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over admissible sets, where U(q) (U(a)) is the solution of the first (second) Neumann
boundary value problem, p > 0 is the regularization parameter. Taking the solutions of
these optimization problems as the regularized solutions to the corresponding identification
problems, we obtain the convergence rates of them to the solution of the inverse problem
in the sense of the Bregman distance and in the L2-norm under relatively simple source
conditions without the smallness requirement on the source functions.
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1. Introduction

Let £2 be an open bounded connected domain in RY,d > 1 with Lipschitz boundary 92, f € L2(£2) and g € L?>(3£2)
be given. In this work we continue the paper [19] on the investigation of total variation regularization for the problem of
identifying the coefficient q in the Neumann problem for the elliptic equation

—div(gVu) = f in £2, (1.1)
0
q—u:g on d£2 (1.2)
on

or the coefficient a in the Neumann problem for the elliptic equation
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—Au+au=f ing2, (1.3)
au
— =g ondf (14)
an

from the observations z° € H!(£2) of the exact solution i of (1.1)-(1.2) (or (1.3)-(1.4)) with

||ﬁ—25||H1(Q) <8, (1.5)

8 > 0 being given, while f and g are prescribed. For practical models and surveys on these problems we refer the reader to
our recent papers [18-20] and the references therein.

We note that in our setting we assume to have observations z° € L2(§2), VZ° € (L2(£2))? for the solution u and its
gradient, respectively. In [20] we have discussed about this assumption and also about the ill-posedness of the above
identification problems in the L2 and L* norms (see, more details in [2,6,8,26,32]). Recently, in [24] Knowles and LaRussa
have shown that these problems are well-posed but in the weak L? topology on the recovered coefficients. Such a similar
property in the H~1(£2) topology has also been noted by Kohn and Lowe in [26].

As the above identification problems are ill-posed in the L? and L* norms, several authors applied Tikhonov regular-
ization to stabilize them. However, as noted in [18,19], previously only Engl, Kunisch and Neubauer [12,11] considered the
convergence rates of the method. In fact, these authors directly applied their theory of nonlinear ill-posed problems to the
above inverse problems; and to obtain a convergence rate they have to require some smallness condition of the source func-
tions which is very hard to verify. Recently, in [18,20], based on another approach, we got convergence rates for Tikhonov
regularization with L2-stabilization of the above inverse problems under rather simple source conditions without requiring
a smallness condition of the source functions.

To ease the exposition, suppose that the coefficient q in (1.1)-(1.2) is given so that we can determine the unique solution
u and thus define a nonlinear coefficient-to-solution map from q to the solution u = u(q) := U(q). Then the inverse problem
has the form: solve the nonlinear equation

U(q) =u for q with u being given. (1.6)

To estimate a possible discontinuous or highly oscillating coefficient g, some authors used the output least-squares
method with total variation regularization (see, e.g., [5,17,30]). Their technique led to the non-convex optimization problem

migf(U(q)—z5)2dx+p/|Vq|. (1.7)
I 2 2

Here p > 0 is a regularization parameter, Q is some admissible set of the coefficients, z is the observed data of the exact
data u and [, |Vq]| is the total variation of the function q. However, these authors did not consider the convergence rate of
the method. Furthermore, there are some difficulties with the least squares approach to (1.6). First, since the cost function
appeared in (1.7) is not convex, it is difficult to find global minimizers. Second, it appeared that obtaining convergence
rates for Tikhonov regularization (1.7) is still an open problem [29]. To overcome these, in [19] we apply the total variation
regularization method to new convex energy functionals (see Lemmas 2.4 and 3.2 in [19]) for identifying q in (1.1)-(1.2) and a
in (1.3)-(1.4), and obtain convergence rates for this approach. Namely, for identifying g in (1.1)—-(1.2), we consider the convex
minimization problem (see Lemmas 2.4 and 3.2 in [19])

1 2
min = [ q|V(U(q) —2°)|" dx + /v , 18
quadZ/q\ (U@ —2°)] o | IVq| (1.8)
Q
and for identifying a in (1.3)-(1.4) the convex minimization problem
1 1
min - /|V(U(a) —2)Pdx+ —/a(U(a) — )2 dx + p/ Val. (1.9)
achAqyq 2 2
Q Q Q

Here, U(q) and U(a) are the coefficient-to-solution nonlinear maps for (1.1)-(1.2) and (1.3)-(1.4) with Q44 and Ay being the
admissible sets, respectively. In [19], we obtain convergence rates of regularized solutions to the solution of the coefficient
identification problems under source conditions which are easy to check (see Theorems 2.9 and 3.6 of [19]). However, our
convergence rates in this approach are just in the sense of the Bregman distance which is in general not a metric. To
enhance these results, in this paper we add an additional L?-stabilization to the convex energy functionals (1.8) and (1.9) for
respectively identifying g in (1.1)-(1.2) and a in (1.3)-(1.4), and obtain convergence rates not only in sense of the Bregman
distance but also in the L%(£2)-norm. That is, for identifying q in (1.1)-(1.2), we consider the strictly convex minimization
problem

1 2 1

— | q|V(U(@) —2%)|"d —llqII? /v , 110

qrgé?ﬂ/q\ (U@ -2 X+,0<2||Q||L2(9)+ I ql) (110)
2 2
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and for identifying a in (1.3)-(1.4) the strictly convex minimization problem
min l/|V(U(a) — ) dx+ l/a(U(a) — ) dx+p a2 +/|Va| (111)
aAa 2 2 2" @) ' '
Q 2 Q

To present our results, we briefly summarize the space of functions with bounded total variation and the notion of the
Bregman distance; for more details, the reader may consult Attouch, Buttazzo and Michaille [1], Evans and Gariepy [13],
Guisti [14], Burger and Osher [4], Resmerita and Scherzer [29] and the references therein.

A function q € L1(£2) is said to be of bounded total variation if

TV(q) :=/|Vq| :=sup{/qdivgdx ‘gng(Q)d, g0 <1, er} < 00. (112)
2 2

Here | - |« denotes the ¢-norm on RY defined by |x|eo = maxigigd |Xi|- The space of all functions in L1(£2) with bounded
total variation is denoted by

BV(2) = {qeﬂ(fz) ’/|Vq| <oo}.
2

It is the Banach space under the norm

qllBv () = IIQI|L1(9)+/|VQI-
2

Further, if £2 is an open bounded set in RY (d > 1) with Lipschitz boundary, then W1-1(£2) G BV (£2) (Giusti [14, pp. 3-4]).
Let H{ be a Banach space with H* being the dual space of it, R: H — (—o0, +00] is a proper convex functional and
dR(q) stands for the subdifferential of R at ¢ € DomR :={q € H | R(q) < +o0} # ¥ defined by

OR@) :={q" € H* | R(p) = R@ +(q*, P — ) 3 5, forall p € H}.

The set dR(q) may be empty; however, if R is continuous at g, then it is nonempty. Further, dR(q) is convex and weak*
compact (see, [10], Propositions 5.1, 5.2, pp. 21-22). In case dR(q) # @, for any fixed p € H we denote by

Dr(p. @) = {R(P) = R@ +(q", P — ) 3= 5, | 4" € IR@}.
Then for a fixed element g* € dR(q),

D% (p.q) :=R(p) —R@ +(q". P~ ) (1.13)

is called the Bregman distance with respect to R and q* of two elements p,q € H.

The notion of Bregman distance was first given by Bregman [3] along with an iterative algorithm for minimizing (1.13)
for Fréchet differentiable R and it was generalized by Kiwiel [21] to nonsmooth but strictly convex R. Burger and Osher
[4] further generalized this notion for R being neither smooth, nor strictly convex. In general, the Bregman distance is not

a metric on H. However, for each g* € dR(q) the D‘}:(p,q) >0 for any p € H and D‘}; (q,q) = 0. Further, in case R is a

strictly convex function, D‘}; (p,q) =0 if and only if p =gq. In recent years, this notion was proved to be useful in getting
the convergence rates of regularization methods in Banach spaces (see, e.g., [4,16,28,29] and the references therein).
Now we formulate our convergence results as follows.

Set R(-) = %Il . |I%2(9) + fg |V(-)|. Denote by qf) the solution of (1.10), g the R-minimizing norm solution of the problem

of identifying q in (1.1)-(1.2) (see Section 2.1). Assume that there exists a functional w* Hl(.Q)* (see page 596 for the
definition of H](£2)) such that

U/(qT)*w* =q"+¢ear(qh

for some element ¢ in a(f_(2 IV())(g"). Here U’(gh* is the adjoint to the Fréchet derivative of U(q"). Then, we have the
convergence rates

|4} —4"[2i0) + Div (4} a") =0@®) and  [U(g}) = 2|10, = OG)

asd—0and p ~6.

Similarly, set T(-) := %II - |?

L2(2)
the problem of identifying a in problem (1.3)-(1.4) (see Section 3.1). Assume that there exists a function w* € H! (2)" such
that

+ fg |[V(-)|. Denote by af) the solution of (1.11), a the T-minimizing norm solution of

U/(aT)*w* =d +xre aT(aT)
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for some element A in a(fg V()] (@"). Here, U’(a")* is the adjoint to the Fréchet derivative of U(a’). Then, we have the
convergence rates
s 112 ro (a8 AT\ s ) _
Hap —a HLZ(Q) + D7y (dp.a") =O@) and HU(ap) -z ”Hl(.o) =00)

as § — 0 and p ~6.

Our above source conditions are easy to check and much weaker than the related ones, since we remove the so-called
small enough condition on the source functions which is popularized and very hard to check in the theory of regularization
of nonlinear ill-posed problems [12,29]. We also note that, to our knowledge, up to now there is only the paper by Chavent
and Kunisch [7] devoted to convergence rates for such a total variation regularization of a certain linear ill-posed problem.
Besides, the use of the convex energy functionals in our identification problems is dated back to Knowles [25,22,23] and
Zou [34].

This paper is organized as follows. In Section 2 we will prove our result on convergence rates for total variation reg-
ularization combining with additional L2-stabilization of the diffusion coefficient identification problem (1.1)-(1.2) and in
Section 3 the related result for the reaction coefficient identification problem (1.3)-(1.4). In Section 4 we present the related
result for identifying the diffusion coefficient in problems with Dirichlet or mixed boundary conditions. The discussion on
our source conditions is given at the end of each section.

In the whole paper we assume that £2 is an open bounded connected domain in R?, d > 1 with Lipschitz boundary 952,
f eL?(£2) in (1.1) and (1.3), and g € L?(3£2) in (1.2) and (1.4) are given. We use the standard notion of Sobolev spaces
H'(2), H}(22), H)(2UT) and W1-*°(£2) from the books [27,31]. Moreover, for the simplicity of notation, as there will be
no ambiguity, we write [, --- instead of [, ---dx.

2. The diffusion coefficient identification problem

In this section we investigate the following coefficient identification problem in the Neumann problem for elliptic partial
differential equations.

Find the coefficient q in the problem (1.1)-(1.2) subject to the constraints

q€Q :={qel™®R)|0<qg<qx <Gae on} (2.1)

with q and q being given positive constants, when the solution u is imprecisely given in £2.
2.1. Problem setting and regularization

We consider the problem (1.1)-(1.2) assuming that the functions f and g satisfy the compatibility condition

!f+/g:Q

a2

Then a function u in Hl(Q), the closed subspace of H!(£2) consisting all the functions u € H!(£2) with mean-zero:
H&Qy=heH%9wfuM=o}
Q

is said to be a weak solution of the problem (1.1)-(1.2), if

/ﬁVqu:/JW4Z/gm Vv e Hl (). (2.2)
2

2 a2

By the aid of the Poincaré-Friedrichs inequality in H1(£2), we obtain that there exists a positive constant « depending only
on ¢ and the domain $2 such that the following coercivity condition is fulfilled

/‘q|Vu|2 2()‘”””?-11(9) forallu e H(2)andq e Q. (2.3)
2
Here,
C
o= dta >0
14+Cq

with Cg, being the positive constant, depending only on £2, appeared in the Poincaré-Friedrichs inequality:

(2.4)
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C_Q/vzgfwvlz forallv e H! ().
2

It follows from the inequality (2.3) and the Lax-Milgram lemma that for all g € Q, there is a unique weak solution in H}>(.Q)
of (1.1)-(1.2) which satisfies the inequality

Ul @) < Aa(lflli2ee) + 18l200)
where Ag is a positive constant depending only on «.

Thus, in the direct problem we defined the nonlinear coefficient-to-solution operator U:Q C L*°(£2) — Hl(.Q) which
maps the coefficient g € Q to the solution U(q) € Hl(.Q) of the problem (1.1)-(1.2). The inverse problem is stated as follows:
given i :=U(q) € H(2) find g Q.

Now we assume that u is the exact solution of (1.1)-(1.2). It means that there exists some q € Q such that u = U(g). We
assume that instead of the exact i we have only its observations z% € H l(.Q) such that

Ja-2 ||H1(.Q) <9 (2.5)
with 8 > 0. Our problem is to reconstruct q from z°. For solving this ill-posed problem we minimize the strictly convex
functional

. 1 5 q
[min st(q)+p<§||qlle(Q)+f|Vq|>, (P}.5)
Q
where Quq := Q N BV (£2) is the admissible set, p > 0 is the regularization parameter and
2
1@ ——/qIV(U(q)—z o geqQ. (2.6)
Q

In the following we will see that the problem (PZ,S) has a unique solution qf) on the nonempty, convex, bounded and

closed in the L?(£2)-norm set Q,q, which is called regularized solution to our inverse problem (see Theorem 2.7). Due to the
nonempty convexity, closedness and boundedness in the L2(§2)-norm of the set

Mo, @) :={q€ Qu |U(q) =1} (2.7)
(see Lemma 2.5), we can conclude that there is a unique solution g of the problem
. 1 5
qef%f;(m(z”q”ﬂm) + ! |Vq|), (119

which we call R-minimizing norm solution to our inverse problem, where R(-) := 5 - ||L2(_Q) + [o IV
Our aim in this section is to investigate convergence rates of q° » to the R-minimizing norm solution q' of the equation

U(g) =u.
The following results are useful.

Lemma 2.1. (See [14, pp. 7-17].) (i) Let (qn) be a bounded sequence in the BV (£2)-norm. Then, there exist a subsequence (qy,) of it
and an element q € BV (£2) such that (qx,) converges to q in the LY (§2)-norm.
(ii) Let (qn) be a sequence in BV (£2) which converges to q in the L1 (£2)-norm. Then, q € BV (£2) and

/ |[Vq| < llmll’lf/ [Vanl.
Lemma 2.2. (See [19, Lemma 2.2].) The total variation is continuous on BV (£2), i.e., if (qn,) C BV (§2) converges to q € BV ($2), then

li,gn/Ianlzflqu.
2 2

Lemma 2.3. (See [15, Theorem 2.4], [19, Lemma 2.3].) The coefficient-to-solution operator U : Q C L*°(£2) — Hl(.Q) is continuously
Fréchet differentiable on the set Q. For each q € Q, the Fréchet derivative U’(q) of U(q) has the property that the differential n :=
U’(q)h with h € L*°(£2) is the (unique) weak solution in Hl(.Q) of the Neumann problem

an dU(q)

—div(qVn) =div(hVU(q)) in £2, q%_—h—n on s
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in the sense that it satisfies the equation

/anVv:—/hVU(q)Vv (2.8)

2 2
forall v e H.(£2). Moreover,

A
Il @) < 7“(||f||Lz(9) + gl 2 ) IRl 2)
forallh € L*(£2).

Lemma 2.4. The functional ] ,s(-) defined by (2.6) is continuous and convex on the convex set Q44 with respect to the L%(£2)-norm.

Proof. Suppose that the sequence (q,) C Qqq converges to q in the L2(£2)-norm. It follows from Lemma 2.1 that g € Qqq. By
the same reasonings as in the proof of Theorem 2.1 in [18], we conclude that J,s(qn) — J,5(q) as n — oco. Besides, the proof
of the fact that ], () is convex on the set Qqq is based on the similar reasonings as in [15, § 3.1] and [18], Lemma 2.3. We
note that in [15] Gockenbach and Khan proved a similar result but for the L°°-norm. O

Lemma 2.5. The set I1q,, (i) in (2.7) is nonempty, convex, closed and bounded in the L2(£2)-norm.
Proof. The proof of this lemma is based on the same reasonings of Lemma 2.1 in [18]. O

Lemma 2.6.Let O C BV (§2) be nonempty, convex, closed and bounded in the L%(£2)-norm. Suppose that & is a non-negative, strictly
convex and continuous function on Q in the L2(§2)-norm. Then, the problem

min 5(q) + / IVq| (2.9)
qeQ A

has a unique solution.

Proof. Let (q;) be a sequence in O such that

lirrln<E(qn)+/|an|) = in€<E(q)+f|Vql).
2 9€Q 2

It follows that the set (f_(2 |VqnDnen is bounded. Since (g,) is bounded in the L2(§2)-norm and mes(£2) < oo, it is bounded
in the L'(£2)-norm. Hence (q) is bounded in the BV (£2)-norm. By Lemma 2.1, we conclude that there exist a subsequence
(q1,) of (qn) and an element § € Q such that (qj,) converges to § in the L'(£2)-norm, weakly in L?(£2) and fg Vg <

liminf, f_Q IVq1,|. Since = is convex and continuous on Q in the L?(£2)-norm, it is weakly lower semicontinuous in L%(£2).
Therefore,

E(f])—l—/lVf]I <lirr}1inf<E(q1n)+/|Vq1n|> = inf(E(q)+/|Vq|).
2 2 9eQ Q2

This means that ¢ is the (unique) solution of the problem (2.9). O

Theorem 2.7. (i) There exists a unique solution q‘;) of the problem (PZ.B).
(ii) There exists a unique solution q' of the problem (I19).

Proof. The proposition of the theorem directly follows from Lemmas 2.4-2.6. O

In the following we denote by
X:=L®(2)NBV ().
Then, X is a Banach space with the norm
lgllz := gl () + lgllBv (2)-
Further,
L®(2)" cXx* and BV(2)* Cc X*.
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On the other hand, we will write Xpy () := (X, || - lav(2)) (Xro@) =&, |- =) to denote the space X with respect
to the BV (£2)-norm (L°°(§2)-norm).
The functional J,s(-) in (2.6) is Fréchet differentiable on Q in the L*°(£2)-norm and for each g € Q

.];5 (q)h :(.];6 (q)ah>(Loc(Q)*Lco(9)) :(.];B(q)»h>(x*’x), Vh (S .'{ (210)
Furthermore, for any ¢ € xgv(m
M’h)(x’év(m«fswm) = <Z,h)(x*_’3), VheX. (211)

Besides, for each g € Q and any h € X, since

g, 2| < Nl IRl oy < gl Il gy < gl Iz,

we get

(q, h)LZ(_Q) =(q, h)(Ll(Q)*,Ll(Q)) =(q, h)(x;;vm),xgv(m) =(q, h)x*,%). (212)

Using the same arguments as in the proof of Lemma 2.6 of [19] we get the necessary and sufficient optimality condition for
the problems (PZ,S) and (I79).

Lemma 2.8. (i) Let ¢}, € Qqq. Then g, is a (unique) solution Of(PZ,a) if and only if for all £ € 3( [, |V(-)])(q5), the inequality

s (@) (@ —ap) +plap. 0= )20y + ALE 0 — ) 1 (213)

>
T;V(:z)’xBV(ﬂ)) >0
is satisfied for all q in Q 4q.
(ii) Let q" € Mq,, (i1). Then g is a (unique) solution of (I1%) if and only if for all € € 3([,, IV (-))(g"), the inequality

(@' a0 —a")20) + (60— ") x

. >
BvieyXev@) 7 0
holds for all q in ITq,, ().

Now, we state and briefly prove stability results for total variation regularization method combining with additional
L?%-stabilization of the diffusion coefficient identification problem.

Theorem 2.9. For a fixed regularization parameter p > 0, let (z°") be a sequence in Hl(Q) which converges to z° in the H' (£2)-norm
and (q‘;”) be the unique minimizers of the problems

1 2 1
min i/q|V(U(q)—25“)| +,0<EI|Q||fz(g)+/|VQ|>'
A 2

q€Qad

Then, (qf,") converges to the unique solution qf, Of(PZ,a) in the L2(§2)-norm. Further,

11}131/|qu;| =/|Vq‘/3)|. (2.14)
2

2

Theorem 2.10. For any positive sequence (5,) — 0, let pp := p(8n) be such that

2

on—0 and X -0 asn— oo.
P

Moreover, let (z°*) be a sequence in Hl(.Q) satisfying ||l — 2% H1(2) < 6n and (qf,”n) be the unique minimizers of the problems

min 1fq|v(U(q)—z“")|2+,on 1||q||22 +/|Vql :
quaaZQ 27 7E@® J

Then, (qf)'}]) converges to the unique solution q' of the problem (I19) in the L2($2)-norm. Further,

“ﬁ"/|vq8p"n| Z/IVqTI and 1im D% (¢%..4") =0
2 2
forall £ € d( [, IVD(GH.
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To prove these results we remark that if § is a normed linear space and (f;) is a sequence in § such that for each
subsequence (fj,) of (fy) there exist a subsequence (f3,) of (f1,) which converges to a fixed element fp € §, then the
whole sequence (f;) also converges to fo.

Proof of Theorem 2.9. For all n € N and q € Qqq, by the definition of qf)”, we have
L (@) + 2 (5145 oy + [19651) < S @ + o ( 3 lali2s 0, + [ 14l (2.15)
z6n qp Y 2 qp 12(£2) qp S Jom (g P 5 q 12(2) q|)- .
Q Q

It follows from the last inequality that (qf)”) is bounded in the L2(£2)-norm (and so in the L!(£2)-norm, since mes(§2) < o)

and the sequence (f_Q |Vq5p"|) is bounded, too. By Lemma 2.1, there exist a subsequence (q‘;") of (q‘;”) and q‘sp € Qg4 such
that

(qf,l”) converges to qf, inL1(£2), (2.16)

(qf}”) weakly converges to qf) inL?(£2), and (217)
. 5

/‘Vq‘;)] < llmnlnf/]qul” |. (2.18)

2 2

By (2.16), we see that there exists a subsequence (qiz“) of (qi}") such that U (qf,z") weakly converges to U(q5) in H'(£2)
(see the proof of Theorem 2.1 in [18]). This and the hypothesis that (z’7) converges to z® in the H!(£2)-norm lead to

lim J sz, (a7") = J (@) (2.19)
On the other hand, it follows from (2.17) that
2 . 2 112
”qu ||L2(.Q) < 11n}11nf||qp2 ||L2(.Q)' (2.20)

Therefore, by (2.18)-(2.20) and (2.15),

1 2 .. 82, Py 82,12 S2n
Iz (Qf») +,0<§||qf, ||L2(S2) +/|Vq‘;)}> < hm,fnf(]z‘szn (ap") + 5”%2 ”LZ(.Q) —I—,o/|qu2 >
Q 2
<timsun( 1, (63 + 5105 oy + 0 [ 19551
2
< nmﬂsup(Jzaz,, @+ 2141 g, + / |Vq|>
2

0
= 1o @+ S1al g, + o [ 170 221)
Q
for all ¢ € Q4q. This means that q‘sp is a (unique) solution to (PZ,S)'

By contradiction we show that (qupz,,) converges to qf) in the L2(£2)-norm. In fact, assume that (qff”) - qf) in the L2(2)-

norm. This and (2.20) follow that
. 2 112 2
€= l1mnsup||qp2 ||L2(.Q) > Hqi ||L2(.Q)' (2.22)

Therefore, there exists a subsequence (qif") of (qff") such that

qff” — q‘; weakly in L%(£2), and Hqif” Hiz(rz) — €. (2.23)
Choosing g = g5, in (2.21), we get
. S\ . Py 82,112 San 0 2
h}ln<]zazn (4p") + 5”%2 ||L2(Q) +,o/|qu2 |> =Js(qp) + 5”(12 ”LZ(Q) +p/|qu,|. (2.24)
2 2

It follows from (2.22), (2.23) and (2.19) that
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I (qf)) + qu‘Sp Hiz(.rz) +plimnsup/|vq‘;3"| <y (qf)) + ge +p1imﬂsup[’vqf)3n
2 2

33,

=lim J s, (q%n) + g“,%“qu “iz(m + plim SUP/W‘I%"
"2

:lim,f“p(Jz“sn (an") + quff” Hiz(rz) +f°/’Vq8pB" )
2

By (2.24), the last inequality leads to

)

limnsup/]quf”] < /]Vq3p| glirt}linf/wqap]” (by (2.18))< lirr}iinf/quf”
2 2 2 2

which is a contradiction. Thus, (qf,z“) converges to q‘; in the L%(£2)-norm. Hence the whole sequence (q‘f)”) also converges
to qf) in the L2(£2)-norm.
Now, from this and (2.15) it follows that

(@) + 510} [, + plimsup [ |9
"2
- limnsup<1262n (@) + 515 I+ 0 [ 19057 |>
2
< limsu 5y 4+ 2hgt |12 vl
S 1M sup J o (@) + 3 ||qp||L2({2)+pf| a|
Q

P
S AR TN A
2

By (2.18), it follows from the last estimate that lim, fQ |qu,2" |= f_Q |Vq5p| and so (2.14) holds. The proof of Theorem 2.9 is
now completed. O

Proof of Theorem 2.10. For all n € N, by the definition of qf)”n, we have
1 2 1 2
Tow 05+ on( 3145 Vo + [ 19051) < Lo @)+ on( 516 e, + [ 1907
Q Q

q 1
<232+ (301l + [151). (225)
Q

By the assumption 8,3 /pn — 0, the last inequality yields

. 1 2 1 2

imsup (3165 1o + [ 19851) < 3101y + [ 151 (2:26)

2 2
Thus, since mes(£2) < +o0,
2
sup|gp; |z ) < oo and ggg(!\Qfﬁ‘n I + K[ |qu>"n|) < +o0.

It follows from the last estimates that there exist a subsequence (qi)’l"n) of (q‘sp’},) and q € Qg such that

(qf}&) convergesto§ in L'(£2), (2.27)
(qf}&) weakly converges to g in L>(£2), and (2.28)

/ V4| < liminf / Vg |. (2.29)
n n
2 2



602 D.N. Hao, TN.T. Quyen /J. Math. Anal. Appl. 388 (2012) 593-616

On the other hand, since || - HLz(Q) and J;(-) are weakly lower semicontinuous, it follows from (2.28) that

and
Ja@ < liminf Ja (g ).
In virtue of the Poincaré-Friedrichs inequality, the last estimate follows that
o a - X~ .
5 lu@ - ullil(m <Ja@ < llqlnfju(qfﬁl" ) (2.31)
with the positive constant o defined by (2.4). Now, we have
1 _
Jalan) =5 [an v (U(ah) - 2m) + V@ - )
Q
1 _ _
=5 [aniv@ -af + [anyEs) -2m)-v@n -1
Q Q
1
w5 [l -2 (232)

2

The first two terms in the right-hand side of (2.32) tend to zero as n — oo, since z’» converging to i in the H'(£2)-norm.
Thus,

lin}1inf]a(qf}1’;1) = lin}linf%/q‘splln \V 81n ) _251,1) 2
Q2

. . 8 n
= lln}llnf]zshl (qplln)

.. q 2 £1,
< 1m}1mf(551n T||L2(Q) + p1, /|Vqu) (by (2.25))
Q
=0. (2.33)
It follows from the inequalities (2.31)-(2.33) that U(§) = ii. Therefore, replacing q' in (2.25) by §, we also get
IwaHWWi +/Wﬁ|<ﬁm& +/Wm (2.34)
; 2 IMenlli2(2) Pn 2 Ml2()
2 2

Now, we have

limsup/}qu;{; | glimsup( ”qmn -
n n
2

2 S1y
(9)+/‘V‘1mn‘>
2

— i 1 ‘Sln v S1n 1. 2 S1p
= 1mnsup 5 dp1, ”LZ(Q) + ’ do1, |+ E”q”LZ(Q) - (qmn , q>L2(Q)
< limsup Hq ” + ]Vqsl” + limsup 1||f]||2 — (qal“ f])
= n Pin 112(£2) n 2 L2(£2) P> 1I12(2) )*

It follows from the last inequality, (2.34) and (2.28) that

) U B J .
lmnsupf! pﬂ’;l\ 14122, ) + /IVq|+§||qllfz(m— (q,qhzm):/lwll-
n
2 2 2
This and (2.29) yield

hm/\Vq \:/Wm. (2.35)
2
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It follows from the last inequality and (2.34) that
. 1, 5, A2 . 1, 51, A2 . Sty R
limsup — |y, — ]2 o) = limsup Z{ldpy, — [}z o) +lm( [ [Va,p |- [ IVal
n 2 n 2 n
2 Q

. 1, 51, 42 81 N A e, . S1p A
=11mnSUP<§||qmn ||L2(.Q)+/|Vq/’1n| ‘Hl,‘,n E”q“LZ(.Q) — [ 1Vq| _<qp1n’q>l.2(.Q)
Q Q
=0. (2.36)
Now, by the definition of gt and (2.35)-(2.36), we obtain that

1 .
||q ||Lz<.o>+f|Vq 5||q||fz(m+/|w|
2
(1 sy, 2 81y
= 11111'1‘1(5 ||q,011n HL2(.Q) + /|qul1,. |>
2

1
<3la' 1) +/|VqT| (by (2.26)).
2

Hence } ||qT||L2(m + [o1Vqil=1 HqIILZ(Q) + [ 1Vd| or " =4, by the uniqueness of q'.

Finally, again using (2.35)-(2.36), we see that the sequence (q‘f;]”n) weakly converges to q' in BV (£2) (see [1], Proposi-
tion 10.1.2, p. 374). Thus, for all £ € 8(f9 IV())(g") we conclude that

. S1n 51
hmDTv(qm .q") —11{,“</|qu11” _/W‘ﬂ — (€. dpr, _qT><x;V(m,xBV(m)) =
2 2

The theorem is proved. 0O

2.2. Convergence rates

For any fixed q € Q the mapping
U'(q):L%($2) > HL(2)
is a continuous linear operator (see Lemma 2.3) with the dual operator
U@ HY(2) - L= (@2)".
Then
(w*, U/(Q)h)(Hl(:z) Hi@) = =(U'@"w".h) w2y 1oy = (U’ @ w* ) %, (2.37)

for all w* € H.(£2)" and h € X.
In the following, for the simplicity of notation, we denote by

1
R@ = 514172 +/|Vq|, q € Qud
2

and note that

N =q"+ a</|V(-)|)(qT) cx*

Now we state the main result of this section.

Theorem 2.11. Assume that there exists a functional w* € H }> ()" such that

U'(q") " w* =q" + €€ 9R(q") (2.38)
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for some element € in a(jﬂ IV(D(g"). Then,

I qf) —q'| iZ(Q) + ng(qf), q")=0@) and | U(q‘;,) -2 ||H1(.Q) =00©)

as 8§ — 0 and p ~ 8. Moreover, if £ € X* can be identified with an element of L (£2), then the following convergence rate is obtained
[1vd|- [1va;
Q 2

To proving this result we need the following auxiliary results, the proofs of which are based on the convexity of the
functional J,s(-).

=0$) ass— 0and p ~4. (2.39)

Lemma 2.12. (See [19, Lemma 2.10].) The estimate

5112 2

holds for all q belonging to Q.

Lemma 2.13. The estimate
—ple, q" - qsp)(x <35 +‘7”qf) - qT”LZ(Q)p (2:40)

vy Xev@) T 2

holds for q%, being the solution of the problem (wa) and all € € 0( [, V() ().

Proof. By (2.13), for £ € ([, IV()])(q)), we get

—p(Z,qT _q%)(x

Xpv(@)) S ];5 (q%)(qT - q,f)) + p(‘]fw qT - qZ)LZ(Q)

Since the function J,s(-) is convex, we obtain that

*
BV(2)°

Js@) @ —a5) <Js(@") = 1»(d5) < Js(q) < 582 (2.42)

From the inequalities (2.41) and (2.42) we arrive at (2.40). O

N[ Q1

Proof of Theorem 2.11. By the definition of qf), we have
1 2 1 2
1)+ (515 oy [ 19651) < 22s) + (516" e, + [ 1947 243)
Q Q
Then,

1Y 2 1Y 2 2 2
J2 (qiv) + Equw _qT“Lz(.Q) <Jp(d)+ E(HqT”LZ(S?) - IICI‘Z ||L2(S2) + ”q% - qT”LZ(Q)) +p</|VqT| - f|Vq‘2,|>
2 2

_ i 8 i )
= (") +,0<(q .q' —dpl2o) +/|Vq |_/’qu|>-
Q Q
By (2.5), for any £ € 8([52 |V(~)|)(qT) the last inequality leads to

12 (@3) + £ 1a} = a2, + Dby (@) a)

1_
<507+ p((qi 0" = B + /IWW - /\WZI) + p(/!“lf)! - /\WT! ~(t.q5 - qT)@;v(m,xw(m))
2 2 2 2

1

= 5(752 + P(<qT, qT - q%)LZ(Q) + <Ea qT - qi))(x;;v(g)stV(Q)))' (244)

By (2.11) and (2.12), we get that
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"

(q ) qT - Qf))LZ(_Q) = (qT’ qT - qf’)(%*,%)

and

T_ 48 — T_ g8
(¢.q qp>(3e§v(m,3egvm)) =(t.q qp>(3e*,3e)'
Hence, by the source condition (2.38), we have

BveyXsv@)

It follows from the last equality and (2.37) that

T

*
(a.q" - Dz +{ q' - q§’>(3€§vm)'xsvm)) ={U(¢") w*.q" - )2y 122

= (w*, U/(qT)(qT - q%))(Hg(Q)*,Hg((z)y

By the Riesz representation theorem, there exists an element w € H ;(.(2) such that

(w, U/(qT)(qT - qf)»(ﬂg(.rz)*,ﬂl(m) =(w, U/(qT)(qT - q(z)»H})(Q)'

By the similar reasonings as in the proof of Theorem 2.9 in [19], we get the following estimate

1/2 1
(w, U'(a")(a" = @)1 ) @6( f |Wv|2> +qp / |Wv|2+zfzs(qf,)
2 2

for some W € H}>(Q). It follows from (2.44)-(2.47) that

1 1. ) . 1/2 B A
S (ap) + gl!q‘ﬁ, ~ "%, + DYy (2. 07) < S5 +q6p</ IVWI2> +quf VW],
2 2

By Lemma 2.12, the last inequality leads to the following convergence rates

”qu —q' ”iZ((z) + D‘%V(qf), q")=0() and HU(qf)) -2 “Hl(.Q) =00

asd—0and p ~ 6.
It remains to establish the convergence rate (2.39). Take ¢ € 8([52 |V(~)|)(qf)), from Lemma 2.13, we get

q8*
/|qu>| - /|VqT| <—(e.q' _qf’>(3€’év<mq353vm)) S 2 +fq) _qT“LZ(Q)'

2 2

On the other hand, for £ € a(fg IV, we have

/|VqT| - /|qu;| <—{t.q; - qT)(xgv(m,xw(m) =—{t.4) = a')x x)-
2 2

605

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

By the assumption that £ € ¥* can be identified with an element of L?(£2), there exists an element of L?(£2) denoted by

the same symbol such that

(605 = ") e ) = (60 = ') 2

The last equality and (2.51) yield

/|VqT| - /‘qu < —<£,q‘;) - qT)LZ(.Q) < 2 () ”qap _qT”LZ(Q)'
2 2

(2.52)

Since (2.49), it follows that ||qf, - qTHLz(Q) = O(/8) as § - 0 and p ~ 8. Hence the inequalities (2.50) and (2.52) yield

(2.39). The theorem is proved. O
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2.3. Discussion of the source condition

Now we discuss the source condition (2.38), which ensures the convergence rate

”qu ||L2(Q)+DTV(qp’ =00 (2.53)

of the regularized solutions qu to the R-minimizing norm solution qT of our inverse problem, where ¢ € a(fg |V(~)|)(qT).

We remark that this source condition does not require any the regularity on q' and the smallness of the source functions
which is hard to check in the general convergence theory for nonlinear ill-posed problems [11,12,29]. Further, condition
(2.38) is fulfilled if and only if there exists a function w* Hé(.Q)* such that

1 1 2
2 2

for all g € X. To further analyze this condition we assume that the sought coefficient belongs to H!(£2). Therefore, the
admissible set of sought coefficients is restricted to

Qu=QNH'(2)C QNBV().

Moreover, if ¢ can be identified with an element of L%(£2), i.e., there exists an element ¢ in L%(£2) such that

(ev q>(xgv(9),:{3v(g)) = <Ev q>L2(_Q) (255)

for all ¢ in X, then the convergence rate
./|Vq;§| - /|VqT|' = 0(/9) (2.56)
Q Q

is also established.
We remark that, since H!(£2) c BV (£2), any ¢ in the dual space of BV (£2) can be considered as an element of H!(£2)
in the sense that there is a unique element in H'(£2), denoted by the same symbol such that

€, Q) vy sve)y =& Duie), YI€ H'(92).

In fact, since £ € BV (§2)*, there exists a positive constant C such that for all g € H1(£2),

’(( q>(BV(Q)* BV(Q))! C”q”BV(Q)
< Cy/2mes(£2)1Iqll g1 (e)-

This means that ¢ belongs to H1(.(2) Hence, by the Riesz representation theorem, there is a unique element le H(£2)
such that (£,q) sy @) .sve) = (& Qi (g for all g e HY(R).
Lemma 2.14. (See [19, Lemma 2.12].) Denote by
B={teBV(2)" |3 e H (2): (t.a)pvey.sv@) = (LD, YaeH (2)}.
If the dimension d < 4 and the boundary 92 is of class C', then
B=H'(2),
where the bar denotes the closure in H(£2).

Theorem 2.15. Let the boundary 352 be of class C! and the dimension d < 4. Assume that q’r has the property that there is an element
le 3([Q IVOD(q") such that (¢, q)<3€va) Xpva) = (E Q2 forallqg e L%(£2) N H1(£2), where ¢ is some element of H'(£2).

Further, suppose that the exact it = U(q") € W2®(2), |Vil| > € a.e. on 2 with ¢ being a positive constant. Then, the convergence
rates (2.53) and (2.56) are obtained.

Note that as the dimension d < 4, the requirement on g of the theorem is fulfilled at least on a set which is everywhere
dense on H!(£2) (see Lemma 2.14).
We need the following auxiliary result, which is generalization of that in [26] and [33].
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Lemma 2.16. (See [19, Lemma 2.15].) Assume that the boundary 352 is of class C!, u € W2*°(£2) and |Vu| > y a.e. on 2, where y
is a positive constant. Then, for any element p € H($2) there exists v € H1(£2) satisfying

Vu-Vv=p. (2.57)
Proof of Theorem 2.15. Due to Lemma 2.16, there exists y € H!(£2) satisfying

vU(q") - vy =q" + .
Set

- va
V= mes(2)

v
Then,

~VU(q")- Vi =q"+¢ and ¢ eH\(2).
By (2.12), for all g € L®(£2) N H'(£2) we have

(E +quq>(x <K’q>(xzv(m,xsvm)) +(qT’q)(3e

Bv(@)XBv(2) = Bv(@) XBV(2))
= (é’ q)Lz(Q) + (qT’ q>L2(Q)
= (qT + é7 q>l_2(9)
=_/qvu(qT)v@.
2
In virtue of (2.8), the last equality leads to

(e+4", a) x /quu/(qT)(q)vl/}, Vg e L®°(2)NHY ().

2

BviyXBv@)

Using the equivalent scalar product on H!(£2), we obtain that there exist an element W e Hl(.Q) independent of q €
L®°(£2) N H'(£2) such that

(€+a",q)x, = (W, U' () @)1 0y YaEL®(@)NH ().

BV(Q)’:{BV(Q)) -

Thus, there exists a function w* € Hl(Q)* such that

(e +quq>(3e* = (w*, U/(qT)(Q))(Hg(m*,Hg(m) = (U/(qT)*W*’q>(L°C(Q)*,L°°(.Q))' (2.58)

BV(Q)'xBV(-Q)) -
Since
* ~
(U'(q") w", q)(LOO(Q)*,LOO(.Q)) =(q"+4, q>L2(.Q)

with qT,Ee H'(£2), the boundary 952 being of class C! and the dimension d < 4 and by the Sobolev embedding theorem,
it follows that U/(qT)*w* is linear and continuous on L (£2) N H!(£2) equipped with the BV (£2)-norm and

(U/(qT)*W*’ q)(LDO(Q)*,LOQ(Q)) = (U/(qT)*W*’ q)(%gv(g),%gv(g))’ Vq € LOO(Q) N Hl (Q)

(see the proof of Theorem 2.13 in [19]). Since q' + ¢ € 3 (3| - ||i2(m + [ IV (@D, it follows from the last equality and
(2.58) that

1 1 2 *
5”‘7”%2(9)"'/|Vq| - EHqT”LZ(.Q) _/|VQT| _<U/(qT) W*’q_qT>(3e;;v(m,3€Bv(m)
2 2
_ 1o a2 T t
—5||q||L2(m+f|Vq|— 5 lla ||L2(Q)—/|Vq |—la"+ 00", 2pvien
2 2
>0

for all g € L°°(£2) N H'(£2). The theorem is proved. O
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3. The reaction coefficient identification problem
In this section we investigate the following coefficient identification problem.
Find the coefficient a in the problem (1.3)-(1.4) subject to the constraints

acA:={ael®)|0<a<a(x) <aae.on R} (3.1)

with a and a being given positive constants, when the solution u is imprecisely given in 2.
3.1. Problem setting and regularization

A function u € H1(£2) is said to be a weak solution of (1.3)-(1.4), if it satisfies the equality

/Vqu—i—/auv:/fv—i—/gv, vv e H(R). (3.2)

2 2 2 a2

For all u € H'(£2) and a € A the following coercivity condition

[rour s [ = pruid o, (33)
2 2

holds. Here,
B :=min{1,a} > 0. (3.4)

In virtue of the Lax-Milgram lemma, for each a € A there exists a unique weak solution of (1.3)-(1.4) which satisfies
inequality

lullg o) < Aﬂ(”f”LZ(Q) + ”g”LZ(BQ))s (3.5)

where Ag is a positive constant depending only on 8.

Therefore, we can define the nonlinear coefficient-to-solution mapping U : A C L®°(£2) — H!(£2) which maps each a € A
to the unique solution U(a) € H'(§2) of (1.3)-(1.4). Thus, our inverse problem in this section is that of the form: given
i1 =U(a) € H' () find a € A.

Now we suppose that o is the exact solution of (1.3)-(1.4), i.e., there exists some a € A such that u = U(a), where the
set A is defined by (3.1) and U (a) is the coefficient-to-solution mapping. We assume that instead of the exact u we have
only its observations z° € H!(£2) such that

”ﬁ -2 ”Hl(.(z) <8, (3.6)

where § > 0. Our problem is to reconstruct a from z%. For solving this ill-posed problem we minimize the strictly convex
functional (see Lemma 3.2 below)

: 1 2 a
a[?/lil;ld GZS(G)+,()<§||(1”L2(Q) +/|Va|>7 (Pp,é)
Q
where Ay := AN BV (£2) is the admissible set and p > 0 is the regularization parameter and
1 sn2 1 512
G (a) =3 |V(U(@) —2°)| +3 a(U@) —2°)", aeA. (3.7)
Q Q

We remark that the problem (wa) has a unique solution af, on the nonempty, convex, bounded and closed in the

L?(£2)-norm set Ay, which is called regularized solution to our inverse problem. On the other hand, due to the nonempty
convexity, closedness and boundedness in the L2(£2)-norm of the set

Mp, (@) :={a€ Ay | U@ =1}
we can conclude that there is a unique solution a' of the problem

. 1
min -

2 a
a + Va|, 17
aEHAad @) 2 ” ”LZ(Q) / | | ( )
2
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which we call T-minimizing norm solution to our inverse problem, where
1 2
Q
In this section we investigate the convergence rates of af) to the solution a of the equation U(a) = ii.

We note that the functional G, () is convex and Fréchet differentiable. The Fréchet differential of it is defined by

1
Gp@h=—> /h(U(a) -2)(U@+72)
Q
forae A and h € L*°(£2).

Lemma 3.1. (See [19, Lemma 3.1].) The mapping U : A C L°°(2) — H'(£2) is continuously Fréchet differentiable with the derivative
U’(a). For each h in L (£2), the differential n := U’ (a)h € H'(£2) is the unique solution of the problem

. an
—An+an=—-hU(a) in$2, %:O on as2,

in the sense that it satisfies the equation

[Van+/anv=—[hU(a)v (3.8)

2 2 2

forall v e H'(£2). Furthermore, the estimate

A
17012y < f(nfnmm +llgl 2o Ihlliee@)

holds for all h € L°°(£2).
Lemma 3.2. (See [19, Lemma 3.2].) The functional G (-) defined by (3.7) is convex on the convex set A.
Similar to the previous section we can prove the following results.

Theorem 3.3. (i) There exists a unique solution of the problem (P‘;,,a). Further, an element a‘Sp in Aqq is a solution to (Pfy,a) if and only
if forany A € B(IQ |V(~)|)(qf)), the inequality

» (a‘sp)(a —a)) + play.a— af)>L2(Q) +p(r.a- a;s))(x;;v(g),va(g)) =0 (3.9)

holds for all a in Agq.
(ii) There exists a unique solution of the problem (IT%). Further, an element a' in IT4,, (W) is a solution of the problem (IT%) if and
only if forany A € 8([_(Z V()| (@ah), the inequality
Tag_af _af
(a a—da )LZ(Q) +<)“’a a )(%Evm)ﬁEBV(m) >0

holds for all a in IT4, ().

Theorem 3.4. For a fixed regularization parameter p > 0, let (z°") be a sequence in H'(£2) which converges to z% in H(£2) and (a‘sp”
be the unique minimizers of the problems

2 1 2 1
+5/a(U(a)—z5") +p(§||a||f2(m+/|w|>.
2 2

Then, (asp") converges to the unique solution af) of(me) in the L2(§2)-norm. Further,

lirrln/|Va‘fO” :/|Va‘3p\.
2 2
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Theorem 3.5. For any positive sequence (8;) — 0, let o, := p(8y) be such that

2

on—0 and X -0 asn— oo.
Pn

Moreover, let (z°) be a sequence in H'(§2) satisfying ||ii — z° 1) < dn and (af,”n) be the unique minimizers of the problems
min /|V(U(a> _A)Pal /a(U(a) =2 4+ pu( 2l ) + / |Val
aeAgq 2 2 2@ '
Q Q 2
Then, (af,’;) converges to the unique solution af of the problem (IT1%) in the L2 (§2)-norm. Further,
. Sn
llrrln/“Vapn
Q

forall e ([, V().

:/‘VaT] and lipD‘}v(a‘;’;,aT)zo
2

3.2. Convergence rates

We now state and briefly prove the result on the convergence rates of regularization solutions af, to the solution af of
the equation U (a) = u.

Theorem 3.6. Assume that there exists a function w* € H! (9)* such that
U'(@") ' w* =a' + 1 eaT(a") (3.10)
for some element . in ([, IV (-))(a"). Then,
) 112 A (a8 T ) ) _
”a,o —a ||L2(.Q)+DTV(ap’a )=0() and ”U(ap) -z ”Hl(g) =0()

as § — 0 and p ~ 8. Further, if . € X* can be identified with an element of L(£2), then the convergence rate

[1val|- [va))

is also established.

=0OK38) ass—0and p ~ 8, (3.11)

We need the following lemmas.
Lemma 3.7. (See [19, Lemma 3.7].) The estimate

2
U@ -2° ||i](9) < 5C62@

holds for all a belonging to A.

Lemma 3.8. The following estimate

1 _ _
—p(k, a' - asp)(x§v<9)’x3v(ﬂ>) < 2 max{d, 1}6” + aHa‘; - aT”LZ(Q)p (312)

holds for all a‘sp being the solutions of the problems (P“M) and A € 8([_(2 |V(~)|)(af)).

Proof. Using the convexity of the function G, (-) and the inequality (3.9) we obtain that

< Gza (aT) — GZE (af)) + ,O(af)» aT - af))ﬂ(g)
< Gp(d") +afa) _aT”LZ(Q)p'

Since G (a") < § max{a, 1}82, the last inequality yields (3.12). The lemma is proved. O
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Proof of Theorem 3.6. Using the definition of a% we have
1 2 1 2
Guleh) + (5160 ey + [ 19631} < sl 516 ey + [ 1561)
Q Q
1 _ 1
< Emax{a,1}82+,0(§||aT||i2(m+/|VaT|). (3.13)
Q

Take A € a(fg V()] (@) such that U/(aT)*w* =a' + A. Then,

o 2
Gy (a)) + 7 lap, aTHLZ(Q) +pDiy (ap, a')
1 _
< 5 max(d, 1)8% + p((a, a" =) 5 o) + (" - “Z)@zvm),xw(m))' (3.14)
Now we have
(' a" — G )2 + (- a’ - ai))(ae;;v(m,xw(m) =(a".a" - afv)(x*,x) +{ha’ — aap><x*,x)
=(a"+xd" - ai)>(3€*,35)
=(U'(d") ' w*,a" - af})(ae*,x)
*
= (U’(aT) w*,af - aBP)(LOQ(Q)*,LOO(Q))
={w", U’(aT) (aJr - a,[jJ)>(H1(.Q)*,H1(.Q))'
By the Riesz representation theorem, the last equation follows that there exists an element w € H!(£2) such that
(aT’ a’ - a%)LZ(Q) +{x, a’ — a§>>(3€§v(m,xw(m) =(w, U/(aT)(aT - a%))Hl(m' (3.15)

By the similar reasonings as in the proof of Theorem 3.6 in [19] we get the following estimate

(w, U'(a") (@ = @)y g < aa(/ w2>1/2 +,06/\7v2 + %faf)(zfS ~u(a))?

2

2 2
1/2 1
+5</|Wv|2) +p/|wv|2+EfIV(Z‘S—U(aZ)H2
2 2

2

for some W € H!(£2). Thus,

1/2
p(w,U’(aT)(aT—a‘Sp))H](m <8,o(1< W2> +,0251/\7v2+8,0</|VW|2>

2 2 2

1/2 ]
+ ,02/ Vw2 + 562 (@).
)

(3.16)

It follows from the inequalities (3.14), (3.15) and (3.16) that

1 P
205 (@) + 3 la, —d' |22y + PP (). )

172 12
1 _ _ o _ [ R o
< Emax{a,1}82+5,oa</ w2> +,02a/w2+8,0</|Vw|2) +p2/|Vw|2.

2 2 2 2

Using Lemma 3.7, we obtain the following convergence rates

|a, - aTHiZ(Q) + D}y (ad, a')=0() and |u(@) -2 Hm(g) =0()

asd—0and p ~6.
It remains to prove the convergence rate (3.11). Take A € 3([Q |V(-)|)(qf)), we get from Lemma 3.8 that

1 _ 8
/‘Vaf)‘ - /‘VaT’ <—(r,d" - aBP)(%’gv(m.,%va)) < 3 max{a, l}; —+—a”afJ —aTHLZ(Q). (3.17)
2 2
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On the other hand, since X € 8(fQ IV()D(g"), by the assumption that A € ¥* can be identified with an element of L2(£2)
which is denoted by the same symbol, we get

J19a1= [ 1983 < ~froah =)y 2y = = 2y =) =z
Q Q
The last inequality yields

J19a1 = [1982] < Wizl = a' e (318)
2 2

From the inequalities (3.17) and (3.18), and the fact that ||a5p - aT||Lz(Q) = O(v/8) we arrive at (3.11). The theorem is
proved. O

3.3. Discussion of the source condition

Now we discuss the source condition (3.10) which is equivalent to the following one: there exists a function w* €
H(£2)" such that

1 1 2
5||a||f2(m+/|Va| —~ EHaTHLZ(Q)_/|VaT| _<U/(aT)*W*’a—aT>(%,§V(Q)’3€BV(m) >0 (3.19)
2 2

for all a € X. To further analyze this condition we assume that the admissible set of coefficients is restricted to

A =ANH' (2)CANBV ().

Theorem 3.9. Let the boundary 352 be of class C! and the dimension d < 4. Suppose that a' has the property that there is an element
Le 8(fQ V() (a") such that (x,a) (A, a)2() foralla e L™(£2) N H(£2), where A is some element of H!(2).

Further, assume that there exists a constant & > 0 such that |U(a")| > € a.e. on £2. Then, the condition (3.19) is fulfilled and hence
convergence rates

I =+ Do o) =0 and | [|val] - [ v
2 2

Xy () XBv2) =

=0W$)

are obtained.
Proof. For any a € L®(£2) N H(£2) we have

t _ gt .
(a + }‘" a>(x§v(ﬂ),XBv(g)) - <a ’ a>(3€’év(m,3€sv(m) + ()\" a>(xgv(g)v:{BV(Q))

T
= (a ,a>L2(_Q) + (A, a)(%’gv(m,xwm))

:<aT+5"a>L2(Q)' (3.20)
Since af + 4 € H'(£2) and |U(@")| > ¢ > 0, we have v := —f;(—}i) € H'(£2). Hence
—/aU(aT)w =(a"+7 a)2 0, (3.21)

2

for all a € L°(£2) N H1(£2). It follows from (3.20), (3.21) and (3.8) that

(" +2,a) 5 / vU'(a') (@) Vy + / a'U' (@) @y = (W, U'(a) @)1 g,

2 2

Bve)»XBv@)

for some W € H!(£2) independent of a € L®(£2) N H!(£2). Therefore, there exists an element w* € H! (2)" such that

(aT + A, a>(3€’EV(m’3€BV(9)) =(w". U/(aT)(a))(Hl(Q)*,Hl(Q)) = <U/(aT)*W*’ a>(L°°(9)*,L°°(-Q))'

Since (U’(aT)*w*, @) (Lo (@)% Loo(2)) = (a' + A, a)p2(g) With a'+ 4 e H'(£2), we obtain that U’(aT)*w* is linear and continuous
on L®(£2) N H1(£2) equipped with the BV (§2)-norm and
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(U’(aT)*w*, a)(Lm(Q)*yLOO(Q)) = (U’(aT)*w*, a>(3€’,§\,(m,3€swm)’ Yae L®(2) NH(£2).

Therefore, since af + A € 8(% I - IIfZ(Q) + fg [V()]) (@), we conclude that there exists a functional w* € H! (.Q)* such that

1 1 2 *
5”‘1”%2(9)"'/|V‘1| - i”aTHLZ(Q) _/|VGT| —(U’(aT) W*’a_aT>(3a§V(Q),3EBV<m)
2 2

1 1 2
= Slal g, + [ 1901 510" g, — [ 19T =0 + 20 =Ny, i)
2 2

>0
for all a € L°(£2) N H1(£2). The theorem is proved. O

4. Related inverse problems

Let I" be an open piece of 32, I" C 9£2. In this section, we extend the above results to problems with Dirichlet or mixed
boundary conditions

—div(@qVu) +au= f in g2, (4.1)

qa_u =g on I, (4.2)
on

u=0 ondQ\I (4.3)

from imprecise values of u in the domain §2. Here, the functions
aeA:={ael™®)|0<ax) <aae on}

with a being a given positive constant, f € L>(£2) and g in L>(I") are given.
Problem: Find the coefficient q € Q defined by (2.1) in the problem (4.1)-(4.3).

We see that problem (4.1)-(4.3) is of the mixed type, if neither I" nor 92 \ I" is empty; of the Dirichlet type, if I = @;
of the Neumann type if 32 \ I = (. We note that the solution space of the Neumann problem (4.1)-(4.3) with a >a >0
is H'(£2), while that of this problem with a =0 is H}>(.Q). On the other hand, the solution space of the Dirichlet and
mixed problem (4.1)-(4.3) are Hé(Q) and HE,(.Q U I'), respectively, indifferently of a. This is a reason why we choose the
identification problem in the Neumann problem to present in detail. Indeed, all results that stating for the inverse problem
in the Neumann problem remain valid for that in the Dirichlet and mixed problems. The definition of the space H(l, Kur)
can be found in [31], p. 67. We also note that if I" =, then H(l)(.Q ur)= H(l)(.Q). Therefore, in the following we only state
results for the inverse problem of identifying the coefficient g in the mixed boundary value problem for elliptic equations
(4.1)-(4.3), in fact, these results are valid also for the Dirichlet problem as I" = @.

We recall that a function u € H})(.Q U ) is said to be a weak solution of (4.1)-(4.3) if

/unVv—i—/auv:/fv—i—/gv, Vvthl)(.QUF).
2 2 2

r

Since the Poincaré-Friedrichs inequality remains valid on the H})(Q U I') space (see, [31], p. 69 and p. 81), there exists a

positive constant « depending only on g and 2 such that the coercivity condition fg qlVul? + fg au® > K||u||i11(9) holds

for all u in H(l)(Q U I'). Then, by the Lax-Milgram lemma, we conclude that there exists a unique solution u of (4.1)-(4.3)
satisfying the inequality [[ully1 (o) < AUl fll2(e) + I1€ll12(r)), Where A is a positive constant depending only on g and £2.
Thus, we can define the nonlinear coefficient-to-solution mapping

U:Q CL®(R)— Hy@ur)

which maps each g € Q to the unique solution ﬁ(q) of (4.1)-(4.3). The inverse problem is then set as follows: given
u=U(q) eH\(R2UT) findgeQ.

We remark that the mappglg U: Q~C L®(2) — H(l)(.Q U ') is continuously Fréche£ differentiable on the set Q. For each
g € Q, the Fréchet derivative U’(q) of U(q) has the property that the differential n := U’(q)h with h € L*°(£2) is the (unique)
solution in H(l)(Q U I') of the mixed boundary value problem

3 aU
—n——hﬂ onl, n=0 ondR2\T,

—div(qV = div(hvU in £2, =
iv(qVn) +an = div( (@) in . o
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in the sense that ﬁ/(q)h in H(l, (£2 U I') solves the variational equation

/qvan+/anv = —/hvﬁ(q)w
2

2 2

for all v in H})(Q U TI') and satisfies the estimate [|9]y1g) < %(||f||Lz(_Q) + 8ll2¢ry) IRl () (the proof of this fact is
similar to that of Lemma 2.2 in [18]).
Now we assume that instead of the exact u e Hé(!? U I') we have only its observations z’ Hg)(.Q U I') such that

lu— 25||H1(9) < 8, where § > 0. Our problem is to reconstruct g € Q from z°.

4.1. Pure total variation regularization and convergence rates

For regularizing the identification problem we solve the convex minimization problem

o~ B4
[min Jza(q)+p/|Vq|, (Pps)
Q
where Qqq := Q N BV (£2) is the admissible set, p > 0 is the regularization parameter and
~ 1 ~ S\ 12 1 ~ 512
Jz@=3 [qdVU@-2)["+5 [aU@-2)" qeQ (4.4)
Q Q

is convex functional (the proof of this fact is similar to that of Lemma 2.3 in [18]).
Similar to the proof of Lemma 2.1 in [9] we conclude that the problem (nga) has a solution q‘f,. Further, the problem

min /qul (119)
also has a solution (see Theorem 2.5 in [19]) which is called the total variation-minimizing solution of the equation
U(q) = u, where

Mo, @) :={q€ Qu| Ul =1} (4.5)

Our aim is to investigate the convergence rates of regularized solutions qf, to the total variation-minimizing solution q'

of the equation ﬁ(q) =1u.
Similar to Theorems 2.7-2.9 in [19] we can prove the following results.

Theorem 4.1. For a fixed regularization parameter p > 0, let (z°*) be a sequence in H (1)(9 U I") which converges to z% in the H!(£2)-
norm and (q‘;”) be minimizers of the problems

1 ~ 1 ~
min —/q|V(U(q)—z‘3")|2+—/a(U(q)—z‘S")z—i—p/IVqL
2

q€Qqa 2 2
2 Q
Then, there exists a subsequence (qf,"”) of (qf)") and qu € Qqq such that (q‘:,"”) converges to qf) in the L'(£2)-norm and
lim, [, |ti"” | = [ |Vq5,|. Further, ¢S, is a solution to (fﬁ;’]ﬁ).

Theorem 4.2. For any positive sequence (5,) — 0, let p,, := p(8n) be such that p, — 0 and 8,%/,0,1 — 0.asn — oo. Moreover, let (z°1)
be a sequence in Hé(.Q U I') satisfying ||it — 2% 1) < én and (qf{;) be minimizers of the problems
.1 ~ 2 1 ~ 2
min — v(U(q) — 2 +—/aU — )+ /V .
quadZ/q\ U@=2")"+3 [aU@=2")"+pn | V4l
2 2 2

Then, there exists a subsequence (qf,"k’,'}) of (qf,’;) and an element q' € Qqq such that

limflqt, — '3, =0 and lip/WQfﬁ’; |= /|qu|.
2 2

Further, q' is the solution to the problem (IT9) and lim,, D‘TV (q%" ,q") =0, for each element ¢ € 8(f9 IVOD@H.

n
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Theorem 4.3. Assume that there exists a function w* € H(l) (2 U )" such that
ﬁ’(qT)*w* € 3(/|V(-)|>(qT). (4.6)
Q

Then,

o% (o) = 0w, |[1val| - [1v | <06) and [3a3) - 2 e, = 00
2 2

as§ — O0and p ~ 6.

4.2. Total variation plus L2-norm regularization and convergence rates

For solving the problem of identifying the coefficient q in the problem (4.1)-(4.3) in this subsection we solve the strictly
convex minimization problem

in T 1o q
[min st(q)+p<§||qlle(m+/IVq|>, (Pys)
2

where Qgqq := Q N BV (£2) is the admissible set, p > 0 is the regularization parameter and 725(~) is the convex functional
defined by (4.4). .
We remark that the problem (PZ‘ ) has a unique solution qfo. Further, the problem

. . 1 .
min  R(q) with R():= <[ - ;20 +/|V(-)| (I79)
qelq,, (i) 2 J

also has a solution (see Theorem 2.4), which is called the R-minimizing solution of equation a(q) = u, where the set
Mg, (u) defined by (4.5).
Similar to Theorems 2.9-2.11 we can prove the following results.

Theorem 4.4. For a fixed regularization parameter p > 0, let () be a sequence in H (1)(9 U I'") which converges to z° in the H' (2)-
norm and (qf,“) be the unique minimizers of the problems

o1 ~ 2 1 ~ 2 1
q@éng/qW(U(q)—z“"){ +5fa(U(q>—z5") +p(5||q||§z(m+/|w|>.
2 2 2

Then, (qf)”) converges to the unique solution qf, of(ﬁf)‘é) in the L2(§2)-norm. Further,
; Sn| _ )
1‘,5"/|qu"| = /|qu|-
Q Q

Theorem 4.5. For any positive sequence (8,) — 0, let p,, := p(8,) be such that p, — 0 and Sﬁ/pn — 0asn — oo. Moreover, let (z°1)
be a sequence in H(l)(Q U I') satisfying ||ii — 2% 1) < énand (q%,;) be unique minimizers of the problems

1 ~ 1 ~ 1
min i/q|V(U(q)—zs")|2+ E/a(U(q)—25”)2+Pn(§||CI||fz(Q) +/|VCI|>-
5 2

q€Qad
Q

Then, (q%;) converges to the unique solution q' of the problem (IT%) in the L%(§2)-norm. Further, lim, fQ |qu,','1| = fQ |Vq'| and
lim, DY, (g%, 4") = 0 for each element € € 3(f,, V() (g

Theorem 4.6. Assume that there exists a function w* € H (1)(.(2 u F)* such that
ﬁ’(qT)*w* =q'+¢<cdRr(q" (4.7)

for some element £ in a(fg IV(D(g"). Then,

|4}~ 0|72y + Dfv @).0) =0@®) and [T()) 2|10, = O
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as 8§ — 0 and p ~ 8. Moreover, if ¢ € X* can be identified with an element of L?(£2), then the convergence rate

[1vd|- [1va;
2 2

is also established.

:0(\/3_) as§—0 and p~§
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