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Abstract 

Stinson, D.R., A survey of Kirkman triple systems and related designs, Discrete Mathematics 
92 (1991) 371-393. 

The purpose of this paper is lo survey results on Kirkman triple systems and generalizations. 
These generalizations include nearly Kirkman triple systems and resolvable group-divisible 
designs with block size three, Kirkman frames, Kirkman triple systems containing Kirkman 
and/or Steiner triple systems as subsystems, non-isomorphic Kirkman systems, and orthogonal 
resolutions of Kirkman systems. 

Historical introduction 

In Query 6 of the Lady’s and Gentleman’s Diary of 1850 [26], Kirkman posed 
the following problem. 

Fifteen young ladies in a school walk out three abreast for seven days in 
succession: it is required to arrange them daily, so that no two will walk 
twice abreast. 

A solution to this Query was published by Cayley in 1850 (lo]; Kirkman 
presented his solution that same year in [27]. 

The general version of the problem requests a schedule for some number II of 
schoolgirls. On each of (V -- I)/2 days, each girl is to be included in exactly one 
group of three, and each pair of girls are to walk in the same group of three 
exactly once. It is easy to see that a necessary condition for the existence of such 
a schedule is that u = 3 mod 6. 

This problem became known as the ‘Kirkman Schoolgirl Problem’. Despite 
considerable effort by many mathematicians, it was 120 years until a complete 
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solution was given in [45] by Ray-Chaudhuri and Wilson. They proved that the 
desired schedule exists if and only if ‘u = 3 mod 6. 

Even though the original problem has been completely solved, research in 

related areas remains very active, and many open problems remain. We shall 
discuss several of these in the remainder of the paper. It is remarkable that a 
seemingly innocuous Query in 1850 should have spawned so much interest. 
Indeed, the entire field of combinatorial design theory began with the considera- 
tion of such ‘puzzles’. 

The paper [45] also contains an extensive bibliography of early research on the 
Kirkman Schoolgirl Problem, reproduced from [19]. Another source which nicely 
summarizes the early history of the problem is Ahrens [l]. 

Finally, we note that a very interesting account of the mathematical work done 
by Kirkman has been given by Biggs [7]. Although he is perhaps best known for 
posing the Kirkman Schoolgirl Problem, Kirkman was a prolific mathematician 
who did extensive research in design theory, group theory, polyhedra and knots. 

1. Design-theoretic background 

At this point, we will rephrase the schoolgirl problem in modern design- 
theoretic terminology. It will be convenient to introduce several types of designs. 

A pa&tie balanced design (or, PBD) is a pair (X, a), such that X is a set of 
elements (called points) and & is a set of subsets of X (called blocks), such that 
every unordered pair of points is contained in a unique block of &. If ZJ is a 
positive integer and K is a set of positive integers, then we say that (X, a) is a 
(v, K)-PBD if IX]= v and IAl E K for every A E z&?. The integer TV is called the 
order of the PBD. 

Using this notation, we can define a Steiner triple system of order V, which we 
denote STS(u), to be a (v, {3})-PBD. It is of course well known that an STS(V) 
exists if and only if u = 1 or 3 mod 6. In fact, this was first proved by Kirkman in 
1847 (see [25]). 

A paraiiei ciass in a PBD is a set of blocks that form a partititon of the point 
set. A PBD is resolvabie if the block set can be partitioned into parallel classes; 
the set of parallel classes is called a resolution. A Kirkman triple system of order 
v, or KTS(v), is defined to be a resolvable STS(v). Since existence of a parallel 
class in an STS(v) requires that v = 0 mod 3, a necessary condition for the 
existence of a KTS(v) is v = 3 mod 6. Clearly, a KTS(v) is equivalent to a 
schedule for v schoolgirls. 

Example. A Kirkman triple system of order 9. 

123 147 159 168 

456 258 267 249 

789 369 348 357 
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At this point, we present two direct constructions for KTS, due to Ray- 

Chaudhuri and Wilson [45]. 

Construction 1.X [45, Theorem 61. For all prime powers q = 1 mod 6, there exists 
a KTS(2q + 1). 

Proof. As points take (GF(q) X { 1,2}) U (00). Let LY be a primitive element in 
GF(q) and let m satisfy the equation 2d” = a? + 1, where E = (q - 1)/6. Define 
blocks as follows: 

A0 = ((0, l), (0,2), 001, 

Bi={(cu’,1),(cui+t,1),(oui+“,2)}, Osict-1; 2tsi<3t-1; 4t<i<5t-1, 

Ai = {(c!+m+t, 2), ($+m+31, 2), (QI’+~+“, 2)}, O== i s t - 1. 

These blocks form one parallel class of the KTS; the others are obtained by 
developing through GF(q). 0 

Example 1.1. A KTS(15). Here, t = 1. We can take (Y = 3; then m = 2. The 
following blocks form a parallel class in the design: 

A0 = ((0, I), (0,2), m}, Bo= ((1, I), (3, I), (2,2)}, 

Bz= ((2, I), (6, I), (4,2)}, B4 = ((4, I), (5, I), (1,2)}, 

Ao= ((6, 2) (5,2), (392)). 

Construction 1.2 [45, Theorem 51. For all prime powers q = 1 mod 6, there exists 
a KTS(3q). 

Proof. As points take (GF(q) x {1,2, 3)). Let D be a primitive element in GF(q) 
and let t = (q - 1)/6. Define blocks as follows: 

AO= ((0, I), (0,2), (0, 3% 

Bi,i={($,j), (~y~+*‘,j), (ari’4’,j)}, O~i~t-1; i=l, 2, 3, 

Ai = {(d, l), @‘+*I, 2), (df4’, 3)}, 0 G i G 6t - I. 

The design is obtained by developing these blocks through GF(q). Parallel classes 
are constructed as follows: First, define 

~={A”}U{B,j:O~i~t-l, lcis3) 

U{A,:t=ziG2t- 1, 3t<ic4t- 1, 5t<i<6t- 11. 

@, is a parallel class, and q parallel classes are created when 9% is developed 
through GF(q). We require 3t more parallel classes. Any Ai produces a paralie! 
class when developed through GF(q), so the 3t remaimng A,‘s give rise to the 
desired parallel classes. 0 
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ExampIe 1.2. A KTS(21). We have t = 1 and M = 3; then we construct the 

following blocks: 

A’= ((0, l), (0,2), (0,3)], Bo,, = {(I, I), (2, l), (4, I)], 

B 0.2 = {(1,2), (2,2), (4,2)], 80.3 = W3), (2,3)9 (4,3)], 

Ao= {(I, I), (2,2), (493% Ai = ((3, I), (6 2), (%3)}, 

AZ = ((2, I), (4,2), (1,3)], A3 = ((6, I), (%2), (3,3)}, 

A4 = ((4, I), (I, 2), (2, 3% A5 = ((5, I), (3,2), (63)). 

Then the parallel class L?&, = {A’, Bo. 1, B0.2, Bo.3, Al, Af, As}. 

In later sections, we survey results on Kirkman triple systems and generalixa- 
tions. These generalizations include nearly Kirkman triple systems and resolvable 
group-divisible designs with block size three, Kirkman frames, Kirkman triple 
systems containing Kirkman and/or Steiner triple systems as subsystems, non- 
isomorphic Kirkman systems, and orthogonal resolutions of Kirkman systems. 

2. Kirkman frames 

The first generalization we study is called a Kirkman frame. We introduce these 
designs because of the fundamental role they play in constructing many other 
designs related to KTS. The use of Kirkman frames is implicit in constructions 
given by Hanani [22], Ray-Chaudhuri and Wilson [45], and Baker and Wilson [4], 
but appear to have been first defined in general as designs in their own right in 
[60]. We now present two alternative but equivalent definitions of these 
important designs. 

First, we define a useful generalization of a PBD called a group-divisible 
design. A group-divisible design (or, GDD), is a triple (X, ‘9, a), which satisfies 
the following properties: 

(1) VI is a partition of X into subsets called groups, 
(2) & is a set of subsets of X (called blocks) such that a group and a block 

contain at most one common point, and 
(3) every pair of points from distinct groups occurs in a unique block. 
The type of a GDD (X, %, a) is the multiset { 1G I: G E %}. We often use an 

‘exponential’ notation to describe types: a type 1’2i3k - - - denotes i occurrences of 
1, j occurrences of 2, etc. 

As with PBDs, a parallel chss of a GDD is defined to be a set of blocks that 
forms a partition of the point set. A holey parallel class of a GDD (X, %, Sa) is a 
set of blocks P which forms a partition of X\G, for some G E $9. The group G is 
called the hole corresponding to P and is denoted h(P). 

Gur first definition of a frame is as a GDD in which the block set can be 
partitioned into holey parallel classes. If K is the set of blocksizes of the GDD, 
we say the frame is a K-frame. We refer to a {3}-frame as a Kirkman frame. 
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It can be shown (see for example. [59]) that for each hole H of a {&}-frame, 
there are precisely I_!?(/@ - 1) holey parallel classes corresponding to H. 

Our other definition of frames is in terms of a GDD with a hole. Informally, an 
incumplete GDD, or IGDD, is a GDD from which a sub-GDD is missing (this is 
the ‘hole’). We give a formal definition. An IGDD is a quadruple (X, Y, 3, &) 
which satisfies the following properties: 

(1) X is a set of points, and Y c X, 
(2) 3 is a partition of X into groups, 
(3) J$ is a set of blocks, each of which intersects each group in at most one 

point, 
(4) no block contains two members of Y, 
(5) every pair of points {x, y} from distinct groups, such that at least one of 

x, y is in X\ Y, occurs in a unique block of d. 
We say that an IGDD (X, Y, 3, Se) is a K-IGDD if IAl E K for every block 

A E d. The type of the IGDD is defined to be the multiset of ordered pairs 
{(ICI, 1G tl Yl): G E %I. As with GDDs, we shall use an exponential notation to 
describe types. Note that if Y = 0, then the IGDD is a GDD. 

It is not difficult to prove that a {k}-frame of type (t,, tz, . . . , t,} is equivalent 
to a {k + l}-IGDD of type 

A slightly less general equivalence is proved in [59]. 
Hence, we can alternatively define a Kirkman frame of type {t,, t2, . . . , t,} to 

be a {4}-IGDD of type 

Example 2.1. A Kirkman frame of type 24. 
Holes: {{I, 51, (2,413 {3,6], (7,811. 
Holey parallel classes: 

15 24 36 78 

267 168 147 123 

348 357 258 4 5 6. 

This is equivalent to the following {4)-IGDD of type (3, 1)4: 

Groups: {{1,5,&j, (2,4, b}, (X6, c}, {7,8, d)). 
Hole: {a, b, c, d}. 
Blocks: {{2,6,7, a}, (3,4,8, a}, {1,6,8, b}, (3, 57, b}, 

{1,4,7, c}, {2,5,8, c}, {L&3, d}, {4,5,6, d]j. 
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Example 2.2. A Kirkman frame of type 44. 
Holes: {{l, 2,3,4}, {7,8,9, lo}, (13,14,15, M}, { 19,20,21,22}}. 
Haley parallel classes: 

1 2 3 4 1 7 8 910 

7 13 20 7 15 21 1 13 21 1 14 22 

8 16 22 8 14 19 2 15 22 2 16 21 

9 14 2i 9 16 20 3 16 19 3 15 20 

10 15 19 10 13 22 4 14 20 4 13 19 

13 !4 25 16 
I 

19 20 21 22 

1 719 1 820 1 915 1 10 16 

2 10 20 2 919 2 813 2 714 

3 821 3 722 3 10 14 3 913 

4 922 4 10 21 4 716 4 8 15. 

This is equivalent to the following (4)~IGDD of type (6, 2j4: 
Groups: ({ 1,2,3,4,5,6}, {7,8,9,10,11,12}, { 13,14,15,16,17,l8}, 

{ 19,20,21,22,23,24}}. 
Hole: {5,6,11,12,17,18,23,24}. 
Blocks: ({1,7, f7,19}, {1,8,18,20}, {1,9,15,23}, {l,lO, 16,24}, 

{l,ll, 13,21}, {1,12,14,22}, {2,7,14,24}, {2,8,13,23}, 
{2,9,18,19}, {2,10,17,20}, {2,11,15,22}, {2,12,16,21), 

{3,7,18,22), {3,8,17,2l}, {3,9,13,24}, (3,109 14,23}, 
(3, il, l6,19}, {3,12,15,20}, {4,7,16,23}, {4,8,15,24}, 
{4,9,17,22}, {4,10,18,21}, {4,11,14,20}, {4,12,13,19}, 
{5,7,13,20}, {5,8,16,22}, {5,9,14,21}, {5,10,15,19>, 
{6,7,15,21}, {6,8,14,19}, {6,9,16,20}, {6,10,13,22}}. 

(This IGDD is in fact equivalent to a pair of incomplete orthogonal Latin squares 
of order 6 missing a pair of orthogonal subsquares of order 2. j 

Let us first determine some necessary conditions for the existence of a Kirkman 
frame of type {I,, fZ, . . . , r,,). Denote v = C t,. For 1 s i s n, there is a holey 
parallel class containing u - ti points; hence r~ -r, =Omod3, 1 his-. As well, 
I, - 0 mod 2 for 1 4 i 5 n, since t,/2 is the number of hoaey parallel ciasses 
c.ruresponding to the hole of size ri. Finally, n b 4, since each block of a Kirkman 
frqmc hits three holes distinct from the one to which it correc.ponds. 

li l‘r:.,m d tvpc C” is said tn bc ~dnif~~m. The necessary conditions for the 
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existence of a Kirkman frame of type tU are that t is evemi, t a4 and 
t(u - 1) = 0 mod 3. This last condition says that u = 1 mod 3 if t = 2 or 4 mod 6, 
but no further restriction results if t--O mod 6. These necessary conditions for 
existence were shown to be sufficient by Stinson in [60]. The following result is 
proved. 

Theorem 2.1. There exists a Kirkman frame of type tU if and only if t is even, 
ua4andt(u-l)=Omod3. 

This theorem contains as a special case the result that a KTS(V) exists if and 
only if v = 3 mod 6, since it is easily seen that existence of a KTS(v) is equivalent 
to the existence of a Kirkman frame of type 2tv-‘)/2. 

Next, we present a recursive PBD construction for frames [60]. This will lead to 
two short proofs of the existence of KTS(v) for all v = 3 mod 6. 

Fundamental Frame Construction. Suppose (X, 93, SQ is a GDD, and let 
w :X-, E+ U (0) be a function (we refer to w as a weighting). For every block 
A E &, suppose that we have a (k)-f rame of type {(w(x): x E A}. Then there exists 
a {k}-frame of type {Cxsc w(x): G E %}. 

Proof. This construction consists of simply taking the ‘union’ of the frames 
corresponding to each !rlock of the GDD. For every x E X, let Y, be a set of 
cardinality w(x), and for any 2 c X, define Yz = IJXEZ Y,. Denote Yx = Y. Now, 
for every block A E 1, we have a {k}-frame (YA, {Y,: x E A}, C%?J having holey 
parallel classes Sk. Then it is easy to see that (Y, (Yc: G E %}, UAEd ~93~) is a 
{k}-GDD (this is in fact Wilson’s Fundamental GDD construction; see [71]). It 
remains to partition the blocks into holey parallel classes. 

For every x E A, there are w(x)/(k - 1) holey classes P in Pa such that 
h(P) = Y,. Name them P(A, x, i), 1 -c ( - c w(x)/(k - 1). Hence, P’A is partitioned 
as 

?4=u u P(A, x, i). 
x64 ls+3v(x)/(k-I) 

Now, for all x E X and for 1 <i 6 w(x)/(k - l), define P(x, i) = lJXEA P(A, x, i). 
Then, P(x, i) is a holey parallel class partitioning Y\ YG, where x E G E ‘8. Then. 

P .=x! Iri&/,[~_,) p(xJ i, 

is a partition of IJAEd $?A into holey parallel classes, as desired. Cl 

Alternatively, the Fundamental Frame Construction can be obtained as an 
immediate corollary of the following recursive construction for IGDDs presented 
by Mullin, Schellenberg, Vanstone and Wallis in 1421. 
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Fundamental IGDD Coostruction. Suppose (X, ‘3, d) is a GDD, and let 
t, s : X+ Z+ U (0) be functions such that t(x) s s(x), fur every x E X. For every 
block A E 1, suppose that we have a K-IGDD of type {(s(x), t(x)): x E A). Then 
there exists a K-IGDD of type 

The frame construction is obtained as a corollary of the IGDD Construction by 
taking K = {k + 1) and defining t(x) = w(x)l(k - 1) and s(x) = k * w(x)l(k - 1) 

for every x E X. 
As an immediate corollary of the Fundamental Frame Construction, we have 

that the set T, = {t: there exists a Kirkman frame of type t”} is PBD-closed: 
v E T, whenever there exists a (v, T,)-PBD. We also note the fact that T2 is 
PBD-closed is equivalent to the result of Ray-Chaudhuri and Wilson [45, 
Theorem l] that {(v - 1)/2: there exists a KTS(v)} is PBD-closed. 

We can now present two short proofs of the existence of KTS of all orders. 
These proofs require a minimum of ‘outside’ results. 

The first ‘frame’ proof of existence of KTS which we present is a paraphrase of 
a proof given by Wilson in [71]. Wilson proves that there exists a 
(v, {4,7, 10, 19})-PBD if and only if v = 1 mod 3. (A self-contained, detailed 
proof of this PBD result is given in [65] and [69]; see also [6].) Next, existence of 
KTS(9), KTS(lS), KTS(21) and KTS(39) imply that (4,7,10,19} c T2. Since & is 
PBD-closed, we have that G = {V = 1 mod 3}, and hence a KTS exists for all 
orders congruent to 3 mod 6. 

Our second ‘frame’ proof is similar in spirit, but depends on a PBD result 
which is somewhat simpler to prove, namely that there exists a 
(v, {4,5,6,7,8,9,10,11,12,14,15,18,19,23})-PBD for all u a 4. This result is 
proved in [23] and [9]; almost all the necessary PBDs are obtained by deleting 
points from projective planes. Our next step is to establish that 
{4,5,6,7,8,9,10,11,12,14,15,18,19,23} c Td. This can be done using con- 
structions given in [60]. As a consequence, we have that T6 = {v 3 4). Finally, the 
existence of a Kirkman frame of type 6” implies the existence of a KTS(6u + 3) 
(this is a special case of constructions given in Section 4). Hence, it remains only 
to construct KTS(9), KTS(15) and KTS(21) by direct methods. We note that this 
existence proof in fact yields KTS(v) which contain KTS(9) as subsystem, for all 
v = 3 mod 6, v 3 27 (see Section 4). 

3. Resolvable 3-GDDs 

If all the blocks of a {k}-GDD can be partitioned into parallel classes, we say 
that the GDD is resolvable. It is not difficult to see that in a resolvable {k}-GDD, 
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every group has the same size. The trivial necessary conditions for the existence 
of a resolvable (3)~GDD of type tU are that u 2 3, tu = 0 mod 3 and t(u - 1) is 
even. 

Example 3.1. A resolvable GDD of type 46. 
Points: (Z,, X {1,2}) U {a~~: 1 d i 6 4). 
Groups: {{O+i,5+i}~{1,2}:i=O,1,2,3,4}U{{~~:1~i~4}}. 
Parallel classes: develop the following modulo 10: 

((1, I), (79 I), (8,2)], ((39 I), (4, I), (6, I)], 

{(L2)9 (7,2), (8, I)], ((39 2), (4,2), (692)) 7 

((0, I), (29 2),~1~9 ((27 11, (07 2), “219 

{(5,1), (99 2), 9), WA 119 (59 2),%) - 

The cases t = 1 and t = 3 are equivalent TV MTS. The cases when c = 2 are 
knowh as nearly Kirkman triple systems. These systems were first studied by 
Kotzig and Rosa in [28]. Unfortunately, there does not exist a resolvable 
{3}-GDD of type 23 or of type 26, which makes the problem more difficult than it 
would be otherwise. In [4], an almosl complete solution to the problem was given 
by Baker and Wilson, with three orders left outstandin?. Two of these orders 
were constructed by Brouwer in [8] and the last order was constructed by Rees 
and Stinson in [47]. 

Resolvable {3}-GDDs of type t” for t 3 4 were investigated in [47, 40, 21. For 
t > 2, there is one design that does not exist, namely a resoli;ab!e {3}-GDD of 
type 63. (This design would be equivalent to a pair of orthogonal latin squares of 
order 6, which were shown not to exist by Tarry in [66].) All remaining resolvable 
{3}-GDDs have been shown to exist, with the exception of one infinite family, 
namely the designs of type t6, when t = 2 or 10 mod 12. The existence of these 
designs is unknown. 

The existence results of [47, 40, 21 are summarized in the following theorem. 

Theorem 3.1. Suppose g and u are positive integers such that u 3 3, tu = 0 mod 3, 
t(u - 1) is even, and (t, u) # (2, 3), (2,6) or (6, 3). Then, there exists a resolveble 
(3}-GDD of type t”, except possibly when t = 2 or 10 mod 12 and u = 6. 

Frames are the main tool in the recursive construction of these designs. The 
following construction from [47] describes how to produce resolvable GDDs by 
filling in the holes of frames. We shall see variations of this construction in 
Sections 4 and 8. 

Filling in Holes Construction (RGDDs). Suppose there Ls a Kirkman frame of 

type {t,, t2, . . . , t,}. Suppose that t 1 ti and there exists a {3}-RGDD of type tit”“, 
1 s i c n. Then there exists a {3}-RGDD of type P, where u = 1 + c Isisn tilt* 
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Proof. Let (X, 9, a) be the frame, with holey parallel classes g. Let Y be a set 
of t new points. For every G E 5% let (G U Y, XG, BG) be a {3}-RGDD of type 
t’+lGI” having parallel classes !?&, such that one of the groups is Y. Then, it is 

easy to see that 

is a {3}-GDD. We describe the parallel classes. For every G E 3, there are ]G]/2 
holey parallel classes with hole G, say P(G, i), 1 s i s IG]/2. Also, for every 
G E %, there are ICI/2 parallel classes of G U Y in gG, say P’(G, i), 1 <is 
IG]/2. Then the desired parallel classes are formed by taking P(G, i) U P’(G, i), 
GE%, lSi<IG(/2. Cl 

We have discussed (3}-GDDs in which the blocks can be partitioned into 
parallel classes (RGDDs) and those in which the blocks can be partitioned into 
holey parallel classes (Kirkman frames). In [46], Rees considers {3}-GDDs in 
which the blocks can be partitioned into a mixture of parallel classes and holey 
parallel classes; he refers to such a design as a semiframe. Provided there is at 
least one parallel class, all groups of the GDD must have the same size. So, 
suppose the GDD has group-type t’ and that there are p parallel classes! It can be 
shown that the number of holey parallel classes corresponding to each group is a 
constant, denoted d, say, and that d = t/2 +p/(u - 1). Such a design is denoted 
SF(p, d; tU). The necessary numerical conditions for existence of an SF(p, d; t”) 
are as follows: 

(1) tEOmod3, 
(2) u 2 4, 
(3) d = t/2 +p/(u - l), and 
(4) if t is even, then p = 0 mod (u - l), if t is odd, then u is odd and 

p = (u - 1)/2 mod (u - 1). 
In [46], the following infinite class of semiframes is constructed. 

Theorem 3.2. For all i 2 1, there is an SF(3i, 4; 96i+‘). 

4. Kirkman triple systems with subsystems 

In this section we consider KTS containing subsystems. We say that a KTS(v) 
contains a KTS(w) as a subsystem if some subset of w points in the KTS(v) form 
a KTS(w), where the parallel classes of the KTS(w) are inherited from the 

__--i. 
KTS(V). ‘The subsystem is referred to as a sub-KjJ(w). 

It is easy to see that existence of a KTS(v) containing a sub-KTS(w) requires 
that v = w = 3 mod 6 and v 2 3w. These necessary conditions have been shown to 
be sufficient by Rees and Stinson (see [60, 48, 49, SO]). 
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‘HKXD~MEB 4.1. suppose v = w ~3 mod6 and v 2 3w. Then ihere is a KTS(v) 
containing a sub-KTS( w). 

Again, frames play a fundamental role in the construction of these designs. We 
can fill in the holes of suitable frames to construct KTS with subdesigns, as 
follows. 

Filling in Holes Construction (subsystems). Let a 2 0, and suppose thpre is CT 
Kirkman frame of type {tl, t2, . . . , t,}. For 1 s i d n - 1, suppm~ shm s,Gts :I 

KTS(ti + a) containing a sub-KTS(a), and suppose there exists a KTS(t,, + a). 
Then there exists a KTS(CIGiG, f; + a), containing a sub-KTS(t, + a). 

We can also consider KTS(v) which contain STS(w) as subsystems. Here the 
necessary conditions are v = 3 mod 6, w = 1 or 3 mod 6, and 1~ z 2w + 1. The 
extremal case v = 2w + 1 seems to be the only case that nas beerr audied. Here_ 
the necessary conditions are v = 3 mod 12 (and hzncl-: w = I m.;rd 6). Nor-.= !h::; 
Construction 1.2 produces a KTS(2w + 1) containing an STS(!ti) 81. FP ~;ik~y~~ez 
for any prime power w = 1 mod 6. The following existence result was proved by 
Mullin, Stinson and Vanstone in [44] and [43]. 

Theorem 4.2. Suppose w = 1 mod 6 and w # 115, 145, 205, 265, 355, 415. 649, 
655, 697, or 1243. Then there is a KTS(2w + 1) containing an STS(w) as a 
subsystem. 

5. Non-isomorphic Kirkman triple systems and thek automorphism groups 

We define two STS(v) to be isomorphic if there is a bijection of the poinr sets 
such that blocks are mapped to blocks. We define two KTS(v) to be isomorphic if 

there is a bijection of the point sets such that blocks are mapped to blocks and 
parallel classes are mapped to parallel classes. Define NK(v) to be the number oi- 
non-isomorphic KTS(v). Note that one STS(v) may give rise to non-isomorphic 
KTS(v); accordingly, define NR(v) the number of non-isomorphic STS(v) which 
give rise to at least one KTS(v). Of course, NK(v) 2 NR(v). 

An automorphism of an STS(v) (or a KTS(v)) is an isomorphism with itself. Of 
course, the set of all automorphisms of an STS(v) or a KTS(v) forms a group, 
known as the automorphism group. Note that the automorphism group of a 
KTS(v) is a subgroup of the automorphism group of the underlying STS(V) and 
may in fact be a proper subgroup. 

It is well known that there is only one STS(9), namely the affine plane of order 
3, which admits a unique resolution. The automorphism group of the STSc9) and 
the KTS(9) has order 432. 

Of the 80 non-isomorphic STS(lS), four admit resolutions, so NR(15) = 4. 
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However, three of the four admit two non-isomorphic resolutions, so NK(15) = 7 
(see [41, 14, 51, 351). The 7 non-isomorphic KTS(15) and the orders of their 
automorphism groups are listed in Appendix A. 

For u 2 21, only lower bounds on NR(u) and NK(v) are known. The following 
lower bounds are taken from Mathon and Rosa [37, 381 and updated where 
appropriate. 

NK(21) 2 84, [34,36,67], NK(27) 3 661, [24], 

NK(33) 2 1, NK(39) L 88, [62], 

NK(45) 3 84, [38], NK(51) 3 9419, [62], 

NK(57) 2 1, NK(63) 3 82160, [38], 

NK(69) 3 1, NK(75) L 1. 

NK(81) > 48352811, [38]. 

Several of the above lower bounds result from the enumeration of KTS having 
particular types of automorphisms. A d-rotational KTS(v) is one which has an 
automorphism which consists of one fixed point and d disjoint cycles of length 
(v - 1)/d. The KTS(21) enumerated in [36] are the Crotational systems; those 
having automorphisms consisting of three disjoint cycles of length 7 are 
enumerated in [34]; and those having automorphisms consisting of two disjoint 
cycles of length 7 and seven fixed points are enumerated in [67]. 

The 661 KTS(27) represent a complete enumeration of the 2-rotational designs. 
The 88 KTS(39) and the 9419 KTS(51) are also all 2-rotational. 

For v 387, exponential lower bounds on NR(u) are obtained from the 
following result, due to Stinson and Vanstone [61]. 

Theorem 5.1. For any u = 3 mod 6, NR(v) 2 8”‘-1)(“-3)‘48/u! 

As a corollary to this theorem, one can immediately obtain a lower bound on 
NR(u) of the form cl exp(czv2). It is an open question what the true growth rate 
of NR(v) is. For Steiner triple systems, Wilson proved in [70] that the number of 
non-isomorphic designs of order 21 is proportional to exp(v* In v/6); perhaps 
NR(v) has the same growth rate. 

6. Orthogonal resolutions of Kirkman triple systems 

Suppose the blocks of a KTS(v) have two resolutions into parallel classes, say 

3~ (pip Pz, - - . , ~~v-~~12) and z++‘= {QI, Q2, . . . , Q+1y2>. 

We say that 9 and Y are orthogonal resolutions if 14 tl Qjl c 1, for all 
lGiG((v-1)/2, lGj<(v- 1)/2. A KTS(v) having orthogonal resolutions 3 
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and Sp is equivalent to a Kirkmun square of side r (r = (v - 1)/2), denoted KS(r). 
The KS(r) is obtained by indexing the rows of a square array A cyf side r by the 
parallel classes of .% indexing the columns by the parallel classes of Y, and 
placing e fl Qi in the cell of A indexed by S and Qj. Every block of the 
underlying KlS(v) occurs in a unique cell of A, and every cell of A either is 
empty or contains a block. Also, every row and column of A contains every 
symbol exactly once. It is easy to see that any KS(r) gives rise to a KTS(2r + 1) 
having orthogonal resolutions. 

Several researchers have investigated the existence of Kirkman squares in the 
last few years. However, the problem is still far from being solved. It is trivial to 
see that a KS(4) does not exist. A computer search has established that no KS(7) 
exists [39]. For r ~50, the only KS(r) which are known to exist are KS(13), 
KS(19), KS(25), KS(31) and KS(40). Two of these come from the following 
infinite class of KS constructed by Fuji-Hara and Vanstone in [20] by algebraic 
methods. 

Theorem 6.1. For all j > 2, there exists a KS((3’ - 1)/2). 

The other three examples are constructed by ad hoc direct methods, KS(19) in 
[53], KS(25) in 1631 and KS(31) in [64]. 

Recursive constructions can produce examples of larger Kirkman squares. One 
useful technique is to employ a two-dimensional Kirkman frame, that is, a 
Kirkman frame having a pair of orthogonal holey resolutions. (Any two parallel 
classes, one from each holey resolution, should have at most one block in 
common; and Lurthermore, if they correspond to the sume hole, then they should 
have no block in common.) In [ll], Colbourn, Curran and Vanstone construct 
two-dimensional Kirkman frames of types 4’ and 4i0. 

The Kirkman square problem was solved asymptotically by Rosa and Vanstone 
in [53]. 

Theorem 6.2. There exkts an integer v. such that for all v 2 vo, v = 1 mod 3, there 
is a KS(v). 

It is also interesting to consider the existence of KTS(v) having at least three 
mutually orthogonai resolutions. Note that a KTS(v) having t (t a-3) mutually 
orthogonal resolutions gives rise to a t-dimensional hypercube, any two- 
dimensional projection of which is a KS(r), r = (v - 1)/2. Only a couple of small 
examples of such KTS are known. In [68], Vanstone constructed the first known 
example, a KTS(255) having three mutuaiiy orthogonal resolutions. Then, Rosa 
and Vanstone found a KTS(39) having three mutually orthogonai resolutions, in 
i55]. The only example of a KTS having more than three mutually orthogonal 
resolutions was found by Stinson and Vanstone [64]; they found six mutually 
orthogonal resolutions of a KTS(63) (the particular KTS being the projective 
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geometry PG(5,2)). Analogous to Theorem 6.2, we have the following asympto- 
tic existence theorem. 

Theorem 4.3 [64]. There exists an integer v. such that for all v 2 vo, v = 3 mod 12, 
there is a KTs(v) having three mutually orthogonal resolutions. 

Remark. KTS(v) having three mutually orthogonal resolutions undoubtedly exist 
for all sufficiently large v = 3 mod 6, but no examples are yet known in the class 
v=9mod12. 

Since it is so diicult to find three or more mutually orthogonal resolutions of 
KTS, Rosa and Vanstone considered a variation. Suppose a KTS(v) has 
resolutions 9(i), 1 <id t. Let 2~6 s t. We say that the t resolutions are 
d-orthogonal if for any d parallel classes 4 (1 s j e d) in lJ S?(i), no two from the 
same resolution, we have that Inlsjsd 51 s 1. Thus our previous definition of 
orthogonality is Zorthogonality. In [53, 541, Rosa and Vanstone investigated the 
existence of KTS(v) having three 3-orthogonal resolutions, no two of which are 
2-orthogonal. They constructed such KTS(v) for v = 15, 21, 27, 39, 45, 63, 81 
and 99, and proved the following asymptotic existence theorem. 

Theorem 6.4 [54]. There ex& an integer v. such tkzt for all v 2 vO, v = 3 mod 6, 
there ti a KTS(v) having three 3-orthogonal resolutions. 

Finally, a couple of nice examples of {3}-GDDs having orthogonal resolutions 
are known. A {3}-GDD of type 2” having two orthogonal resolutions was found 
by Smith in [57], and a {3}-GDD of type 37 haviug two orthogonal resolutions 
was produced by hlathon, Phelps and Rosa in [34]. 

7. Disjoint Kirkman triple systems 

As reported in Cayley [lo], Sylvester suggested generalizing Kirkman’s 15 
Schoolgirls Problem in such a way that every three girls walk together exactly 
once in a 13 week period. It can also be required that in each week of the 
schedule, every two girls walk together once. Hence, we require 13 disjoint 
KTS(lS), i.e. no two of them contain a common block. This problem was solved 
by Denniston in 1973 in [15]. He gave the following solution. 

Example 7.1. 13 disjoint KTS(15). Develop the following modulo 13: 

0 1 9 0 2 7 0 3 11 0 4 6 0 58 0 10 12 14 5 

2 412 3 4 8 1 7 12 1 811 123 3 5 9 2 6 11 

5 10 11 5 612 6 8 10 2 910 6 79 4 711 3 7 10 

7 8a 9 11 a 25a 3 12 a 4 10 a 16a 8 9 12 

3 66 1 10 b 49b 5 7b 11 12 b 2 8b 0 a b. 
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More generally, we can ask when there exist u - 2 disjoint KTS(v). The first 
solution for u - - 9 is due to Kirkman [27]. In [5], Bays showed that there are in 
fact two non-isomorphic ways to do this (see also [29]). One of these is presented 
in Example 7.2. 

Example 7.2. 7 disjoint KTS(9). Develop the following modulo 7: 

15a 23a 46a Oab 

266 456 136 124 

034 016 025 3 5 6. 

Denniston has given solutions for several other small values of V: v = 51, 75, 
105 and 129 [18]; and Schreiber has found a solution for tr = 33 [22]. Denniston 
also solved the problem for all u = 3”, n a 2 in [16] (Sylvester claimed to have a 
solution for these v but did not publish it). Finally, solutions for some larger 
values of u can be obtained by applying some product constructions due to 
Denniston (see [ 171). 

8. Resolvable coverings 

A parallel class of blocks of size three can exist in any design when the number 
of points is divisible by three. We have noted that a KTS(v) exists if and only if 
u = 3 mod 6. One might ask how ‘close’ one can come to constructing a KTS(u) 
when v = 0 mod 6. Nearly Kirkman triple systems provide one possible solution: 
the blocks (of size three) contain all pairs of points except for the points in a 
one-factor (i.e. the v/2 groups of size 2), and the blocks are partitioned into 
(v - 2)/2 parallel classes. 

An alternative approach is to seek v/2 parallel classes, which will contain all 
pairs of points, with the pairs in some one-factor occurring &vice in the design. 
We refer to such a design as a resolvable covering (analogously, an NKTS(U) can 
be thought of as a resolvable packing). A resolvable covering on v points wiii be 
denoted RC(V). 

Exam@ 8.1, A resolvable covering on 18 points. 
Points: J&x {1,2]. 
Repeated pairs: {{(i, l), (i, 2)): 0 s i G 8). 
Paraliel classes: develop the following modulo 9: 

((0, l), (La (O,W, ((2, I), (4, I), (7, I)], 

((3, I), (4,2), (6,2)], ((5, I), (372) (7,2)L 

((6, I), (I, 2), (2,2)], ((8, I), @,2), (572% 
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The spectrum of resolvable coverings is almost completely determined by 
Assaf, Mendelsohn and Stinson in [3]. They prove that there exists a RC(v) for 
all v = Ornod 6, v B 18, u 236, 42, 48, 60, 66, 78, 84, 102 and 132. This is 
accomplished by means of direct constructions for RC(18), RC(24), and RC(30), 
and application of yet another ‘filling in holes’ construction using Kirkman frames 
to construct RC(v) for all remaining v. 

FiBiug in Holes Construction (Resohabie coverings). Suppos- there is a Kirkman 

frame of type {h, f2, . . . , f,,). For 1 c i d n, suppose there is an RC(ti). Then there 
is an RC(v), where v = ZIG- t+ 

9. Chromatic index of Steiner triple systems 

A block colouring of a Steiner triple system s9 = (X, a) is a function c : sP+ % 

such that c(A,) # c(A2) if IA, nA,I > 0. The elements of % are called colours. 
The chromatic index of 9, denoted x’(Y), is the minimum integer n such that 
there is a block colouring of 9 using n colours. 

It is immediate that ~‘(9)s (v - 1)/2 for any STS(v) and that x’(Y) = 
(v - 1)/2 if and only if Sp is resolvable. Hence, if v = 1 mod 6, ~‘(9’) 3 (v + 1)/2. 
In [%I, Rosa and Vanstone investigate the spectrum of STS(v), v = 1 mod 6, 
having chromatic index equal to (v + 1)/2. Such STS(v) do not exist when v = 7 
or 13, but they have been shown to exist for most other values of v < 109. Also, 
it is shown in [56] that, if an STS(v) having chromatic index (v + 1)/2 exists 
for v = 49, 61 and 85, then such an STS exists for all v = 1 mod 6, v 2 19. 

An upper bound on the chromatic index of STS given in [52]: x’(Y) G 3v/2. 
Using probabilistic methods, Spencer proved in [58] that, for sufficiently large v, 
any STS(v) has chromatic index v/2 + o(v). 

10. Generalizations to higher 1 

A KTS,(v) is a resolvable PBD with block size three in which every pair of 
points occurs in exactly A blocks. The integer A is called the index. 0f course, any 
problem involving Kirkman triple systems can be generalized to designs of index 
greater than one. We mention some of the generalizations that have been 
studied. 

Index two was the first case considered. Hanani determined the existence of 
KTS,(v) in [21] as follows. 

Theorem 10.1. There exists a KT&(v) if and only if v = 0 mod 3, 11 # 6. 

Hanani also constructed Kirkman frames of type 1 V and index two in [21]. 



A survey of Kirkman triple systems und relored dcrigm 387 

Theorem 10.2. There exists a Kirkman frame of type 1 v and ina%x two if and only 
if u=lmod3. 

These frames are also referred to as near-resolvable ST?+(v). Observe that they 
provide examples of STS~(u) having minimum chromatic index (namely, V) when 
u=lmod3. 

Recently, resolvable {3}-GDDs and Kirkman frames of arbitrary index A > 1 
were investigated by Assaf and Hartman in [2]. The following results were 
established. 

Theorem 10.3. There existi a resolvable (3}-GDD of index A > 1 and type t” if 
undonfyifu~3,~(u-l)~Omod2,ut~Omod3~~d(A,t,u)#(2j+l,2,3)or 
(4j + 2,1,6) for some j 2 0, with the possible exceptions of those cases where u = 6 
and A is not a multiple of 4. 

Theurem 10.4. There exists a Kirkmun frame of index A > 1 and type tU if and only 
ifu>4, At(u-l)=Omod2, t(u-l)=Omod3andAtu=Omod2. 

We note that for any hole H of a Rirkman frame of index A, there are precisely 
A IHI/ holey parallel classes corresponding to H. 

Orthogonal resolutions of KT&(vj have also received attention. The following 
result concerning the case of index two was proved by Lamken and Vanstone in 

WI. 

Theorem 10.5. For all v = 3 mod 12, there exisrs a K’IS,(v) having a pair of 
orthogonal resolutions. 

Some results concerning the cases u = 0, 6 and 9 mod 12 have been proven in 
[14] and [30]. Lamken (private communication) has recently determined an 
explicit value v. such that a KTS,(v) having two orthogonal resolutions exists for 
all v > 21, such that r~= 0 mod 3. 

A useful tool in the study of Km,(v) having orthogonal resolutions Is a 
two-dimensional Kirkman frame of index two. These frames have been studied in 
[12, 13, 33, 311. The necessary condition for the existence of a 2-dimensional 
Kirkman frame of type 1” and index two is that u = 1 mod 3. (A 2-dimensional 
Kirkman frame of type 1” and index two is also a near-resolvable ST!!&(v) having 
orthogonal resolutions.) In [33], Lamken and Vanstone construct such frames of 
type l”, for all u = 1 mod 15 and in [31], Lamken constructs these designs for all 
II = 1 mod 9, u # 55. In 1121, Colbourn, Manson and Wallis prove that ihere exists 
a 2-dimensional Kirkman frame of type 3” and index two for all u 2 5, with 26 
possible exceptions; and one of type 6” and index two for all u 3 5, with 16 
possible exceptions. 
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We present an example of a 2-dimensional Kirkman frame of type 1”’ with 
A = 2, from [13], in Fig. 1. 

11. Some open problems 

We present a list of open problems, many of which have already been 
mentioned in this paper. 

(1) Determine the existence of Kirkman frames of all possible types. 
(2) Construct resolvable {3}-GDDs of type t’ for all f = 2 or 10 mod 12. 
(3) Find more examples of semiframes. 
(4) Find a KTS(V) containing an STS(w) as a subsystem, for all admissible 

values of v and w. 
(5) Find examples of non-isomorphic KTS(33), KTS(57), KTS(69) and 

KTS(75). 
(6) Enumerate all KTS(21) having non-trivial automorphism groups. 
(7) Prove that NR(u) 5 c~v~“~, for positive constants c, cl. 
(S) Determine the existence or non-existence of a KS(21). 
(9) Determine a vahre for q, such that a KS(u) exists for all admissible 

v > Vg. 

Fig. 1. A 2-dimensional Kirkman frame of type 1”’ with A = 2. 
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(10) Find more examples of KTS having more than two orthogonal resolutions. 
(11) Show that there exist v - 2 disjoint KTS(u) for all u = 3 mod 6. 
(12) Construct resolvable coverings RC(V) for the remaining nine values of u. 
(13) Construct resolvable {3]-GDDs of index A and type t” when A is not a 

multiple of 4. 

Added in proof 

(1) In [72], Gibbons and Mathon construct a 3-GDD of type 64 having six 
orthogonal resolutions. 

(2) In [73], Lo Faro studies the block-intersection problem for KTS, obtaining 
someresultswhenv=3”+‘, 5_3”or7-3”, n~2. 

(3) In [74], the chromatic index problem is completely solved. 

(4) In [75], W u constructs u - 2 disjoint KTS(v) for u = 3”111, it a 1, m = 11, 
17, 35. 

Appendix. The seven Kirkman triple systems of order W 

1 2 3 1 4 5 1 6 7 189 1 10 11 1 12 13 

4 10 14 2 12 14 2 810 2 5 7 2 13 15 2 911 

5 813 3 910 3 12 15 3 13 14 3 5 6 3 4 7 

6 915 6 11 13 4 913 4 11 15 4 812 5 10 15 

7 11 12 7 815 5 11 14 6 10 12 7 914 6 814 

underlying STS(15) is #l, automorphism group of order 168 

1 2 3 1 4 5 1 6 7 189 1 10 11 1 12 13 

4 10 14 2 911 2 12 14 2 5 7 2 13 15 2 4 6 

5 813 3 12 15 3 811 3 13 14 3 5 6 3 910 

6 915 6 814 4 913 4 11 15 4 812 5 11 14 

7 11 12 7 10 13 5 10 15 6 10 12 7 914 7 815 

underlying STS( 15) is #l, automorphism group of order 168 

1 2 3 1 4 5 1 6 7 1 8 9 1 10 11 1 12 13 

4 10 15 2 12 14 2 13 15 2 4 6 2 5 7 2 911 

5 913 3 910 3 811 3 12 15 3 13 14 3 4 7 

6 11 12 6 813 4 914 5 11 14 4 812 5 815 

7 814 7 11 15 5 10 12 7 10 13 6 915 6 10 14 

underlying STS(15) is #7, automorphism group of order 24 

1 14 15 

2 4 6 

3 811 

5 912 

7 10 13 

1 14 15 

2 810 

3 4 7 

5 912 

6 11 13 

1 14 15 

2 810 

3 5 6 

4 1: 13 

7 912 
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1 2 3 1 4 5 1 6 7 189 1 10 11 1 12 13 

4 10 15 2 13 15 2 12 14 2 4 6 2 5 7 2 810 

5 913 3 8:l 3 910 3 12 15 3 13 14 3 5 6 

6 11 12 6 10 14 4 11 13 5 11 14 4 812 4 914 

7 814 7 912 5 815 7 10 13 6 915 7 11 15 

underlying STS(15) is #7, automorphism group of order 24 

12 3 145 167 189 1 10 11 1 12 13 

4 815 2 911 2 810 2 13 15 2 12 14 2 4 6 

5 11 14 3 812 3 914 3 5 6 3 4 7 3 11 15 

6 10 12 6 13 14 4 11 13 4 10 14 5 813 5 910 

7 923 7 10 15 5 12 15 7 11 12 6 915 7 814 

underlying STS(15) is #19, automorphism group of order 12 

1 2 3 1 4 5 1 6 7 189 1 10 11 1 12 13 

4 10 14 2 911 2 810 2 13 15 2 12 14 2 4 6 

5 813 3 812 3 914 3 4 7 3 5 6 3 11 15 

6 915 6 13 14 4 11 13 5 11 14 4 815 5 910 

7 11 12 7 10 15 5 12 15 6 10 12 7 913 7 814 

underlying STS(15) is #19, automorphism group of order 12 

1 2 3 1 4 5 1 6 7 189 1 10 11 1 12 13 

4 911 2 912 2 810 2 5 7 2 13 15 2 11 14 

5 10 14 3 10 13 3 915 3 12 14 3 5 6 3 4 7 

6 12 15 6 814 4 13 14 4 10 15 4 812 5 815 

7 813 7 11 15 5 11 12 6 11 13 7 914 6 910 

underlying STS( 15) is #61, automorphism group of order 21 
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