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The Construction of Large Sets of Idempotent Quasigroups

Luc TEIRLINCK AND C. C. LINDNER¥

The maximum number of idempotent quasigroups of order » which pairwise agree on the main
diagonal only is n — 2. Such a collection is called a large set of idempotent quasigroups of order
n. The main result in this paper is the construction of a large set of idempotent quasigroups of order
n for every n 2 3 except n = 6, for which no such collection exists, and n = 14 and 62. Addition-
ally, the known spectrum for large sets of Mendelsohn quasigroups is improved.

1. INTRODUCTION

Let (Q, ) be a quasigroup of order n and define an n* x 3 array 4 by (x, y, z) is a row
of Aif and only if x - y = z. Then A4 is an orthogonal array. That is, if we run our fingers
down any two columns of 4 we get each ordered pair belonging to @ x Q exactly once.
Conversely, if 4 is any n* x 3 orthogonal array (defined on a set Q) and we define a binary
operation ‘©> on Q by x o y = z if and only if (x, y, z) is a row of 4, then (@, o) is a
quasigroup. Hence we can think of a quasigroup of order n as an n” x 3 orthogonal array
and conversely. If « € S; (the symmetric group on {1, 2, 3}) and 4 is ann’ x 3 orthogonal
array we will denote by 4« the orthogonal array obtained by permuting the columns of A4
according to «. Two orthogonal arrays are equal if and only if they define the same
quasigroup. In other words, if we disregard the level at which the rows occur, the two
orthogonal arrays contain exactly the same rows. Two orthogonal arrays A and B are said
to be conjugate provided there is at least one a € S, such that Ao« = B. Two quasigroups
are said to be conjugate provided their corresponding orthogonal arrays are conjugate. The
conjugate invariant subgroup H of an orthogonal array A is defined by

H = {ae S|da = A}.

The quasigroup (Q, o) is said to be idempotent provided it satisfies the identity x> = x;i.e.,
aa = q for all ae Q. The corresponding orthogonal array A has the property that
(a, a, a) € A for every a € Q. Hence the n(n — 1) non-idempotent rows of A4 consist of 3
distinct elements. Trivially, any n(n — 1) x 3 partial orthogonal array (based on a set of
size n) in which all of the rows consist of 3 distinct elements can be enlarged to an
idempotent orthogonal array by adding » rows of the form (a, a, a). If H is a subgroup of
S;, the idempotent spectrum of H is set of all n such there is an idempotent quasigroup of
order n with conjugate invariant subgroup containing H. The information presented in
Table 1 is extremely well-known. See [3] for details.
In view of the preceding remarks, the following problem arises quite naturally.

THE GENERAL PROBLEM Denote by T(n) the set of n(n — 1)(n — 2) ordered triples of
elements from the set {1,2,3, ..., n} with the property that the 3 coordinates of each
ordered triple are distinct. Let H be a subgroup of S,. For which n belonging to the idempotent
spectrum of H is it possible to partition T(n) inton — 2 n(n — 1) x 3 partial orthogonal
arrays A,, Ay, . . ., A,_, such that each of A, A,, . . . A,_, is invariant under conjugation
by H?

*Research supported by NSF grant DMS-8401263.
83
0195-6698/88/090083 +07 $02.00/0 © 1988 Academic Press Limited



https://core.ac.uk/display/82165512?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

84

L. Teirlinck and C. C. Lindner

Table 1

Subgroup of S,

Idempotent spectrum

Characterization

{1 all n except 2 quasigroup satisfying
xP=x
{(12)> alloddn 2 1 quasigroup satisfying
Xt = x, xy = px
(13)) allodd n 2 1 quasigroup satisfying
X2 =x(yx)x =y
{(23)) allodd n = 1 quasigroup satisfying
xt = x, x(xy) = y
{(123)) alln = 0 or 1(mod 3) quasigroup satisfying
exceptn = 6 xt=xx(yx) =y
Mendelsohn quasigroup
equivalent to a
Mendelsohn triple system
S, alln = 1 or 3(mod 6) quasigroup satisfying

Xt = x (px)x =y,
xy = yx Steiner
quasigroup equivalent to
a Steiner triple system

With good reason, the collection 4,, 4,, ..., A,_, is called a large ser of pairwise
disjoint n(n — 1) x 3 partial orthogonal arrays invariant under conjugation by H. If
we add the n idempotent rows to each A;, the resulting orthogonal arrays have only
these idempotent rows in common. These orthogonal arrays will be called a large set
of idempotent orthogonal arrays invariant under conjugation by H. The corresponding
quasigroups are called a large set of idempotent quasigroups invariant under conjugation
by H. A tremendous amount of work has been done on the problem of constructing
large sets of idempotent quasigroups invariant under conjugation by H = S; (= Steiner
quasigroups). In particular, it is now known that a large set of Steiner quasigroups
of order n exists for every » in the spectrum (=all » = 1 or 3(mod 6)) except for 7 and
possibly six other cases [5]. To date, the only other attack on the large set problem that
the authors are aware of is for H = {(123)) [2] (= Mendelsohn quasigroup), where large
sets of Mendelsohn quasigroups of order n are constructed for an infinite number of # in
the spectrum (=all» = 0 or 1 (mod 3), except n = 6). However, this problem remains far
from settled.

The main purpose of this paper is to give a complete solution of the large set problem
for H = <1}. In particular, we construct a large set of idempotent quasigroups of order
foreveryn = 3, exceptn = 6, for which no such collection exists, and possibly » = 14 and
62. Additionally, we improve the known spectrum for large sets of Mendelsohn quasi-
groups.

Like a Iot of solutions to design problems in combinatorics, we give a construction that
works for a/l but a handful of cases, followed by an assortment of constructions for the
remaining cases.

2. THE MAIN CONSTRUCTION

In what follows, we will denote the (partial) orthogonal array 4 by (Q, R), where Q is
the set on which A4 is based, and R is the set of rows of 4. The number | Q| is, of course,
called the order of (Q, R). A transversal of the orthogonal array (Q, R) of order n is any
collection of nrows (x;, ¥1, z;), (X2, Y2, 22), - - - » (Xns Vu» Zo) Such that {x,, x,, .. ., x,} =
{y1s¥2s - s Va} = {21, 23, .. ., z,} = Q. The orthogonal array (Q, R) is said to be
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regular provided that R contains exactly one idempotent row and each of
T, = {(x, x, »)lall x e 0},
T, = {(x, y, x)|all x € Q}, and
T; = {(y, x, x)|all x € Q} is a transversal.

LetA n X = @&, andlet(4 U X, R) be a(partial) orthogonal array. If ( y,, y,, y;) isany
ordered triple, define R( y,, y,, y;) to be the collection of rows obtained from R as follows:
for each row (x,, x,, x;) € R, replace x; with (x,;, y;) if and only if x; € X, and place the
resulting row in R( y,, ¥,, ¥3).

THE nv + 2 CONSTRUCTION. Let (Q, R,) be a regular orthogonal array of order
v, ({c0,, 00,} U X, R,) an indempotent orthogonal array of order n + 2, (X, R;) an
orthogonal array of order n, and finally ({c0} U X, R,) an orthogonal array of ordern + 1
such that (a, a, ) € R,foralla € {0} U X. Denote by R the set of n* + n rows obtained
from R, by deleting all rows of the form (g, a, ©©), and replacing each row of the form
(00, a, b) by (0,, a, b) and each row of the form (a, oo, b) by (a, c0,, b). Then
({001, 20,} U X, Ry)is a partial orthogonal array of ordern + 2. Nowset S = {c0,, 00,} U
(X x Q) and define a collection R of rows of S as follows:

(1) (x, x, x) € R for every x € S;

(2) for the unique idempotent row (i, i, i) belonging to R,, place the non-independent rows
of R,(i, i, {) in R;

(3) for each row of the form (g, a, ) € R,, a # b, place the rows of Rs(a, a, b) in R,

(4) for each row of the form (b, a, a) € R,, a # b, place the rows of (R;(123)) (b, a, a) in
R (R5(123) is the (123) conjugate of R;);

(5) for each row of the form (a, b, a) € R,, a # b, place the rows of (R;(213))(a, b, a) in
R (R5(213) is the (213) conjugate of R;); and finally,

(6) for each row (a, b, ¢) € R,, where a, b, and ¢ are distinct, place the rows of Ry(a, b, ¢)
in R.

It is straight forward to see that (S, R) is an idempotent orthogonal array of order
nv + 2.

LemMA 2.1. If there exists a regular orthogonal array of order v and a large set of
idempotent orthogonal arrays of order n + 2, then there exists n idempotent orthogonal
arrays of order nv + 2 having only the idempotent rows in common.

ProoF. Let ({00, 00,} U X, R}), ({00}, 0} U X, R3), ..., ({o0,, 00,} U X, R}) be
a large set of idempotent orthogonal arrays of order n + 2. Further, let o be a cycle of
length # on X and define

{Rgi = {(X, y’ zoci)lall (X, y’ Z)ERS}’ and
Rgi = {(x’ ) zoci)|al] (X, Y, Z)ERS}‘
Then the n orthogonal arrays (X, RY), (X, RY), . . ., (X, RY") are pairwise disjoint, and so

are the partial orthogonal arrays
({CD], COZ} o X’ Rgl)’ ({CK)], 002} ) Xs Rgz)s R ({wla Ooz} ) X’ Rg")‘

Now, denote by (S, R') the idempotent orthogonal array constructed by the nv + 2
construction using (Q, R,), ({00, ©,} U X, R}), (X, RY), and ({o0,, 00,} U X, R¥).
It is straight forward to see that the n idempotent orthogonal arrays (S, R'),
(S, R*), ... (S, R") have only their idempotent rows in common.
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LEMMA 2.2, If there exists v pairwise disjoint regular orthogonal arrays of order v and a
large set of idempotent orthogonal arrays of order n + 2, then there exists a large set of
idempotent orthogonal arrays of order nv + 2.

PrOOF. Let (Q, T)) and (Q, T,) be a pair of disjoint regular orthogonal arrays of order
v.8Since T, n T, = @&, if (i, i, i) is the unique idempotent row of T, and (j, j, j) is the
unique idempotent row of T,, we must have i # j. It follows that each of the n idempotent
orthogonal arrays constructed using (Q, T) in Lemma 2.1 intersects each of the » idem-
potent orthogonal arrays constructed using (Q, T,) in precisely the idempotent rows. The
statement of the Lemma follows.

We now establish the existence of v pairwise disjoint regular orthogonal arrays of order
v for all but a handful of cases.

LEMMA 2.3. There exists an idempotent orthogonal array of order v having either 3 or 6
distinct conjugates that are pairwise orthogonal for every v = S except possibly for
ve Z = {6, 10, 12, 14, 15, 18, 20, 21, 22, 24, 26, 28, 30, 33, 34, 38, 39, 42, 44, 46, 48, 52,
54, 60}.

PrOOF. To begin with, Frank Bennett [1] has constructed such orthogonal arrays for
every order v > 61. Now there are idempotent orthogonal arrays of orders 5 and 7 having
3 distinct conjugates, which are pairwise orthogonal [1], and an idempotent orthogonal
array of order v having 6 distinct conjugates, which are pairwise orthogonal for every
v = p* 2 8 (paprime)[4]. The numbers v < 60 and v ¢ Z that are not powers of a prime
are obtained using routine (and obvious) PBD constructions. (See [1] for example.)

LEMMA 24. Ifv = 5 and v ¢ Z, there exists a pair of idempotent orthogonal arrays
(Q, R) and (Q, T') such that both (Q, R) and (Q, R(23)) are orthogonal to (Q, T).

PrOOF. Let (Q, R) be an idempotent orthogonal array having either 3 or 6 distinct
conjugates that are pairwise orthogonal. If (O, R) has 6 distinct conjugates, then (Q, R(23))
and (Q, R) are both orthogonal to (Q, R(12)). If (Q, R) has 3 distinct conjugates, one of
two things is true: either (23) belongs to the conjugate invariant subgroup H of (Q, R) or
not. If (23) € H, then (12) ¢ H, and so (Q, R) = (Q, R(23)) is orthogonal to (Q, R(12)).
If (23) ¢ H, choose any a ¢ H such that (Q, R), (Q, R(23)), and (Q, Ra) are distinct.
Combining the above cases completes the proof.

LEMMA 2.5. Ifv = 5 and v ¢ Z, there exists v disjoint regular orthogonal arrays of
order v.

ProoF. Let(Q, S)and(Q, T) be a pair of idempotent orthogonal arrays such that both
(Q, S) and (Q, S(23)) are orthogonal to (Q, T'). Define v collections of rows R, R,, ..., R,
as follows: (g, b, ¢) € R, if and only if for some x € Q, (x, a, b)e Sand (x,c,i)e T. Itis
a straight forward matter to see that each of (@, R,),(Q, R,), . . ., (@, R,)is an orthogonal
array of order v. The only difficulty in showing that each is regular is in showing that
{(b, a, a)|all a € @} is a transversal. So suppose in (Q, R;) that (b, a, a) and (b, c, c) € R,.
Then for some x € @, (x, b, a) € Sand (x, a, i) € Tandforsome y e Q,(y, b, ¢) € S and
(y,c,i)e T. Hence (x, b, a), (y, b, c) € S and (x, a, i), (y, ¢, i) € T. But then (x, a, b)
and (y, ¢, b) e S(23) and (x, a, i) and (y, ¢, i) € T, which cannot happen since (Q, S(23))
and (Q, T) are orthogonal. Hence, each (Q, R;) is regular, which completes the proof.
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LEMMA 2.6. There exists a large set of idempotent orthogonal arrays of order v for every
v = 3andv ¢ {6, 14, 22, 30, 46, 54, 62}.

ProoF. To begin with, it is well-known that there are » — 1 pairwise orthogonal
quasigroups of order n for every n = p* > 3 (p a prime). Such a collection is, of course,
equivalent to n — 2 pairwise orthogonal idempotent quasigroups of order n, which is,
among other things, a large set of idempotent quasigroups of order n. Hence, there is
a large set of idempotent orthogonal arrays of order v for ve N = {3,4, 5,8, 17}. It
is a trivial matter to see that if 7 < v < 62 and v ¢ {14, 22, 30, 46, 54, 62}, then v can
be written in at least one way in the form v = 2 + n-u, where n + 2e N and u ¢ Z.
Ifv > 63,thenv — 2 = 61 ¢ Z, and so we can always take n = 1 and writev = 2 +
1+ (v — 2).Inany case, Lemma 2.2 guarantees a large set of idempotent orthogonal arrays
of order nv + 2.

3. THE REMAINING CASES

It is a trivial matter to construct a pair of idempotent orthogonal arrays of order 6 that
intersect in the 6 idempotent rows only. However, a brute force computer search shows that
no such pair can be extended to a large set. Hence, there does not exist a large set of
idempotent orthogonal arrays of order 6. Of the remaining cases, the authors can handle
22, 30, 46, and 54 only. After much valiant effort, the authors relunctantly leave the cases
v = 14 and 62 unsettled.

The cases 22, 30, 46, and 54 are handled with a trivial modification of the constructions
used in [2] to construct large sets of Mendelsohn quasigroups (= Mendelsohn arrays).

THE 3v CONSTRUCTION. Let Q bea set of size v # 6, (Q, T)any idempotent orthogonal
array, and « any cycle of length v on Q. Let S = Q x {1, 2, 3}. In [2], 2v Mendelsohn
arrays (S, R)), (S, R,), ..., (S, Ry,) of order 3v are constructed that pairwise inter-
sect in their idempotent rows and such that if (a, b, ¢) is a non-idempotent row of any R,
then

{Cx, ), (3, 2), (za'*, 3)} where
{a,b,c¢} #<{(x,y,z)eTandi=1,2,...,v — 2, 0r
{(x9j)’ (y’j), (Z’j)}’j = 1’ 2’ Or 3‘

If(Q, L), (Q, L), ..., (Q, L, ,) is any large set of Mendelsohn arrays of order v,
construct v — 2 idempotent orthogonal arrays (S, Ry, .1), (S, Ryyi2)s - - -5 (S, Ryy_;) as
follows:
(1) (x, x, x) € Ry, ,.;, for every x € S;
(2) foreachi = 1,2,3,((x, i),(y, i), (2, i)) € Ry, ,;ifand only if (x, y, z) € L;,and x, y, z
are distinct; and
3)if (x, y,2) e T, the six rows ((x, 1), (,2), za&'*, 3), ((y, 2), (za'*, 3), (x, 1)),
(', 3), (6 1), (1,2), (5, 2), (x, 1), ('*53), ((x, 1), (z'*, 3), (1,2),
((za'*, 3), (3, 2), (x, 1)) belong to R,, . ;.
Then (S, R,,,,) and (S, R,, ;) intersect in their idempotent rows only and, of course,
S, R), (S, R,), ..., (S, Ry_,) is a large set of idempotent arrays.

LEMMA 3.1.  There exists a large set of idempotent orthogonal arrays of order v forv = 30
and 54.
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PrROOF. Write 30 = 3-10 and 54 = 3-18.

THE 3v + 1 CONSTRUCTION. Let @ be a set of size v, (Q, T) any orthogonal array
having an orthogonal mate, and « any cycle of length v on Q. Set S = {00} U (Q x
{1, 2, 3}). In [2], 2v Mendelsohn arrays (S, R,), (S, R;), . . ., (S, R,,) of order 3v + 1 are
constructed that pairwise intersect in their idempotent rows, and such that if (a, b, ¢} is a
non-idempotent row of any R;, then

0, (y, i), (z,i)} or
R R
{0 ) @00 = 1,2, 3
and
00, (x, 1), (x, 2), (zo, 3)}, where
{a, b, ¢} & { :
x,y,z2eTandi=1,2,...,v — 1.
Now let ({0} U Q, L)), ({00} U Q, L,}, . .., ({0} U Q, L,_,) be a large set of Mendelsohn
arrays of order v + 1, and constructv — 1idempotent orthogonal arrays (S, Ry, , ), . - . ,

(S, Ry, ) as in the 3v construction. Then the 3v — 1 idempotent orthogonal arrays
(S, R), (S, Ry), ..., (S, Ry,_)) are a large set of idempotent orthogonal arrays of order
3v + 1.

LEMMA 3.2, There exists a large set of idempotent orthogonal arrays of order v forv = 22
and 46.

ProOF. Write22 = 3-7 4+ 1 and46 = 3-15 + 1.

Combining Lemmas 2.6, 3.1, and 3.2 gives the following result, which is the main result
in this paper.

THEOREM 3.3.  There exists a large set of idempotent orthogonal arrays of order v for every
v 2 3 except v = 6 (for which no such collection exists) and possibly v = 14 and 62.

4. REMARKS

The nv + 2 construction can be used to construct large sets of Mendelsohn arrays as
follows: let v = 1 or 5(mod 6), Q = {0, 1,2,...,v — 1}, and for each a € Q define a
collection of rows R, of Q by (x, y, z) € R, if and only if x + y + z = a (mod v). Then
(@, Ry), (Q, Ry), ..., (Q, R, ) is a collection of pairwise disjoint totally symmetric
regular orthogonal arrays. Now in the nv + 2 construction, take ({o0,, 00,} U X, R,) to
be a Mendelsohn array, and replace (6) by: Since (Q, R,) is totally symmetric, {(123))
acting as a permutation group on R, (among other things) partitions the rows of R, with
3 distinct coordinates into orbits that look like {(a, b, ¢), (b, ¢, a), (c, a, b)}. For each such
orbit, choose a row, say (a, b, ¢), and place the rows of R,(a, b, ¢) U ((Rs(a, b, ¢))(123) U
(Rs(a, b, ¢))(132) in R. The result is a Mendelsohn array.

The following theorem is immediate.

THEOREM 4.1.  Ifv = 1 or 5(mod 6) and a large set of Mendelsohn arrays of ordern + 2
exists, then there exists a large set of Mendelsohn arrays of order nv + 2.

So, for example, since 16 = 2 + 2-7, 7 = 1(mod 6), and there is a large set of 2
Mendelsohn arrays of order 4, Theorem 4.1 produces a large set of Mendelsohn arrays of
order 16 (an order that was previously in doubt).
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The constructions in [2] produced large sets of Mendelsohn arrays of order 3 < » < 100
for every admissible v except possibly v = 16, 18, 22, 24, 40, 42, 46, 48, 52, 54, 58, 60, 64,
66, 70, 72, 76, 78, 85, 94, and 96. A straight-forward check shows that the constructions in
[2] coupled with Theorem 4.1 reduce the exceptions < 100to v = 18, 22, 54, 66, 78, and 94.
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