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In this paper, we will introduce a new multiplicative functional Eq. (1) and prove
that the given equation is equivalent to the well known “original” one, f(xy) =
F(x)f(y). Moreover, we will investigate the stability problem of Eq. (1) in the sense
of R. Ger. © 2001 Academic Press
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1. INTRODUCTION

The study of stability problems for functional equations originated from
a famous talk given by S. M. Ulam in 1940. In the talk, Ulam discussed a
number of important unsolved mathematical problems (see [12]). One of
them was a question concerning the stability of group homomorphisms:

Let G, be a group and let G, be a metric group with a metric d(-,-). Given
& > 0, does there exist a 6 > 0 such that if a function A: G| — G, satisfies the
inequality d(h(xy), h(x)h(y)) < & for all x,y € G, then there exists a homo-
morphism H: G| = G, with d(h(x), H(x)) < ¢ for all x € G?

In the following year 1941, D. H. Hyers affirmatively answered the
question of Ulam for the case where G, and G, are Banach spaces (see
[7]. The terminology Hyers—Ulam stability originates from this historical
background (Refs. [3, 8-10]).

In 1978, Th. M. Rassias succeeded in generalizing Hyers’s theorem by
considering a stability problem with unbounded Cauchy differences (see
[11]). Since then, the stability problems of several functional equations
have been extensively investigated.
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J. Baker, J. Lawrence, and F. Zorzitto found a new type of stability by
investigating the stability problem of the exponential equation f(x + y) =
f(x)f(y) (see [2]). More precisely, they proved that if a complex-valued
function f defined on a normed space satisfies the inequality

lf(x+y) —f(x)f(y)l<8

for some 6> 0 and for all x,y, then either f is bounded or f is
exponential. In general, such type of stability is called the superstability.

In [4], R. Ger pointed out that the superstability phenomenon of the
exponential equation is caused by the fact that the natural group structure
in the range space is disregarded. He posed the stability problem in the
form

fx+y)
() f(y)

and proved the stability of the exponential equation (cf. [5]). We promise
in this paper that such type of stability is called the stability in the sense of
R. Ger.

Recently, K. J. Heuvers introduced in his paper [6] a new type of
logarithmic functional equation

1‘£8

f(x+y) = f(x) = f(y) =f(x""+y")

and proved that this equation is equivalent to the “original” logarithmic
equation f(xy) = f(x) + f(y) in the class of functions f: (0,) — R.

If we slightly modify the above equation of Heuvers, we may obtain a
new functional equation

f(x+y) =) f(y)f(x" +y") (1)

which we may call a multiplicative functional equation because the func-
tion f(x) = x? is a solution of this equation.

By using the theorem of Heuvers, we can easily prove that if both the
domain and range of relevant functions are positive real numbers, then
Eq. (1) is equivalent to the “original” multiplicative equation f(xy) =
FOf(y).

By modifying an idea of Heuvers [6], we will prove in this paper that Eq.
(1) and the equation f(xy) = f(x)f(y) are equivalent to each other in the
class of functions f: R\ {0} — R. Moreover, we will investigate a stability
problem of Eq. (1) in the sense of R. Ger. By applying this result, we will
also prove the Hyers—Ulam stability of the equation of Heuvers.
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Every solution of the “original” multiplicative (logarithmic) functional
equation is called a multiplicative (logarithmic) function. For more infor-
mation on multiplicative functions or logarithmic functions, one can refer
to [1].

Throughout this paper, we will denote by N and R the set of positive
integers and of real numbers, respectively.

2. PRELIMINARIES

First, we will introduce a lemma which is essential to prove Theorem 4
and Theorem 6 which are main theorems of this paper. The proof of the
following lemma is elementary.

LEmMMA 1. It holds

{(u,v) lu=x"'+y Lo=1—-x(x+y) 'y !

x,y € R\ {0} withx+y¢0}
O {(u,v) lu e R\{0}, v € Rwithu + v # 1 and u(1 — v) > 0}.

Proof.  Let us consider the following system of equations

xt+yt=u,

x(x+y) ly l=1-0v S

with variables x and y, where u € R\ {0} and v € R with u + v # 1 and
u(1 — v) > 0. It suffices to prove that the system has at least one solution
(x,y) with x,y, x +y € R\ {0}.

Combining both equations in the system, we get a quadratic equation

(v —u +uv)x* = 2ux + 1 =0.

Applying the quadratic formula we find the solutions of the above equa-
tion:

ML O R S
’ " Yu(l -v)

u(u+v-—1)
Furthermore, we see by the first equation of the system (2) that x + y # 0
because of u € R\ {0}. 1

# 0.
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We will verify in the following lemma that if a function f: R > Ris a
solution of Eq. (1) and f(x) = 0 for some x € R\ {0}, then f is a null
function.

LEmMMA 2. If a function f: R — R satisfies Eq. (1) for all x,y € R\ {0}
and if there is an x, # 0 with f(x,) = 0, then f(x) = 0 for any x € R.

Proof. Put x = x,, in (1) to obtain

flxg+y) =f(x) f() f(xg" +y71) =0

for each y € R\ {0}. 1

Two sets of solutions of Eq. (1) with f(1) =1 resp. f(1) = —1 are
equivalent to each other. In particular, we introduce the following lemma
whose proof is trivial.

LeEmMA 3. If a function f: R — R is a solution of the functional equation
(1) for all x,y € R\A{0} and if f(1) = —1, then the function g: R > R
defined by g(x) = —f(x) is also a solution of Eq. (1) for any x, y € R\ {0}
with g(1) = 1.

3. SOLUTION OF EQ. (1)

In the following theorem, we will prove that the new multiplicative Eq.
(1) is equivalent to the “original” one, f(xy) = f(x)f(y), in the class of
functions f: R — R.

THEOREM 4. A function f: R — R satisfies Eq. (1) for every x,y € R\
{0} if and only if there exist a constant o € {—1,1} and a multiplicative
function m: R — R, i.e.,

m(xy) = m(x)m(y) forallx,y € R\ {0},

such that f(x) = om(x) for all x € R\ {0}.

Proof.  If there exists an x, # 0 with f(x,) = 0, then Lemma 2 implies
that f(x) = 0 for every x € R. In this case, we may choose o = 1 and a
multiplicative function m = 0 such that f(x) = om(x) for all x € R\ {0}.

Assume now that f(x) # 0 for all x € R\ {0}. Put y =x"! in (1) to
obtain

f) =f(x)" (3)
for each x € R\ {0}. With x = 1, (3) implies f(1) =1 or f(1) = —1.



STABILITY OF A MULTIPLICATIVE EQUATION 251

In view of Lemma 3, we may without loss of generality assume that
) =1 (4)

It follows from (3) that f((x +y) " Df(x +y) = f((y + 2)" Df(y + 2) =
1 for x +y, y + z € R\ {0}. Hence, by using (1) we have

f((x +y) ! +z ) f(x "y
= f((x +y) V(Y f(x +y +2)f(x Dy Df(x +Y)
=f((y+2) V(D f(x+y +2)f(y (2 Y f(y +2)

=f((y +z)_1+x‘1)f(y_1+z_1) (5)
for all x,y,z € R\ {0} with x +y #0and y +z # 0.
If we set
u=x"1+y! and v=(x+y) " +z71, (6)

then
u = (x7! +y*')((x +y)_1 +z*') = (yz)_1 + (xy)_1 + (xz)_]
= (y +z)_1(y_1 +z ) +x(y 2
= ((y +z)7! +x*1)(y*1 +2z7).
If we additionally set
yl+zt=1 (7)
in Eq. (5), then (4), (5), (6), and (7) imply that the function f satisfies
F(uw) = f(u) f(v) (8)
forall u € R\ {0}, v € Rwith u + v # 1 and u(l — v) > 0 (see Lemma 1
and the fact that u =x'+y land v=(x+y) ' +z ' =1—x(x +
y)~'y~! for some x,y € R\ {0} with x +y # 0).

Let a= —1.324717956... be a real solution of the cubic equation
x* — x + 1 = 0; more precisely, let

VI 23 VIR 23
a=1—=+1——= +1 -2 -1 — .
2 "V 108 2V 108
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Using (8) and (3) we obtain

f(u) = f(uPu"y = fF(u?) f(u™") = f(u®) f(u) "
or
f(u?) = f(u)’ 9)

forany u <0 (u # @) or u > 1 (u # @ means u® + u~' # 1). Using (3)
and (9) we have

fu?) = fu) " = f(u) P = fumty’
for u < 0 (u # a) or u > 1. Hence, (4) and (9) yield that f satisfies (9) for
all u € R\ {0}. (The validity of (9) for u = a™! # « or u > 1 implies that
fwH=fw Y foru'=aor0<u'=<l)
Let s > ¢t > 1 be given. It then follows from (8), (9), and (3) that
Flsty = f(s2s7) = f(s2) f(ts™") = ()’ F(£) f(s") = F(s)f(t) (10)

for all s > 1 and ¢ > 1. (We may replace each of s and ¢ by the other
when ¢ > s > 1 and use (9) and (4) to prove (10) for s = ¢.) From (3) and
(10) we get

FGTH) = f(s0) ™ = F(5) ()T = F(sTHACE,

forall s > 1and > 1, or

f(st) = f(s)f()

for all 0 <s, t < 1. For the case when s>1and 0 <¢t<1 (t>1 and
0 <s < 1), we may use (8) to obtain f(st) = f(s)f(¢). Altogether, we may
conclude by considering (4) that f satisfies (8) for all pairs (u, v) of

{(u,0) lu>0;v>0}
U{(u,v) lu e R\{0}; veR; u+v+1;u(l—-0)>0}. (11)
By (9) we have f(u)?* = f(u?) = f((—u)?) = f(—u)?* for all u € R\ {0}.

Hence, we get
fu) = =f(-u) or  f(u) =f(-u) (12)

for each u € R\ {0}.
If we assume that f(u) = f(—u) for all =1 <u <0 and that there
exists a u, < —1 with f(u,) = —f(—u,), then it follows from (3) that

Flug) =f(ug) " = =f(—uy) ' = —f(—uy")
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and —1 < uy' < 0 which are contrary to our assumption. (Due to Lemma
2, we can assume that f(—uy') # 0.)

Now, suppose there exists a u, (—1 < u, < 0) with f(u,) = —f(—u,).
It then follows from (11) that

f(ugv) =f((—uo)(—v)) =f(—up)f(—v)
= —f(ug) f(—v) = —f(—ue)
for all v < —1with v # u, — 1, i.e,,
f(u) = =f(~u) (13)
for all u == uyw > 1 (u # u} — u,). Using (3) and (13) we get

-1

Q) =fu )" = =f(~u ) = =f(~u)
forany 0 <u <1 (u # (uj — uy)™"). From (1), (3), (8), and (11) we get
flx =1 =f()f(=D)f(x~" = 1) =f(x) (=D f(L —x)f(x7)
=f(=Df(1 —x) = ~f(=Df(x = 1)
for 0 < x < 1 and this means that f(—1) = — 1. Therefore,
() = =f(=1).

All together, we see that if there exists a u, (—1 < u, < 0) with f(u,) =
—f(—u,), then f satisfies (13) for all u > 0 with possible exceptions at
uj —uy and (uf — uy) ™"

Taking (12) into consideration, assume

Flug = ug) = fug — ug).
By (8) and (11), we have
F((uo = ug)v) = f((ug — ug)(—v)) = f(ug = uy) f(—v)
= (ug = u3)f(=v) = (= (ug = uf)v)
for all v < —1 with v # u, — ul — 1, i.e.,
f(u) =f(~u)

for each wu = (u,—udv >uj—u, with u# (u, — ujXu, — uj — 1),
which is contrary to the fact that (13) holds true for all u > 0 with possible
exceptions at two points. (In view of Lemma 2, we may exclude the case
when f(u) = 0 for some u # 0.)
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Similarly, if we assume

(= ue) ™) = £(uo —u3) "),

then this assumption also leads to a contradiction. Hence, we can conclude
that if there exists a u, (=1 < u, < 0) with f(u,) = —f(—u,), then

f(u) = =f(~u)

for all u > 0. If we replace —u by u, we will see that this equation is true
also for all u < 0.
Therefore, f satisfies either

f(u) = =f(—u) forallu <0
or

f(u) =f(—u) forall u < 0.
This fact together with (8) and (11) yields

fuw) =f(u)f(v)

for all u,v € R\ {0}.
The proof of the reverse assertion is clear. [

If a function f: R — R is a solution of Eq. (1) for all x,y € R\ {0} and
additionally satisfies f(0) # 0, then we see by putting y = —x in (1) and
considering (12) that f(x) € {—1,1} for all x € R\ {0}.

Therefore, we have

COROLLARY 5. An unbounded function f: R — R is a solution of the
functional Eq. (1) for all x,y € R\ {0} if and only if there exist a constant
o € {—1,1} and an unbounded multiplicative function m: R — R, i.e.,

m(xy) = m(x)m(y) forallx,y € R,
such that f(x) = om(x) forall x € R.

4. STABILITY OF EQ. (1)
In the following theorem, we will prove the stability of the functional
equation (1) in the sense of R. Ger.
THEOREM 6. If a function f: R — (0, ) satisfies the functional inequality

f(x+y)
FOfF)F(xt +y7h)

~1|<e (14)
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for some 0 < & <1 and for all x,y € R\ {0}, then there exists a unique
multiplicative function m: R\ {0} — (0, %) such that

(112)5(1 —e)s ’;((;)) = (ii

for any x € R\ {0}. If f is additionally assumed to be unbounded, then the
domain of m can be extended to the whole real space R with m(0) = 0.

Proof. From (14) it follows that
1 x x byt 1
IO 4y 05
1+e f(x+y) 1-e¢
for any x,y € R\ {0}. By putting y = x~!

5
(1+ &)

in (15) we have

1 -1
—— < /(7)<

for each x € R\ {0}. With x = 1, (16) yields

1
e (16)

(1+e) P <f1)<(1-e) "2

(17)
From (14) we get

(1- o) < fe+y) +z (T 4y
T A+ y) NFGETYF(x Y+ 2) D) (T DA(x +y)

<(1+e)

(18)

and

(1-¢)< f(+2) T+ Yyt 27
A+ Y +y +2) F( )Yy +2)

<(1+e)

(19)

for all x,y,z € R\ {0} with x +y # O resp. y +z # 0.
If we divide the inequalities in (18) by those in (19) and consider (16),
then
1-s x+y) Az (e ! 1+ )
( Sf(( y)_l )/ ( y )S( ) (20)
1+e¢ f((y+z) +x‘1)f(y_]+z_1) 1-

for all x,y,z € R\ {0} with x +y#0and y +z # 0.

3
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If we define u and v by (6), then

uy = ((y +z)7! +x )y )

as we see in the proof of Theorem 4. If an additional condition (7) is
assumed to be hold, then (17), (20), (6), and (7) imply

1-¢\° 1n Fu)f(v) 1+ ¢
1+a)(1+€) s f(uv) S(l—a

forall u € R\ {0}, v € Rwith u + v # 1 and u(1 — v) > 0 (see Lemma 1
and the fact that u =x'+y land v =(x+y) ' +z '=1—x(x+
y)~ly~1 for some x,y € R\ {0} with x +y # 0).

Let us define a = —1.324717956... as in the proof of Theorem 4.
From the relation

)11—af”2<m>

fw) fefw)
F(u)? fwy  flw)f(u)

and from (21) and (16) it follows that

) e () e e

for any u <0 (u+#a) or u>1 (u# a implies u>+u" '+ 1). On
account of (16) and (22), we obtain

L-ey v S ) f(w)?
(1-¢) = 2 = 2 2 2
I+e f™™ f(w) fu)” f)
5
s(iig) (1+e&)"?
for u < 0 (u # a) or u > 1. This fact together with (22) and (17) yields

[efama e izt o @

for all u € R\ {0}, since a™ ! # a.
Let s >t > 1. With

F)(@)  fED ™) f(OfG™) f(5)° 1
fst) ST ST ) f) (T
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(21), (23), (16), and (17) yield

1—¢

1+ ¢

2 i (1) l+e
)(1”) = T (st) S(1—g

forall s > 1 and ¢ > 1. (We can replace each of s and ¢ by the other when
t > s > 1 and we apply (23) to the proof of (24) for the case s = t.) By

fGsHfE™ f(st)
f((s)™) F()F(0) f(st)f((st) ")
and using (16) and (24) we obtain

() oo B (] e

)12(1 _ o) ()

=f()f(sTHFOf()

(25)
for all s > 1 and ¢ > 1. Hence, by (21), (24), and (25) we conclude that

R

27,2
| a-o o

for each pair (u,v) of
{(u,v) lu>0; 0> 0}
U{(u,v) lu e R\{0}; veR; u+v+1;u(l—-0)>0}. (27)

(We can use (21) to verify inequalities in (26) either for s > 1 and
0<t<lorfort>1land0<s<1)
The fact

fw)’  fw) f((-u))
f=w)’ F@) f(=u)’
together with (23) implies
11—\  f(u) 1+ e\
(1+a) = F(-w) S(l—s)
for every u € R\ {0}. This fact, (26), and (27) together with the relations

f)f(v) _f(—w)f(—v) f(u) [f(v)
f(uv) fw) — f(-u) f(-v)

(for u,v < 0)
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and

f)f(v) _ f(u)f(—v) f(—uw) f(v)
f(uv) f(uo)  f(uww) f(-v)

imply

(foru>0,v <0)

( 1 n z)24(1 —e)7 < f(il(;;}()v) < (1 i i)24(1 +e)? (28

for any u,v € R\ {0}.
‘We now claim that

e f(uz)
811+2+ +2 %+2+ +2 (29)
f(u)
for all u € R\ {0} and n € N, where we put

5
(1+ 8)1/2.

1-—e\° 12 1+ ¢
813=(1+€ (1—8) and 821=(:

Due to (23) our assertion is obvious for n = 1. Assume that (29) is true for
some n > 1. Then, the relation

fy @) [f(uz") ]

F> " fw?y L)

together with (23) and (29) gives
n n+ 1
glra 2t fu” ) plH2a

Fa

which proves the validity of (29) for all u € R\ {0} and n € N.
Let us define functions g,: R\ {0} —» R by

g, (1) =2"In f(u*")

for each u € R\ {0} and n € N. Let m,n € N be arbitrarily given with
n > m. It then follows from (29) that

lg,(u) — g, (u)l=2""

2*(nfm)1nf((L)21::)
f?y’

-0 as m — o,
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Hence, {g,(u)} is a Cauchy sequence for every fixed u € R\ {0}. There-
fore, we can define functions /: R\ {0} — R and m: R\ {0} — (0,%) by

I(u) = lim g,(u) and  m(u) =e'®.
Indeed, we know that
m(u) = lim f(uz")T”

for every u € R\ {0}.

Replace u and v in (28) by u?" and v?’, respectively, and extract the
2"th root of the resulting inequalities and then take the limit as n — % to
obtain

m(uv) = m(u)m(v)

for all u,v € R\ {0}. Hence, we conclude by considering (29) that there is
a multiplicative function m: R\ {0} — (0, ) with

m(u)
() <eg (30)

& =<

for any u € R\ {0}.
Suppose m': R\ {0} — (0,) is another multiplicative function satisfy-
ing (30) instead of m. Since m and m’ are multiplicative, we see that

m(u?) =m(u)”  and  m'(u*) =m'(u)”.
Thus, it follows from (30) that
m(u) [m@) ][ f)
m'(u) | f(u?) m'(u?")

-1 as n — o,

which implies the uniqueness of m.

By (30) we see that m is unbounded if and only if f is so. Hence, it is
not difficult to show that if f is unbounded, then the domain of m can be
extended to the whole real space R by defining m(0) = 0. 1

COROLLARY 7. If a function f: R — (—=,0) satisfies the functional
inequality (14) for some 0 < & <1 and for all x,y € R\ {0}, then there
exists a unique multiplicative function m: R\ {0} — (0, %) with

_(1+3)5(1+8)1/2Sm(x) (1—8)5(1_8)1/2

7 o
1-¢ f(x) 1+e
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for each x € R\ {0}. Moreover, if f is unbounded, then the domain of m can
be extended to the whole real space R with m(0) = 0.

We will now apply Theorem 6 to the proof of the Hyers—Ulam stability
of the equation of Heuvers.

THEOREM 8. If a function f: R — R satisfies the functional inequality

If(x+y) =f(x) =f(y) —f(x"+y )< (31)

for some 0 < 8 < In2 and for all x,y € R\ {0}, then there exists a unique
logarithmic function I: R\ {0} = R such that

11
If(x) —1(x)l <58 — 71n(2—e‘3) (32)
for each x € R\ {0}.
Proof. If we define a function g: R — (0, %) by
g(x) =€/, (33)
then it follows from (31) that

g(x+y)
g(x)g(»eg(xt+y ')

for all x,y € R\ {0}. According to Theorem 6, there exists a multiplicative
function m: R\ {0} — (0, ) with

—1l<e®—1

(2 —e?)' P50 < %:)) <e19/2(2 —¢8)7° (34)
for x € R\ {0}. Define a function I: R\ {0} - R by
I(x) == Inm(x). (35)

Then, [ is a logarithmic function. Since
11 11
56 — 71n(2 —e®) > 78 —5In(2 — €?),

we can conclude by (33), (34), and (35) that the inequality (32) holds true
for any x € R\ {0}.

Let I*: R\ {0} — R be another logarithmic function satisfying (32) for
each x € R\ {0}. Since / and [* are logarithmic, we get

I(x*)=2"(x) and  [*(x*") =2"*(x)
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r all x € R\ {0} and n € N. Hence, it follows from (32) that
I(x) — I*(x)l = 27"1(x*") = I*(x*")]
< 27MI(x*) = F(xF) I+ 27 f () = (%)

-0 as n — oo,

which implies the uniqueness of 1. ||

1

2.

3.

10.

11.
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