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Article history: The minimum Euclidean distance is a fundamental quantity for block coded phase shift key-

Available online 16 June 2010 ing (PSK). In this paper we improve the bounds for this quantity that are explicit functions of
- the alphabet size g, block length n and code size |C|. For ¢ = 8, we improve previous results

gfgc"liocrg;'e by introducing a general inner distance measure allowing different shapes of a neighbor-

Phase shift keying hood for a codeword. By optimizing the parameters of this inner distance measure, we find

Metric sharper bounds for the outer distance measure, which is Euclidean.
Elias’ bound The proof is built upon the Elias critical sphere argument, which localizes the optimiza-
Minimal Euclidean distance tion problem to one neighborhood. We remark that any code with ¢ = 8 that fulfills the

bound with equality is best possible in terms of the minimum Euclidean distance, for given
parameters n and |C|. This is true for many multilevel codes.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

We intend to improve bounds for the minimum squared Euclidean distance for block coded phase shift keying (PSK).
For error correction with respect to maximum likelihood, when using a channel with additive white Gaussian noise, the
squared Euclidean distance of the code is a highly relevant measure of the efficiency of a code for fixed block length n, code
size |C| and alphabet size q.

On the set Zg, the squared Euclidean distance is defined as

n
G y) =Y di ;). (1)
=
where d2(x;, y;) is

dZ(x;, ;) = d2(x; — y;, 0) = 4sin® (2)

(* —yp)m
q
Note that this distance measure is translation invariant, so that the arguments can be written in such a way that one of them
is zero. To simplify notation, we will write d(x) = d(x, 0) for any distance measure. Now a relevant model for the words is

points in the group (Z7, +), with the squared Euclidean distance used for measuring distance; see for example [1,4].
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We consider an arbitrary subset C of Zg, corresponding to a block code having |C| codewords X = (xq, ..., X,) of length
n in an alphabet of q letters. The minimum squared Euclidean distance for the code is then
d% min(C) = ir;lelc] d% (X, y)- (3)
XAY

Bounds on the minimum Euclidean distance are fundamental for the geometry of Zg: what is the largest possible distance
between the two closest members in a subset of Z; with |C| members?

As is well known, the minimum Euclidean distance is essential to determine the error correction capabilities of a code.
We define the rate of a block code as

log, |C|
R(g, n, |C]) = ——.

(4)
For several combinations of g, n, and |C|, mostly for high rates, there are known codes whose minimum squared Euclidean
distances fulfil our bound with equality. For these combinations of g, n and |C|, neither the codes nor the bound can be
improved.

For other combinations of q, n and |C|, there is a gap between the bound and the minimum squared Euclidean distances
for the best known codes. The size of this gap differs from case to case. Especially for medium and low rates, it is unknown
whether there exist better codes to discover, or if it is possible to improve the bound, or a combination of both.

Many of the best known block codes, in the sense of minimum squared Euclidean distance, are constructed as multilevel
codes; see for example [3,9,10]. There are also other code constructions providing some of the best known block codes.

The results of this paper are derived by using different kinds of distance measures and metrics. Both the distance
measure and the metric are functions d(x, y) from pairs of codewords to non-negative numbers with the symmetry property
d(x,y) = d(y, x) for all xand y, and d(x, y) = 0 if and only if x = y. Unlike a distance measure, a metric is also required to
satisfy the triangle inequality: d(x,y) < d(X, z) 4+ d(y, z) for all x and y. Note that the squared Euclidean distance measure
di(x,y) = Z};l d2(x; — yj) is not a metric in general. For ¢ = 8, we have 2 = d2(2) > 2d?(1) = 2(2 — +/2), which may
be the reason why the optimal inner distance measure of Theorem 4 differs from dﬁ(i) -(K—1)onlyfori =1,2(Kisa
constant, defined later).

The quantities d% x,y) = 4 sin? @ are Euclidean distances between points when the entries 0,...,q — 1 are
distributed equidistantly on a unit circle. The generalized distance measures considered in this paper will be translation
invariant and defined on ZZ, so they will be defined by a sequence of non-negative numbers, § = §(0) = 0, 5(2), ..., 8(q —

1), without any particular geometrical meaning. The distance is then
n n
Sx.y) =D 8.3 = D 30—y, (5)
j=1 j=1
generalizing
n n
Gxy) =Y Gy =Y dx—y). (6)
j=1 j=1

Some of the numbers §(i) may be infinite, prohibiting the corresponding differences. The Lee metric, for example, is
represented by § (i) = i. Also truncated Lee metrics, where § (i) = ifori < r but§(i) = oofori > r, have been considered [6].

An alternative notation is sometimes useful. For two codewords x and y, the number of positions where x and y differ by
iorbyq —iis denoted by ¢;(x,y):

ax,y) =l ell.n]:(x—y)=qior(x—y)=qq—i}, (7)

where =, means equal with respect to modulo q. We are still working with a generalization of the closest distance of letters
in a unit circle, so two words can in one position differ by at most |q/2]. Then an alternative notation for §(x, y) is

n La/2]
Sy =) s —y) =) sMaxy). 8)
=1

i=1

2. Previous work

Apart from the presentation in this section, Section 6 contains an overview over the arguments that to some extent
requires knowledge of the technical definitions that occur in the paper. The bounds in this paper and in the previous papers
in this line of research are partly based on the arguments leading to the well-known Elias bound (see also Section 6, [1,
pp. 318-321] and [4, pp. 558-564]). The Elias bound arguments have been used by Piret [8], who calculated bounds for the

maximum rate, n~ " In |C|, for codes C with given dé min(C)/nasn — oo. Piret’s upper bound on the rate becomes
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Ing—  max  (H(B)), (9)

2
2pspT=dZ . (O)/n

2 A=1

where H is the entropy function

q
HB) =—)_ Biln(B), (10)
i=1

B is a vector of length g and S is the q x q matrix with elements 2 sin?[(i — j)7 /q] in position (i, j).
The maximum rate as n — oo is a non-increasing function of d? . (C)/n. Thus we can get a bound on d
In|C|

as a function of the rate by reflecting the graph of Piret’s bound in the line z

2
E min

/nasn — oo

E min
Wyner [11] has produced another bound for the same quantity as Piret. It is independent of g, and the q points may be
distributed arbitrarily, giving for larger q weaker restrictions and a tighter bound in general. Wyner’s bound is

démin n
. nk (%o ) 27
m — , (11)

li
n—oo n z
v (\/Zn (1 —1- —E;;in) - 1)

where V,(r) is defined as the volume of a sphere with radius r in the n-dimensional torus with the Euclidean distance 27

in each dimension. Just as with Piret’s bound, it is a bound on d? _, (C)/n for a given rate as n — oo.

3. Problem formulation

The first result in the present research is a general and not very explicit bound, which is valid for arbitrary values of
the parameters g, n and |C|. The second result is an explicit bound, valid for ¢ = 8 only. We next start the argument and
simultaneously present results of previous papers [5-7].

Let Ss :(z) be a sphere induced by §, centered at z with radius ¢, i.e.

La/2]
S.(2) = 1y: Y 8()czy) <t¢. (12)
i=1
Observe that the number of words in a sphere is independent of the word that lies at its center.
We generalize Elias’ argument by using a critical sphere induced by §, instead of a critical sphere induced by d. Define
K = [|C| |S(g,t|q‘”—|, and assume that ¢ is large enough so that [C||S5:|g™" > 1. According to Elias’ argument, there now
exists a sphere S; ;(y*) containing at least K codewords, and by argument of translation, we may assume that y* = 0. Now
let W = S; :(y*) N C, so [W| = K. We trivially have

dl%‘min(c) = dl%.‘ min(W) = démean(w)7 (13)
where dgmean(W) is the average distance between the codewords in W. Elias [1, pp. 318-321] bounds d%mean (W) by

K2x(2 — x)Dn

KK—-1) ° (14)

where D is the average distance between letters ZJ‘?_] d(j), which when d is d% results in D = 2. If the radius of the critical

sphere is t, then x = t/Dn. This then also works as a bound on d? _ (W).
In [5], the use of a critical sphere induced by the distance measure 8, where §(1) = 1 and §(i) = oo fori > 1, allowing
at most t non-zeros in a sphere, resulted in the bound

t t
dl%:min(c) = ﬁdé(z) +2 (t - ﬁ) d%(]) (]5)

This bound is applicable for |C| > (q/3)" only, so it cannot be used for low rates, but it is tight in many cases for high rates.

In [6], a two-parameter (t, r)-Lee metric §(i) = iifi < r and §(i) = oo ifi > r was tried for ¢ = 8. It was shown that
r = 2 improves the bound for medium rates, while r = 4 is preferable for low rates.

The idea of considering a general inner distance measure § and designing it to optimize the bound for the outer distance
measure, which is a squared Euclidean, was first presented in [7]. Here a K-dependent inner distance measure was presented,
as well as columns that appear to be extremal by sampling the space of all possible distance measures. Compared to
that paper, the present paper presents an improved K-dependent distance measure. Furthermore, in this paper a partial
optimality of this distance measure is proven.
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4. General results

Continuing the argument of the previous section, we have a sphere S; ((w) containing at least K = [|C | |55,t|q*”—|
codewords, W = S; :(w) N C, and we assume that w = 0.

Theorem 1. For any code C in Z", we have the bound

2k fs ()
dz in(O) < Kergllra]mam P (16)
where
T (8) = min ({t : K < [1C]IS5.clg7™]}) . (17)
K j1—1 )
'22 v21 dE(yjl’yjz)
fily) =" : (18)
280
j=1

andy is a vector maximizing f5(y).

Even though % is a function not only of 8, but also of n, |C| and g, we usually omit those parameters as we assume that
they are fixed. The same is true for the dependence that f;(y) has on q. We also remark that the minimum over t always
exists since the sphere S; ; is defined with an inclusive inequality.

Proof. We start by representing the codewords in W as rows in a matrix M of type K x n. Then we may write the average
distance between the codewords as

n K ji—1

Emean(w) < ) Z Z Z d (mjl is My, l) (19)

i=1 j1=2j=1

with the restriction

n K
Z Z S(mj,i) < Kt, (20)

i=1 j=1
where m; ; is the element on row j and column i of M. The restriction comes from the weight of each codeword being at most t.
Using (18), where y is a column of M, we have

n K ji1—1

n K
B rean(W) = ()ZZZd(m“,,m,zo (;)Zfa(m-,f)ZS(mj,i), (21)
5 ) =1 j=1

i=1 j1=2j=1

where m. ; is the ith column vector of M.
Let'y be a column vector such that f;(y) achieves its maximum value. We then have

n K
Bnean(W) = <;) PGP B
2

i=1 j=1

@YY sm < < ) = ), (22)
() ()

i=1 j=1

where the second inequality comes from (20). Note that this holds for any additive distance measure § and any integer
K € [2, |C|]. We have proved the theorem. O

We next find vectors y by which § may be chosen to optimize the bound. We start with a lemma to show that the bound
is independent of the scaling of 4.

Lemma 2. The bound in Theorem 1 is scale invariant in the distance measure §; i.e. forany s > 0, let A(x, y) = s§(x, y) for every
pair x, y. Then
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@)@ 2@
K—1  K-—1

(23)

holds.

Proof. We remark that f; (y) = f; ()/s follows from the definition of f; in (18). Furthermore, S;, ;(z) = S ¢/s(z) follows from
the definition of S5 ; in (12). Hence, tx (A) = sti(8). It follows that

LY = st @) /s = @)fs@. O (24)

In the proof of the following lemma we will need the so-called mediant addition:

a G 4 +a

] , (25)
b1 b,  bi+b
presented in [2]. The number % is called the mediant of 7' and % It is similarly defined for c ratios % e ZC ,andisa
weighted mean value of the ratios, as can be seen by the identity
Cll dc b1 aq bc ac
- p—=——4-""F——. 26)
bl bc b1+"'+bcb1 b1+"'+bcbc (
As a weighted mean, the weights are strictly between 0 and 1, and are determined by the denominators only. We thus have
ag a1+a2<2ifﬂ<alandﬂ:a1+az_a2- a1:az
bq b1+by by bq by’ bq b1+by by bq by *

Next, we intend to find vectors y such that f;(y) achieves its maximum. This we do only in the case g = 8, so from here
and onwards the results are restricted to g = 8.

5. Results forq = 8

Lemma 3. For any additive distance measure § and for any K, one of the columns

yi=(1,-10,...,0, ¥ =(,0...,0, y3=@3,0,...,0),

—~ —~ 27
ys = (4,0,...,0), ys = (1,-2,0,...,0), v = (2,-2,0,...,0) 27)
provides a maximum for
K j—1
Z Zd%‘(yls yj
fw =" (28)
2.8

iz
Furthermore, f (¥>) = f (¥s).

Proof. Maximization of the function f;(y) is done by a sequence of transformations of the variables. We first introduce
the functions a;(y) that counts the number of occurrences of i in the column y. That is, ap(y) is the number of zeros, a; (y)
the number of 1s, a;(y) the number of —1s (as —1=g 7), and so on. Since the length of the column y is K, we know that
K= ZLO a;(y).

The function f5(y) can then be rewritten as follows:

K i-1

> Zdz(y,,yj

i=2j=

Z (1)
i=

3 7

> dg (Dajaj4i + Z d2 (4)aiai4
_ i=1j= 30 . (29)

S 8@ (a; + a_y) + 8(4)ay
i=1

f5(y) =

The main objective is to maximize f; with respect to do, ..., a;. Note that, while there are 8% different columns
1, ..., Yk), there are only <8+K 1) different vectors (ay, . . ., a;). This is the number of selections of K objects out of eight
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alternatives with repetition but without order, since by going from (y1, . .., yx) to (ap(y), . . ., a;(y)) we have removed order
changes that are insignificant for the value of f;. It is independent of rearrangements as (Y1, ¥2, ..., Yk) = V2, Y1, - - - » YK)-
We now proceed to the next transformation. The function can be expanded as

g1d%(1) + £d2(2) + g3dZ (3) + g4d2(4)

fs = , (30)
P 8(1) (a1 +a7) +8(2) (a3 + ag) + 8(3) (a3 + as) + 6(4)as

where
g1 = (apay + a1az + a2a3 + a3ay + A40s + dsds + Asd7 + A70g)
g2 = (agay + a1a3 + axa4 + a30s + A40s + Asa7 + dgdp + A701) (31)
g3 = (apaz + a1a4 + axas + a3ds + 407 + dsdg + Asay + A703)
g4 = (Apay + 4105 + a206 + azay) .

Now, rewriting fs in terms of the functions ¢«;,i = 0, ..., 7, where

oo = Ao Oy = Uy
o1 =a+a; o5=4a3—0as
o) =y —+ ag Og = 0y — (g (32)

a3 =0a3+05 o7 =dady —day,

exploits the symmetries of the problem, and leaves us with a denominator which is far easier to handle. It has inverse
relations

dp = o a4 = 04
oy + oy 03 — 05
=" BT
oy + o oy — O (33)
a; = g =
2 2
a3+ o5 a1 — oy
a3 = ——— ay = ————.
2 2

Pure calculation proves that

_ hidd(1) + hyd?(2) + h3d?(3) + had(4)
T 4(May +8Q)ay +8(3)az + S(d)as)’

fs (34)

where

hi = dagoy + 20100 + 2003 + 4oz + 205006 + 206007

hy, = 4agay + otf + 2a1a3 + 4oy + ot§ - 01; + 2a507 — a? (35)
h3 = 40[00{3 + 40!10{4 + 20(10(2 + 20[2053 — 20{50{6 — 20!50{7

hy = dogoty + 20903 + af — 205007 — aé.

Recall that ag = K — 21.7:1 a;, which gives ag = K — Z?zl ;. Also, since we have the restriction ¢ = 8, which is studied
here, we have

d3(0) =0,
(1) = d(7) = 4sin? % =2-2,

2
& (2) = d2(6) = 4sin? ?” =2,

3
2(3) = d(5) = 4sin? ?” =242, and

4
@ (4) = 4sin? ?” —4 (36)
This makes it possible to rewrite fs as
4 4 2 2
K'Y o2 (i) — (Z oz,»dﬁ(i)) — (ﬁoz5 + 206 + fza7)
f& _ i=1 i=1 ) (37)

4
4 Z 51'06,‘
i=1

By construction, for any X, the quantities o1 (X), o2 (X), or3(X) and o4 (X) are non-negative integers, at least one greater than
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zero, while a5 (X), as(X) and o7 (X) are integers, possibly negative. Furthermore, we know that o1 (X) + o7 (X), o3 (X) + g (X)
and a3(X) + as5(X) are even numbers.
Next, we consider the function

4 4 2
4K 3 idg (i) — <Z oqdﬁ(i))
05 = i=1 - i=1 ) (38)
43 5@y
i=1

Obviously we have f5(x) < ¢;s(x) for any x.
Lety; = (1,0,...,0),y. = (2,0,...,0),y3=(3,0,...,0),y4 = (4,0, ...,0), and observe that we have

4Kd% (1) — di(1) — 2 4Kd%(2) — d(2) —
fs(y) = at )48(15( ) fs(y2) = it )48(25( )
39
4Kd%(3) — d*(3) — 2 4Kd; (4) — di (4) o
f5(y3) = 4503) fs(¥a) = T@)
Now, any column x where
£ < a1 (X)f5(y1) e az(X)f5(¥2) & a3 (X)f5(y3) & as(X)f5(¥4)
a(X) az(X) az(X) a4(X)
< max(fs(y1), fs(¥2), fs(¥3), fs(¥4)) (40)

cannot be extremal. There are still many columns that must be compared, so we start by discarding a large set of columns
which cannot be extremal.
Since we have f; < @s, we may first discard all x where

5 () < a1 (X)f5(y1) o a2(X)f5(¥2) ® a3 (X)f5(¥3) ® 0l4(x)f5(Y4). 1)
a1(x) az(X) a3(X) a4(X)

This condition is equivalent to

i=1 i=1

2
4K Z ai(X)d2 (i) — (Z o (X)d2 (1)) 4K Z o (X)d2 (i) — Z ai(X)d3 (i) — 201 (X) — 4o (X) — 203(X)

< ; (42)
4 Z 8(i)ai(x) 4 Z 8(i)ai(x)
i=1 i=1
which can also be expressed as
4 4 2
D )i ) + 201 (%) + o (%) + 203(x) < <Z af(X)df;(i)) : (43)
i=1 i=1

We may immediately discard all columns X with aq(X) > 7, a3(X) > 3, a3(X) > 2 or a4(X) > 2, as any of these inequalities
being satisfied will make inequality (43) true. This leaves us with 7 x 3 x 2 x 2 = 84 columns to examine. Testing these
with condition (40), we find only 14 columns which may be extremal, namely

y1 =(1,0,...,0), y> =(2,0,...,0),
y3=(3,0,...,0), vs=(4,0,...,0),
ys = (1,-2,0,...,0), Ve = (2, —2,0, .., 0),
y; =(1,-3,0,...,0), ys = (1,-1,0, --,0), (44)
yo=(1,1,-2,0,...,0), yio=(1,1,-1,-2,0,...,0),
y11=(1,1,—1,0,...,0), y12—(11 1,0,...,0),
y=(1,1,1,-1,-1,0,...,0), Y14—(111 1 -1,-1,0,...,0).
Since
fs(¥10) = f5(¥10) @ fs(¥10) < f5(¥3) D f5(¥s) @ f5(¥s) @ f5(¥6)
< max(fs(¥s), fs(¥s)), (45)

we may conclude that f5(y;09) cannot be extremal. Continuing to reduce the set of columns in our list in this manner, we end
up with only the vectors given in the lemma. Also, f;(¥>) = f5(¥s) follows from f;5(¥>) @ f5(¥2) = f5(¥e). Those six columns
are extremal, and the set cannot be reduced further. This follows by considering different distance measures § such that
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they all cause fs to achieve its maximum value, which we know it does for at least one of the six columns. Considering the
distance measure

S =QR—-V2)K—-1—342v2, §Q@)=2K—-1)+~2—-1,

46
83)= Q2+ V2)(K - 1), 5(4) = 4(K — 1), (48)

we get that'y, V3, 4 and ¥s are extremal. Considering the distance measure
S =2 VDK -1 —4+3v2, §2) =2(K—1), )

53) =2+ V2)(K - 1), 5(4) = 4K — 1),
we get thaty,, V3, V4, Y5 and g are extremal. [

Equipped with knowledge about which columns are extremal, we can specify which § minimize f; (y).

Theorem 4. A distance measure § which minimizes f5(y) can in the case q = 8 be described as
S =Q—-V2)(K—-1)—2+2v2—h
§2)=2(K—-1)+h
53) =2+ V2K —1)
8(4) = 4(K — 1), (48)

forany h € [0, v/2 — 1].
Furthermore, with

4
> 86) = 10K — 1) =2+ 2V2, (49)
i=1

the minimum value of f;(y) is 1.

Proof. Let B = f;(y). We then have

(2—ﬁ)(1<—1)—1+ﬁ<

i) <B& 50) B, (50)
f5@2)53©% <B, (51)
f33) <B& (ZJ”{SE(;()K_D <B, (52)
h@n 8o 50 < (53)
b <n VDK D212, o0

where at least one of the inequalities is an equality. From (52)-(54), we get

10K — 1) — 2+ 242 -
(1) +6812) +8(3) +8(4) ~

by use of mediant addition. By the normalization (49) on &, we thus have B > 1. By letting (52)-(54) all be equalities, we
get B = 1, which is the lowest value we can get on B. (Using (50)-(53) in a similar manner only gives a less tight bound on
B, and so does not determine B.)

So distance measures § which minimize B and give B = 1 must give equality in (52)-(54) and satisfy (50) and (51). These
are exactly the distance measures described in the theorem. O

(55)

Combining Theorems 1 and 4 with Lemma 2, we get the following corollary.

Corollary 5. For any code C in Z, we have that

2
d2_(C) < min min K

. 56
Emin®=7 = weiicn sea K — 1 (56)
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holds, where A is the set of distance measures with

4
Y 86)=10(K — 1) —2+2v2 (57)
i=1
and
T (8) = min ({t : K < [IC|IS5.clg"]}) - (58)

6. Conclusions

In this paper, we have improved previous upper bounds for the minimum Euclidean distance. One of the bounds is valid
for any combination of the three parameters |C|, n and g, while the other is explicit in the two parameters |C| and n for the
caseq = 8.

The results develop the Elias sphere method to provide an improved bound on the minimum Euclidean distance that
is non-asymptotic. The proof method is not tied to a certain structure of codes, and applies for any PSK block code with
parameters ¢ = 8, n and |C|. This means that one possible continuation is to investigate other distance measures than a
Euclidean by following a similar path starting with the Elias sphere. It may be an even more challenging task to investigate
if similar bounds also can be constructed for PSK Trellis codes, having a different basic structure.

Next we give an overview of the technical method of this paper. First Elias’ method, [ 1, pp. 318-321], was followed. Here
the problem was localized to a critical sphere, where codewords are at least as dense as elsewhere in the code, and the
minimum distance between codewords in the critical sphere is trivially bounded by the average distance between them.
However, in this line of research, the critical sphere is defined in terms of a general distance measure, §, characterized by
its values §(i) for integers i, called the inner distance measure. Later, the values of the coefficients were chosen to obtain the
best possible bound on the outer distance measure, which here is the squared Euclidean distance.

Still following Elias, the average distance between the codewords in the sphere is bounded by listing the codewords as
rows in a matrix, and seeking columns of the matrix which will maximize the average distance. Elias sought columns that
maximized the average distance between codewords and he considered compositions of the columns, allowing columns
where each symbol may appear a continuous number of times. Allowing such compositions is an approximation which we
avoid. Instead, by fixing ¢ = 8, we found all columns which can give the maximal average distance between the codewords
in the critical sphere, independently of the inner distance measure §. Such columns are called extremal columns. We then
chose the values of § (i) to optimize the bound on dé min (C), which gave one of the main results.

The bound is a product of two factors, both depending on the shape of the spheres. We minimized one of these factors,
namely the factor which intuitively is more sensitive to the inner distance measure. While this is not certain to optimize
the bound on the d? . (C), consisting of two factors, the new bound is as good as previous bounds, and is strictly better for
low-rate codes.

Central in the solution is that for ¢ = 8 it turns out that only six columns can be singled out as extremal, independently
of the inner distance measure. Of these six, for given n and |C|, five are used since two of them give identical values, defining
an optimal inner distance measure with respect to one factor of the bound.

While there are many high-rate codes which meet the bounds (older bounds as well as the new bound), only a few
medium-rate codes and no low-rate codes which meet the bound are known. It is thus of interest for low and medium rates
either to improve the bound or to find codes C with higher d? . (C).
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