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Abstract

Laborde, Payan and Xuong conjectured that every digraph has a stable set meeting every longest
path. We prove that this conjecture holds for digraphs with stability number at most 2.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Preliminary definitions

A directed graph Ds a pair(V (D), E (D)) of disjoint sets (ofrerticesandarcs) together
with two mapstail: A(D) — V(D) andhead: A(D) — V(D) assigning to every area
tail, tail(e) and ahead head(e). The tail and the head of an arc areetsds An arc with
tail u and head/ is denoted byv; we say thati dominates and writeu — v. We also say
thatu andv are adjacent. Therder of a digraph is its number of vertices.

Theunionandintersectiorof the digraphd4 andD; are digraphd®1 U Dy = (V (D) U
V(D2), A(D1) U A(D»)) andD1N Dy = (V(D1) NV (D7), A(D1) N A(D>)), respectively.

A pathis a non-empty digrapPR of the form

V(P)={vo,v1,..., v}, E(P)=/{vovy, v1v2,..., vp_1Vk},
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where thev; are all distinct. The verticesy andv; are, respectively, called thoigin and
terminusof P.

We often refer to a path by the natural sequence of its vertices, wiitiaguovs . . . v.

If P=uvgvy...vxisapaththe =(V(P), A(P)U{vivo}) is acircuit. Itis often denoted
by vov1 . . . vrvo. Thepredecessofresp.successqgrof a vertexx in a circuitC is the vertex
y such thatyx € A(C), (respxy € A(C)).

Thelengthof a path or a circuiC is its number of arcs, denoted b§C). The length of
a longest path in a digrafgh is denoted byi(D).

A path or a cycle irD is Hamiltonianin D if it contains all the vertices db.

Let P = vov1 ... vg. For 0<i < j <k, we write

Pv; :=vg...v;,
viPi=v;... v,
viPvj i=v;...v;

for the appropriate sub-paths®fWe use similar intuitive notation for subpaths of circuits
and also for the concatenation of paths; for example the uRiod vQw U wR is denoted
by PvQWR

A digraph isstrongly connectear strongif for every two verticesu andv there is a
path with originu and terminus.. A maximal strong sub-digraph of a digraphis called
acomponenbf D. A component of D is initial if there is no arc with tail inV (D)\V (1)
and head in.

Let D be a digraph. Astable sein D is a setS of vertices pairwise non-adjacent. The
stability numbeiof D, denoted:(D), is the maximum size of a stable seinA colouring
of D is a partition of its vertex-set into stable sets. Tmeomatic numbepf D, denoted
y(D), is the minimum number of stable sets in a colouring.

We say that a stable sBtmeets pathP if SNV (P) # @.

1.2. Conjectures
Gallai—Roy Theorenf4,7] relates the chromatic number to the order of a longest path.
It states thay(D) < A(D), i.e.the chromatic number is at most as large as the order of a

longest pathA natural extension of this theorem is the following conjecture:

Conjecture 1 (Laborde et al[5]). Every digraph has a stable set meeting every longest
path.

In order to prove Conjecture 1, Laborde et al. suggested the following conjecture, adding
an extra condition of the desired stable set.

Conjecture 2 (Laborde etal[5]). Every digraph has a stable €tuch thaGmeets every
longest path, and every vertex 8fs the origin of a longest path.

Laborde et al[5] proved this conjecture for symmetric digraph. They also formulated
the following conjecture implying it:
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Conjecture 3 (Laborde et al[5]). For every digrapiD, there exists a vertexsuch thak
is the origin of a longest path and every longest path with origiN in(x) containsx.

A vertex described in Conjecture 3 will be callsditable

If the digraph has a Hamiltonian path then Conjecture 3 holds. Indeed every origin of a
longest path satisfies the conditions of Conjecture 3. Since every digraph with stability num-
ber 1 has a Hamiltonian path according to Redei's Thedfnit follows that Conjecture
3 holds and thus so do Conjectures 2 and 1.

The aim of this paper is to prove Conjecture 3 for digraphs with stability number 2.

Theorem 4. Every digraph with stability numbet has a suitable vertex
If the digraph is strong, the result holds according to the following result:

Theorem 5 (Chen and Manalastd8]). Every strong digraph with stability numbghas
a Hamiltonian path

In order to prove Theorem 4 in full generality, we prove the following strengthening of
Theorem 5.

Theorem 6. Every strong digraph with stability numb@thas a stable s€iz, b} such that
both a and b are terminus of Hamiltonian paths

2. The proofs

In this section, we prove Theorem 6 and deduce Theorem 4 from it.
The proof of Theorem 6 rely on a structural theorem, due to Chen and MandRjistas
implying directly Theorem 5 (see al$b] for a short proof).

Theorem 7 (Chen and Manalastd8] ). LetD be a strong digraph with stability numb2r
If D has no Hamiltonian circuitthen D contains circuit€;, C> such thatC1 U Cz includes
all the vertices of D and’; N C2 is either empty or a patfpossibly of lengtl®).

Proof of Theorem 6. LetD be a strong digraph. D has a Hamiltonian circuit, then every
stable set of cardinality 2 gives the result. Hence we may assump flatot strong. By
Theorem 7, we are in one of the two following cases:

(a) D contains circuit€'1, C2 such thatC; U C; includes all the vertices & andC1N C2
is a path. We may also assume tGataindC, are such that the length 6§ N C» is maximum.
Let x be the origin ofC1 N C2 andy its terminus. For =1, 2, letx; be the predecessor »f
in C; andy; the successor ofin C;. Because the length @f; N C2 is maximum,{x1, x2}
is a stable set; otherwise, without loss of generatity— x2 andC; = xCyx1x2x andCz
yield a contradiction. The vertey is the terminus of the Hamiltonian pathC2yCx1
andx; is the terminus of the Hamiltonian pathC1yCx2.

(b) D contains circuit€";, C2 such thatC1 U Cz includes all the vertices @ andC1N C>
is empty.
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Suppose that there are four distinct vertiegsh1 € V(C1) anday, by € V(C») such that
a1 — bo anday — b1. Moreover, take four such vertices such that C1b1) + [ (a2C2b>)
is minimum. Fori = 1, 2, let¢; be the predecessor 6f in C;. If ¢c1 = az, then we are in
case (a) withb1C1a1b2Coa2b1 andCo. S0 we may assume thet # a1 andcz # a2 (by
symmetry). Sincé(a1C1b1) + [(a2C2b2) is minimum{c1, c»} is a stable set.

Fori =1, 2, letd; be the successor af in C;. Thend>Coazb1C1c1 andd1C1a1b2Coco
are Hamiltonian paths.

Suppose that there do not exist four distinct vertice®1 € V(C1) andaz, by € V(C2)
such thawuy — b anday — b1. Sincel is strong, there are two possible subcases:

(i) There exists three distinct verticeg, b1 € V(C1) andaz € V(C2) such thatiy — az
anday — b;.
(i) There exist two verticeg; € V(C1) andaz € V(C2) such thatiy — az, ap — a; and
there is no other arc with an end ¥(C1) and the other iV (C»).
Suppose we are in subcase (i). Moreover, assumethatdss are such that(a1C1b1)
is minimum. Letc; be the predecessorbf in C1. If a1 =c1, then we are in the case (a) with
b1C1arazby andCa. So we may assume that # ¢1. Then{cy, az} is stable by minimality
of [(a1C1b1). And for any vertexb, € C», the sef{c1, by} is stable, otherwise we get four
vertices as in the preceding paragraph, giving a contradiction. In partigulagz} with eo
the predecessor ab in C», is a stable set. Far= 1, 2, letd; be the successor af in C;.
Thend,Coab1C1c1 anddiCrarapCoen are Hamiltonian paths
Suppose now we are in subcase (ii). Fet 1, 2, letc; be the predecessor of in C;
andd; be the successor of in C;. Then{c1, c¢»} is a stable set andhCra»a1C1c1 and
d1C1a1a2C2oc2 are Hamiltonian paths. [

In order to prove Theorem 4, we need preliminary results. The first one is the well-known
Theorem of Camion.

Theorem 8 (Camion[2]). Every strong digraph with stability numbg&has a Hamiltonian
circuit.

The following proposition follows immediately from the definitions of component and
initial component. The proof is left to the reader:

Proposition 9. Let D be a digraphF one of its component arP a path in D

(i) FNPisapath
(i) if Fisinitialand x € V(F N P), then Px s in F. In particularits origin is in F.

Lemma 10. Let D be a digraph and | one of its initial components. If | has a Hamiltonian
circuit, then every longest path meeting | contains all the vertices of I. In particeleary
vertex inV (I) which is the origin of a longest path of D is suitable

Proof. Let C be a Hamiltonian circuit of. Let P be a path meetinpthat does not contain
all the vertices of. Let x be the last vertex oR which is inl. ThenV (Px) Cc V(I). Let
xT be the successor &fin C. Thenx™Cx P is a path longer thaR. [
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Lemma 11. Let D be a digraph. If | is the unique initial component and P is a path of
lengthA(D — I) + |1, then P is the longest path arld(P) NV (I) = V(I). In particular,
the origin of P is suitable

Proof. Let P be the longest path. Letbe the first vertex of® that is not inl andx its
predecessor. By Proposition®P N I is empty andPxis in| so has length at mogt| — 1
soyP has length at least(D — I). HenceyP has length.(D — I) soPx contains every
vertex ofl, in particular the origin oP. [J

Proof of Theorem 4. We prove this result by induction on the number of vertice®pf
the result being obviously true B has two vertices.

If Dis strong, then by Theorem B,has a Hamiltonian path with origgandsis suitable.
We may, therefore, assume tliats not strong. Let be an initial component db.

Suppose first thdtis Hamiltonian. If there is a vertexof | that is the origin of a longest
path then Lemma 10 gives the result. If there is no origin of a longest pdtithien by
Proposition 9, no longest path intersekctSo the longest paths &f are the longest paths
of D — I. By induction hypothesis, there is a suitable veneér D — I, which is also a
suitable vertex irD.

Hence we may assume thathas a unique initial componehtwithout Hamiltonian
circuit. By Theorem 8¢(/) = 2. Hence, by Theorem 6, there is a stable{geb} such that
a andb are terminus of Hamiltonian pathg, and P, respectively. Let be the origin of
a longest patl® in D — I. Then without loss of generality — s and the pathP, O has
lengthA(D — I) + |I|. Hence, by Lemma 11 the origin &, is suitable. [J
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