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Abstract

In this paper we establish analytic equivalence theorems of Poincaré and Poincaré—Dulac type for analytic
non-autonomous differential systems based on the dichotomy spectrum of their linear part. As applications
of the theorem, normal forms linearize for two illustrative examples.
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1. Introduction

In 1892 Poincaré initiated a technique for simplifying a nonlinear system in the neighborhood
of a reference solution by a smooth change of coordinates, today called theory of normal form.
Naturally, the reference solution is almost exclusively assumed to be a fixed point (sometimes a
periodic solution) and fruitful results for autonomous systems have been obtained such as theo-
rem of Poincaré, Seigel, Chen, Takens, etc. [1]. As we all know that the importance of normal
forms goes without saying, it also lays foundations for further study of integrality, stability, bi-
furcation and so on. The main purpose of our work is to extend formal and analytic normal forms
from autonomous systems to non-autonomous ones.
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Here we state two well-known theorems in detail. First of all let us recall the classical Poincaré
type normal form theorems. Consider the autonomous system

X =Ax+ f(x), (D

where A is a constant matrix and f(x) = O(]|x||?) as x — 0. Set A(A) = {Ai}7_, be the set of
eigenvalues of the matrix A. Expanding f (x) in the formal power series, i.e. f(x) = oy fixt,
then we can obtain Poincaré’s formal normal forms.

Assume the matrix A is in the complex Jordan form, then by a formal coordinate transformation
x=y+ Y 2, hiy', system (1) can be changed into system

o0
J=Ay+) e,
i=1

where g; = (g!,...,g") and g;" =0if Y/ piri —Aj#0 for j=1,...,n. Here, p =
(P1s--s Pn) €ZY and 7y pi > 2.

In addition, if f(x) is analytic in the origin instead, then we have Poincaré—Dulac’s analytic
normal forms.

Assume real parts of eigenvalues of A € R"*" are all positive or negative, then system (1) can
be changed into a polynomial system

y=Ay+ P(y),
by an analytic coordinate transformation x =y + h(y) in some neighborhood of the origin.

The proofs of above theorems can be found in many textbooks such as [1,2]. Furthermore,
inspirited by Floquet’s beautiful lemma for linear periodic systems, mathematicians have made
great efforts to construct theoretic frames of normal forms for more general non-autonomous
systems, cf. in [3-5]. In this paper, we mainly deal with normal forms for the following general
type non-autonomous differential systems

x=Fx,n)=A@0x+ f(x,1), xeR", )

where F is analytic in O, x R, A:R — R"*" is continuous and uniformly bounded on R and
f=0(x|? as ||x|| = 0. As usual O, denotes the closed ball centering the origin with the
radius p. Our goal is to generalize above two theorems from (1) to the non-autonomous systems
of the form (2) by studying normal forms in the neighborhood of the zero solution.

As the first step to study normal forms, following the traditional way we shall seek the conve-
nient invariants for the linear part

x=A@®)x, xeR". 3)
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In general it turns out not to be the right thing to study the eigenvalues of A(#) as they have little
or nothing to do with the asymptotic properties of solutions. Thus we need to find a dynamical
formulation to describe spectral objects in terms of the long-term behavior of solutions instead.

Here we choose the dichotomy spectrum (sometimes called continuous spectrum, or S.S. spec-
trum [6]) which can be defined as follows. We say that system (3) has an exponential dichotomy
(for short, E.D.) on R, if there exists a projection P:R" — R" and positive constants K, o and
B such that

|e@Pe~ ()| <Ke™™, 1>5,

|eOUI —PY® ()| <Ke P, s>,

where @ (¢) is the fundamental matrix of system (3) with @ (0) = I. To see what an E.D. means in
the general case it is convenient to consider two basic aspects. One is that it means a subspace of
solutions tending to zero uniformly and exponentially as + — oo and a complement subspace of
solutions tending to infinity uniformly and exponentially as ¢ — oo; the other is that the ‘angle’
between these two subspaces remains bounded away from zero, which nearly leads to the block
diagonalization of the fundamental matrix.

In brief, the dichotomy spectrum of system (3) is the set

Zp={y €R: & =(A@) — yI)x admits no ED.}

and the resolvent set p4 = R \ X4 is its complement. Furthermore, by works of [5-7], namely
Theorems 2 and 3 in next section, the dichotomy spectrum can be represented by the disjoint
union of closed intervals f: 1la;, b;] and the corresponding block diagonal theorem is also
valid especially when A is continuous and bounded on R. Then by extending L. Arnold’s work
in [3] of formal normal forms for random dynamic systems, we manage to solve each linear
non-homogeneous differential equations generated by Poincaré—Dulac-schemes. Thus following
the nature way to eliminate some nonlinear terms degree by degree, we obtain the formal normal
forms of system (2). Finally, by applying homotopy method we get the analytic normal forms
in the generalized Poincaré domain. Here we specially mention that in fact our partial work of
formal normal forms covers Siegmund’s results in [5] in a new way.

In detail, a linear time-varying change of variables x = P (t)y is said to be a Lyapunov—Perron
transformation (for short, LP transformation) if P(t) is nonsingular for all r € R and P, P!
and P =d P /dt are uniform bounded in # € R. Then the non-autonomous system x = F'(x, t) is
called to be locally analytically equivalent to the equation y = G(y, t) if there exists a coordinate
substitution x = H(y, t) = P(¢)y + h(y, t) which transforms one equation to the other, where
F, G and H is analytic in O, x R for some p >0, F(0,1) =G(0,t) = H(0,7) =0, P(?) is an
LP transformation and i (-, 1) = O(|| - ||?) as || - || = 0. At last, let A(¢r) = diag{A(?), ..., Ap()}
be in the block diagonal form and each block A; : R — R *" corresponds to a spectral interval

[ai, bi]l fori =1,..., p. Then set s = (so, s1,...,5p), where so =1, s, =n and s; =Y /_  n;
for j =1,..., p. Thus a multi-valued index map ® can be defined as follows
O:N} — N,f,

VT,



H. Wu, W. Li/ J. Differential Equations 245 (2008) 2958-2978 2961

where N,f ={t=(11,...,7p) € Zf_: Tl =k}, |t =|v|=k and 7; = Z;’;SH v; for i =
1,..., p. Set e; be the unit vector with the jth component 1. The vector-valued monomial x"e;
is called resonant monomial if t and [ satisfy the condition O € [a; — Zf’zl b, by — Zf’zl Tia;],
where e; = ®(e;), T = ©(v). This definition accords with Siegmund’s for non-autonomous sys-
tems in [5] and will be well illustrated in next section.

Our main results may be summarized as follows.

Theorem 1. Assume the dichotomy spectrum of system (3) to be X4 =[a1,b1]1U---Ulap, bp],
where ay < by <--- <ap < bp.

(i) Equivalence in the jet class. If system (3) is in the Poincaré domain, i.e. aib, > 0, then any
non-autonomous system x = F(x, 1) is locally analytically equivalent to system (2), where
Fis analyticin O, x R and F—F=0(x|% asx — 0withd > max{ai/bp,bp/ai}.

(ii) Poincaré type. If the dichotomy spectrum satisfies ab, > 0 and is non-resonant, i.e.

P P P
0¢|:Zaimi—aj,zbimi—bjj|, |m|=2mi>2,
i—1 i—1 i=1

then system (2) is locally analytically equivalent to its linear part equation with respect to
(for short, w.r.t.) x.

(iii) Poincaré—Dulac type. If aib, > 0 and A(t) is block diagonal w.r.t. the spectral interval
[ai, bi], then system (2) is locally analytically equivalent to system x = A(t)x + g(x,1t),
where g is a polynomial w.r.t. x with the degree d not greater than max{a /by, bp/a1},
which consists resonant monomials only.

(iv) Equivalence in the almost periodic case. In addition if F is almost periodic in the variable
t in system (2), then so are the transformation and the changed system in (i), (i1) and (iii).

Remark. If system (2) is only continuous but analytic in the variable x for the fixed ¢ € R, then
so are the corresponding equivalence transformation and the changed system in Theorem 1.

In Section 2, we introduce some basic notations and definitions on normal forms. Useful
theorems, propositions and lemmas on the spectrum theory for non-autonomous systems, special
operators in the tensor space and the Gronwall type inequality are also illustrated. In Sections 3
and 4 we study finite order and analytic normal forms, respectively. In Section 5 the main theorem
is proved and in addition we provide two well studied examples as applications.

2. Preliminaries

All useful notations, definitions and technique lemmas are listed in this part. In detail, The-
orems 2 and 3 from [5-7] are the foundations of the whole paper. They thoroughly describe
properties of dichotomy spectrum for linear non-autonomous systems, by which the basic as-
sumption in Theorem 1 on the spectrum of system (3) is valid and then it is possible to construct
normal forms for system (2). Propositions 4, 5 and 6 are preparations for Proposition 9 in next
section, which study the special operators generated by Poincaré—Dulac-schemes. Lemma 7 is
a Gronwall type inequality and Lemma 8§ states the connection between an E.D. and the unique
bounded solution.
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A nonempty set M C R" x R is said to be an integral manifold of the non-autonomous
system (2), if for any point (x, y) € M, the solution ¢(¢) of the system through (x, y) (namely
¢(y) = x), is such that (¢(¢; x, y),t) is in M for all ¢ in the domain of the definition of the
solution ¢(z; x, y). In addition, if for every y € R, the fiber M(y) = {x e R", (x,y) € M}isa
linear subspace of R”, the integral manifold M is called linear integral manifold. Naturally, if
M and M are linear integral manifolds, then so are the intersection and the sum

MiNMy={(x,y) eR" xR: x € M (y) NM2(»)},
M+ My = {(x,y) eR" xR: x €M1(y)~|—./\/l2(y)}.

Denote two linear integral manifolds of system (3) by
Ty =0 e R xR supe ™ g(t:.x, )| < o0},
120
u, = {(x, y) R xR: supe ™ |o(1; x, y)| < oo}’
<0

then the dichotomy spectrum can be characterized as follows. The proof is in [5,6].

Theorem 2. Assume A(t) is continuous and bounded on R, then the dichotomy spectrum X s of
system (3) is the disjoint union of p closed intervals (called spectrum intervals) where 0 < p < n,
ie.

Ya=la1,b1]U[az, b2]U---Ulap, by,

where a; < by <ay < by <---<a, <by. Let by = —o0 and ap 41 = 00, choose y; € p(A) with
b <yi <ajy1fori=0,1,..., p. Thenforeveryi =1, ..., p the intersection M; =U,,_, N T,
is a linear integral manifold with dim M; > 1. The linear integral manifolds M;, i =1,..., p,
are called spectral manifolds and they are independent of the choice of y;. Moreover,

Mi@®---®M,=R"xR (Whitney sum),
ie, MiNM; =0} xR fori# jand My +---+ M, =R" xR

Similar to the block diagonalization of a constant matrix, system (3) can also be changed
into the block diagonal form w.r.t. the spectral intervals by an LP transformation. The following
theorem is stated and proved in [5,7].

Theorem 3. Assume A(t) is continuous and bounded on R, then there exists an LP transforma-
tion x = S(t)y which turns system (3) into

y=B()y,
where B: R — R"*" is in block diagonal form
B(r) = diag{Bi (1), ..., B, (1)} )

and each block B;: R — R">*" corresponds to a spectral interval [a;, b;] fori =1, ..., p.
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Indeed, spectral intervals lead to the block diagonalization of the corresponding linear homo-
geneous equation, but the inverse is not true because the dichotomy spectrum of each block may
contain more than one spectral interval and the intervals of blocks may overlap each other. So
we say that p intervals Ule [ai, bi], which may overlap, are the spectrum estimation of system
(3) if there exists an LP transformation which turns it into a block diagonal system and [a;, b;]
just contains the dichotomy spectrum of the ith block. Here, the word ‘just” means that if J is
the spectrum dichotomy of the ith block then J C [a;, b;], J & [a; +¢,b;] and J € [a;, b; — €]
forO0<e k1.

Denote by Vi, ..., Vi the finite-dimensional real vector spaces of dimensions dimV; = n;
fori=1,...,k. Thenlet V =V] ® --- ® Vi be their tensor product, a vector space of dimen-
sion n = nny...ng, which is defined to be the vector space L(Vl* X -o X Vk*, R) of k-linear
forms on Vl* X o+ X Vk*. When we restrict our attention to the case k = 2, the matrix version of
D1(t) @ Dy(t) in R" @ R"2 = R™"™2 js called Kronecker product. However, since the Kronecker
product cannot maintain block diagonal structures, then we need to find another way to obtain the
spectrum estimation of the operator @ (¢) ® @;,(¢) and the following proposition is an extension
of Theorem 5.4.2 in [3].

Proposition 4. Assume A;(t):R — R"*" s continuous and bounded on R. Let ®@;(t) be the
Sfundamental matrix of system x = A;(t)x with the corresponding spectrum estimation X5, =

fizl[a;i), b;i)]fori =1,2. Then
(i) the fundamental matrix @1(t) @ ®,(t) is generated by the non-autonomous linear system
=AML+ ®A1))x, xeR"QR™, )
(1) the spectrum estimation of system (5) is

2 =Jfa® +a® 50 +52].
i,J

Proof. (i) Since @; () = A; (t)®; (1), then

d
E((pl (1) ® D2(1)) = A1 (D P1 (1) ® Do(t) + D1 (1) ® Ax (1) D(1)

=(A1() ® L+ 11 ® Ay (1)) (P1(1) @ P2(1)).

(i1) Without loss of generality, we can assume @;(¢t) = diag{®; 1, ..., D; p,} is in the block
diagonal form, because LP transformations cannot affect spectrum estimations. Consequently, it
naturally implies the @; (¢) invariant splitting of space R", i.e.

R%i =V1' ®”'®V;7i'

Let PJ‘: be the projection from R™ to VJ’: for j=1,..., pi and i = 1, 2, then we have that

0, j#k,

Pl (1) P! =
i Pi(0F {45,',‘/, j=k.
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Therefore, it is trivial that

(P}, ® PL)(@10) ® ©2(0) (P, ® P,)
= (P &1(1)P,) ® (P} ®2(1) PL)

_ { D1, @Dy, Jj1=ki, o=k,
0, other cases.

That is to say, the corresponding matrix representation of operator @ (z) ® @, (¢) is in block
diagonal form.

Next we give the spectrum estimation of the operator @; ® @, on each invariant linear sub-
space le ®V12.Whent>s,forj= 1,...,p1,l=1,..., pop we have

[(21(1) ® 2(1)) (@1(5) ® D2(5)) (@) |
=[e10@ Gul, - | 22007 (v,

[ [P
<K Tl - Kae® vl

(e))

@
= K1 K2 T @ v

where u € le, Ve Vz2 and a;i) < oz;i) < a;i) + ¢ for i =1, 2. Similar inequality can be got when
t < s. Let ¢ — 0, that completes the proof. O

Let x* = xlr‘xgz...x;" be the scalar monomial in n variables of degree |t| = k, then
Hi,(R") ={f = Zm:kxfff: fr € R} is the vector space of homogeneous polynomials of
degree k in n variables with values in R”. Clearly, we have that

L n_ (k+n—1! L 2
d—dlmHk)n(R)—m, D—dlmHk)n(R )—nd
A basis F = {uy,...,u,} in R" and the basis {x7};;|=x of Hy,(R') =R? give a basis x*F =

{xTu;}|SLg " in Hy , (R"), while

Hen(RY) 3 f= 3" fiexu; ZKp(f) = Kp(fo) iz = fir €RP

|t|=k i=1

(column vectors, ordered lexicographically) identifies H ,(R") with RP, where K is the map-
ping which assigns F coordinates to an element of R”. Thus, we can define an inner product in
Hy ,(R") which reduces Hy ,(R") = Hy ,(R") @ R" =RY @ R". Define a d x d matrix N (A)x
by

N = (N (), (Ax)" = Z NB(A)xs.

oc=k
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In particular, the blocks of N (A); depend nonlinearly on the entries of blocks in A. Here Proposi-

tion 5, whose result (ii) can provide the sharp norm estimation, is a strong version of Lemma 8.1.2
in [3].

Proposition 5. Let A(t) : R — R"*" and k > 2, then the following statements hold:

(i) NIk =11, N(AB); = N(B);N(A), hence N(A™)) = N(A); .

(ii) If A(t) is bounded on R and in a block diagonal form with blocks A; :R — R"*"i for
i=1,..., p, then there exists a permutation matrix P independent of t in R?*¢ which makes
N(A) :R — R4 similar to a matrix in the block diagonal form with blocks A; R —
R4>4x where T = (11, ..., Tp) runs though the set

Ny ={r=(u.....tp) € Z}: |r| =k}

and g =T["_, % Furthermore, we have
- - 1 N
p
i P
la.o| <c[Tnamm, «eny.
i=1
Here || - || denotes the corresponding matrix norm reduced by the vector norm and the con-

stant C only depends on n, k and || - |-

Proof. (i) By the definition of N(AB)k,

(AB)x)"= D Ner(AB)xS =) Y Npr(A)N,p(B)x".

ls1=k lol=k |nl=k

Equating coefficients gives

N:-(AB) = Z Nip(B)Nyc(A).
lol=k

(i1) The whole proof consists of three parts.
First of all, we define a partial order of N7, which corresponds to the diagonal form of A(z).

Notice that (n1,...,n,) € Zi, then set s = (s, 51, ...,5p), where so =1, s, =n and s5; =
Zk’:l n; for j =1,..., p. Thus a multi-valued index map ® can be defined as follows
0: N} > Nf,
VT, (6)
where |t| =|v|=k and 7; = Zj’i:s,»_l v;j fori =1,..., p. Consequently, the map ® naturally

reduces a total order of N,‘: to the partial order of N} such that v <V if 1 =@ (v) < T = O (D).

And we fix the set N,f a total order (lexicographical order), defined as if 7; > 7; then 7 > T, where
[ =min{i: |t; — 7;| #0}.
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Second, we prove that N (A)y is of the block diagonal form under the above partial order of
{x"}wi=x-

Regard N(A); as an operator depending on ¢ on the space Hj ,(R!). For a fixed 7 =
(T1,...,Tp) € N,f, define the index set 2(7) = {v € N}: ©(v) =}, then §2(r) = g, and
E; = span{x"},c(r) is a linear subspace of Hk,n(]Rl). Moreover, for any fixed v € £2(t) we
have that (Ax)" = ]_[lpzl (A;2)%, where £; = (Xg; gy s X5j—1)5 Vi = (Vs ooy Vg—1) € Z'J'ri for
i=1,...,p,and T = (|D1],...,[Dp]). Note that (Aix)% is a homogeneous polynomial of the
degree t; = |V;| in variables X;. So (Ax)" can be represented by vectors in E;. Namely, E; is
N (A) invariant, i.e. N(A)y is in the block diagonal form.

At last, we estimate the norm of each block of N(A).

Since any matrix norms deduced by the vector norm are equivalent, it is convenient to choose
the matrix norm as ||A|| = max |a; ;|. For any v and u € E;, next we estimate the coefficient

qu,v of the monomial x* of the polynomial (Ax)” = le (A; %)V, Obviously, the factor )?l“’ is
only generated by the polynomial (A; %)% such that its coefficient Iq;il i;f)z" < ()| A%, Thus,
it follows

p p
launl =[lg5, 5,1 <n* 14",
i=1 i=1
which means
p
|A:@®)| = max g <A ]TlAN".

O)=0(n)=t .
i=1

This completes the proof. O

Remark. Set e¢; be the unit vector with the jth component 1. If A(z) is in the block diagonal
form w.r.t. the spectral intervals in system (2), then the vector-valued monomial x"e; is called
resonant monomial if T and [ satisfy the condition O € [a; — Z;."zl T;b;, by — Zf’zl T;a; ], where
e; = O (ej), T = O(v) and the definition of ® is given by (6). This definition accords with
Siegmund’s for non-autonomous systems in [5].

Let T (A); be the matrix describing the linear mapping on Hy ,(R') given by

=Y e 33 e g = T,

d
[t|=k It|=k j,I=1 J

and denote by @_r(4), the principle matrix solution of linear equation X = —7 (A)(¢)x. In
particular, there is a close connection between operators N (-)x and 7T (-)x. In Proposition 8.3.4
of [3], Arnold discovered it for random dynamic systems. Here we modify that proposition for
the case of ordinary differential equations.

Proposition 6. Let A(7) : R — R™" and k > 2, then we have that

N(@a®); ' = P_ray, ().
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Proof. We have that

d d
Eh((PA(t)x) = Dh(qﬁA(t)x)E(qﬁA(t)x)
= Dh(cDA (t)x)(A(t)ch (t)x)
=Dh(Y)A®)Yly=0,1)x-
The matrix version of this states that

d

TN (@a@) = N(@a®), T (A,

which is equivalent to

d _ _
T(N(@a0), ") = =T (N(@a0) ).

e, N(@a) ' = P_r(a), (). O

The following is a strong version Gronwall type integral inequality, which is from a result of
Sardarly (1965) and the proof can be found in [8].

Lemma 7. Let u(t), a(t), b(t) and q(t) be continuous functions in J = [«, B], let c(t,s) be a
continuous function for a < s <t < B, let b(t) and q(t) be nonnegative in J and suppose

t

u(t) <a(t)+/(q(t)b(s)u(s)+c(t,s))ds, tel.

o

Then fort € J

t t s

u(t) <a(t)+fc(t,s)ds+q(t)/b(s)(a(S)+/C(s,r)dr)e(fslb(f)q(f)d”ds.

o o

Let f(x,t) € C(D x R,R"), where D is an open set in R" (more generally, a separable
Banach space). f(x,t) is said to be almost periodic (a.p.) in t uniformly for x € D, if for any
& > 0 and any compact set S in D, there exists a positive number I(e, S), such that any interval
of length I (¢, S) contains a t for which

|fex,t+0) = fx,n)| <e

for all t € R and all x € S. The following lemma illustrates the connection between an E.D. and
the unique bounded solution. See [9] for more details.

Lemma 8. Consider the following inhomogeneous system

Xx=A@)x+ f(), (7
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where A(t) and f(t) are continuous and uniformly bounded on R. Assume that the correspond-
ing homogeneous system x = A(t)x has an E.D. on R, then Eq. (7) has a unique bounded
solution . In addition, if A(t) and f(t) are almost periodic on R, so is the unique solution

Y and m(y) Cm(A, f).
3. Finite order normal forms

In this part we mainly deal with the formal normal forms of system (2) w.r.t. its dichotomy
spectrum. The main result is Proposition 9, whose proof greatly relies on Lemma 10.

As usual J et’izoF (x, t) denotes the Taylor expansion of the function F w.r.t. the variable x at
x =0 of order k.

Proposition 9. Assume the dichotomy spectrum of system (3) to be Xy = [ay, b1]U---Ulap, bp],
where ay < by <--- <ap < bp.

(i) Non-resonant case. If the dichotomy spectrum is kth non-resonant, i.e.,

p p p
0¢|:Za,~m,~—aj,2b,-m,~—bj:|, kZZm,'>2,
i=1 i=1 i=1
then system (2) is locally analytically equivalent to the system
% =Jet'ZL Fx,0) + O (I1x 1<),

(i) Resonant case. If A(t) is block diagonal w.r.t. the spectral interval [a;, b;] fori=1,..., p,
ie. A(t) =diag{A(?),..., A,(t)}, where each block A;:R — R">" corresponds to a
spectral interval [a;, b;] fori =1, ..., p, then system (2) is locally analytically equivalent
to the system

i =Jeth T F(x, ) 4+ gi(x, 1) + O(I1x ), (8)

where g is a polynomial w.r.t. x of the degree k, which consists resonant monomials only.
(iii) Almost periodic case. In addition if F is almost periodic in the variable t in Eq. (2), then so
are the transformation and the changed system in results (i) and (ii).

Lemma 10. Assume non-autonomous linear system x = A(t)x with A(t) continuous and
bounded on R has a dichotomy spectrum Uipzl[a,-,b,-], where a; < by < --- <ap < by, let
Hy o (R") be the space of n-dimensional vector-valued homogeneous polynomials of n variables
of degree k > 2 as before, and define a t-depending linear operator L,f (t) on Hy ,(R") as fol-
lows

L h(x) > A(t)h(x) — %A(r)x, 9)
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then the non-autonomous linear system x = L,’? (t)x has the spectrum estimation
p p
U U Jor- Yt~ Y|
teNy j=l..p i=1 i=1

Proof. Together with the space decomposition Hy , (R") = H , (R!) ® R", the matrix represen-
tation of L is

L) =1L ®A—T(A)® b,
where I; and I, are identity matrices in Hy, 2(RY) and R”. See [2,3] for more details. By Proposi-

tions 6 and 4 we have that @L? =P 74, Py = N(d>A),j1 ® @ 4. Consequently, by Theorem 3
we can rewrite @ L in another form

D= N@) ' ®@Pa=NES¥) '@ S¥) = (NS '®S)- (Nw) ' @),

where x = S(¢)y is the LP transformation, ¥ is in the block diagonal form with blocks ¥; for
i=1,..., p and for each block it admits

|w: W (5| < Kefit=, 1>,

[ e, ()] < ke, 1 <.

Here ¢, a positive number, can be chosen arbitrary small and b; < 8, <b; +¢,a; —¢ <a; <a;
fori =1, ..., p. However, notice that the fact

(N@)) - (NE®), ) =Nw©e o),

and, by Proposition 5, N (W (s)¥ (1)) is similar to a block diagonal matrix, whose block
(A}, eN? has a norm control as follows

AL < K'em Xm0ty >,
[Acll < K'e™ 2009 g
Therefore, let ¢ — 0 and the spectrum estimation of N (El/)k_1 is
p p
U|-DomuBi— ) miai |,
reN/Li=1 i=1

which completes the proof because of Proposition 4. O
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Proof of Proposition 9. If the system X = A(t)x + f(x,?) can be changed into the system
y=A(t)y + g(y, 1), then the coordinate substitution x =y + h(y, t) satisfies equation

oh oh oh
v Ah(y, 1) = —A@O)y+ f(y+h. 1) —gly. 1) — —g. (10)
t dy dy

Expanding %, f and g in the form of Taylor series w.r.t. the variable y, we have that

h(y,0=Y h@®y',  gyn= Y g®y,  fx.0=Y fOx"

[v[>2 [v|=>2 [v|=>2

where h,, g, and f, are all bounded vector-valued functions from R to R" by the Cauchy esti-
mation for p’ < p.

By comparing the monomials of degree k with respect to the variable y in the equality (10),
we can obtain

dhi(t)
dt

= L Ohi(1) + Ti(1) — g (1), (1)

where L;{“ (¢) is given by (9), hi and gi are both vector-valued functions from R to H ,(R") and
Ty is the vector coefficient of Taylor expansion of the function

k—1
f(y + Y hm)y”)

[v|=2

w.r.t. the variable y of degree k, which is known already.
Now we seek bounded solutions h; of system (11) for the convenient function gi. If the
dichotomy spectrum is kth non-resonant, then by Lemma 10 the linear part system

dhy (1)
dt

= L ()i (1)

admits an exponential dichotomy. By Lemma 8 for any bounded function g Eq. (11) has a
unique bounded solution. It is convenient to choose g = 0. That completes the proof of (i).

If A(z) is block diagonal w.r.t. the spectral interval [a;, b;] fori =1,..., p, then by Propo-
sitions 5, 4 and Lemma 10 the vector-valued function (T, — gy)e; corresponds to the diagonal
block of L,f (¢) with dichotomy spectrum estimation [a; — Z;.":] T;b;, by — le:l t;a;], where
e; =0 (ej), T = O (v). Moreover, still by Lemma 10 we know that L?(t) is similar to the matrix
as follows

M. (1)
M_(z) ,
Mo(2)

where M (r) consists of blocks with dichotomy spectrum estimation a; — Y 7;b; > 0, M_(t)
consists of blocks with spectrum estimation b; — > 7;a; < 0 and the others are in My (7). Now
let hg(t) = (hy, h—, ho), Ti(t) = (T4, T—, To), gk(t) = (g+, 8-, &o) and the principle matrix
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solution @ (t) = (P, D_, D) corresponding to the decomposition of the operator L,‘? (t). For
the first two parts, let g4 = g_ = 0, we have the unique bounded solutions

hy = —cb+(t)/q>;1(s)T+(s)ds
t
and
t
he=®_(1) / @~ ()T_(s)ds.

And for the third one, we can simply set o = 0, which follows gg = Ty. Therefore the solution
hx = (h4, h_, ho) is bounded on R. That completes the proof of statement (ii).

At last we note that if F is almost periodic in ¢ uniformly w.r.t. the variable x, so are the
functions Ty, gx and by Lemma 8 the unique bounded solution Ahj. That completes the proof of
statement (iii). O

Remark. Set F be the set of formal Taylor expansions with bounded functional coefficients,
namely,

L] <M, <00, veZl t.

F= {fr =" hox,

lv|=2

Then the non-autonomous system x = A(f)x + f(x,t) is said to be formally equivalent to
the system y = B(t)y + g(y,t) if there exists a coordinate substitution x = P(t)y + h(x,t)
which transforms one system to the other, where P(¢) is an LP transformation and f, g, h € F.
Therefore, Proposition 9 is also valid provided we use ‘formally equivalent’ instead of ‘locally
analytically equivalent,” which covers the work of [5] using a new method. In addition, we briefly
introduce the result of Siegmund on normalization of jets in [5] as follows.

Normal Form Theorem (Siegmund). Assume that A(t) has bounded growth and F(x,t) is
a Ck Carathéodory function for some k > 2 in system (2). Therefore the dichotomy spectrum
consists of p, 1 < p < n, compact intervals X = [ay,b1]U---Ulap, bpl, where a; < by <
- <ap < by. Then system (2) is locally C k equivalent to a differential equation

F=Gx,0)=AM)x + f(x,0),

where G(x,t) is a C* Carathéodory function and f = O(||x||?) as x — O contains resonant
monomials only for the order from 2 to k w.r.t. x.

4. Analytic normal forms
The main technique in the proof of Theorem 1 is the so-called homotopy method, which

reduces the problem of equivalence of families of autonomous vector fields to that of solubility
of a system of first-order linear partial differential equations. In general this method is frequently
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applied to prove the smooth conjugacy of autonomous systems. Now we modify it for our case.
One can refer to [10] for more details.

Lemma 11. Let ¢g(x,y) = L(x,y) + sR(x,y) be analytic in O, x R and s € [0, 1]. If there
exists a function r(x, y, s) such that

(i) r(x,y,s) is analytic in Oy x R x [0,1] for some o' < p and satisfies |r(x,y,s)| =
O(||x|1?) as x — 0,
(i) r(x,y,s) satisfies the following equation

r— —¢s— —=—R, (12)

then system dx — ¢ (x, v) is locally analytically equivalent to system 4 — o (x, y).
dy dy

Proof. We introduce two vector fields V (x, y, s) = (r(x, y,s),0, 1) and ¥ (x, y, s) = (¢s(x, y),
1, 0), which defined on R” x R x R. Using (12), we obtain that

[, V]=0, (13)

where the Lie bracket [-,-] is w.r.t. variables (x, y, s). Denote by g’ the local flow generated by
the vector fields -, then from (13) we have that

g4 ogh =gy og. (14)

where 0 < a, b < 1. By condition (i) g‘l/ is well defined. Write g%, (x,y,0)=(h(x,y),y,1) and
take the derivative w.r.t. a at a = 0 in both sides of equality (14), we obtain that

dg o gy T
- 5 (xfy’o):w(h(x’y)sy’1)=(¢1(h(x7y)ay)»lvo)
da a=0
and
gy o X r
e (x,y,0) = Dgy (x, y,0)(¢o(x, y), 1,0)
a a=0
= (:h(x, Y)o(x, y) + dyh(x, 1), 1,0)7,
which yields

¢1(h(x,y),y) = dch(x, V)o(x, y) + dyh(x, y).
This completes the proof. O

For simplicity of notations, we set (fxR)(x) = (DfR) o f ~1(x). Then we have a formal
solution of (12).
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Lemma 12. Eq. (12) has a formal solution
o
h(x,y,s)= —/D;lGx(t;x,y) - R(Gs(t;x,y), 1+ y)dt,
0

where G4 (t; x, y) is the solution of the non-autonomous system

dx

Ezd)s(xst—i_y)s

with the initial condition G;(0; x, y) = x.

2973

5)

(16)

Proof. Set ¥y = (¢(x,y),1), h = (r,0) and R = (R, 0). Together with (12), formula (13) is

equivalent to the homological equation

[ﬁv 68‘] = Ra

a7

where [-,-] is the Lie bracket taken w.r.t. (x, y) and s is the parameter. The trajectories of the field
Uy is defined by g’ (x, y) and it has the form g’ (x, y) = (G(t; x, y), t +y). Denote by X (z; x, y)

the matrix solution of the field v, i.e.,

agl(x,
Xs(r;x,y>=§(i—xy§)

_ D,Gg(t;x,y) *

- 0 1)

Then we claim that the homological equation (17) has a formal solution

[e.e]

h(x,y):—/X;l(t;x,y)lé(gt(x,y))dt.
0

To prove the claim, we set ht = (g7 (x, y))*fz, which implies

R =X,(t: g7 (x, (g7  (x, )

8]

=—/X;1<—r;x,y)xgl(r;g*’(x,y))é(g*”’(x,w)dt

0

o0

:—/Xgl(t—r;x,y)lé(g’(x,y))dt
0

oo

- f Xy s x, yR(g (x, y)) dt.
0
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Thus, we obtain that

o dh” . - .
(3, 7] = — =—X; (0;x,y)R(g"(x,y)) =—R(x, y).

=0

This proves the claim.
Finally it is easy to verify that

o]

h(x,y,s)= —/Xs_l(t; X, y)- Ié(gt(x, y)) dt
0

_ (—fo‘” D;'Gy(t;x,y) -OR(GSa; X)), 1+ y)dt ) .

By comparing the first component of /, this completes the proof. [

The next is the main theorem of this part, which is an extension of Poincaré—Dulac Theorem
for autonomous systems.

Theorem 13. Consider the non-autonomous differential equations

x=F(x,1)=AM)x + f(x,1), (18)
where F(x,t) is analytic in O, x R, A(t) is uniformly bounded on R and f = o(Ix|?) as
x — 0. Set the dichotomy spectrum of the corresponding homogeneous equation x = A(t)x be

Ya=la,b1]U---Ulap,bpl, where ay < by < --- <ap < by. If aib, > 0, then Eq. (18) is
locally analytically equivalent to

i =Jet! ) F(x,1),

where N is no greater than max{ai /by, b, /a1}. In addition, if F is almost periodic in the vari-
able t, then so are the transformation and the changed equation.

The key of the proof is to show the formal solution given by (15) is analyticin O, x R x [0, 1]
for some p’ < p and almost periodic in y.

Proof of Theorem 13. Without loss of generality, we assume b, < 0. Since O, x [—-K, K] C
C"*+! is compact for any fixed K, we denote the domain

Us(K) = {(x,y) e C""! | x| <8, [Rey| < K +36, [Imy| <8},
which is contained in the domain where F(x,t) is analytic. As usual Re and Im denote the real

and imaginary part of a complex, respectively. Set Mk s = supy, g | F(x, )|l and N > a; /bp.
Notice that Mg 5 < M < oo.
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By Cauchy’s integral representation

N fxr . xe ) T fz,t)dz
ax{ - dxy Q=D @—x)Tte
14

05 f(x,1):=

wheree=(1,...,1)eZ} andy ={z: |z;|=8—¢,i=1,...,n}for0 <& < 1, then 37 f(x, 1)
and 95 f'(0, ¢) are both analytic in Us_.(K) for all T € Z", and so are the following functions

N—1 .
Px,n)=Y_ wxi R(x,t) = f(x,1) = P(x,1).

|T|=2

Let F(x,f,5) = P(x,t) +sR(x,1) fors € D» = {z € C | |z] < 2}, then we obtain that

sip D FGn ] =81 < KL <,
U, (K)x D, s
and
CMg sN"N!
|RG, 0| < —E2Z eV, (x, 1) € UKD,

SN

where C is a constant depending only on n and D, F(x,t) is the Jacobi matrix of F w.r.t. the
variable x.

Now let L(x,y) = A(y)x + P(x,y). Using Lemmas 11 and 12 next we will show that the
formal solution given by (15) is analytic in U, (K) x D, for any fixed K.

First, we give the estimation of G4(¢; x, y), which is the solution of Eq. (16). By variation
formula we obtain that

t
Gy(t;x,y) =@t +y,y)x + / Dt +y, v+ F(Gs(v;x,y),v+y)dv,
0

where @ (1, s) = @ (1)@~ (s). Notice that |[Re y| < K + u and |Im y| < , then for 0 < v <t we
have that
|e@+y, v+ =]oC+ne v+
=|®(t+y,t +Rey)®(t +Rey,v+Rey)®(v+Rey, v+
<€26MK'8 ||<P(t+Rey,v—|—Rey)” < Keﬁp(l—v)’

where b, < B, < b, + ¢. Thus it leads to the inequality

t
1Gs(t; x, »)| < KePr' + K8 /eﬁl’(t_”) 1G5 (v x, y)| dv.
0
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Consequently, by Lemma 7, the Gronwall type inequality, we have |G (; x, y)|| < KeBr Ko
for (x, y) € Us(K) and s € D,. This inequality also implies that the formal solution & given by
(15) is well defined for ¢ € [0, o0].

Then, we provide the proof of analyticity of A(x, y, s).

Naturally, for 7 € [0, o0) we have that

CMK,SNHN!e(ﬁp+K51)NZ

|R(Gs(t:x. ).y +1)| < SN V(x,y) € Uy(K), s € Dy.

Moreover D 1G,(t; x, y) satisfies the matrix differential equation

d
ED;IGS(t; x,9)=—D;'Gs(t;x, ) (At +y) + Dy F(Gs(t: x, ), t + ).

which can also be written as a matrix integral equation

D'Gs(t;x,y) =@ (y,t +y)

t
— / D;lGS(U; X, y)DxF(GS(v; X,¥),v+ y)cb(v +y,t+y)dv.
0

It follows by Lemma 7 again that ||Dx_1GS #Hx, I < Ke—ontKant for (x, y) € Us(K) and
s € Dy, wherea; —e <ay <aj.Leta =) — Kdy and 8 = B, + K41, by choosing & and § small
enough, we can make —o + BN < 0, which means the integral representation of the function
h(x,y,s) converges uniformly in the domain (x, y) € U, (K) and s € D; for any fixed K. Since
all the above norm estimations are independent of K, therefore A(x, y,s) is analytic in O, X
R x [0, 1] for u < p.

In addition if F(x,t) is a.p. in ¢, then so are functions R(x, y) and G4(¢; x, y) in y. Since we
have shown that the formal solution 4 given in (15) converges uniformly in the domain (x, y) €
U, (K) and s € D5 for any fixed K, then h(x, y, s) is almost periodic in y. This completes the
whole proof. O

5. Proof of main theorem and applications

In this part the main theorem is proved. Moreover, as applications we provided two examples,
one is a quasi-periodic system, whose spectrum bundles of its linear part are all 1-dimension, and
the other is a A-shift system.

Proof of Theorem 1. The proof of statement (i) is from Theorem 13 straightforwardly. While
by Proposition 9(i) and under the condition of statement (ii), system (3) is locally analytically
equivalent to

i=AWMx+ o(IxI1Y), (19)

where N > max{ay /by, bp/a1}. Then by Theorem 13 system (19) is locally analytically equiv-
alent to X = A(¢)x. This completes the proof of statement (ii). The arguments for the proof of
statement (iii) are similar. At last, Proposition 9(iii) and Theorem 13 imply statement (iv). This
completes the proof. O
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Applications

In [7] Johnson and Sell study the reducibility of linear quasi-periodic system

fl_)t‘ = A(t)x = A(Hy + w)x, (20)

where A(0): T* — R™*" is continuous, 6 is fixed and w € R¥ is rationally independent. They
show that if w satisfies the non-resonant condition and system (20) has full spectrum and suf-
ficient smoothness, then there exists a quasi-periodic LP transformation changes system (20)
into

dy

— = B(1)y, 21

o = B®y 1)
where B(t) = B is a constant. However, in order to consider the linear stability instead we now
restrict our attention to the quasi-periodic system

‘;—sz(x,t)=A(t)x+f(x,t), 22)

where F(x,t) = ﬁ(x, 6o+ wt) and f = 0(||x||2) as x — 0.
Theorem 14. Assume that the following statements hold:

(1) (Analyticity) In system (22) the function F (x,0) is analytic in O, x T*.
(ii) System (20) has the dichotomy spectrum [ai,b1]VU --- U [ay, b,], where a; < b) < --- <
a, < by,.
(iii) (Non-resonance) In addition for the spectrum of system (20) we have a1b,, > 0 and 2a, > by,
ifa; > 0or2b, <ajifa; <0.

Then there exists a quasi-periodic coordinate substitution x = H(y,t) = P(t)y + h(y,t) that
changes system (22) to system (21), where B(t) = diag(bi(¢), ..., b,(t)). Furthermore, the
quasi-periodic function H(y,t) has the form

H(y,t)=H(y,@1t, ..., &t),

where P(t) is an LP transformation, I:I(y, 0) is analytic in {0} x T and @; = wi /2 for i =
1,...,k

Proof. It is proved in [7] that system (20) can be changed into the diagonal form by a quasi-
periodic LP transformation x = P(¢)y provided condition (ii) is satisfied. However, in addition
we have P(t) = P(@11, ..., @xt), whose frequencies are half. Finally it is followed by conditions
(i) and (iii) that we can directly apply Theorem 1 to get the result. This completes the proof. O

At last we give a one parameter vector fields to illustrate that conditions of Theorem 1 can be
naturally archived. Consider the A-shift system of (2)

& (I AO) D), @3
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where A is a parameter. Obviously if |A| is large enough then conditions of Theorem 1 are auto-
matically fulfilled.

Corollary 15. For any non-autonomous system of form (2) its A-shift system given by (23) is
locally analytically equivalent to its linear part provided the parameter |A| is sufficiently large.
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