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In this paper, a new kind of intuitionistic fuzzy subgroup theory, which is different
from that of Ma, Zhan and Davvaz (2008) [22,23], is presented. First, based on the
concept of cut sets on intuitionistic fuzzy sets, we establish the neighborhood rela-
tions between a fuzzy point x, and an intuitionistic fuzzy set A. Then we give the
definitions of the grades of x, belonging to A, x, quasi-coincident with A, x, belong-
ing to and quasi-coincident with A and x, belonging to or quasi-coincident with A,
respectively. Second, by applying the 3-valued Lukasiewicz implication, we give the defi-
nition of (o, B)-intuitionistic fuzzy subgroups of a group G for o, B € {€, q, € Aq, € Vq},
and we show that, in 16 kinds of («, 8)-intuitionistic fuzzy subgroups, the significant
ones are the (€, €)-intuitionistic fuzzy subgroup, the (&, € Vvq)-intuitionistic fuzzy sub-
group and the (€ Aq, €)-intuitionistic fuzzy subgroup. We also show that A is a (€, €)-
intuitionistic fuzzy subgroup of G if and only if, for any a € (0, 1], the cut set A, of A
is a 3-valued fuzzy subgroup of G, and A is a (€, € Vq)-intuitionistic fuzzy subgroup (or
(€, € vg)-intuitionistic fuzzy subgroup) of G if and only if, for any a € (0, 0.5](or for any
a € (0.5, 1]), the cut set A, of A is a 3-valued fuzzy subgroup of G. At last, we general-
ize the (&, €)-intuitionistic fuzzy subgroup, (€, € Vq)-intuitionistic fuzzy subgroup and
(€ Ag, €)-intuitionistic fuzzy subgroup to intuitionistic fuzzy subgroups with thresholds,
i.e., (s, t]-intuitionistic fuzzy subgroups. We show that A is a (s, t]-intuitionistic fuzzy sub-
group of G if and only if, for any a € (s, t], the cut set A, of A is a 3-valued fuzzy subgroup
of G. We also characterize the (s, t]-intuitionistic fuzzy subgroup by the neighborhood
relations between a fuzzy point x, and an intuitionistic fuzzy set A.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Since the concept of fuzzy group was introduced by Rosenfeld in 1971 [1], the theories and approaches on different fuzzy
algebraic structures developed rapidly. Anthony and Sherwood [2] gave the definition of fuzzy subgroup based on t-norm.
Yuan and Lee [3] defined the fuzzy subgroup and fuzzy subring based on the theory of falling shadows. Liu [4] gave the
definition of fuzzy invariant subgroups. By far, two books on fuzzy algebra have been published [5,6].

It is worth pointing out that Bhakat and Das [7,8] gave the concepts of («, 8)-fuzzy subgroups by using the “belong to”
relation (€) and “quasi-coincident with” relation (q) between a fuzzy point x, and a fuzzy set A, and introduced the concept
of (€, € vq)-fuzzy subgroup. Yuan et al. [9] gave the definition of a fuzzy subgroup with thresholds from the aspect of multi-
implication, which generalized the Rosenfeld’s fuzzy subgroup and (€, € Vvq)-fuzzy subgroup to (A, u]-fuzzy subgroup.
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Davvaz et al. [10-16] further generalized the results in [7-9]. Yuan et al. [15,16] applied the idea and approach in [7-9] into
the researches of convex fuzzy subset and fuzzy topology.

K. Atanassov [17] introduced the concept of intuitionistic fuzzy sets in 1986. Since then, many researchers have investi-
gated this topic such as intuitionistic fuzzy group [ 18] and intuitionistic fuzzy topology [ 19,20]. It is well known that the intu-
itionistic fuzzy set and the interval-valued fuzzy set are equivalent [21], and consequently the results about interval-valued
fuzzy sets can be generalized to the intuitionistic fuzzy sets. In [22], Davvaz and Zhan,et al., presented the interval-valued
(a, B)-fuzzy H,-submodules. In [23], Ma and Zhan, et al., studied (€, € Vvq)-interval-valued fuzzy ideals of BCl-algebras.
Davvaz et al. [22] and Ma et al. [23] built a method to study («, 8)-interval-valued fuzzy algebras. However, because of
complexity of interval-valued fuzzy sets, main results in [22,23] are true only when the following conditions hold:

(1) Condition(E): F(x) < [0.5,0.5] or [0.5, 0.5] < F(x) forall x € X;
(2) Any two element of D[0, 1] = {[a~,a™] | 0 < a~ < a™ < 1} are comparable.

It is easily seen that the two conditions as above do not hold for all interval-valued fuzzy sets. If the two conditions are
deleted, then main results in [22,23] may not be true. Therefore, a natural question to ask is if there exist a method to study
(e, B)-intuitionistic fuzzy algebras with no conditions attached. Clearly, in order to answer this question, the neighborhood
relations between a fuzzy point x, and an intuitionistic fuzzy set A should be built.

In this paper, using cut sets on intuitionistic fuzzy sets presented in [24], the neighborhood relations between a fuzzy
point and an intuitionistic fuzzy set are introduced, which are generalizations of neighborhood relations between an element
and a set in set theory. Then, based on these neighborhood relations, we give the definitions of («, 8)-intuitionistic fuzzy
subgroups of a group G differently from that of [22,23]. Also, we show that the significant ones obtained in this manner
are the (€, €)-intuitionistic fuzzy subgroup, the (&€, € Vvq)-intuitionistic fuzzy subgroup and the (¢ Agq, €)-intuitionistic
fuzzy subgroup. Furthermore, as a generalization of the three intuitionistic fuzzy subgroups as above, we put forward the
(s, t]-intuitionistic fuzzy subgroup. We prove that an intuitionistic fuzzy subset over a group is a (s, t]-intuitionistic fuzzy
subgroup if and only if its a-cut set(a € (s, t]) is a 3-valued fuzzy subgroup.

The rest of this paper is organized as follows. In Section 2, we give some definitions and notations. In Section 3, based
on the concept of cut sets on intuitionistic fuzzy sets presented in [24], we establish the neighborhood relations between
a fuzzy point and an intuitionistic fuzzy set. In Section 4, we give the definition of («, 8)-intuitionistic fuzzy subgroup
over a group G. In Section 5, we give the definition of (s, t]-intuitionistic fuzzy subgroup and prove that an intuitionistic
fuzzy subset over a group is a (s, t]-intuitionistic fuzzy subgroup if and only if its a-cut set (a € (s, t]) is a 3-valued fuzzy
subgroup. Also, we characterize (s, t]-intuitionistic fuzzy subgroup by the neighborhood relations between a fuzzy point
and an intuitionistic fuzzy set.

2. Preliminaries

Definition 2.1 (/7]). Let A : X — [0, 1] be a mapping. If there exist a € (0, 1] and x € A such that

a, y=x

A = {0, y#x,
then A is called a fuzzy point, and denoted by x,.

Definition 2.2 ([17]). Let X be asetand u4 : X — [0, 1] and v4 : X —> [0, 1] be two mappings. If
na(®) +va(x) <1, VxeX,

then we call A = (X, ua, v4) an intuitionistic fuzzy subset over X, and denote A(x) = (ua(x), va(x)).

Definition 2.3 ([1]). Let A : G — [0, 1] be a fuzzy subset over group G. If for any x, y € G,
Ay) = AX) AAY), AT = AX),
then we call A a fuzzy subgroup of G.

1

Remark 2.1. In this paper, if A is a fuzzy subgroup of G and {A(x)|x € G} C {0, 3,

subgroup of G.

1}, then A is called a 3-valued fuzzy

Theorem 2.1 ([5]). Ais a fuzzy subgroup of G if and only if for any a € (0, 1], Aq = {x|x € G, A(x) > a} is a subgroup of G.

Definition 2.4 ([7]). Let A be a fuzzy subset over G and x, be a fuzzy point.

(1) IfA(x) > a, then we say x, belong to A, and denote x, € A.

(2) If A(x) + a > 1, then we say x, is quasi-coincident with A, and denote x,gA.
(3) x4 € AGA & x4 € A and x4qA.

(4) X4 € VGA & X4 € A Or XgqA.
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Definition 2.5 ([22,23]). Let D[0, 1] = {[a~, a™]|0 < a~ < a* < 1} and X be a set. Then

1. The mapping F : X — D[0, 1], x — [F~(x), Ft(x)] is called an interval-valued fuzzy subset.
2. Lletx e X, t = [t~, t*] € D[0, 1]. If the interval-valued fuzzy subset G satisfies

= t, y=x
G —
2 :[o, 0, y#x,
then G is called an interval-valued fuzzy point, and is denoted by x;.
3. Let F be an interval-valued fuzzy subset of X and x; be an interval-valued fuzzy point. We call x; belong to(or resp., is
quasi-coincident with) F, written by x; € F (resp. xzqF), if F(x) > t (resp. F(x) + t > [1, 1]); If x; € F or xzqF, then we

write x; € VgF; If F(x) < t(resp. F(x) +t < [1, 1]), then we write x; EF(resp. x;gF); The symbol € vVq means that € Vvq
does not hold.

Definition 2.6 ([24]). Let A = (X, ua, v4) be an intuitionistic fuzzy subset over X, and a € [0, 1].

(1) We call
L k) =a
Aa(x) = % puaX) < a < 1—va(x);
0, a>1—v4x),
and
1, pa®) > a
Ag(x) = % ma(X) < a<1—v4(x);
0, a>1—vx)
the a-the upper cut set and a-strong upper cut set of A, respectively.
(2) We call
1, v >a
Al(x) = % X)) < a<1—pax);
0, a>1-pua®),
and
1, wk) >a;
Ax) = % ) <a<1—pa);
0, a=1—pualx)
the a-lower cut set and a-strong lower cut set of fuzzy set A, respectively.
(3) We call
1, wua®)+a>1,;
Al (x) = % va(x) <a<1— puax);
0, a<vx),
and
1, wa®®)+a>1,
Aat) =12, w0 <a=1-mw;
0, ac=<vskx)

the a-upper Q-cut set and a-strong upper Q -cut set of fuzzy set A, respectively.
(4) We call

1 valx) +a>1;

1
Al (x) = > pa(x) < a<1—v(x);
0

, a < pua(x),
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and
1, valx)4+a>1;
1
A =15 1A <a =1 —va;
0, a=<palx

the a-lower Q -cut set and a-strong lower Q -cut set of fuzzy set A, respectively.

It is obvious that Ajq)(x) = A1_q(X).
Property 2.1 ([24]). (1) A, C Ag; 2)a < b= Ay D Ap.

Definition 2.7 ([24]).Let3* = {A|A: X — {0, % 1} is a mapping }. For A € 3* and a € [0, 1], let a o A be an intuitionistic
fuzzy subset of X and for any x € X,

0, 1), A(x) = 0;
(@aoA)(x) = (@a,1-a), Ax = ‘!ly

0,1—a), AX = 3

Then we have the following decomposition theorem of intuitionistic fuzzy sets.

Theorem 2.2 ([24]). Let A = (X, ua, va) be an intuitionistic fuzzy set, then

A= J aoti= | aoA.

ae[0,1] agl[0,1]

3. The neighborhood relations between a fuzzy point and an intuitionistic fuzzy set

Let x, be a fuzzy point and A be a fuzzy subset of X, then we have that

(i) A(x) > a(ie.,x, € A)orA(x) < a(i.e., x,€A);
(ii) a + A(x) > 1(i.e.,, x,qA)ora + A(x) < 1(i.e., x,qA).

If x; is an interval-valued fuzzy point and F is an interval-valued fuzzy subset of X, then any one of the following cases
may not hold:

(@x; €F;  (b)x€F;  (c)xqF:  (d)x:qF.
For example, Let X = {x},t = [0.3, 0.6] and F(x) = [0.4, 0.5], then (a) — (b) do not hold. Therefore, among discussions
in [22,23], authors emphasize all interval-valued fuzzy subsets of X must satisfy the following conditions:

() Condition(E): F(x) < [0.5, 0.5] or [0.5, 0.5] < F(x) forall x € X.
(I) Any two elements of D[0, 1] are comparable.

If the two conditions are deleted, then many results in [22,23] may not true. In order to solve the problem, we first build
the neighborhood relations between a fuzzy point x, and an intuitionistic fuzzy set A = (X, 4, va4) based on Definition 2.6.
Definition 3.1. (1) Let [x, € A] and [x,qA] represent the grades of membership of x, € A and x,qA, respectively, and

[Xc € Al = Au(x),  [XagA] = Ag(X).

(2) [x, € AgA] represents the grade of membership of x, € A and x,qA, [x, € VVgA] represents the grade of x, € A or x,qA,
and

[xa € AGA] = [Xq € A] A [XaGA] = Ag(X) A A (%),
[xs € VqA] = [xq € Al V [X,gA] = Aq(x) V Arq(X).
(3) [x4€A] represents the grade of nonmembership of x, € A, [x,GA] represents the grade of nonmembership of x,qA, and
[XEAl = A'(0),  [xGA] = A(0).
(4)
[X,€ AGA] = [X,€ V GA] = [X,EA] V [x,GA] = A*(x) v A% (x),
[x.€ VGA] = [X4€ A GA] = [x,€A] A [XGA] = A*(x) A Al (x).

Then we have the following property.
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Table 1

The table of truth value of Lukasiewicz implication.
— 0 1/2 1
0 1 1 1
1/2 1/2 1 1
1 0 1/2 1

Property 3.1. (1) [x,€A] = [xq € A%], [x4GA] = [x,qA°].
(2) [x4€ A qA] = [xq € AGAC], [X4€ V qA] = [x4 € VGAC].

(3) [%a € (Mier A)] = AcerlXa € Al [%0 (U e AD] = Ver[XadA: .
(4) [%a€(Urer AD] = Aver[Xa€AL [%0(Nier A ] = Vier[XaTA].

Remark 3.1. (i) Property 3.1 (3) is a generalization of the cases in the classical sets “x € (,.;Ar < Vt € T,x € A" and
‘€ Uier At & At eT, x €A™

(ii) Property 3.1 (4) is a generalization of the cases in the classical sets “X€ | J,.; Ar < Vt € T, X€A,” and “X€ [, .; At <
dt € T, x€A,”.

4. (o, f)-intuitionistic fuzzy subgroup

In this section, we will redefine («, 8)-intuitionistic fuzzy subgroup in different way with [22,23].

Let — denote the implication of Lukasiewicz in triple valued logic. Then we have the following table of truth value.

Let Gbe a group and o, B € {€, q, € Aq, € vVq}.Fora € [0, 1], x € G, X4 is a fuzzy point. By Definition 3.1 we know that
[X,@A] € {0, 3, 1}. Then we have
Definition 4.1. Let G be a group, A = (G, w4, v4) be an intuitionistic fuzzy subset of Gand «, 8 € {€, q, € Aq, € Vvg}. If for
anyx,y € Gands, t € (0, 1]

(1) ([xs¢A] A [y:@Al — [x:y:fAD = 1; (1)
(2) ([x0A] — [x;'BA]) = 1, (2)

then A is called a («, B8)-intuitionistic fuzzy subgroup of G, where x;y; = (Xy)sa, x;l = (x1),.

1

From Table 1, for py, p, € {0, 3, 1}, we have

(p1 = p2) =14 p1 < pa. (3)

Then we have the following equivalent definition

Definition 4.2. Let G be a group, A = (G, 14, v4) be an intuitionistic fuzzy subgroup of G and «, 8 € {€, q, € Aq, € Vq}.
We call A a («, B)-intuitionistic fuzzy subgroup of G if forany x, y € Gands, t € (0, 1]

(3) [xsy: BA] > [X;0A] A [y A (4)
(4) [x; ' BA] = [xs0Al. (5)

Clearly, the Definition 4.1 and the Definition 4.2 are the generalizations of the concept on («, 8)-fuzzy subgroups in [7].
In Definition 4.2, « can be chosen one from four kinds of relations, and j also can be chosen one from four kinds of relations.
Thus there are 16 kinds of («, 8)-intuitionistic fuzzy subgroups in all. Next, we will discuss the properties of these 16 kinds
of («, B)-intuitionistic fuzzy subgroups.

Theorem 4.1. Let A be a («, B)-intuitionistic fuzzy subgroup of G. If a #€ Agq, then Ag is a 3-valued fuzzy subgroup of G,
ie, Vx,y € G

Ag(xy) = Ag(x) A Ag(¥), Ap(x™1) > Ag(x). (6)

Proof. (1) First, we prove that Ag(x) A Ag(y) =1 = Ag(xy) = 1.

Let Ag(X) A Ag(y) = 1.Denote t = ua(x) A na(y), then there exists s € (0, 1) suchthat0 < 1 —s < t = ua(x) A pa(y).
Thus, [x; € Al = A/(x) =1, [yr € Al = A (y) = 1, [x;,9A] = A (X) = 1and [ys;qA] = A (y) = 1.

(i)f ¢« =€ ora =€ Vg, then [x.c¢A] = [y;«¢A] = 1.Thus, for 8 € {€,q, € Aq, € Vvq}, we have 1 > [x.y;BA] >
[x.aA] A [y:@A] = 1,1ie, [(xy)¢BA] = 1. Hence, A;(xy) = 1or Ay(xy) = 1, which implies that ua(xy) > t > Oor
na(xy) > 1 —t > 0. Therefore, Ag(xy) = 1.
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(ii) If « = g, then [x;aA] = [ysaA] = 1. Thus, for 8 € {€, q, € Aq, € Vvq}, we have [x;y;8A] = 1. Hence, A;(xy) = 1or
Aisi(xy) = 1, which implies that p4(xy) > s > 0 or ua(xy) > 1 —s > 0. Therefore, Ag(xy) = 1.

(I1) Second, we show that Ag(x) A Ag(y) = % = Ag(xy) > %

Let Ag(x) A Ag(y) = %.Then va(x) < Tand va(y) < 1.Lets, t € (0, 1) such that va(x) V 14(y) <1 —1t < s < 1. Then

1 1
[XtEA]:Ar(X)ZE, [)’tEA]:At(y)ZEs

1 1
[XsgA] = A (%) > 7 sqAl = Ay (y) = 3

(i) lf o« =€ ora =€ vq, then [x,cA] A [yixA] > % Thus, for 8 € {€,q,€ Aq, € Vq}, we have [x;y;A] >
[xcA] A [ye@A] > 1. Hence, Ac(xy) > 3 or Ay(xy) > 1, which implies that va(xy) < 1—t < Torva(xy) < t < 1.
Therefore, Ag(xy) > %

(i) If @ = g, then [x,2A] A [ysA] > 1. Thus, for B € {€, q, € Aq, € Vq}, we have [x;y;8A] > 1. Hence, A;(xy) > 1 or
A (xy) > 3, which implies that vy(xy) < 1—s < 1orva(xy) <s < 1. Therefore, Ag(xy) > 1.

By Ag(x), Ag(¥), Ag(xy) € {0, % 1} and the proof of (I) and (II), we know that Ag(x) A Ag(¥) > Ao (xy).
By the similar reasoning, we have Ag(x‘l) > Ap(x).
Therefore, Ay is a 3-valued fuzzy subgroup of G. O

Theorem 4.2. Let A = (G, ua, va) be a («, B)-intuitionistic fuzzy subgroup of G. For x € G, let A(x) = (ua(x), va(x)).
If pa(x) > 0, then for (o, B) € {(€,9), (€, € AQ), (€ Vq,q), (€ Vq, € A, (q, €),(q, € N, (€ Vg, €)}, we have
Ax) = (1,0).

Proof. First, we prove ua(x) > 0 = ua(e) > 0, where e is the identity element of G.
In fact, from pa(x) > 0 we know that Ag(x) = 1, then by Theorem 4.1 we have

Ap(x 1) > Ag(x) = 1.
Thus
Ap(e) = Ag(xx™ ") > Ag(x) AAg(x ) = 1.

Therefore, 4(e) > 0.
Second, we show that ps(e) = 1.
Otherwise, 0 < us(e) < 1.Then there exist s, t € (0, 1) such that

0<s<(1—pae)Apale) < (1—pae))Vpuale) <t <1,

thus [e; € A] = 1and [e,gA] = 1.

If (a, B) € {(&,9), (€, € AQ), (€ Vq, q), (¢ Vq, € Aq)}, then [e;aA] = 1. Thus [e;BA] = [es‘lﬂA] = 1, which implies
that [esqA] = 1, i.e, ua(e) > 1 — s. This is a contradiction to ua(e) < 1 —s.

If (o, B) € {(q, €), (q, € Aq), (€ Vq, €)}, then [e;0A] = 1.Thus [e;A] = [et_l,BA] = 1, which implies that [e; € A] =1,
i.e., ua(e) > t.This is a contradiction to us(e) < t.

Therefore, we have p4(e) = 1.

At last, we show that p4(x) = 1.

Otherwise, 0 < ua(x) < 1.Then there exist s, t € (0, 1) such that

0<s<(I—=pa®) Apa® = (1 —pa®)) Vv palx) <t <1

Thus [x; € A] = 1 and [x,qA] = 1. On the other hand, from u4(e) = 1 we know that [e; € A] = 1 and [e;qA] = 1.

If (o, B) € {(€,9), (€, € A, (€ Vq,q), (€ Vq, € AqQ)}, then [x;a¢A] = 1 and [eswA] = 1. Thus [x;e;8A] = 1, which
implies that [x;gA] = 1, i.e., ua(x) > 1 — s. This is a contradiction to pua(x) < 1 —s.

If (o, B) € {(q, €), (q, € AQ), (€ Vg, €)},then [x;a¢A] = [e;A] = 1.Thus [x.e; BA] = 1, which implies that [x; € A] = 1,
i.e., ua(x) > t. This is a contradiction to us(x) < t.

Therefore, we have p4(x) = 1.

On the other hand, by w4 (x) + v4(x) < 1, we have that v4(x) = 0. Hence, we have A(x) = (1,0). O

Theorem 4.3. Let A be a (q, q)-intuitionistic fuzzy subgroup of G. Then

(1) uax) > 0= A(x) = (uale), vale));
(2) ma(x) =0,va(x) < 1= A(x) = (0, va(e)).
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Proof. (1) Let ta(x) > 0. Then va(x) < 1.
(I) We prove that pa(e) > pa(x) and va(e) < va(x). In fact, let s € (0, 1) such that us(x) > 1 — s. Then [x;‘qA]
[xsqA] = 1.Thus, [e;qA] = [xsx; 'gA] > [x; 'qA] A [xsqA] > 1,1.e., [e;gA] = 1. Hence, ua(e) > 1 —s. Then

IV

pa(e) = V{1 —=slua(x) > 1 —s} = pa(x).

Lett € (0, 1) such that v4(x) < t. Then [xt_1qA] > [x:qA] > % Thus [e;gA] = [xtxt_1qA] > [x:gA] A [xt_qu] >
i.e., va(e) < t.Then

N—=

va(e) = Atva(x) < t} = va(x).

(II) We show that uas(x) = ua(e) and va(x) = va(e). Otherwise, we have pus(x) < ua(e) or va(x) > wvu(e). If
ma(x) < pa(e), then there exists, t € (0, 1) suchthat 1— pua(e) <s < 1—pua(x) <t < 1.So we have [x;qA] = [e;qA] = 1.
Thus [xsqA] = [x.esqA] > [x:qA] A [esqA] > 1,i.e,s > 1 — ua(x). This is a contradiction tos < 1 — ua(x). Therefore,
Hax) = pale).

If va(x) > va(e), then there exists, t € (0, 1) suchthatva(e) < s < va(x) <t < 1.So [x,qA] > - and [e;qA] > %.Hence,

1
2
[xsqA] = [xcesqA] > [x:qA] A [esqA] > % i.e., va(x) < s.This is a contradiction to va(x) > s.So va(x) = va(e).
Therefore, when p4(x) > 0, we have A(x) = (ua(e), va(e)).
(2) When pa(x) = 0and v4(x) < 1, then by the similar reasoning with (1), we can show that v4(x) = v,(e). Therefore,

A(x) = (0,14(e)). O

Theorem 4.4. Let A be a (q, € Vq)-intuitionistic fuzzy subgroup of G and
H = {x|x € G, na(x) > 0}, K = {x]x € G, va(x) < 1}.
Then

(1) If ma(x) is not a constant on H, then for any x € H, A(x) > (0, 5, 0.5), i.e., ua(x) > 0.5, va(x) < 0.5.
(2) If va(x) is not a constant on K, then for any x € K, v4(x) < 0.5.

Proof. (1) First, we show that there exists X' € H such that us(x') > 0.5. Otherwise, Vx € H, us(x) < 0.5. Since
H = {X|x € G, ua(x) > 0} = {x|Ag(x) = 1} is a subgroup of G,e € H and x~! € H for any x € H. Thus we have
ua(e) < 0.5 and ua(x~!) < 0.5. Next, we show that pua(e) > ua(x). In fact, for x € H,lett € (0.5, 1] such that
t > 0.5 > uale) V ua(x) > ma(x) > 1 —t. Then [x,gA] = 1. Thus [xt_l € VvgA] = 1.By ua(x~1") < t, we have that
[x; 'gA] = 1. Hence, [e; € VgA] = [x.x; ' € VqA] > [x.qA] A [x; 'gA] = 1.S0 ua(e) > 1 — t. Therefore,

pmae) = V{1 —tlua®) > 1 —t} = uax).

On the other hand, ua(x) is not a constant on H, then there exists x € H such that us(x) < ua(e). Thus there exist
s, t’ € (0, 1) such that

t'>1—pua(®) >s>1—pale) > uale) > pax). (7)

Then [x;qA] = [esqA] = 1. Thus [x; € VqA] = [xyes € VqA] > [xqA] A [esqA] = 1, i.e., ua(X) > sors+ ua(x) > 1. Thisis
a contradiction to Eq. (7). Therefore, there exists X' € H such that u4(x’) > 0.5.

Second, we show that us(e) > 0.5.In fact, forany t > 0.5, ua(xX') +t > 1.Then [(x/)t_1 € VvgA] = [x;gA] = 1, which
implies that [(x'); 'gA] = 1.So [e; € VqA] > [X,qA] A [(X); 'qA] = 1,1, a(e) > t > 1 —tor ua(e) > 1 — t, which also
implies that u4(e) > V{1 —t|t > 0.5} = 0.5.

At last, we show that u4(x) > 0.5 for any x € H. Otherwise, there exists y € H such that p4(y) < 0.5. Then there exists
u, v € (0, 1) such that

v>1—pay) >u> pa) v (11— pale)). (8)

Thus, [y, € VqA] = [yyey € VGA] > [y,qA] A [eygA] = 1.S0 1a(y) = uor ua(y) + u > 1. This is a contradiction to Eq. (8).
Therefore, t4(x) > 0.5 forany x € H.

By ma(x) + va(x) < 1, we know that v4(x) < 0.5. Hence, A(x) > (0.5, 0.5) forany x € H.

(2)Clearly, K = {x € G | Ag(x) > %}. Because Ay is a 3-valued fuzzy subgroup of G, K is a subgroup of G. Then x~! € K
foranyx € K ande € K.

First, we show that there exists x” € K such that v, (x”) < 0.5.

Otherwise, va(x) > 0.5 for any x € K. Thus va(e) > 0.5 and v4(x) > 0.5 for any x € K. Then we have that
va(e) < va(x), Vx € K

In fact, let t € (0, 1) such that 0.5 < v4(x) < ¢, then [xt_1 € VgA] > [x.qA] > % By va(x~!) > 0.5, we have that
[x'gA]l > 1/2.Thus [e; € VgA] > [x; 'gA] A [x:gA] > 1.By va(e) > 0.5, we have that [e;gA] > 1, ie. va(e) < t, which
implies that va(e) < Af{t | va(x) < t} = va(X).

Because v, (X) is not a constant on K, there exists x € K such that va(e) < v,(x). Then there exist a, b € (0, 1) such that
a > va(x) > b > va(e) > 1 —4(e) > 1 — va(x). Thus [e,gA] > 1 and [x,gA] > 3. Then [x, € VgA] = [xqe; € VGA] >
[X.GA] A [epqA] > 5.
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When [x, € A] > % we have that b < 1 — v4(x), and this is a contradictionto b > 1 — v4(x).

When [x,gA] > 1, we have that va(x) < b, that is a contradiction to v4(x) > b.

Therefore, there exists X" € K such that v, (x”) < 0.5.

Second, we show that v4(e) < 0.5.

In fact, because [x/gA] > 1 foranyt € (0.5, 1], [(x"); ' € VgA] > [x/gA] > 1 and consequently [(x"); 'gA] > 1.
Thus [e; € VgA] = [(X");'x] € VgA] > [(X"); 'qA] A [x/qA] > 1, which implies that vy(e) < t. Thus vs(e) < A
{t|t>0.5}=0.5.

At last, we show that v4(x) < 0.5 forany x € K.

Otherwise, there exists y € K such that v4(y) > 0.5. Then there exist c,d € (0, 1) suchthatc > vy(y) > d >
(1= va(¥)) V va(e). Then [eqgA] > 1 and [y.gA] > 1. Thus [yg € VGA] = [yceq € VGA] > [ycqA] A [eqgA] > 3.

When [y; € A] > 1, we have that d < 1 — v,(y), this is a contradiction tod > 1 — v4(y);

When [y4qA] > % we have that v4(y) < d, this is a contradiction to d < v4(y).

Therefore, v4(x) < 0.5foranyx € K. O

Theorem 4.5. If Ais a (e Vq, € Vq)-intuitionistic fuzzy subgroup of G, then Ais a (€, € Vq)-intuitionistic fuzzy subgroup of G

Theorem 4.6. (1) Ais a (€, €)-intuitionistic fuzzy subgroup of G if and only if forany x,y € G

HAXY) = pa(x) A ua(y), pax™h) = pa(x) 9
and
va(xy) < va(x) V na(y), va(x ) < vax); (10)
(2) Ais a (€, € \vq)-intuitionistic fuzzy subgroup of Gif and only if forany x,y € G
HA(XY) = pa() A pa) A0S, pa(x™") = pa(x) A 0.5 (11)
and
va(xy) < va(x) Vna(y) v 0.5, va(x™!) < va(x) Vv 0.5; (12)
(3) Ais a (e Aq, €)-intuitionistic fuzzy subgroup of G if and only if forany x,y € G
1a(y) V0.5 = pua(®) A pa®),  palx ) V0.5 = pax) (13)
and
va(xy) A 0.5 < va(x) Vua),  va(x ) A0.5 < na(x). (14)

Proof. (1) “="Lett = us(x) A ua(y). Then [x;y; € A] > [x; € A] A [y € A] = 1.Thus pa(xy) >t = ua(x) A ua(y).

Lets = va(xy). Fort > 1 — s, we have 0 = [x.y; € A] > [x; € A] A [y; € A],then [x, € A] = 0or [y, € A] =0, i.e,
va(x) > 1T —torva(y) > 1 —t. Thus va(x) Vva(y) > 1 —t.Sova(x) Vva(y) > V{1 —t|1 —t < s} =5 = va(xy).

By the similar reasoning, we have pua(x™1) > pa(x) and va(x~1) < va(x).

“<"Foranyx,y € Gands,t € (0, 1],leta = [x; € A] A [y; € Al.

Case 1.a = 1.Then [x; € A] = 1and [y; € A] = 1. Thus pa(xy) > ua(x) A ua(y) > s A t.Hence [x;y; € A] = 1.

Case2.a = ;.Then[x, € A] > Jand [y, € A] = 5.Thus 1 — va(x) > sand 1 — va(y) > t.So 1 — va(xy) >
T—vax)Va(y) = (1—vaX))A(1—v4(y)) > sAt,whichimplies that [x;y; € A] > %.Hence [xsy: € Al = [xs € AlAly, € Al

Similarly, we have [x; ! € A] > [x; € A].

Therefore, A is a (&, €)-intuitionistic fuzzy subgroup of G.

(2)“="Lett = ua(x) A ua(y) A 0.5.Then [x;y; € VqA] > [x; € Al A [y: € A] = 1. Thus ua(xy) > t or pua(xy) >
1—t > 0.5>t.Hence ua(xy) > ua(x) A ua(y) A0.5.

Let va(X) Vva(y) V0.5 = 1 —s.Then [x;ys € VgA] > [xs € A] A ys € A] > %.Thus,s < 1—va(xy)orva(xy) <s<1-—s.
Hence va(xy) <1 —5 = v4(x) Vva(y) v 0.5.

Similarly, we have pa(x™1) > pa(x) A 0.5and va(x~!) < va(x) v 0.5.

“<"Foranyx,y € Gands, t € (0, 1],leta = [x; € A] A [y; € A].

Case 1.a = 1.1If [x;y; € VqA] < % then pa(x) > s, ua(y) > t, ua(xy) < s Atand ua(xy) < 1 — s A t. Thus
0.5 > ua(xy) = pua(x) A ua@y) A 0.5.50 ua(xy) > wua(x) A ua(y) > s A t, which contradicts to p4(xy) < s A t. Thus, we
have [x;y; € VqA] = 1.

Case 2.a = % Then 1 — va(x) > sand 1 — va(y) > t. Thus 1 — va(x) V va(y) > s A t. If [xy; € VgA] = 0, then
SAt > 1—va(xy) and va(xy) > sALt. Thus va(xy) > 0.5.S0v4(xy) < va(X) Va(y) and 1—va(xy) = 1—va(X) Vua(y) > SAL,
which is a contradiction to 1 — v4(xy) < s A t. Thus we have [x;y; € VqA] > %

Therefore, [x;y; € VqA] > [xs € A] A [y, € Al.

Similarly, we have [x; ! € VqA] > [x, € A].
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3)“="1If ualxy) V0.5 < t = ua(x) A ua(y), then pua(x) >t > 0.5, ua(y) >t > 0.5 and pus(xy) < t.Thus 1
[x: € AQA] A [y: € AGA] < [xy: € Al. So ua(xy) > t, which contradicts to us(xy) < t. Hence, ua(xy) vV 0.5 >t
1a@) A pa(@).

Ifvaxy) A05 >t =1—5 =14 VvaQy), thens < 1—v4(x),s < 1—va(), valxy) > tands > 0.5 > t. Thus
va(x) <t <sand va(y) <t < s.50 [Xsys € Al > [xs € AGQA]I A [ys € AGA]l = 5.S05 < 1 — va(xy),ie, valxy) <1—s=t,
which contradicts to v4(xy) > t. Hence v4(xy) A 0.5 < va(x) V va(y).

Similarly, we have pa(x™1) v 0.5 > pa(x) and va(x~1) A 0.5 < va(%).

“<"Foranyx,y € Gands, t € (0, 1],leta = [x; € AgA] A [y: € AqGA].

Case 1.a = 1.Then pua(x) > s, ua(x) > 1 —5s, ua(y) > tand ua(y) > 1 —t. Thus ua(x) > 0.5 and us(y) > 0.5. So
maxy) = pa(¥) A ua(y) > s At ie, [xye € Al = 1.

Case 2.a = %.Then 1—vaX) > s > va(x)and 1 — va(y) > t > va(y). Thus, v4(x) < 0.5 and v4(y) < 0.5. So
va(xy) < va(®) V vay) and 1 — va(xy) > (1= va(X)) A (1 —va(y) = sALLe, [Xy €Al > 5.

Hence, [xy: € A] > [x; € AGA] A [y: € AQA]

Similarly, we have [x;! € A] > [x; € AgA]

Therefore, A is a (€ Ag, €)-intuitionistic fuzzy subgroup of G. O

1
3

Theorem 4.7. (1) Aisa (€, €)-intuitionistic fuzzy subgroup of Gifand only if forany a € [0, 1], A, is a 3-valued fuzzy subgroup
of G;

(2) Ais a (€, € vq)-intuitionistic fuzzy subgroup of G if and only if for any a € (0, 0.5], A, is a 3-valued fuzzy subgroup of G;

(3) Ais a (e Aq, €)-intuitionistic fuzzy subgroup of G if and only if for any a € (0.5, 1], A, is a 3-valued fuzzy subgroup of G.

Proof. (1) “=" Because A is a (€, €)-intuitionistic fuzzy subgroup of G, then for any a € [0, 1] and x € G,
[XYa €Al > [xa €AIA[ya €Al [x;' €Al =[x, €A

ie., Ag(xy) > A.(x) A A(y) and A, (x~ 1) > Ay (x). So Aq is a 3-valued fuzzy subgroup of G.

“<="Foranyx,y € Gands, t € (0, 1], [x;ye € Al = Asac(XYy) = Asne(X) A Asne (V) = As(x) AA(Y) = [ € A A [ye € Al
and [x;! € A] = As(x™1) > As(x) = [x; € Al

Therefore, A is a (€, €)-intuitionistic fuzzy subgroup of G.

(2)“=" Because Ais a (€, € \Vq)-intuitionistic fuzzy subgroup, for any a € (0, 0.5] and x € G, we have [x,y, € VqA] >
[x. € Al A [ya € Al So Aa(xy) V Alq(xy) > Aq(x) A Aq(y).By 0 < a < 0.5, we have thata < 0.5 < 1 — a. Thus
A (xy) = Ai_a(xy) < Aa(xy) < Aq(xy). Hence A,(xy) > Aq(x) A Aq(y). Similarly, we have Adx™!) > Au(x).So Ay is a
3-valued fuzzy subgroup of G.

“&<"lets,t € (0,1.IfsAt < 0.5,then1 —sAt > 05 > s At. Thus Asag(xy) < Asac(XY). So [x5yr € VgA] =
Aspe (XY) V Apspg) (V) = Bsac (X)) = Asac(X) A Asac (V) = As(X) AA(Y) = [xs € A] A [y € Al

IfsAt > 0.5,thenleta € (0, 1) suchthat 1 —sAt < a < 0.5 < SAt. Thus Agae (Xy) < A (xy) and Apsae (Xy) > Aq(xy).
S0 [xsyr € VGA] = Asat (V) V Apsari (XY) = Apsari(RY) = Ag(Xy) = Ag(X) AA(Y) = As(X) AA(Y) = [ € A1 A [ye € Al. Hence,
[Xsy: € VgA] = [xs € A] A [yr € AL

Similarly, we have [x; ! € VgA] > [x; € A].

Therefore, A is a (€, € Vv@g)-intuitionistic fuzzy subgroup of G.

(3)“="1Leta € (0.5,1] and x € G. Then Aiq(X) > As(X). Thus Aq(Xy) = [Xa¥a € Al > [X4 € AGA] A [Va € AGA] >
Ac®) A A (%) A Aa®) A At (V) = Aa(X) A Ag(D)-

Similarly, we have A;(x~!) > A,(x). So A, is a 3-valued fuzzy subgroup of G.

“<"Foranyx,y € Gands,t € (0, 1],leta = [xs € AGA] A [y € AGA].

Case 1.a = 1.Then pua(x) > s, ua(®¥) > 1 —5s, ua(y) > tand pua(y) > 1 — t. Thus us(x) > 0.5, ua(y) > 0.5. So
ma@xy) > pna(X) A ua(y) > s At ie, [xy € Al = 1.

Case2.a = %.Thenl —va(x) > s > va(x) and 1 — v4(¥) > t > va(y). Thus v4(x) < 0.5 and va(y) < 0.5.S0 va(xy) <
va(x) Ava(y) and 1—va(xy) > (1—va(x)) A(1—va(y)) > sAt.Hence [xsy; € A] > %,So [Xsy: € A] > [xs € AGAIALY: € AGA].
Similarly, we have [x! € A] > [x; € AgA].

Therefore, A is a (¢ Ag, €)-intuitionistic fuzzy subgroup of G. O

Theorem 4.8. Let A be a (€ Aq, B)-intuitionistic fuzzy subgroup of Gand N = {x|x € G, ua(x) > 0.5}, where 8 € {q, € Aq}.
Then for any x € N, A(x) = (ua(e), va(e)), ie., Aisaconstant on N.

Proof. If Ais a (¢ Aq, B)-intuitionistic fuzzy subgroup of G, then A is a (¢ Aq, g)-intuitionistic fuzzy subgroup of G. Thus,
we only need to show that the theorem is true for g = q.

First, we can show that ps(e) > 0.5 and pua(x~') > 0.5 forany x € N. In fact, for any x € N, we have [xg;qA] > [Xo05 €
AGA] = 1, then pa(x~') > 0.5. Thus, [eg 5qA] = [X05%55qA] > [Xo5 € AGA] A [x5 s € AGA] = 1.S0 pa(e) > 0.5.

Second, we show that s (x) = ra(e) for any x € N.

If there exists x € N such that 0.5 < ua(x) < ua(e), then there exists, t € (0, 1) suchthat1— ua(e) <s < 1—ua(x) <
t < 0.5 < ua(x) < pa(e). Thus [xsqA] = [xcesqA] > [x; € AgA]A[es € AgA] = 1.Sos+ua(x) > 1, whichis a contradiction
toualx) +s < 1.
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If there exists x € N such that 0.5 < ua(e) < ua(x), then there existst € (0, 1) suchthat 1 — pua(x) <t < 1— uale) <
0.5 < pa(e) < pa(x). Thus [x; 'gA] > [x, € AgA] = 1.By ua(x~') > 0.5 > t, we have that [x; ! € AgA] = 1. Hence
[e;qA] = [xtxt_lqA] > [x; € AGA] A [xt_l € NGA] = 1,i.e,t + ua(e) > 1, which contradictstot < 1 — ua(e).

Therefore, we have p4(x) = pa(e) forany x € N.

At last, we show that v4(x) = va(e) for any x € N.

In fact, forany x € N, pa(x) > 0.5, ua(x~1) > 0.5 and pa(e) > 0.5. Then v4(x) < 0.5, va(x~!) < 0.5 and v4(e) < 0.5.
Let ¢t satisfy v4(x) < t < 0.5, then [xt_lqA] > [x; € AqA] > %.Thus nkx™") <t < 0.5.50[egA] = [xtxt_lqA] > [x €
AGA] A [x[l € NGA] > % Hence va(e) < tand va(e) < Aft|va(x) <t < 0.5} = va(x).

Next, we show that vs(x) = va(e) for any x € N. Otherwise, let X" satisfy va(x') > va(e). Then there exists, t € (0, 1)
such that va(e) < s < va(¥) < t < 0.5. Thus [x,gA] = [esx;qA] > [es € AGA] A [x; € AGA] > % i.e., va(X) < s, which
contradicts to va(x') > s.

Hence, va(x) = va(e).

Therefore, we have A(x) = (ua(e), va(e)) foranyx e N. O

Theorem 4.9. Ais a (¢ Aq, € VVq)-intuitionistic fuzzy subgroup of Gifand only if forany x,y € G
(1) paxy) > pa@) A pay) A0.5 o palxy) vV 0.5 > pa(x) A ua(y); 15)

(

@) pa®™") = pa®) A 05 or  pa(x) V0.5 > pa(x); (16)

(3) va(xy) < va(®) Vva(®) V0.5 or va(xy) A 0.5 < va(X) V va(y); (17)
(

@ vax™) <) V05 or va(x ) A05 < va(x). 18)

Proof. “=" (1) If ua(xy) V 0.5 < t = pua(x) A ua(y), then pua(x) >t > 0.5, ua(y) > t > 0.5 and ua(xy) < t. Thus
[X05Y05 € VGA] = [x05 € AGA] A [yos € AGA] = 1.50 ua(xy) = 0.5 or ua(xy) + 0.5 > 1. Hence us(xy) > 0.5 >
ma(X) A na(y) A 0.5.

B)Ifvaxy) A0S >t =1—5=v4(x) Vva(y), thens <1 —v4(x),s <1—v4(y)ands > 0.5.Thus [xg5y05 € VqA] >
[X05 € AQA] A [Vo5 € AGA] > % S00.5 < 1 — va(xy) or va(xy) < 0.5. Hence va(xy) < 0.5 < va(x) V va(y) v 0.5.

(2) and (4) can be proved similarly.

“<"Foranyx,y € Gands, t € (0, 1],leta = [x; € AgA] A [y: € AGA].

Case 1.a = 1.Then us(x) > s, ua(®x) > 1 — s, ua(y) > tand uas(y) > 1 — t. Thus ua(x) A ua(y) > 0.5. Next
we show [x;y; € VgA] = 1. Otherwise, we have [x;y; € VgA] < % Then pa(xy) < s Atand pa(xy) < 1 —s A t. Thus
ma(xy) < 0.5 < ua(®) Aua(y).So pua(xy) < mua(®x) Aua(y) A0.5and pa(xy) V0.5 < ua(x) A pa(y), which is a contradiction
to Eq. (15). Hence, [xsy; € VgA] = 1.

Case2.a = %.Then 1—va(x) > s> vax)and 1—v4(¥) >t > va(¥). Thus v4(x) V va(y) < 0.5.1f [x;y; € VgA] = 0, then
va(xy) = s At > 1—va(xy). Thus va(xy) > 0.5.S0 va(xy) A 0.5 = 0.5 > va(x) V va(y) and va(xy) > va(x) V va(y) Vv 0.5,
which is a contradiction to Eq. (17). Hence, [xsy; € VqA] > %

Therefore, [x;y: € VqA] > [xs € AqA] A [y: € AQAL

Similarly, we have [x; T e vgA] = [xs € AGA].

Hence, Ais a (€ Aq, € VVq)-intuitionistic fuzzy subgroup of G. O

5. (s, t]-intuitionistic fuzzy subgroups
From the discussing in Section 4 we know that
(a)Ais a (&, €)-intuitionistic fuzzy subgroup of G if and only if forany x,y € G
Ha(XY) = pa(®) A pa(y), pax™h) = pa(x)
and
va(xy) < va(x) vV va(y), v < vax);
(b)Ais a (€, € vq)-intuitionistic fuzzy subgroup of G if and only if forany x,y € G
Haxy) = pa(¥) A pay) A 0.5, pa®™") = pa(x) A 0.5
and
va(Xy) < va®) Va(y) V0.5, vax ) < va(x) v 0.5;
(c)Ais a (e Aq, €)-intuitionistic fuzzy subgroup of G if and only if forany x,y € G
paxy) V0.5 > pua() A pay),  palx ") V0.5 > pua(x)
and
Va(xy) A 0.5 < ua(X) V na(y),  va(x D) A0.5 < va(x).

We can generalize the above three kinds of intuitionistic fuzzy subgroups to (s, t]-intuitionistic fuzzy subgroup.
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Definition 5.1. Lets, t € [0, 1] and s < t.If

(DAY V's = pal) A pta) AL, a1 Vs = pa®) AL (19)
@) vaxy) A (1 =) S va®) Va) v (1 —1), A1 —s) v Vv (1—1), (20)
then A is called a (s, t]-intuitionistic fuzzy subgroup of G.

Obviously, whens = 0 and t = 1, then A is a (0, 1]-intuitionistic fuzzy subgroup of G if and only if A is a (€, €)-
intuitionistic fuzzy subgroup of G; whens = 0 and t = 0.5, then A is a (0, 0.5]-intuitionistic fuzzy subgroup of G if and
only if Ais a (€, € vq)-intuitionistic fuzzy subgroup of G; whens = 0.5and t = 1, then A is a (0.5, 1]-intuitionistic fuzzy
subgroup of G if and only if A is a (€ Ag, €)-intuitionistic fuzzy subgroup of G.

By Theorem 4.7 we know that

(i)Ais a (€, e)-intuitionistic fuzzy subgroup of G if and only if for any a € [0, 1], A, is a 3-valued fuzzy subgroup of G;

(ii)Ais a (€, € vg)-intuitionistic fuzzy subgroup of G if and only if for any a € (0, 0.5], A, is a 3-valued fuzzy subgroup
of G;

(iii) A is a (€ Vvq, €)-intuitionistic fuzzy subgroup of G if and only if for any a € (0.5, 1], A, is a 3-valued fuzzy subgroup
of G.

Then we have the following theorem

Theorem 5.1. Ais a (s, t]-intuitionistic fuzzy subgroup of G if and only if A, is a 3-valued fuzzy subgroup of G forany a € (s, t].

Proof. “="Leta € (s, t].

IfA;(X) AAs(y) = 1,then ua(x) > a > s, ua(y) > a > s. By ua(xy) Vs > ua(x) A ua(y) At > a, we know that
na(xy) > a. Then A;(xy) = 1.

If Ag(x) A Ag(y) = % then 1 — v4(x) > aand 1 — va(y) > a. Thus va(x) V va(y) < 1 —a < 1 — s By va(xy) A
(1—=35) <vax) Vva(y) V(1 —t) <1—a, weknow that va(xy) < 1 — a. Then Aq(xy) > %

Hence, we have A;(xy) > Aqs(X) A Aq(y) forany x,y € G.

Similarly, we have A;(x~!) > A,(x) for any x € G.

Therefore, A, is a 3-valued fuzzy subgroup of G.

“E"If ualxy) Vs < a = ua(x) A ua(y) A t, then we have a € (s, t], ua(x) > aand ua(y) > a. Thus Ag(xy) >
Ag(x) ANAg(¥) = 1.S0 ua(xy) > a, which contradicts to pua(xy) < a. Hence, ua(xy) Vs > ua(x) A pa(y) At.

fva@y) A(1—=5) >a=va(x) Vva@y) V(1 —t),then (1 —va(xy)) Vs <1—a=(1—v4(x)) A(1—va(y)) At.Thus
b=1—-ae (st],1—v4(x) >band 1 — v4(y) = b. So Ap(xy) > Ap(X) A Ap(y) > %,which implies that b < 1 — vy (xy),
i.e., va(xy) < a.This is a contradiction to v4(xy) > a. Hence, we have va(xy) A (1 —5) < va(x) Vva(y) vV (1 —t).

Similarly, we have pa(x" 1) Vs > pua(x) Atand va(x" ) A (1 —5) < va(x) VvV (1 —t).

Therefore, A is a (s, t]- intuitionistic fuzzy subgroup of G. O

Next, we will use the neighborhood relations between a fuzzy point x, and an intuitionistic fuzzy set A to characterize
the (s, t]-intuitionistic fuzzy subgroup. First we give the following definition.
Definition 5.2. Let x, be a fuzzy point, s € (0, 1) and A = (X, 4, va) be an intuitionistic fuzzy subset of X. We set
(M
a+ pa(x) > 2s;
[XaqsA] = ma(X) <2s —a < 1—va(x);
va(x) +2s >a+ 1.

ON | — =

(2)

[, € V@Al = [x4 € A] V [X.G5A];
(3)

[xq € AGsA] = [Xq € A] A [XaqsAl.

Remark 5.1. When s = 0.5, [x,qsA] = [x,qA].

Then we have the following theorems.

Theorem 5.2. Lets,t € [0, 1]and 0 < s < t. Then A is a (s, t]-intuitionistic fuzzy subgroup of G if and only if
(1) Va,b € (0,t],Vx,y € G
([Xa € AGA] A [yp € NGA] = [XaYp € A]) =1,
e, [xqyp € Al > [x, € AGA] A [yp € AGSA].
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(2) Vae (0,t],Vx € G
([xa € AGA] — [x;' € AD) = 1,

ie, [x;! €Al = [x4 € AGAL

Proof. Leta, b € (0, t] and ¢ = [x, € AQsA] A [yp € AGA].

Case 1.c = 1.Then uas(x) > a,a + ua(x) > 2s, ua(y) = band b + ua(y) > 2s. Thus us(x) > sand us(y) > s. By
Uaxy) Vs > pua(x) A ua(y) A t, we know that pa(xy) > s.So pua(xy) > ua(x) A ua(y) At >aAbAt=aAb.Hence, we
have [x,y, € A] = 1.

Case2.c = %.Then] —va(x) >a,1—va(y) > b,2s—a<1—vs(x)and2s — b < 1 — va(y). Thus 1 — v4(x) > s and
1—va(y) > s.Byva(xy) A (1 —=5) < va(X) Vva(y) vV (1 —t),weknow that (1 —va(xy)) Vs > (1 —va(x)) A (1 —va(¥)) AL
So1—wvs(xy) >sand 1 —va(xy) > aAbAt=an b.Hence [x.y, € A] > %

Therefore, [x,yp € Al > [x4 € AGA] A [yp € AGSA].

Similarly, we have [x; ! € A] > [x, € AGsA]

“E' (D) Ifuatxy) Vs < a = ua(xX) A ua(y) At,thens < a < t, ua(x) > aand uas(y) > a. Thus a + ua(x) > 2s and
a+ ua(y) > 2s.50 [xg € AGA] = [ya € AGsA] = 1. Hence [x,y, € A] = 1, i.e.,, ua(xy) > a, which is a contradiction to
Haxy) < a.

Therefore, we have pa(xy) Vs > ua(x) A ua(y) At.

2)Ifvaxy) A(1—5) >1—a=va(x) Vvay) V(1 —t),then (1 —va(xy)) Vs <a=(1—va(x)) A(1—v40)) AL
Thuss < a <t,1—va(x) > aand 1 —va(y) > a.S0 1 — vu(x) > 2s —aand 1 — v4(y) > 2s — a, which implies that
[XeYa € Al > [xq € AQA] A [yy € AGA] > 1. Then 1 — va(xy) > a, which contradicts to 1 — va(xy) < a.

Hence, va(xy) A (1 —5) < va(x) Vvay) v (1 —t).

Similarly, we have pa(x 1) Vs > pua(x) Atand va(x ) A (1 =5) < na(x) vV (1 —1).

Therefore, A is a (s, t]-intuitionistic fuzzy subgroup of G. O

Theorem 5.3. Let s, t € [0, 1]ands < t < 1. Then Ais a (s, t]-intuitionistic fuzzy subgroup of G if and only if

(1) Ya,b € (5,1],Vx,y € G
([xq € Al A [yp € Al — [xayp € VQAD = 1,

e, [xyp € VqA] > [x, € Al A [y € Al
(2) Vae (s,1],Vx e G

([xa € Al —> [x;" € vgA]) = 1,

ie, [x;! € VqAl > [x, € Al

Proof. “="Foranya, b € (s, 1],letc = [x, € A] A [y € Al.

Case 1.c = 1.Then ua(x) > aand us(y) > b. By ua(xy) Vs > ua(x) A ua(y) At we know that pua(xy) Vs > aAbAt.

IfaAb <t then us(xy) > a A b.Thus [x,y, € A] = 1;

Ifanb >t thena A b+ ua(xy) > 2t. Thus [x.ysq:A] = 1,50 [Xyp € VG ]A = 1.

Case2.c = % Then 1 — v4(x) > aand 1 — v4(y) > b. By va(xy) A (1 —5) < va(x) V va(y) vV (1 — t), we know that
(1T—valxy) As>(1—vaX)A(1—va(y)) At >aAnbAt.

Ifanb <t then1—va(xy) > aAb.So[xyy €Al > 3;

IfaAnb >t ,then1— va(xy) > t. Thus 2t — (a A b) <1 — va(xy). So [Xaypq:A] >

Hence, [xoyp € Vq:A] > [X, € A] A [y € A].

(2) can be proved similarly.

“" () I uaxy) Vs < a= uax) A ua(y) At,then [x, € A] = [y, € A] = 1ands < a < t. Thus [x,y, € Vq:A] = 1.
By ua(xy) < a, we have that [x,y,q:A] = 1. Thus a + ua(xy) > 2t.So uas(xy) > 2t — a > a, which is a contradiction to
pa(xy) < a.Hence, ua(xy) V's > pua(x) A pa(y) At.

) Ifva(xy) A(1—5) > (1—a) = vaX) Vva(y) V(1 —t),thens < a < t,va(xy) > 1—a,1—a > va(x)and 1—a > va(y).
Thus [x, € A] > 2 and [y, € A] > .50 [Xya € Vq:A] > 3. Hence 1 — vs(xy) > 2t — a > a. This is a contradiction to
va(xy) > 1 — a. Therefore, we have vy (xy) A (1 —5s) < va(X) V va(y) vV (1 —1t).

(3) Similarly, we can prove that ua(x ) Vs > pax) Atand va(x DA (1 —=5s) <) Vv (1 —t). O

1
3

Remark 5.2. Whens = 0.5 and t = 1, then Theorem 5.2 is coincident with Theorem 4.6(3); whens = 0 and t = 0.5, then
Theorem 5.3 is coincident with Theorem 4.6(2).



X.-h. Yuan et al. / Computers and Mathematics with Applications 59 (2010) 3117-3129 3129
6. Conclusions

In this paper, we established the neighborhood relations between a fuzzy point x, and an intuitionistic fuzzy set A and
gave the definition of («, 8)- intuitionistic fuzzy subgroups based on the concept of cut sets on intuitionistic fuzzy sets. We
obtained the following results with no conditions attached:

1. Among 16 kinds of («, B8)-intuitionistic fuzzy subgroups, the significant ones are the (&, €)-intuitionistic fuzzy
subgroup, the (€, € Vq)-intuitionistic fuzzy subgroup and the (€ Ag, €)-intuitionistic fuzzy subgroup.

2.Ais a (€, €)-intuitionistic fuzzy subgroup of G if and only if, for any a € (0, 1], the cut set A; of A is a 3-valued fuzzy
subgroup of G, and A is a (€, € Vq)-intuitionistic fuzzy subgroup (or (€, € Vq)-intuitionistic fuzzy subgroup) of G if and
only if, for any a € (0, 0.5](or for any a € (0.5, 1]), the cut set A, of A is a 3-valued fuzzy subgroup of G.

3. We generalize the (€, €)-intuitionistic fuzzy subgroup, (€, € Vvq)- intuitionistic fuzzy subgroup and (¢ Ag, €)-
intuitionistic fuzzy subgroup to intuitionistic fuzzy subgroup with thresholds, i.e., (s, t]-intuitionistic fuzzy subgroup. We
also show that A is a (s, t]-intuitionistic fuzzy subgroup of G if and only if, for any a € (s, t], the cut set A, of A is a 3-valued
fuzzy subgroup of G.

4. By the neighborhood relations between a fuzzy point x, and an intuitionistic fuzzy set A, we characterize the (s, t]-
intuitionistic fuzzy subgroup.

Our works have shown that our method is better than that in [22,23].
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