of W; (x).
To see the smoothness of W; (x) in H-Fréchet differentiation, we first note that for h € H

DW; (x)(h) = sli_r)r%){W; (x +sh) — Wy (x)}/s

14 t—1

1 o0 _ -
= lim {//.../d(A0+(x+sh);)(t1)~~d(Ao+(X+Sh)§)(’r>
‘ r=11% Q% 0
11 tr—1
_//.../d(AO-|-x;)(t1)..-d(Ao—i—x;)(fr)}.
00 0

Then, in a manner similar to the previous estimate, we have for |s| < 1

00 11 tr—1
1 . _
;Z{//-../d(A0+(x+sh);)(t1).-.d(A0+(x+sh);)(z,)

r=1179 o 0
114 tr—1
_//.../d(A0+x;)(n)--~d(f§o+x;)(tr)}H
00 0

n tr—1

/.../d(Ao+x;)(t1)~~-d(Ao+x§)(fm—1)
0

0

dhS () d (Ao + (c + 515 ) (1) -+ d (Ao + (x + 5h)S ) (1)

<Y Yo (0 +a@lxls)"

r=1 m=1

x c1(€)|1hllg(c2(A0) +crflxlig + lals}) " /r!

<Y 0" (c2(Ao) +cr){llxlls + IIhIIB})rilcl(é)llhlls/(" - D!

r=1
= aci(e)||h] ge’ @At @Uxls+1hl5) - o
This, together with Lebesgue’s convergence theorem, implies that W (x) is H-Fréchet differen-
tiable. Repeating this argument, we then obtain that W; (x) is C* in H-Fréchet differentiation.

For the proof of (2) we recall the following lemma due to Fernique (see [16]).

Lemma 2. There exists § > 0 such that

/e‘s‘lx”% u(dx) < oo.
B
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Then it follows from (4.5) that
E[| Wy (0)[] < E[e2o @@n+a@ldn],

which together with Lemma 2 shows (2) of Lemma 1.
Before proceeding to the proof of (3), we remark the following

Lemma 3. Let q be a positive integer and X; j, i, j =1,2, ..., be real numbers. Then

S (o))

i J

Proof of Lemma 3. Note that

2q
(Dxf,,w) = Y XijlXigpl- X gy, |,
J

J13J25ee5J2g

and by using Holder’s inequality recursively we have

Z 1Xi jy 1 X o |-+ 1 X o, |
i

1724 2q/(2g—1)
<(Z|Xthlz"> (Z(lxi,/‘zl"'lxnhﬂ)q ! )
i i
1/2¢q

< (i) (D)
i i

2q/Q2qg—2

x (Z(lxi,hl--wxf,ml) e )>

i

(2g—1)/2q
1/2g

(29-2)/2q

and so on. Hence we obtain

DD X <Z( > |X,~,,»1||Xz-,jz|~~|x,-,j2q|)
J

i I N1 J2sd2g

= T (S s ix,)

2q

J1sJ2se5J2q
1/2 1/24 1/2
< X <Z | X |2q> (Z |Xz:jz|zq) <Z |Xz:qu|2q)
JUad2sendog O i i

_ <Z<Z ¥, |2q) 1/2q>2q’

J
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which completes the proof of Lemma 3.
Now we proceed to proving (3) of Lemma 1. Noting that

ST D WEQ) iy iy b))

01,02,..00k
[ee) 2
< Z (ZHD"WjV(x)(h,-l,hiz,...,h,-k)||> ,
i1,in,. r=k

and by making use of Lemma 3 recursively, it is immediate to see that the right side of the above
inequality is dominated by

- kyrre,r 2 172 ?
S X 10w @iy by )| ,

r=k “iy,ip,..ik

Let us denote for simplicity

2 by )

1<l < <<k <r, .0,k
{0, j(2)seeen jT)}={1,2,... .k}

Then, employing Lemma 3 again, we see that

S 1D i by i) |

01,02,0nny ir
1 -1
= ¥ | T [dthorspen [, a-
11,020y ik ll,lz,m,[k() 0
fy—1 t—1 2
. / B () / d(Ag +x3) (1)
0 0
1
<Y (o x| fadg g
01,02,..0k I,k ap,an,...,0,=1 0
1 -1 -1
. / d{hiyq,. Cy ™ (1) / d{hig, ). Cy ™ (1)
0 0
1 2
./d(Ag’—i-x;’“’)(tr))
0
1
("75 2 Z ( > | [t s xgya-
D, ..ol ar,a0,. 1,020k 1
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-1 -1
~€,Q, ~ €,
. /d(hij(ll),Cy ")) - / d(hig,. Cy (1)
0 0

Ir—1

20 1/2\ 2

. / d(AS +x5) (1) ) ) ,

0

where we write C ;’0‘ () = @; (1)* ® E, for simplicity.
Noticing that, for example,

N v

2
/d(hij, @;’“(v))/d(fig +x57) (w)

0 0

>

Lj

T 2

m

lim > {hiy. €% (rign) — €% () f d(Af +x5P)(w)
0

t=0

L
T

N 2\ 1/2y 2

< (s, 2o S 5w - &5 lf| [t a0 ) )
0

)2

t=0 ij

/d(Ag +x5P) (w)
0

m
< (mlgmw§||é;’a(11+1) - 6;"1(751)”1,

s v 2
< (cl(e)((:z(Ao)+c1(e>||x||3) / / dvdw) ,
00

we obtain as in the proof of (4.5) that

S| DAWE @) iy by )|

1,020k

|

<<0’ ~ (02(140)+Cl(€)||x||B)rikcl(6)k

r —h)!
1 -1 -1 2
[ [ | /dddd>
0 0 0 0
r 7! r—k k ?
< (6 m(CZ(AO)+Cl(€)||X||B) c1(e) ) .

Hence, noting that
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o0

1 e
>0 (o @) a e
. |

o0

1 r
= oo +ar©lxls) e
r=0 ’

= (ocl(e))ke"(c2(A0)+Cl(G)IIXHB),

we see with Lemma 2 that

q11/2q
> HD"W;(x)(hil,hfz,---,hik>||2)}

i1,i,.0 0k

WK
=]
oo
| p—
N

< i _(U‘fl(6))kE[62‘1"(02(A0)+01(G)IIXHB)]1/2q < oo,

which verifies the first part of (3).
By a similar argument we can also obtain the second half of (3), so is omitted the detail. 0O

5. Definition and expansion theorem

The aim of this section is to give a rigorous mathematical meaning, in an abstract Wiener space
setting, to the normalized one-loop approximation of the Lorentz gauge-fixed Chern—Simons
integral (2.11). We keep the notation in Section 4.

First, recall that for each x = (A, ¢) € L2(9+) =L*(2' @ £23) we have

(@ Qap)r =Y Ailx.ei = (14213 a(x.h))3

i=1 j=1

Then, adopting an idea due to It6 [15], we implement convergent factors

exp[— (x2, x):| with n > 0

n

into each finite-dimensional approximation of L?(£2,). This leads us to the following
m-dimensional approximation of (2.11) written as

i i (X, X)m ] tm (dx)
Rm

where [, is the m-dimensional Lebesgue measure,

m

m m
Xm = ijhj, (x, QX))+ = Z(l +A§)_p)\jx]2<, X, X)m = Zx?
j=1 j=1

j=1
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and

Zm,n = / eXPI:\/—_lk(L Qx)m,+ -

R™

(x, x)m:| m (dx)
2 J(2mym

Note that, by setting x = /ny, this can be rewritten in the form

lim —— / Fi(Vym) exp[v=1k(v/ny. Q/ny),, ]

n— 00 Zm,n

Rm
1 (3, Y)m
- m d )
* (V2m)m exp[ 2 :|M @

where

0 Y)m

1
(V2m)m eXp[ 2

o = / exp[v/—1k(vny, 0vny),, ]

R m

} mm(dy).

‘We then look for the limit

lim
n—>o0 m—oo

[ Fi (Vi) esl[V=Tk(Viy. 0V, ]

Rm
U [_ O Y)m
(v/2m)m 2

However, the canonical Gaussian measure cannot be defined on the Hilbert space L2(.Q+), SO
that we shall achieve a realization of (5.1) in an abstract Wiener space setting as follows.

Thus, let H = H, and (B, H, ) the abstract Wiener space described in Section 4. Then,
within this framework, we now define the normalized one-loop approximation of the perturbative
Chern—Simons integral of the e-regularized Wilson line to be

m,n

]um(dy). (5.1)

. 1 =
ICS(FXO) = limsup 7 Fy, (\/r_lx)e‘/_lkcs(‘/ﬁx) w(dx), (5.2)
n—oo n
B
where
Z, zfeJ—_lkCS(ﬁx)M(dx)’
o0
CS(x) =(x. (I + Q%,) " Qaox) Z (1423) 7 a(x. hj)%,
j=1
and

lim sup(xn + v —ly”) =limsupx, ++—1limsup y,

n—o00 n—oo n—o0
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for real numbers x, and y,.
Given € > 0, we also set

€,0
Z,°0) =1,
1 -1 1;—1 t—1

zir= Y [ddow [ aga [agm) [ dioe)

1<11<12<~--<l;<r0 0 0 0

and

Z5 (i) = Zz;”(i).

It should be noted that

11 ty

1
Wir = [ [ [ a(os) e d(io+x5)e - d(do+x5)a)
00 0

-
=D 7y,
i=0
which combined with (4.3) yields
o o0
We(x) =1+ Z We' (x) = Z Z5(i).
r=1 i=0
Thus we define
N
Fol'(x) = Z ]_[ Trg; Z5, (i) (5.3)
i1 +ix+tig=m j=1
and set
- —-1/2
Ruge = {1 —2v/=1nk(I + 0% )" Qa,} >/l (5.4)

Then, by applying the formula due to Malliavin and Taniguchi [17, Theorem 7.8], we obtain the
following expansion theorem.

Theorem 1. For any fixed € > 0 and positive integer N,

les(F§,) =limsup / Fly (R ) p(d) = / Fiy (Rix) i (d)

n—00
B B

=Y kI oY),

m<N
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where

1/2

Ry ={-2v=1k(I+ Q3,) " 04} " (5.5)
and
JE =k / F3" (Rkx) p(dx).
B

Proof. Step 1. By making use of the so-called Fresnel integral formula

separately, we obtain

—1/2

Zy = [det{I —2¢/=Tnk(I + Q%) " Qo}]
Also, it follows from (3.7) that
[Vn(Cy ) = Cy )], < es@le — 1.

Hence, by mimicking the proof of (3) of Lemma 1, we see that for any sufficiently small fixed
€ >0, the same inequalities in the course of the proof hold with WF(x) being replaced by

W}f (y/nx). This, together with (1) of Lemma 1, then yields that

ok L e \171/%
> EE[( > |DFFS (Vax) iy by By ) } <0
k=0 0152yl
for any positive number s, implying the analyticity of FZO (V/nx).
Therefore, we can apply the formula of Malliavin and Taniguchi [17, Theorem 7.8] to the
right side of (5.2) to obtain, for any sufficiently small fixed € > 0, that

ICS(FEO) =lim sup/ Ff\o(Rn,kx)u,(dx). (5.6)

n— 00
B

Step 2. In order to determine the limit in (5.6), we first note that for any positive integer g we
have

E[| WS (Ry )] ] < oo (5.7)

To see this and for later use as well, we now carry out a more precise estimate than that of
proving (2) of Lemma 1 in the following way.
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J
For the twisted Dirac operator Q 4,, we define an o by € Rby

nk+‘ bnk ﬁ
\/1 23/~ Tnk(1+13)7PA,

where A ; are eigenvalues of Q 4, as above. Then we set
S .
Ry Co* Q@ Eg =Y a) (C5()* ® Ea, hj) i,
j=1

kCE(t)“®Ea_Zb (C5 ()" ® Eq, hj) h.
j=1

Note that, foreach x € B and ¢ € [0, 1], the operator R, ; defined by (5.4) gives rise to an element

d
Ry i (1) = (%, RuxC5()* ® Eq)Eq (5.8)

a=1
in the complexification of g, where Rn,ké ; (1)* ® E is defined by
Ry kCS ()% ® Eq = R}, C5(1)* ® Eq +~—1R;,  C5(1)* ® Eo.

For convenience we denote the accompanying Gaussian random variables by

Ry x5 () =(x. Ry CE(OY ® o). Ry x5%(0) =(x, R} ,CS()* ® Eo)  (5.9)
and set

Ry jx§% (1) = Ry x5 (1) + v/ — 1R, (x5 (1).
Now, noting that
1yt

// f (Ao + Ry ix )(ll)d(Ao + Roxxy, ) (12) -+ d(Ao+ R kx5) (tr)

1 t/l_I Tty —1

-y Y [dhw [ aruagm [ drasga,)

0 1< << <l <r 0 0 0

/ dAO(tr
0

we obtain, by the same reasoning as in Lemma 3, that for any positive integer ¢ and x € B
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E[| WS Ry i) | *]

d 1

o r
To
<[ % Yo /dAolm)...
r=0 m=0 1<l1<ly<-<l, <r a1,02,...,a,=1 0
-1 Ty —1 Ir—1 2q
€,al 6‘011 1o
[ arui ) [ arus ) [ g
0 0 0
00 r d 1
Ta
<E[( X > > el [adgan-
r=0 m=0 1<li<bh<-<ly<r, a1,02,...,a,=1 0
V1,V2,...,vp €{1,2}
-1 fy—1 Ir—1 2q
R’ 50‘/ €,0 s
. /d ! SUDEE /ankxy m(t[m)---fdAO’(tr)
0 0 0
00 r d 1
Ta
S O30 SHED SHEND S I FE IR
r=0 m=0 1<l <ly<---<lpy<r, ay,00,...,0r=1 0
V1,V2,..., v €{1,2}
f -1 Hp—1 tr—1 2g11/2q\ 2q
vy & o, 1o
: /anjkxy () - f AR xy ‘"(t;m)n-/dAO’(t,)
0 0 0

(5.10)
To estimate the right side of (5.10), lets;, i =0, 1, ..., r, be non-negative integers and set

S
A i .
i i gt S/ if s >,

1

{O if s;, =0,

with ;" = 1. Also, write for brevity

A = A7) = A7 ),

Rv kxe a’[?,]—RU ea, (t;‘,'+l) _ ;’kx;,oz,- (tlsz)

Then it follows from an estimate similar to that of (2) of Lemma 1 together with Lebesgue’s
convergence theorem that

1 -1

E /d/igl(tl)... / ankxy ll(tl,)

0 0
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Ty —1 Ir—1 2g1/2q
f dR)" " (1) / dAg (1r) }
0
2111 2" —
_ o] ay,
_nl,-.l}lgleoo |: Z A sl Z R”kxy [Sh]
s1=0 511—0
2Mm —1 1/2q
Y A T A |
5,=0

2" —1
Se)t™ | lim E [(Z Z}f““ |- Ry, sy |

s1=0 Sp=

€,q]
|Rn KXy " [Slm]

2911/2¢
sr+1 K
. tr’ - trr ) } ’

which is, by the same reasoning as in Lemma 3, dominated by

2" —1 21

cr(Ag) ™" " hrgl_)oo Z Z

51=0 sr=0

E[(| =t | Ry oy, ™ sty 1]+« [ Ry [, 1] -+

tf’“ — 1 )2q]1/2q.

(5.11)

Furthermore, for the Gaussian random variables (5.9), we see from (3.7) and (4.1) that for
v=1,2

E[|R) x5 () = R x5 () "] = | RY . C5 (0 @ Eo — RY 1 C5(5) ® Eo|

o
=>"((a] c or b ) (C5(0)* ® By = C5(5)* ® Eo, 1) )

j:

—_

o0
22 cf(z)“(g)E — C5(5)* ® Eqvej)’
J:

—_

1 2
< %”C;U)a ® Eq — C},(5) ® Eq ”0
1
icl(e) [t — s| (5.12)

where we set

p=min|A;| > 0.
J
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Now we recall the following well-known lemma (see [8]).

Lemmad. Let X;,i =1,2,...,2l, be a mean-zero Gaussian system. Then

E[X1Xs--- Xy

> ElXo)Xo@IEXo®) Xo@]- - E[Xo@i-1 Xo ),

= 1—’
24! ol
where Gy denotes the group of permutations of {1,2, ..., 2l}.
Then it follows from (5.12) together with Lemma 4 that
€, €,0, 2q
[(|Rn KXy sll]| |Rn ey s, 1) ]

(qu)!(cl(e)/«/Zk )2qm tsll-s-l szl |2q | S1m+1 s,m 2
qu(qm)! I

\ )

from which we see that (5.11) is then dominated by

xhor 1 Hooznlz—l 22—1{(zqm)!(2c;r£e(zl/’n\;27p)zqm}1/2q
$1=0 5p=0
TRl P ;ff“ — 1
cons (2 28] T
00
<C4(Ao)’(%)m@, (5.13)

since (gm)! < (m!q™)4, where c4(Ag) = max{cy(Ap), c1(€)}.
Consequently, summing up these estimates and denoting o =d - cg, we obtain

00 r m 2q
E[| W Ry i) [*] < (Z(mmo))’ > rCn <2\/g) \%)

r=0 m=0

ad r 2q
= q 1
— (;{064@0)(1 +2\/%>} ﬁ) <00 (5.14)

with the bound being independent of n.
Step 3. Since B* is dense in H, for each h € H, there is a sequence {§,}°, of elements
in B* such that lim,_ o |k — &,||, = 0. As is well-known, (-, &,) then converges to (-, k) in

}OO
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L%(B, R; w) as n — oo. Hence, taking a subsequence if necessary, we may assume that (x, &,)
converges to (x, h) for p-almost every x € B. Then we define forx € Band h € H

) limyeo(x, &)  if it exists,
b b = {O otherwise, (5.15)

as usual.

It should be noted that, given & € B*, the operator Ry defined by (5.5) takes & into H; not into
B* in general. This leads us to define, by virtue of (5.15), elements in the complexification of g,
associated with x € B and Cf, (t) € B*, by

d

Rex$ (1) =[x, ReCS(1)* ® Ea)Ey

a=1

RiCy (1) ® Eq = RiCy ()" ® Eq + V1R Cy ()* ® Eq,
and the accompanying Gaussian random variables
Rx$% (1) = (x, R{C5 (1) ® E), RExSE (1) = (x, RECS (1) ® Ey)

in a manner similar to that in defining R,ka; (t) and Ri’kx;’“ ®), Rfl kxf;‘" (t) in (5.8) and (5.9),
respectively. Then it is immediate from (5.12) that we have

E[|Rix§® (1) — Rex&® (9)[*] < es(@)?le — s 2. (5.16)
Hence, by virtue of the Kolmogorov—Delporte criterion [9], ka;’“(t) has a continuous modifi-

cation in 7. Henceforth we denote such continuous modification by the same symbol kaf;‘" ®).
Now, for any positive integer n, set

. 1
ka;")l(Z]—n) — ka;’O‘(Jzn >‘

Then, since T;, < T,,41, it is easy to see from (5.16) that

Yl . . _ 1
()i

2
el pm, )= o 2] 3°

j=1

on

=)

j=1

2" j i—1 29172
< Sl () -ns ()
j—1
< lim. Zq(e);— > ’

< cs(e),
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which implies that

lim 7, < oo w-almost everywhere.
n—0o0

Since ka;’“(t) is continuous in ¢ almost surely, this implies that ka;*“ (1) is of bounded varia-
tion for all x € B’ C B with u(B’) = 1. Therefore the Lebesgue—Stieltjes integral

11 t—

/ / f (Ao + Rixt) ) d(Ao + Rixt) () d (Ao + Rex) @) (5.17)

is well defined for all x € B’ C B with u(B’) = 1. According to (4.3) and (4.4), we then define
the stochastic holonomy given by Ryx to be

(5.17) forx € B,

€,r _
Wy (R"x)_{o forx € B\ B,

x
Wy (Rex) =1+ ) Wy (Rix),
r=1
and the associated Wilson line by
N
F§, (Rix) = ]_[ Trg; Wy, (Rex).
j=1

The well-definedness of W; (Ryx) can be seen as follows. First we note that

Zq]
2 —1 onr

| D |AG Tstl + Rexy i Lsal| -+ ) A [se]+ Rexy s |

s1=0 sr=0

M1 2v]
,..1,1;1200(2 Y E( A5 01+ R ]

Y]—O Sr =0

11

d(A] + RexS)(n) -+ d (AT + Rex§®) (1)

|

2q
- |AS (s, ] + ka;’“r[s,]|)24]”24> . (5.18)

On the other hand, it is easy to see from (5.16) together with Lemma 4 that

Si 2m
l

E[|AY 51+ Rex5 % [si1|™"] < cs(Ao, m, )6 — 1
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for any positive integer m, so that (5.18) is dominated by

11 tr—1 2q
C7(€)<//-~~/dtldt2-~-dtr> .
00 0

This, together with Lebesgue’s convergence theorem, then yields that

| |

11 1,

-1
[ [ [ a@s + rogeym-d(ig + gy
00

0

2 -1 onr —]
: a s oar Ay
=,1],...1},5?%0E[ D (AT + R loal) -+ 30 (A7 Do)+ Rey o)
S1= Sp=

2q:|

(5.19)

which assures that the above estimates obtained for W]f (Ry kx) in (5.10) through (5.14) also hold

for W (Rix) without essential change. In consequence, we obtain

E W Ren ] < e,

showing that W)f (Rix) is well defined for each x € B.

(5.20)

Step 4. Furthermore, since R;,ké;ﬁ ()" ® E, converges to R,‘C’C’; N*Q E, in H asn — 00

for v =1, 2, it also follows from Lebesgue’s convergence theorem that
. 29
Jim E[| Wy (Ry ex) — Wy (Re) [ ] = 0.
Indeed, as in the estimation in (5.10) it holds that

E[H W;(Rn,kx) — W; (Rpx) “2(1]

oo r d 2
<(zz 5 3 czEnDr’mm,kx,R,:x]|2ﬂ‘/2‘f),

r=0 m=0 1<li<bh<-<lp<r, o1,02,...,0,=
V,V2,.00 vm €{1,2}

where for brevity we write

r,m v v
D"™[R) x, R{x]
1 Iy -1 Ly —1 fr—1

= [adgan- [ arg @ [ argg @, [ aio
0 0 0 0

1 I -1 Uy —1 Ir—1

—/d/&gl(tl)---/ dR} x, " (tll)---f dR,jmx;’“l'"(t,m)---/dAgf(t,).

0 0 0 0

(5.21)
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Also, setting

1 -1 -1

n s €,0 .
Bj:/dAgl(tl)/ dR]‘:l)C;all(tll)""/ d{ nkx)/ (tl) xy l_/(tlj)}

0 0 0
tlm-' tr—1
/ dRU’”kxy () f dAy (1),
0 0

we obtain, by the same reasoning as in Lemma 3, that

m
E[|D""[R) o REx][] < 37 E[1B; ] (5.22)
j=1
On the other hand, by an argument similar to that in obtaining (5.11), we see that each term of
the right side of (5.22) is dominated by

2M —1 2 —
9+1 s v €
SIC hr{n—>oo Z Z e Ry sy
"""" s1=0 Sp=
€, v, €0 1 2q11/2q
|Rnkx)’ [Sl]_R Xy ][sl]| |Rn"}<xy G | R TR ) e

where it also holds as in (5.12) that

E[|R)xy  Is11 = R %, 1,17
— (R~ RIS (5 ) ® Ea — (R, — RY)CS (1)) @ Ea
S +1 S |2

2
< —cq(e) |tl —tl/_'

" (5.23)

Hence, by the same reasoning as in (5.13), we obtain that

E[1B; ]

-1 2 2gm ) 1/24
2gm)!(v/2c1(€) //kp)>1™
<c2(Ag) ™™ E E {
|
’’’’’ 51—0 5,=0 fim(qm),
|t31+1 ’ rr+l v,

<cg(Ap) (2\/2) \/n7 5.24)
kp r!

Since each R" C; ()" ® E, converges to R”C; (H)* ® Ey in H as n — o0, it follows from
the first 1dent1t1es in (5.12) and (5.23) combined with Lemma 4 that
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€,q] |

hm E[(|t“+] O R xy sy ]

Vi ,Q . v, €0, v 7 . 1 . 2({
: |Rn{kx}’ st ] = Ry xy J[Slj]|"'|anka m[slm]|"' e _t;r) ]:O-

This, together with the estimates (5.23) and (5.24) with bound independent of n, then yields by
Lebesgue’s convergence theorem that

ony onr
. _ ; €,q]
lim (c2(Ag)™  lim Z Z [ R sy -
n—-oco\  Nl,..., ny—0o0
s1=0 Sp=
v; &0 v; € €,q] 41 2g11/2q
'|Rn‘,’kx7f s ] = Ry xy J[Sl_/]| -|R) Xy [sp, 1| |6 =1 )] =0,

so that
Tim_ E[|D (R o, RE)) 2 <o,
Also, noting that it holds
u+v)" 2" (um + vm)
for u, v > 0, we have

E[|D"" [Ry g, R[]

1 I -1
<2<E[ /d’agl(fl)"' / dRx, ™ (@)
0 0
-1 t—1 2g 11/2q
/ dR)"xy " (1) -+ f dAy (tr) }
0 0
1 -1
+E|: /dAg“(tl).-- / AR} x, " (1))
0 0
Uy —1 tr—1 2(1 1/2q
. / AR} xy "™ (8,,) - - - / dAY (1) } ) (5.25)
0 0

Recalling that the estimates in (5.10) through (5.14) are valid for both R, xx and Rix, and
the bounds in the estimates (5.12) and (5.14) are independent of , it follows from (5.25) and
Lebesgue’s convergence theorem that

o0 r d 2q
nlggo<22 5 3 czEanM[R;,mR,:x]rzq]”zq) —o

r=0 m=0 1<lj<lh<-<lp,<r, a,02,....,0,=1
v, v2,., U (1,2}

Hence we obtain (5.21).
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As a result, we see that Trg; We (R, kx) converges to TrR WE(ka) in L>(B, R; Ww)
as n — o0. This combined with (5. 7) and (5.20) then verifies that

limsup/Fjo(Rn,kx)u(dx) =/F20(ka)u(dx).
n— oo
B

Step 5. Finally, taking into account of (5.3), we note that the following integrability can be
proved in a manner similar to that in obtaining the estimates described above. Namely, we have

Lemma 5. For any positive integer N,
o0
£ 3 | <o)
m=N
where O(k~N/%) means

lim kV/2]0(k~"/?)| < co.
k—o00

Then Lemma 5 and the fact that

/ Fag(Reo) () = Y [ P Ry wtan) + [ S F (R ()

m<NB BmN

complete the rest of the proof of Theorem 1. O

6. Example

As an application of Theorem 1, we now calculate the Wilson line integral of two closed
oriented loops y; and y; in three-sphere S3.

To this end, let G = SU (2) and consider its canonical representation R. We denote by {E,},
1 <« < 3, an orthonormal basis of the Lie algebra g = su(2) with respect to the inner product
(X,Y)=—TrXY for X, Y € g. For simplicity, we also assume for the e-regularized Wilson line
(4.4) that Ag =0, and write

2
Fs(x) =[] Tre Wy, ().
Jj=l1
Step 1. Recalling (4.3), we begin with the evaluation of
2
E|: []7Tex W;}Z(ka):|. (6.1)
j=I

Writing briefly

(Rex, Co()* ® Eo) by (Rix) (@),
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we see that (6.1) is equal to

E[Trg W52 (Rex) ® Wi (Rex)|

3
= Z TrEq, Eo, ® Ep Eg,

ar,02,p1,82=1

1 1 1 7
[ f / Rex®) (1) d (Rix2) (1) / / Rexf) (o1) d(Rixt. )(Tz)} 62)

Then, by changing the order of taking sum and expectation, in a similar manner as in the proof
of (5.19), we obtain

Il 1 7
[ / f (Rex® ) (11) d(Rix2) (12) / f Rexf) (e0) d (i )(Tz)}

2"—1 2"—1 2™ -1 2"M2—1

=, dim 30 30 3 > E[((Reg) (')

my,my—>00 §1=0 s2(s1)=0 s1=0 s52(571)=0

= (R () (Rexs?) (577) = (Rexs) (57)
((R) (@) = (Rexf) (@D (Reef2) (2777 = (Rex2) (557 )] 63)

Here we set fori =1, 2,

si(sic1) 0 ifSi(S,'_l):O,
i = tt‘i(si—l)—l + t;i_ll (~Yi—2)/2ni if 5 (si_1) > 1

1

and

si(si—1) 0 if 5;(s;i—1) =0,
T. = (s —
; £5iGi-n-1 + Tls’ 11 (i 2)/2’”1 if si(si—1) > 1

1

where s;(s;j—1) are non-negative integers and we use the convention such that si(sg) = s1,
sos—)=1land 1} =7} =1.
Writing for brevity

o (Ry xoti)(tsi(si—l)-i-l) . (kaa,-)(tsi(si—l)) ifi <2,
! (ka 2)(1,31 —2(si— 3)+1) (R 2)(_[51 —2(si— 3)) if i >2’

we see from Lemma 4 that the right side of (6.3) is equal to
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2M—1 2"2-1 2™M—1 2M2—]

2D SED DI S DU DE- T ATV A L AR

mi,my—>00 51=0 s7(s1)=0 s1=0 s2(s51)=0 eSSy

2"—1 2"2-1 2™ -1 2M2—]

=n|}lizn—1>oo Z Z Z Z Z JiJo 42 EL2J 52421 + Tselt

mp,my—>00 51=0 s5(s1)=0 s1=0 s52(51)=0 0€S>

2"—1 2"2-1 2™ -1 2™2—1

=, dm 3 > 2 2 2 EMRe)E™) = (R (1))

mp,my—>00 51=0 s7(s1)=0 s51=0 s52(51)=0 0€S>

.((kaﬁa(l))(r;rz(ll))(&y(l)—l)'i‘l) (Rk ﬂaa))(r;pz(ll))(so(l)_l)))]
x E[((kaaz)(tgz(ﬂ)Jrl) (kaglz)(tzsz(sl)))

(Rl ®) (578 o) = (Rl ™) (278 ~")] + T,

where Tie)r stands for the collection of self-linking terms containing

E[((Rexyt) (1) = (R ) (1)) (Rexy?) (571) = (Rex) (12))]

or

E[((Rexf2) (57) = (Rexf2) () (Rexy?) (721) = (Rex]?) ()]

Since ka;fi (1) and kafj (t) are independent if o 7 8, we then have

E[((Rexg) (1) = (Rex) (1))
((kaﬁa(l))( :Hl))(?a(l) 1)+l) ( ﬁa(l))
x E[((Rexs?) (i) = (Ruxs?) (57)

( Yo(l)(sa(l)—l)))]
)

((kaﬁa(Z))( So2) (So2)— |)+1) (R xf;a) (;(2(22))@@(2)4)))]
)
(v

To (1)

5(2)

)
= e E[(Rixf) 07 ) = (Reg) 1)
((kaﬂ”(”)( (o0
8 Bs2) [((kaaz)(m(mﬂ) (ka;zlz)(t;z(n)))
(( ﬁa(Z)(
= E[((Rexs) (7"7) = (Rexy) (1))

5
AR ") = (Rexg) (7 )]

< E[((Rsf) (57 = (Riags) (5)

2)So2)—1)+1 2)Ss2)—1)
(R (87 ) = (R (255 )

So (1) (8o (1)— 1)+1) ( ﬂa(l) Su(l)(sa(l)fl)))]

(r(l)

5o 2) (S0(2)— 1)+1) (R xﬁa(Z))(T‘YU(Z)(SU(Z)fl)))]

T5(2) kXy, o(2)
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Furthermore, since ka}‘f[ (t) and kaf,}i () are identically distributed if o # B, we obtain

7]

1 1
(6.3) ://// Z dE kaal (ll)(kayz)(Ta(l))]
0

0 9€62

- dE[(Rex3?) (02) (Rexi?) (to2)] + Teelr

1 7
// ZdE[(ka;fl)(t1)(ka}‘f2)(fa(1))]

0 ey

dE[(Rixy, ) (12) (Rexy, ) (6 (2))] + Telr- (6.4)

o\_
S ~—=

Consequently, (6.2)—(6.4) yield for each « =1, 2, 3 that
2
E|: [Tz W;;?(ka)}
j=1 '

3
=Tr Z Eq Eq, ® Eq, Eq,

D dE[(Rix ) 1) (Rexsy) (T 1) | d E[ (Rexss ) (22) (Rexss) (o )]

(7662

+ Tself. (6'5)

X
o _
o
o
S ~—=

Now, noting that

1

> dE[(Rext ) (1) (RexS, ) (o) | dE[ (Rexs ) (12) (RexS, ) (To 2)]
0 0 UEGZ

1 1
= [ [ aEl(Rexs o (Rex) 0] B (R, e (Rexs ) e)]
00

and

/

Co~—=
o _

1
[ AEl(Reg) 00 (R, 0 |4 E[(Rexy ) a2 (R 2]
0

1 1 1 1
[ [ ] [ aelag) @) @] apl(Re, o (Roxg) e
00 0O
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we see from (6.5) that

2
E|: ]_[ Trr W;;Z(ka)j|

j=1

3 2
:Tr< Z Ey ® Ea1>

ap=1

| —

X

]

1 1 11
[ ] [ et yao (e mlael(res, a (ke )] + Tar
00 0O

3 2
1
:Tr< Y Ey® Em) 5E[(ka;g)(1)(1'&’kx;‘2)(1)]2 + Teel.

ar=1
On the other hand, it follows from (3.5), (4.1) and (5.5) that
E[(Ruxt ) () (Rex ) (1]
= E[(x. ReC5, ()" ® Eq)(x, RiCS, (1)* ® E,y )]
= (ReCy, ()* ® Eq, RiCy (DY ® Eq),,

= (Re(C5, (D% ® Ea. 0), (14 05)" Re(C5,(1)* ® Ea.0))

1

= _ﬁ((ql ()% ® Eq.0). 0y (C5,(D* ® Eq. 0))
1

=577 Cn (D" © Eer 03 ® Ea),

where
) = 1-form part of Q5" (C%, (1), 0).

Recall that, as seen in Proposition 3, xC5, (1)* is a representative of the compact Poincaré

dual of y; extended by zero to all of S3, and the second de Rham cohomology Hf) r(S 3 = {0},
so that we have dowf = *C;Z ()%, since >ka,2 (1)“ is closed and exact. Hence, foreacha =1, 2, 3,

(Cy,(D* ® Eg, 05 ® Eq) = / Cy (D% A s
3
yields the linking number L(y1, y») of loops y; and y», provided that € > 0 is sufficiently small
so that the e-tubular neighborhoods of y; and y» are pairwise disjoint (see [6] for details). Also,

by investigating deformed Wilson loops, it has been proved by Hahn [14] that T¢jf = O for non-
self-intersected links.

Step 2. We proceed to evaluate mth order coefficients of the expansion, that is,

E[Trg W™ (Rex) Trg W2 (Rex) ], (6.6)
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where m = m1 + my. Note that if m is odd, then (6.6) is equal to zero. Even if m is even, when
m1 # mo, the term (6.6) belongs to Tseir, where Tger denotes the collection of self-linking terms
containing the limits of

E[- ((Rexy?) (17) = (Rixg?) (1)) (R ) (1) = (Rexs) ()]

or

E[- (R (711 = (Rex2) (o)) (Reef2) (53 1) = (Rexl) (23)]

I+1 I'+1

’ . .
as |t t [, |7: rj.,l — 0. Hence it suffices to evaluate the case with m; = m,.

Consequently, (6.6) is equal to

E[Trg W™ (Rex) @ Wﬁz’mz(ka)]

3 3
= Z Z TrEOllEaz"'Eaml ®Eﬂ1Eﬂ2"'Eﬂm1

1,002, Olm|:1 B1.B2;-.., ,Bml:l

f mi-11 1 Tmp—1

1
XE|:// / // / d kaal (t1)d(kaa2)(12)
00 0 0 0

- d(Rixyy" )ty d (Rix) (o) d (Rix2) () - d (R )(rml)}
+Tself- (67)

Then writing for brevity

o[ Rexgh@) if i <my,
Ji= Bizm, o
Y Ry ) @iy i > my,

we obtain, in a manner similar to the derivation of (6.3), that

1 Imi-1 1 14 Tnp—1

|:/1/ /// / d(Rix$!) (1) d (Rex?) (12) - -

- d(Rixy," )(tmy) d(Rexf) ) (r1) d (Rexf2) (r2) - - (kaﬁm')(fml)}

1 # tm|7l 1 Tmy—1

1 . .
:// / // / T Z dE[joyJo@)]
00 0 0 0 0 ced

2my

“dE[Jo3yd o] dEJo@mi—1)J o@mp)- (6.8)
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Since in the right side of (6.8) those terms having o (i — 1) and o (i) both in {1,2,...,m} or
{mi+1,m; +2,...,2m;} belong to Tgs, it follows that

1 1 Im-1 1 7 Ty —1
6.8) = // /// / Y AEG 1o )E 2 m+o)]
0 00 oE€Gm,
dE [Jm1]m|+o(m1)]+Tself
1 1 mi-1 1 1 Ty —1
:// / // / Z dE kaal)(ll)(kan )(‘L'J(l))]
00 0 00 0 €6m
o .Bam
CdE[(Rex®2) (1) (Rixye ) (to2)] - - dE[(Rexyy™ ) o) (Rexys ™) o ny) |

+ Tself .

Again, since (ka]‘fl)(tl) and (kafl)(tl) are independent and identically distributed if o # 8,
we have

E[(kam )(’J)(kayz Vo)) = 8By ) E[(ka;flj)(tj)(ka;fzj)(Ta(j))]
= 8, o E[(Rexy, ) (1) (Rex, ) (o ()]
from which we see that the right side of (6.8) is equal to
1 1 Imi-1 1 1y Tmy—1

/ / / / / / ) ﬁaajﬁamdE[(ka;fl)(tl)(ka;fz)(To(l))]

aeGml j=1

- dE[(Rex? ) (1) (Rex%,) (to )] -+ dE[ (Rex®, ) () (Rix% ) (To )|
+ Tgelf- (6.9)

It then follows from (6.7)—(6.9) that

E[Trg WE™ (Rgx) Trg WE™ (Rix)|

3
= Z Tt Eq, Eoy ++* Evyy, ® Eay Eay -+ Ea,

1 n mi—-1 1 7 Tmy—1
X/f / // / Z dE[(ka;fl)(ll)(ka;fz)(Ta(l))]
0 0 0 0 UeGrnl

0 0
-dE[(Rexy ) (1) (Rixy, ) (To@)] - - dE[ (R, ) (tm) (Rexss, ) (T ) ]
+ Tsert- (6.10)
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Now, noting that

1 7 Tmy—1

// / Z dE[(Rixs,) (1) (RexS:) (T 1)) ]

0 O'€6m|

(A E[(Rexy, ) (12) (Rexy, ) (o )] -+ d E[ (Rixy, ) () (Rixsy) (o )]
1

11
= / f / dE[(Rix$, ) (t) (Rexss, ) (x) | d E[ (Rexsy ) (02) (Rexss, ) (12) ]
0 0

0
- dE[(Rex ) i) (Rex ) (o)),

and for any o € G,

zflf f /1/1.../ldE[(kagl)(tc,m)(ka;;)(n)]

B[ (R ) ) (R (20 - d [ (Rix) ) (R (o )]

we find from (6.10) that foreacha =1, 2, 3,

E[Trg W™ (Rx) Trg Wy (Rex) ]

3 mi 1
:TI'( Z Eal ®EO{|> $

1-

a;=1
1 1 tml—l 1 1 1
X// / f/ / Z dE[(ka;fl)(ta(l))(ka}o,lz)(rl)]
00 0 00 0 0’66,,,1
CAE[(Rix® ) (1o o) (Rex ) (22)] -+ dE[(Rex )ty ) (Rex) ()]
+ Teelt
3 mj
:Tr(ZEal®Eal> _'
Dl]:l

dE[(ka;}l ) ([1)(ka;t2) (‘El)]

X
SY—
-
ol
SY—
St~
oY _
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-dE[(Rixy, ) (1) (Rixy, ) (72)] - - d E[(Rixy, ) (tmy ) (Rixs, ) (Tmy) ] + Teelt

3 mi
1 m
:Tr( Z Ey ® qu) m—l!E[(ka%)(l)(ka;‘z)(l)] "+ Teelt.

aj=1

Summing up the above argument together with Lebesgue’s convergence theorem guaranteed
by an estimate similar to that in the proof of (2) of Lemma 1, we finally obtain

2
Ics(F§) = E[F§ (Ryx) ] = E|: [Tz W;j(ka):|
j=1

o) 3 n
l n
= (Tr1)* + ZTr( Y Eq® E) —E[(Rexy, ) (D (Rexs ) (D] + Tar

n=1 ()(1:]

Step 3. Now, noting that an orthonormal basis of su(2) is given by

1 TJ=1 0 170 —1 17T 0 =1
Ei=— , Er=— , E3z=— ,
Ll o vl Sl oo > v=T o
so that
100 0 0 0 0 1
1o 10 0 0 0 -1 0
Ex®Ei=51 9 o1 o |" B2®E2=51¢ _1 o ol
0 0 0 —1 1 0 0 0
0 0 0 -1
0 0 -1 0
1 0 0 0
we have
X 1 0 0 0
1o 1 -2 o
2 En®En=3| o _, | o
=l 0 0 0 -1

Since the eigenvalues of 2 Ey ® Eq, are —1,—1, —1, 3, we obtain

3 n n _1\n 1\ n
Tr(ZEm@Em) _ DD () 3

2"

0[1:1

Consequently, we have
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Ies(F5) = E[F§ (Rix)]

00 3
1 n
=(Tr1)>+) Tr| Y Ey ®Ea, —E[(Rexy ) (D (Rexy, (D] + Teers

n=1 ar=1

I GG NG =]
n=1

n
L(Vl ’ VZ)) + Tserf

1
on n! <_2J—_1k

=T D" + (=D + (=1D)" +3"} 1
S B it (b et i b 0 R AP
=1

(4k)n n!

=3¢~V ILULY /4K | 3V=IL(n,y2) /4 Teett,

where

L(y1, y2) = the linking number of loops y; and y».
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