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Abstract

We construct a two-parameter deformation of the Metsaev–Tseytlin action for supercosets with isometry 
group of the form Ĝ × Ĝ. The resulting action is classically integrable and is Poisson–Lie symmetric 
suggesting that the symmetry of the model is q-deformed, UqL(Ĝ) × UqR (Ĝ). Focusing on the cases 
relevant for strings moving in AdS3 ×S3 × T 4 and AdS3 ×S3 × S3 × S1, we analyze the correspond-
ing deformations of the AdS3 and S3 metrics. We also construct a two-parameter q-deformation of the 
u(1) � psu(1|1)2

� u(1) � R
3-invariant R-matrix and closure condition, which underlie the light-cone 

gauge S-matrix and dispersion relation of the aforementioned string theories. With the appropriate identifi-
cation of parameters, the near-BMN limit of the dispersion relation is shown to agree with that found from 
the deformed supercoset sigma model.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

In this article we take the first steps towards constructing a two-parameter integrable defor-
mation of the AdS3 ×S3 ×T 4 and AdS3 ×S3 ×S3 ×S1 superstring theories. These backgrounds 
have the feature that their symmetry group takes the form Ĝ× Ĝ. It is this property that underlies 
the deformation we consider, which q-deforms the symmetry with an independent parameter for 
each copy of Ĝ.
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Looking for such a deformation is motivated by the two-parameter deformation of the S3

sigma model of Fateev [1]. In [2] it was shown that the former is equivalent to the SU(2) case 
of Klimčík’s bi-Yang–Baxter sigma model [3,4], and it is this theory that provides the starting 
point for the deformation of the aforementioned string sigma models. The bi-Yang–Baxter sigma 
model is a two-parameter integrable deformation of the principal chiral model with Poisson–Lie 
symmetry, indicating that the symmetry is q-deformed.

To generalize the bi-Yang–Baxter sigma model to a deformation of the superstring theories, it 
first needs to be reformulated as a deformation of the symmetric space coset sigma model. A one-
parameter integrable deformation thereof was formulated in [5] for which the global symmetry 
is q-deformed. In the case that the isometry group of the coset space takes the form G × G, the 
model can be gauge-fixed to coincide with the bi-Yang–Baxter sigma model of [3] with the two 
deformation parameters identified. Correspondingly both factors of G are deformed in the same 
way.

The one-parameter deformation of the symmetric space coset theory [5] was generalized to a 
deformation of the Metsaev–Tseytlin supercoset sigma model [6] in [7]. For the AdS5 ×S5 string 
background the undeformed supercoset model is equivalent to the Green–Schwarz string with 
unfixed κ-symmetry. The deformed theory was shown to have many of the properties required 
to continue to describe a Green–Schwarz string in a Type IIB supergravity background, although 
this remains to be proven. Furthermore in [8] it was confirmed that the PSU(2, 2|4) symmetry of 
the undeformed theory is indeed q-deformed.

It follows that a natural question to ask is whether a two-parameter integrable deformation 
of the supercoset sigma model can be found in the case that the isometry group takes the form 
Ĝ × Ĝ, such that the bi-Yang–Baxter sigma model is recovered for bosonic cosets. There are 
two models of this type that are of interest in the context of AdS string backgrounds [9,10], 
Ĝ = PSU(1, 1|2) and Ĝ = D(2, 1; α). The corresponding supercoset theories arise in particular 
κ-symmetry gauge-fixings [11] of the Green–Schwarz string moving in AdS3 ×S3 × T 4 [12,13]
and AdS3 ×S3 × S3 × S1 [14] respectively. In this article we will satisfy ourselves with con-
structing the deformation of the supercoset sigma model. To fully demonstrate the existence of 
a two-parameter integrable deformation of the string theories with q-deformed symmetry the 
complete supergravity background would need to be constructed [15], and a κ-symmetry gauge 
found such that the corresponding Green–Schwarz action agrees with the deformed supercoset 
sigma model.

The second approach we will take in this article is to investigate the deformation of the R-
matrices underlying the scattering above the BMN string in light-cone gauge. After light-cone 
gauge-fixing the deformed AdS5 ×S5 model of [7], various tree-level amplitudes describing 
scattering above the BMN string [16] were computed in [17]. With a certain identification of 
parameters these were found to coincide with the expansion of the deformed S-matrix of [18,19]. 
This S-matrix was fixed by demanding invariance under the q-deformation of psu(2|2)2

�R
3, 

the undeformed version of which governs the scattering of excitations above the BMN string in 
AdS5 ×S5 [20–22].

For integrable AdS3 ×S3 × M4 string backgrounds, the S-matrix describing scattering above 
the BMN string is built out of two u(1) � psu(1|1)2

� u(1) � R
3-invariant R-matrices [23], 

while the dispersion relations of the scattered excitations follow from closure conditions of the 
representations. The R-matrices, supplemented with overall factors unfixed by symmetry, are 
combined together in various ways depending on the theory under consideration and the exci-
tations being scattered [23–28]. We consider a two-parameter q-deformation of this symmetry 
algebra and construct the corresponding deformation of the R-matrices. It transpires that only 
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one of the deformations is a genuine deformation of the algebra, as the other parameter can be 
absorbed into the representation. The resulting R-matrices satisfy braiding unitarity relations, 
Yang–Baxter equations, crossing relations, and are matrix unitary for certain reality conditions. 
Therefore, they have many of the required properties to describe the scattering of excitations 
above the BMN string in the integrable deformed backgrounds.

The two constructions in this article, the two-parameter deformation of the supercoset sigma 
model and the two-parameter deformation of the R-matrices, are written in terms of different sets 
of parameters. From the Poisson–Lie symmetry of the supercoset theory we can make a semi-
classical identification of the parameters defining the action, with the q-parameters governing 
the deformation of the symmetry. Assuming these same identifications hold in the deformation 
of the R-matrix, as was the case for AdS5 ×S5 [17,8], we find that, with a particular identifica-
tion of the remaining parameters, the dispersion relation of the quadratic fluctuations above the 
BMN vacuum agrees with the expansion of the dispersion relation following from the closure 
conditions.

Throughout the article we will also compare the two-parameter deformation with another 
integrable deformation of strings in AdS3 ×S3 × M4 backgrounds, for which the background is 
supported by a mix of RR and NSNS flux [29]. The corresponding deformations of the S3 sigma 
model both appear as limits [2] of the four-parameter integrable theory of [30]. There are many 
similar structures and mechanisms arising in the two constructions and hence it is natural to ask 
whether there exists a larger family of integrable deformations of AdS3 ×S3 × M4 superstring 
theories based on Lukyanov’s model [30].

The outline of the article is as follows. In Section 2 we review the bi-Yang–Baxter sigma 
model, rewriting the theory as a deformation of the coset sigma model. This allows for the gener-
alization in Section 3 to a two-parameter deformation of the Metsaev–Tseytlin action in the case 
the supercoset has isometry Ĝ× Ĝ. The resulting model’s classical integrability is demonstrated 
via the existence of a Lax connection. In Section 4 we explore the corresponding deformations 
of the S3 and AdS3 metrics. This is followed in Section 5 with the construction of the deformed 
R-matrices. We conclude with comments and a discussion of open questions.

2. S3 sigma model

We start by reviewing the S3 sigma model and Fateev’s two-parameter deformation thereof 
[1]. In [2] the latter was shown to be equivalent to Klimčík’s two-parameter bi-Yang–Baxter 
sigma model [3,4] for the group SU(2). As the bi-Yang–Baxter sigma model is written in terms 
of group- and algebra-valued fields it is the natural setting for the generalization to the superstring 
in Section 3.

The S3 sigma model can be written as the principal chiral model for the group SU(2). The 
action is given by1

S = −1

2

∫
d2x Tr[J+J−], (2.1)

where

J = g−1dg ∈ su(2), (2.2)

1 Note that in all the action formulae in this article we drop an overall factor of h2 , where in the context of string theory 
the coupling h is proportional to the string tension. Furthermore, we will largely use light-cone coordinates normalized 
as x± = 1 (x0 ± x1), ∂± = ∂0 ± ∂1.
2
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is the left-invariant current for the group-valued field g ∈ SU(2). For convenience we assume the 
fields take values in the defining matrix representation of su(2) or SU(2). The action (2.1) has a 
global SU(2) × SU(2) symmetry corresponding to multiplication of g from the left and right by 
constant elements of SU(2).

It will be important to understand how the action (2.1) is equivalent to the symmetric space 
coset sigma model for

F

F0
= SU(2) × SU(2)

SU(2)diag
. (2.3)

As this is a symmetric space the algebra f = su(2) ⊕ su(2) admits a Z2 decomposition

f= f0 ⊕ f2, [fi , fj ] ⊂ fi+j mod 4. (2.4)

Here the subspace f0 is the algebra corresponding to F0, i.e. it is the diagonal subalgebra of 
su(2) ⊕ su(2), and f2 is the orthogonal complement of f0 in f. Using a block-diagonal matrix 
realization of the product group F the Z2 decomposition of f can be implemented as follows

A =
(
A 0
0 Ã

)
∈ f, P0A =

(
A0 0
0 A0

)
= 1

2

(
A+ Ã 0

0 Ã+A

)
,

A, Ã ∈ su(2), P2A=
(
A2 0
0 −A2

)
= 1

2

(
A− Ã 0

0 Ã−A

)
. (2.5)

It immediately follows that

Tr[fifj ] = 0, i + j �= 0 mod 4. (2.6)

The action is then given by

S = −
∫

d2x Tr
[
J+(P2J−)

]
, (2.7)

where J is a left-invariant current for the group-valued field f ∈ F

f =
(

g 0
0 g̃

)
∈ F, g, g̃ ∈ SU(2),

J= f −1df =
(
J 0
0 J̃

)
=

(
g−1dg 0

0 g̃−1dg̃

)
∈ f, J , J̃ ∈ su(2). (2.8)

As a consequence of the symmetric space’s algebraic structure the action (2.7) has an SU(2)

gauge symmetry corresponding to multiplication of f from the right by a local group element, 
f0 ∈ F0. Under this gauge symmetry f and J0,2 transform as

f → ff0, P0J→ f −1
0 (P0J)f0 + f −1

0 df0, P2J→ f −1
0 (P2J)f0. (2.9)

To recover the action (2.1) from (2.7) we note that the SU(2) gauge symmetry (2.9) can be used to 
fix g̃ = 1, i.e. J̃ = 0. Then using the projection given in (2.5) and substituting (2.8) into (2.7) we 
indeed arrive at (2.1). The action (2.7) also has a global SU(2) × SU(2) symmetry corresponding 
to multiplication of f from the left by a constant element of F .

The equation of motion following from the action (2.7) is given by

∂+(P2J−) + [J+,P2J−] + ∂−(P2J+) + [J−,P2J+] = 0. (2.10)



B. Hoare / Nuclear Physics B 891 (2015) 259–295 263
We also recall that J is a left-invariant current and hence it satisfies the flatness equation

∂−J+ − ∂+J− + [J−,J+] = 0. (2.11)

Projecting (2.10) and (2.11) onto f0 and f2 we see that they are equivalent to the following 
equations for J0 and J2

∂+J2− + [J0+,J2−] + ∂−J2+ + [J0−,J2+] = 0,

∂−J0+ − ∂+J0− + [J0−,J0+] + [J2−,J2+] = 0,

∂−J2+ + [J0−,J2+] − ∂+J2− − [J0+,J2−] = 0. (2.12)

These equations follow from the flatness condition for the following Lax connection

L± = J0± + z±2J2±, (2.13)

where z is the spectral parameter. This demonstrates the classical integrability of this model.

2.1. Two-parameter deformation of the S3 sigma model

In this section we describe the two-parameter Poisson–Lie deformation of the S3 sigma model, 
the SU(2) bi-Yang–Baxter sigma model [3,4]. The model is defined in terms of a constant anti-
symmetric solution to the non-split modified classical Yang–Baxter equation

[RM,RN] − R
([RM,N ] + [M,RN ]) = [M,N ], (2.14)

where R should be thought of as an operator acting on elements M , N of an algebra. One standard 
solution is to take the operator R to kill elements of the Cartan subalgebra, multiply positive roots 
by −i and negative roots by i. We furthermore define the following operator

Rg = Ad−1
g R Adg, (2.15)

where g is an element of the group corresponding to the algebra on which R acts. If R is an 
antisymmetric solution of (2.14), then Rg is also an antisymmetric solution.

The bi-Yang–Baxter sigma model for SU(2) is given by2

S = −1

2

∫
d2x Tr

[
J+

1

1 − αR̄g − βR̄
J−

]
, (2.16)

2 In [2] it was noted that taking the following solution of the modified classical Yang–Baxter equation for su(2)

R̄(iσ3) = 0, R̄(iσ1) = iσ2, R̄(iσ2) = −iσ1,

where σI are the standard Pauli matrices, and defining

M = 1

2
Tr

[
gσ3g−1σ3

]
, L± I = 1

2i
Tr

[
∂±gg−1σI

]
, R± I = 1

2i
Tr

[
g−1∂±gσI

]
,

the action (2.16) can be rewritten, up to a total derivative, in the following way

S = −
∫

d2x
1

1 + α2 + β2 + 2αβM

[
1

2
Tr

[
g−1∂+gg−1∂−g

] − (αL+3 + βR+3)(αL−3 + βR−3)

]
.

In this form it is clear that setting either α or β equal to zero we find the squashed S3 sigma model of [31].
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where J is defined in (2.2), R̄ is a solution of the modified classical Yang–Baxter equation for 
the algebra su(2) and α and β are parameters. For α = β = 0 we recover the undeformed SU(2)

principal chiral model (2.1).
Introducing an SU(2) gauge symmetry, the action (2.16) can be written as

S = −1

2

∫
d2x Tr

[
(J+ − J̃+)

1

1 − αR̄g − βR̄g̃

(J− − J̃−)

]
. (2.17)

To recall, J and J̃ are left-invariant currents for the SU(2) group-valued fields, g and g̃

J = g−1dg, J̃ = g̃−1dg̃. (2.18)

The action (2.17) is then invariant under the following gauge transformation

g → gg0, g̃ → g̃g0, J → g−1
0 J g0 + g−1

0 dg0, J̃ → g−1
0 J̃ g0 + g−1

0 dg0.

(2.19)

One can immediately see that this freedom can be used to set g̃ = 1, i.e. J̃ = 0, and recover 
(2.16).

In order to generalize to the superstring, and also to compare with the deformation of [5], 
we recast the bi-Yang–Baxter sigma model in the language of the symmetric space coset sigma 
model (2.7). Let us consider the following deformed coset action written in terms of the group-
valued field f ∈ SU(2) ×SU(2) and a solution R of the modified classical Yang–Baxter equation 
(2.14) for the algebra su(2) ⊕ su(2)

S = −
∫

d2x Tr

[
J+

(
P2

1

1 − I�L,R
Rf P2

J−
)]

, (2.20)

where

I�L,R
=

(
�L1 0

0 �R1

)
. (2.21)

If we then write (2.20) in terms of g, g̃, J and J̃ using (2.8), and take R to have the form

R =
(

R̄ 0
0 ±R̄

)
, (2.22)

then identifying �L = 2α and �R = ±2β we recover (2.17). It follows that (2.20) is equivalent 
to the bi-Yang–Baxter sigma model (2.16). Furthermore, the form (2.20) demonstrates explic-
itly that if �L = �R then we find the deformation of the symmetric space coset sigma model 
considered in [5].

In the following we will use the following identities and definitions extensively. First

Tr
[
M(RN)

] = −Tr
[
(RM)N

]
, Tr

[
M(P2N)

] = Tr
[
(P2M)N

]
, M,N ∈ su(2),

(2.23)

which follow from the fact that R is an antisymmetric solution of the modified classical 
Yang–Baxter equation and the Z2 automorphism of the algebra respectively. Second, defining 
� = f −1δf , we have the following variational relations

δO−1 = −O−1δOO−1, δJ = d� + [J,�], δRf = [Rf , ad�]. (2.24)
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Finally it will be useful to introduce the following operators

O± = 1 ± I�L,R
Rf P2. (2.25)

The action (2.20) is invariant under an SU(2) gauge symmetry acting as in (2.9), while the 
SU(2) × SU(2) global symmetry of the undeformed model is broken in the deformed action 
(2.20) (or equivalently (2.16)) to the U(1) ×U(1) subgroup corresponding to the Cartan elements 
of SU(2) × SU(2). The SU(2) × SU(2) symmetry is Poisson–Lie deformed [3,4], the classical 
predecessor to the q-deformation, with different deformation parameters (depending on �L and 
�R) for each group factor. Indeed, based on the results of [5,3,4] it is natural to conjecture the 
symmetry of this model (at least semiclassically) is

UqL

(
SU(2)

) × UqR

(
SU(2)

)
, qL = exp

(
−�L

h

)
, qR = exp

(
−�R

h

)
, (2.26)

where h is the overall coupling as defined in footnote 1.
Let us briefly demonstrate explicitly the presence of a Poisson–Lie symmetry in the deformed 

model. If we consider how the action (2.20) transforms under an infinitesimal multiplication of 
f from the left

f → f + εf +O
(
ε2), ε ∈ su(2) ⊕ su(2), (2.27)

we find

δεS =
∫

d2x Tr
[
ε
(
∂+C− + ∂−C+ + I�L,R

([C−,RC+] + [RC−,C+]))], (2.28)

where

C± = Adf P2O−1± J±. (2.29)

Therefore, in the undeformed case C is the usual conserved current. The deformation in (2.28)
then takes the standard Poisson–Lie form for a q-deformed symmetry. Furthermore, considering 
the restriction of ε to one or other of the two su(2) subalgebras, it is clear that the deformation 
of one su(2) current just depends on �L and the other on �R . This motivates the identification 
in (2.26).

To investigate the classical integrability of the model we need to compute the equations of 
motion. Varying the action (2.20) we find

E = ∂+
(
P2O−1− J−

) + [
J+,P2O−1− J−

] + ∂−
(
P2O−1+ J+

) + [
J−,P2O−1+ J+

]
+ I�L,R

([
Rf P2O−1− J−,P2O−1+ J+

] + [
P2O−1− J−,Rf P2O−1+ J+

]) = 0. (2.30)

Let us also recall that as J is a left-invariant current it satisfies the flatness equation

Z = ∂−J+ − ∂+J− + [J−,J+] = 0. (2.31)

We will now demonstrate that these equations follow from a Lax connection. This was origi-
nally shown in [4] for the form of the action (2.16). Here we will formulate everything in terms 
of SU(2) × SU(2) in order to facilitate the generalization to the supercoset in Section 3. First let 
us define

K± =O−1± J±, K=
(
K 0
0 K̃

)
. (2.32)
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Eqs. (2.30) and (2.31) then translate into the following equations for K

E = ∂+(P2K−) + [K+,P2K−] + ∂−(P2K+) + [K−,P2K+] = 0,

Z = ∂−K+ − ∂+K− + [K−,K+] + I 2
�L,R

[P2K−,P2K+] + I�L,R
RfE = 0. (2.33)

Projecting these equations onto f0 and f2 using (2.5) and defining

K̃0 =K0 + �+�−K2, K̃2 =
√

1 + �2+
√

1 + �2−K2, (2.34)

with

�± = 1

2
(�L ± �R), (2.35)

we find that K̃0 and K̃2 satisfy the three equations (2.12). Therefore the Lax connection is given 
by

L± = K̃0± + z±2K̃2±, (2.36)

which in terms of K0,2 is

L± =K0± + �+�−K2± + z±2
√

1 + �2+
√

1 + �2−K2±. (2.37)

One can then also construct the Lax connection for the original currents J0,2.
The necessity of starting from a symmetric space coset sigma model with symmetry group of 

the form G × G is clear from (2.34). This structure allowed us to write the full set of equations 
given in (2.33) in terms of K0 and K2, which both take values in one copy of the algebra su(2), 
with no restrictions. Consequently we could shift one by the other in (2.34).

2.2. S3 with B-field

Let us briefly recall that introducing a B-field to the S3 sigma model is also a deformation that 
preserves integrability. As a deformation of the principal chiral model (2.1) the action is given 
by

S = −1

2

∫
d2x Tr[J+J−] + b

3

∫
d3x εabc Tr[JaJbJc], (2.38)

where b is a parameter controlling the strength of the B-field. In particular, b = 0 is the original 
SU(2) principal chiral model, while b = 1 is the SU(2) WZW model [32].

Using the group-valued field f ∈ SU(2) × SU(2) introduced in (2.8), the action (2.38) can be 
rewritten as a deformation of the symmetric space sigma model (2.7) [29]

S = −
∫

d2x Tr
[
J+(P2J−)

] + 4b

3

∫
d3x εabc T̃r

[
(P2Ja)(P2Jb)(P2Jc)

]
, (2.39)

where T̃r is defined as

T̃r[A] = T̃r

(
A 0
0 Ã

)
= Tr[A] − Tr[Ã] = Tr[WA], W =

(
1 0
0 −1

)
. (2.40)

If the usual trace is used in the WZ term it vanishes as a consequence of the Z2 automorphism of 
the algebra. The action (2.39) still has the SU(2) gauge symmetry defined in (2.9), which can be 
used to fix g̃ = 1, i.e. J̃ = 0, and recover (2.38). Note that, unlike the two-parameter deformation 
discussed in Section 2.1, the addition of a B-field preserves the global SU(2) × SU(2) symmetry 
of the undeformed model.
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The equation of motion following from (2.39) is

∂+(P2J−) + [J+,P2J−] + ∂−(P2J+) + [J−,P2J+] − 2bW [P2J−,P2J+] = 0. (2.41)

Projecting this equation and the flatness equation for the left-invariant current J (2.11) onto f0
and f2 and defining

K̃0± = J0± ± bJ2±, K̃2± =
√

1 − b2J2±, (2.42)

we find that K̃0 and K̃2 satisfy the three equations (2.12), and hence the Lax connection is given 
by

L± = K̃0± + z±2K̃2±. (2.43)

In terms of the original currents J0,2 the Lax connection is

L± = J0± ± bJ2± + z±2
√

1 − b2 J2±. (2.44)

Let us note the similarity with the Lax connection for the two-parameter deformation written in 
terms of K0,2 as given in (2.37). In both cases the part proportional to z±2 is rescaled, while the 
part proportional to z0 is shifted, with the two light-cone currents shifted in the same direction for 
the two-parameter deformation and in opposite directions for the S3 sigma model with B-field.

The form of the two Lax connections, (2.37) and (2.44), suggests that it may be possible to 
incorporate the two deformations into a three-parameter deformed model preserving integrabil-
ity, and indeed such a theory was constructed in [30] (see [2] for an explicit demonstration that 
the four-parameter model of [30] has both Fateev’s model and the S3 sigma model with a B-field 
as limits).

3. AdS3 ×S3(×S3) supercoset sigma model

We now generalize the bosonic construction described in Section 2 to the supercoset case. The 
supercosets we consider take the form

F̂

F0
= Ĝ × Ĝ

F0
, (3.1)

where F0 is the bosonic diagonal subgroup of the product supergroup F̂ = Ĝ × Ĝ. The super-
group Ĝ = PSU(1, 1|2) is of interest in the context of strings moving in AdS3 ×S3 × T 4 and 
accordingly has bosonic subgroup [SU(1, 1) × SU(2)]2. The supergroup Ĝ = D(2, 1; α) is rele-
vant for strings moving in AdS3 ×S3 × S3 × S1, with the parameter α related to the radii of the 
two three-spheres, and as such has bosonic subgroup [SU(1, 1) × SU(2) × SU(2)]2.

In the following we will not strictly be talking about the superstring theories as we will not 
treat the flat (T 4 and S1) directions. In the undeformed case it is known that there is a (full) 
κ-symmetry gauge-fixing [11] that reduces the Type IIB Green–Schwarz action to the Metsaev–
Tseytlin supercoset action [6] plus the requisite free bosons corresponding to the flat directions. 
We will describe how to deform these Metsaev–Tseytlin supercoset actions under the assumption 
that they are still κ-symmetry gauge fixings of consistent 10-dimensional string theories.

The superalgebra f̂ corresponding to the product supergroup F̂ admits a Z4 decomposition 
(the analogue of the Z2 decomposition (2.4) in the bosonic case)

f̂= f0 ⊕ f1 ⊕ f2 ⊕ f3, [fi , fj ] ⊂ fi+j mod 4. (3.2)
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Here the subspace f0 is the algebra corresponding to F0, i.e. it is the bosonic diagonal subalgebra 
of f̂. f2 is the Grassmann-even part of the orthogonal complement of f0 in f, while f1 and f3 are 
the Grassmann-odd parts. We denote the superalgebra corresponding to the supergroup Ĝ as ĝ. 
Using a block-diagonal matrix realization of the product supergroup F̂ the Z4 decomposition of 
f̂ can be implemented as follows

A =
(
A 0
0 Ã

)
∈ f̂, P0A =

(
A0 0
0 A0

)
= 1

2

(
Pe(A+ Ã) 0

0 Pe(Ã+A)

)
,

A, Ã ∈ ĝ, P1A =
(
A1 0
0 −iA1

)
= 1

2

(
Po(A+ iÃ) 0

0 Po(Ã− iA)

)
,

P2A =
(
A2 0
0 −A2

)
= 1

2

(
Pe(A− Ã) 0

0 Pe(Ã−A)

)
,

P3A =
(
A3 0
0 iA3

)
= 1

2

(
Po(A− iÃ) 0

0 Po(Ã+ iA)

)
, (3.3)

where Pe and Po are projections onto the Grassmann-even and Grassmann-odd parts of the su-
peralgebra ĝ. Defining the supertrace for ĝ⊕ ĝ as the sum of the two supertraces for each copy 
of ĝ

STr[A] = STr

(
A 0
0 Ã

)
= STr[A] + STr[Ã], (3.4)

we find immediately that

STr[fifj ] = 0, i + j �= 0 mod 4, (3.5)

where we have used the property that the supertrace of the product of an odd and an even element 
of the superalgebra is vanishing.

The Metsaev–Tseytlin supercoset action in conformal gauge [6,33] is then given by

S =
∫

d2x STr
[
J+(P−J−)

] =
∫

d2x STr
[
(P+J+)J−

]
, (3.6)

which we have written in the form appropriate for the deformation [7,8]. Here J is a left-invariant 
current for the supergroup-valued field f ∈ F̂

f =
(

g 0
0 g̃

)
∈ F̂ , g, g̃ ∈ Ĝ,

J= f −1df =
(
J 0
0 J̃

)
=

(
g−1dg 0

0 g̃−1dg̃

)
∈ f̂, J , J̃ ∈ ĝ, (3.7)

while P± are certain linear combinations of the projectors P1,2,3

P± = P2 ∓ 1

2
(P1 − P3). (3.8)

As P± do not include P0 the action (3.6) has an F0 gauge symmetry, which acts as

f → ff0, P0J→ f −1
0 (P0J)f0 + f −1

0 df0, P1,2,3J→ f −1
0 (P1,2,3J)f0. (3.9)

The action (3.6) also has a global Ĝ × Ĝ symmetry corresponding to multiplication of f from 
the left by a constant element of F̂ .
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The equation of motion following from (3.6) and flatness equation for J are given by

∂+(P−J−) + [J+,P−J−] + ∂−(P+J+) + [J−,P+J+] = 0,

∂−J+ − ∂+J− + [J−,J+] = 0. (3.10)

As in the bosonic case we can use (3.3) to decompose these two equations, and write them in 
terms of the ĝ-valued currents J0, J1, J2 and J3. Doing so we find

∂−J0+ − ∂+J0− + [J0−,J0+] + [J1−,J3+] + [J2−,J2+] + [J3−,J1+] = 0,

∂−J2+ + [J0−,J2+] + [J3−,J3+] = 0, ∂+J2− + [J0+,J2−] + [J1+,J1−] = 0,

[J1+,J2−] = 0, ∂−J1+ + [J0−,J1+] − ∂+J1− − [J0+,J1−] + [J2−,J3+] = 0,

[J3−,J2+] = 0, ∂−J3+ + [J0−,J3+] − ∂+J3− − [J0+,J3−] − [J2+,J1−] = 0.

(3.11)

These equations follow from the flatness condition for the following Lax connection [34]

L± = J0± + z−1J1± + zJ3± + z±2J2±, (3.12)

where z is the spectral parameter. This demonstrates the classical integrability of this model. The 
Lax connection is also invariant under the following Z4 symmetry

Jk → ikJk, z → iz. (3.13)

3.1. Two-parameter deformation of the AdS3 ×S3(×S3) sigma model

Motivated by the results of [7,8] a natural conjecture for the two-parameter deformation of 
the supercoset action (3.6) is

S =
∫

d2x STr

[
J+

(
P

ηL,R

−
1

1 − IηL,R
Rf P

ηL,R

−
J−

)]
, (3.14)

where

IηL,R
= 2√

1 − η2
L

√
1 − η2

R

(
ηL1 0

0 ηR1

)
,

P
ηL,R

± = P2 ∓
√

1 − η2
L

√
1 − η2

R

2
(P1 − P3), (3.15)

and Rf is defined in terms of an antisymmetric constant solution R of the modified classical 
Yang–Baxter equation (2.14) for the superalgebra f̂ and the supergroup-valued field f ∈ F̂

Rf = Ad−1
f R Adf . (3.16)

It is clear from (3.14) that if ηL = ηR = η we find the deformation constructed in [7,8], while 
if we set ηL = ηR = 0 we recover the undeformed model (3.6). The normalization of (3.14)
is fixed so that if we truncate to a bosonic SU(2) sector we recover the action (2.20) with the 
identification

�L = 2ηL√
1 − η2

√
1 − η2

, �R = 2ηR√
1 − η2

√
1 − η2

. (3.17)
L R L R
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In the following we will use the identities

STr
[
M(RN)

] = −STr
[
(RM)N

]
, STr

[
M

(
P

ηL,R

− N
)] = STr

[(
P

ηL,R

+ M
)
N

]
, (3.18)

which follow from the fact that R is an antisymmetric solution of the modified classical Yang–
Baxter equation and the Z4 automorphism of the algebra respectively. It will also be useful to 
define the operators

O± = 1 ± IηL,R
Rf P

ηL,R

± , (3.19)

and recall the variational relations (2.24).
As in the undeformed case the action (3.14) is invariant under the F0 gauge symmetry (3.9), 

while the F̂ = Ĝ × Ĝ global symmetry is broken to its Cartan subgroup. As for the bosonic 
case, and by analogy with the deformation of the AdS5 ×S5 supercoset [8], it is expected that 
this symmetry is Poisson–Lie deformed, the classical predecessor to the q-deformation, with 
different deformation parameters (depending on ηL and ηR) for each group factor. Indeed, based 
on the results of [8] it is natural to conjecture the symmetry of this model (at least semiclassically) 
is

UqL
(Ĝ) × UqR

(Ĝ), qL = exp

(
−�L(ηL,ηR)

h

)
, qR = exp

(
−�R(ηL,ηR)

h

)
,

(3.20)

where h is an overall coupling (as defined in footnote 1), and �L and �R are defined in terms of 
ηL and ηR in (3.17).

To explicitly see the presence of the Poisson–Lie symmetry in the deformed model let us 
consider how the action (3.14) transforms under an infinitesimal multiplication of f from the 
left

f → f + εf +O
(
ε2), ε ∈ ĝ⊕ ĝ. (3.21)

Doing so we find

δεS = −
∫

d2x STr
[
ε
(
∂+C− + ∂−C+ + IηL,R

([C−,RC+] + [RC−,C+]))], (3.22)

where

C± = Adf P
ηL,R

± O−1± J±. (3.23)

Therefore, in the undeformed case C is the usual conserved current. The deformation in (3.22)
then takes the standard Poisson–Lie form for a q-deformed symmetry. Furthermore, considering 
the restriction of ε to one or other of the two ĝ subalgebras, it is clear that the deformation of 
one ĝ current just depends on �L and the other on �R as defined in (3.17). This motivates the 
identification in (3.20).

Varying the action (3.14) we find the following equation of motion

E = ∂+
(
P

ηL,R

− O−1− J−
) + [

J+,P
ηL,R

− O−1− J−
] + ∂−

(
P

ηL,R

+ O−1+ J+
) + [

J−,P
ηL,R

+ O−1+ J+
]

+ IηL,R

([
Rf P

ηL,R

− O−1− J−,P
ηL,R

+ O−1+ J+
] + [

P
ηL,R

− O−1− J−,Rf P
ηL,R

+ O−1+ J+
]) = 0.

(3.24)

Let us also recall that as J is a left-invariant current it satisfies the flatness equation

Z = ∂−J+ − ∂+J− + [J−,J+] = 0. (3.25)
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Following the construction for the bosonic model in Section 2.1 we again define

K± =O−1± J±, K=
(
K 0
0 K̃

)
. (3.26)

Eqs. (3.24) and (3.25) then translate into the following equations for K

E = ∂+
(
P

ηL,R

− K−
) + [

K+,P
ηL,R

− K−
] + ∂−

(
P

ηL,R

+ K+
) + [

K−,P
ηL,R

+ K+
] = 0,

Z = ∂−K+ − ∂+K− + [K−,K+] + I 2
ηL,R

[
P

ηL,R

− K−,P
ηL,R

+ K+
] + IηL,R

RfE = 0. (3.27)

Projecting these equations onto f0, f1, f2 and f3 using (3.3) and defining

K̃0± =K0± + η̄K2±, K̃1± = η̂
1
2 (η+K1± − η−K3±),

K̃2± = η̂K2±, K̃3± = η̂
1
2 (η+K3± − η−K1±), (3.28)

with

η̄ = η2
L − η2

R

(1 − η2
L)(1 − η2

R)
, η̂ = 1 − η2

Lη2
R

(1 − η2
L)(1 − η2

R)
,

η± =
√

1 − η2
L ±

√
1 − η2

R

2
, (3.29)

we find that K̃0, K̃1, K̃2 and K̃3 satisfy the set of Eqs. (3.11). Therefore the Lax connection is 
given by

L± = K̃0± + z−1K̃1± + zK̃3± + z±2K̃2±, (3.30)

which in terms of K0,1,2,3 is

L± =K0± + η̄K2± + η̂z±2K2±
+ η̂

1
2
[
z−1(η+K1± − η−K3±) + z(η+K3± − η−K1±)

]
. (3.31)

One can then also construct the Lax connection in terms of the original currents J0,1,2,3. The 
Z4 symmetry (3.13) is generically broken. It is only present in the case that ηL = ±ηR , which 
corresponds to the deformation considered in [7,8]. The breaking of this symmetry while being 
able to preserve the classical integrability of the model appears to be intimately connected with 
the direct product structure of the symmetry group.

Again, as for the bosonic construction in Section 2.1, the necessity of starting from a super-
coset of the form (3.1) is clear from (3.28). This structure allowed us to write the full set of 
equations given in (3.27) in terms of K0 and K2, which both take values in the Grassmann-even 
part of the superalgebra ĝ and K1 and K3, both taking values in the Grassmann-odd part, with no 
restrictions. Consequently, we could add and subtract K0 and K2 and also K1 and K3 in (3.28).

3.2. AdS3 ×S3(×S3) with B-field

The Metsaev–Tseytlin supercoset action for supercosets of the form (3.1) can alternatively be 
deformed, preserving integrability, through the introduction of a B-field [29]. The action is given 
by
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S =
∫

d2x STr
[
J+

(
P b−J−

)]
− 2b

∫
d3x εabcS̃Tr

[
2

3
(P2Ja)(P2Jb)(P2Jc) + [

(P1Ja), (P3Jb)
]
(P2Jc)

]
, (3.32)

which we have written in the form introduced in [35,36]. S̃Tr is defined as

S̃Tr[A] = S̃Tr

(
A 0
0 Ã

)
= STr[A] − STr[Ã] = STr[WA], W =

(
1 0
0 −1

)
. (3.33)

and

P b± = P2 ∓
√

1 − b2

2
(P1 − P3). (3.34)

A number of features of this action are the same as for the bosonic case discussed in Section 2.2. 
First, if the usual supertrace is used in the WZ term it vanishes as a consequence of the Z4
automorphism of the algebra. Second, the action (3.32) still has the F0 gauge symmetry defined 
in (3.9). Third, unlike the two-parameter deformation discussed in Section 3.1, the presence of 
the B-field does not break the global F̂ = Ĝ × Ĝ symmetry of the undeformed model.

The equation of motion following from (3.32) is

∂+
(
P b−J−

) + [
J+,P b+J−

] + ∂−
(
P b−J+

) + [
J−,P b+J+

]
− bW

(
2[P2J−,P2J+] + [P1J−,P3J+] + [P3J−,P1J+]

+ [P3J−,P2J+] − [P3J+,P2J−] − [P1J−,P2J+] + [P1J+,P2J−]) = 0. (3.35)

Projecting this equation and the flatness equation for the left-invariant current J (2.31) onto f0, 
f1, f2 and f3 and defining

K̃0± = J0± ± bJ2±, K̃1± = b̂
1
2 (b+J1± + b−J3±),

K̃2± = b̂J2±, K̃3± = b̂
1
2 (b+J3± − b−J1±), (3.36)

with

b̂ =
√

1 − b2, b+ =
√

1 +
√

1 − b2

2
, b− = sign(b)

√
1 −

√
1 − b2

2
, (3.37)

we find that K̃0, K̃1, K̃2 and K̃3 satisfy the equations given in (3.11), and hence the Lax connec-
tion is given by

L± = K̃0± + z−1K̃1± + zK̃3± + z±2K̃2±. (3.38)

In terms of the original currents J0,1,2,3 the Lax connection is

L± = J0± ± bJ2± + b̂z±2J2±
+ b̂

1
2
[
z−1(b+J1± + b−J3±) + z(b+J3± − b−J1±)

]
. (3.39)

As for the two-parameter deformation discussed in Section 3.1, the presence of the B-field breaks 
the Z4 symmetry (3.13) [29].

Finally let us comment that the form of the two Lax connections, (3.31) and (3.39), suggests 
that it may be possible to incorporate the two deformations into a three-parameter deformed 
model preserving integrability.
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3.3. Comments on string theory, Virasoro constraints and κ-symmetry

The spaces AdS3 ×S3 and AdS3 ×S3 ×S3 can be extended to solutions of Type II supergravity 
in ten dimensions with the required extra directions given by T 4 and S1 respectively [12–14]. 
The relation between the Green–Schwarz string in these backgrounds and the supercoset sigma 
model (3.6) discussed at the beginning of this section was clarified in [11]. In particular, the 
κ-symmetry of the Green–Schwarz string can be completely fixed to give (3.6) along with the flat 
directions. While the resulting supercoset sigma model on its own has eight κ-symmetries, these 
are broken by the coupling to the flat directions through the Virasoro constraints, or equivalently 
the worldsheet metric. As the complete supergravity backgrounds are not simple [15] we will 
leave the study of κ-symmetry of the deformed model (3.14) for future work. Rather we will 
restrict ourselves to outlining how the worldsheet metric should be restored in the supercoset 
actions and the derivation of the corresponding contribution to the Virasoro constraints.

The construction of the Lax connection in the earlier parts of this section was in conformal 
gauge. To derive the Virasoro constraints we need to restore the worldsheet metric hαβ in the 
actions (3.6) and (3.14). In the following we will work with the Weyl-invariant combination of the 
worldsheet metric γαβ = √−h−1hαβ and its inverse γ αβ = √−hhαβ . In particular, worldsheet 
indices will be raised and lowered with these tensor densities. Let us recall that γαβ and its 
inverse are then symmetric and, understood as matrices, have determinant equal to minus one. 
One suggestive way to restore the worldsheet metric is to consider the following projections

(Ξ±Λ)α = 1

2
γαβ

(
γ βγ ∓ εβγ

)
Λγ , (3.40)

where εαβ is the antisymmetric tensor with ε01 = −ε10 = 1. It then follows that in conformal 
gauge

γ αβ = ηαβ, η00 = −η11 = −1, η01 = η10 = 0, (3.41)

we have

(Ξ±Λ)± = Λ±, (Ξ±Λ)∓ = 0, (3.42)

where the light-cone coordinates are defined in footnote 1. It is useful to note the following set 
of equalities(

γ αβ + εαβ
)
ΛαΛ̃β = 2γ αβ(Ξ+Λ)α(Ξ−Λ̃)β = 2γ αβ(Ξ+Λ)αΛβ

= 2γ αβΛα(Ξ−Λ)β, (3.43)

along with the fact that in conformal gauge these expressions reduce to

−Λ+Λ̃−, (3.44)

where we have used the conformal-gauge metric (3.41) in light-cone coordinates

η+− = η−+ = −1

2
, η++ = η−− = 0. (3.45)

The worldsheet metric is then restored to the supercoset action (3.6) in the following man-
ner [7]

S = −
∫

d2x
(
γ αβ + εαβ

)
STr

[
Jα(P−Jβ)

] = −2
∫

d2x γ αβ STr
[
Jα

(
P−(Ξ−J)β

)]
.

(3.46)



274 B. Hoare / Nuclear Physics B 891 (2015) 259–295
Using (3.44) it is clear that in conformal gauge (3.46) indeed simplifies to (3.6). Following the 
same procedure for the deformed action (3.14) we find

S = −
∫

d2x
(
γ αβ + εαβ

)
STr

[
Jα

(
P

ηL,R

−
1

1 − IηL,R
Rf P

ηL,R

−
Jβ

)]
= −2

∫
d2x γ αβ STr

[
Jα

(
P

ηL,R

−
1

1 − IηL,R
Rf P

ηL,R

−
(Ξ−J)β

)]
. (3.47)

Using the identities (3.43) one can then see that the construction of the Lax connection in Sec-
tion 3.1 can be naturally generalized from conformal gauge. To do so one should replace

∂±(OJ∓) → −1

2
∂α

(
O(Ξ∓J)α

)
, O1J±O2J∓ → −1

2
O1(Ξ±J)αO2(Ξ∓J)α, (3.48)

in the equation of motion (2.30) and flatness equation (2.31). Here O, O1,2 denote arbitrary 
operators acting on the space associated to the superalgebra. This prescription then implies that 
the flatness equation (2.31) is generalized to

∂α(Ξ+J)α − ∂α(Ξ−J)α + [
(Ξ−J)α, (Ξ+J)α

] = 0, (3.49)

which, on substituting in the definitions of the projectors Ξ± (3.40), reduces to

εαβ

(
∂αJβ + 1

2
[Jα,Jβ ]

)
= 0, (3.50)

recovering the expected expression. The Lax connection is then given by taking the following 
linear combination

Lα = (L+)α + (L−)α.

(L±)α = (K0±)α + η̄(K2±)α + η̂z±2(K2±)α

+ η̂
1
2
[
z−1(η+(K1±)α − η−(K3±)α

) + z
(
η+(K3±)α − η−(K1±)α

)]
, (3.51)

where

(K±)α =O−1± (Ξ±J)α, K=
(
K 0
0 K̃

)
, (3.52)

is the natural generalization of (3.26) from conformal gauge. The conformal-gauge flatness equa-
tion for the Lax connection is then modified to

∂α(Ξ+L+)α − ∂α(Ξ−L−)α + [
(Ξ−L−)α, (Ξ+L+)α

] = 0, (3.53)

which, as expected, is equivalent to

εαβ

(
∂αLβ + 1

2
[Lα,Lβ ]

)
= 0. (3.54)

Varying with respect to the worldsheet metric we find the contribution of the supercoset action 
to the Virasoro constraints

STr

[(
P2O−1± Jα

)(
P2O−1± Jβ

) − 1

2
γαβ

(
P2O−1± Jγ

)(
P2O−1± Jγ

)] + . . . = 0, (3.55)

which in conformal gauge simplifies to

STr
[(

P2O−1± J±
)(

P2O−1± J±
)] + . . . = 0. (3.56)
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In (3.55) and (3.56) the first terms originate from the supercoset action (3.46), while the el-
lipses denote the contribution from the additional compact directions required for a consistent 
ten-dimensional string background.

It remains an open question whether the deformation of the supercoset model can be extended 
to an integrable deformation of strings in AdS3 ×S3 ×T 4 and AdS3 ×S3 ×S3 ×S1. Two steps are 
necessary to answer this question. First, the corresponding supergravity backgrounds would need 
to be constructed [15]. Second, a κ-symmetry gauge choice would need to be found such that the 
Green–Schwarz action can be reorganized into a part corresponding to the supercoset action and 
a part corresponding to the additional compact directions, as was done for the undeformed case 
in [11].

4. Metrics

In this section we will extract explicit expressions for the metrics of the deformed S3 and 
AdS3 sigma models. For the former we use the following parametrization of the gauge-fixed 
group-valued field f ∈ SU(2) × SU(2)3

f =
(

exp(
iσ3
2 (φ + ϕ)) exp( iσ1

2 arcsin r) 0

0 exp(
iσ3
2 (φ − ϕ)) exp(− iσ1

2 arcsin r)

)
. (4.1)

For the latter we note that the construction in Section 2.1 can be analytically continued from 
S3 to AdS3, or equivalently from SU(2) to SU(1, 1), without any obstruction. In particular all 
the formulae written in terms of group- and algebra-valued fields are the same except that the 
actions should all pick up a minus sign to give the correct signature for the target space metric. 
This sign flip was accounted for by the supertrace in the supercoset construction of Section 3. 
Therefore, for the deformation of AdS3 we use the following parametrization of the gauge-fixed 
group-valued field f ∈ SU(1, 1) × SU(1, 1)

f =
(

exp(
iσ3
2 (ψ + t)) exp( σ1

2 arcsinhρ) 0

0 exp(
iσ3
2 (ψ − t)) exp(−σ1

2 arcsinhρ)

)
. (4.2)

Substituting (4.1) and (4.2) into (2.7) (flipping the overall sign in the latter case) and expand-
ing, we find sigma models with the three-sphere target space metric

ds2
0,0 = dr2

1 − r2
+ (

1 − r2)dϕ2 + r2dφ2, (4.3)

and the three-dimensional anti-de Sitter space target space metric

dσ 2
0,0 = dρ2

1 + ρ2
− (

1 + ρ2)dt2 + ρ2dψ2, (4.4)

respectively. Note that the ranges of the coordinates are

r ∈ [0,1], ϕ ∈ (−π,π], φ ∈ (−π,π].
ρ ∈ [

0,∞)
, t ∈ (−∞,∞), ψ ∈ (−π,π]. (4.5)

3 σI are the standard Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0
0 −1

)
.
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The analytic continuation from S3 to AdS3 can be implemented at the level of the coordinates 
as follows:

r → −iρ, ϕ → t, φ → ψ, (4.6)

along with flipping the overall sign and modifying the ranges of the coordinates as in (4.5).
To extract the metrics of the deformed model, we also need to specify a particular solution of 

the modified classical Yang–Baxter equation for the algebras su(2) ⊕ su(2) in the case of S3 and 
su(1, 1) ⊕ su(1, 1) for AdS3. The particular choices we will consider are the restrictions of

R

(
ieI σI 0

0 iẽI σI

)
=

(
ieI rIJ σJ 0

0 −iẽI rIJ σJ

)
,

rI3 = r3I = rII = 0, r12 = −r21 = 1. (4.7)

to the appropriate real forms (eI , ẽI ∈ R for su(2) ⊕ su(2) and e3, ẽ3 ∈ R, e1,2, ẽ1,2 ∈ iR for 
su(1, 1) ⊕ su(1, 1)).

Now substituting the parametrization (4.1) into (2.20) we find a sigma model with the follow-
ing target space metric:

ds2
�+,�− = 1

1 + �2−(1 − r2) + �2+r2

[
dr2

1 − r2
+ (

1 − r2)(1 + �2−
(
1 − r2))dϕ2

+ r2(1 + �2+r2)dφ2 + 2�+�−r2(1 − r2)dϕdφ

]
, (4.8)

where �± are defined in terms of �L,R in (2.35). Note that there is no B-field for this background 
as it is a total derivative. As shown in [2] this metric is that of Fateev’s two-parameter deformation 
of the S3 sigma model [1]. It has a U(1)2 isometry corresponding to shifts in ϕ and φ, which is 
consistent with the claim of q-deformed symmetry (2.26). The scalar curvature is

4

[
1 + �2−

(
1 − r2) + �2+r2 + 1

2

(
1 + �2−

)(
1 + �2+

)1 − �2−(1 − r2) − �2+r2

1 + �2−(1 − r2) + �2+r2

]
. (4.9)

Substituting the parametrization (4.2) into (2.20) (and flipping the overall sign), or alter-
natively analytically continuing (4.8) using (4.6), we find a sigma model with the following 
deformed AdS3 target space metric:

dσ 2
�+,�− = 1

1 + �2−(1 + ρ2) − �2+ρ2

[
dρ2

1 + ρ2
− (

1 + ρ2)(1 + �2−
(
1 + ρ2))dt2

+ ρ2(1 − �2+ρ2)dψ2 + 2�+�−ρ2(1 + ρ2)dtdψ

]
. (4.10)

As for the deformation of the three-sphere, the B-field is a total derivative and the metric has a 
U(1)2 isometry, which is realized by shifts in t and ψ . This is again consistent with the claim of 
q-deformed symmetry. The scalar curvature of the metric (4.10) is

−4

[
1 + �2−

(
1 + ρ2) − �2+ρ2 + 1

2

(
1 + �2−

)(
1 + �2+

)1 − �2−(1 + ρ2) + �2+ρ2

1 + �2−(1 + ρ2) − �2+ρ2

]
. (4.11)

Both of the metrics (4.8) and (4.10) and their corresponding scalar curvatures (4.9) and (4.11)
appear to exhibit singularities, which we will discuss in the following sections.
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Finally, for reference, the explicit form of the S3 sigma model with B-field in terms of the 
coordinates (4.1) is given by

S =
∫

d2x

[
∂+r∂−r

1 − r2
+ (

1 − r2)∂+ϕ∂−ϕ + r2∂+φ∂−φ

+ b

2

(
1 − 2r2)(∂−ϕ∂+φ − ∂−φ∂+ϕ)

]
, (4.12)

while for AdS3 it is

S =
∫

d2x

[
∂+ρ∂−ρ

1 + ρ2
− (

1 + ρ2)∂+t∂−t + ρ2∂+ψ∂−ψ

− b

2

(
1 + 2ρ2)(∂−t∂+ψ − ∂−ψ∂+t)

]
. (4.13)

4.1. Two-parameter deformation of S3

We will now discuss some features of the deformed S3 metric (4.8). It is interesting to note 
that if we consider the following deformation of R4 preserving U(1)2 symmetry

dS2
�+,�− = 1

1 + �2−|Z1|2 + �2+|Z2|2
[
|dZ1|2 + |dZ2|2

+ 1

4

(
i�−

(
Z1dZ∗

1 − Z∗
1dZ1

) + i�+
(
Z2dZ∗

2 − Z∗
2dZ2

))2
]
, (4.14)

and consider the following surface

|Z1|2 + |Z2|2 = 1, Z1 =
√

1 − r2 eiϕ, Z2 = r eiφ, (4.15)

embedded into this space, which for �+ = �− = 0 is just the three-sphere embedded in R4, we 
find the metric (4.8).

If we demand that the metric (4.8) is real, has positive-definite signature over the whole man-
ifold, as defined by the coordinate ranges (4.5), and is not singular, then this restricts us to two 
regions of parameter space. The first is the real deformation

�± ∈ R, (4.16)

while the second is the imaginary deformation4

�± = ik±, k± ∈ R, |k±| ≤ 1, |k±| �= 1. (4.17)

4 Note that for |k±| = 1 the metric diverges. However, with a suitable overall rescaling two of the eigenvalues of 
the metric are non-zero while the third vanishes, and hence the manifold degenerates and becomes effectively two-
dimensional. For |k+| > 1, |k−| < 1 and |k+| < 1, |k−| > 1 the metric has a singularity at

r∗ =
√√√√ 1 − k2−

k2+ − k2−
,

and has signature (+, +, +) for r < r∗ and (−, −, +) for r > r∗. Furthermore, the Z2 transformation (4.18) does not 
map the range r ∈ [0, 1] onto itself. For |k±| ≥ 1, |k±| �= 1 there is no singularity, however the signature of the metric is 
(−, −, +).
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For these two regions the metric has a Z2 symmetry given by

r →
√

1 + �2−
√

1 − r2√
1 + �2−(1 − r2) + �2+r2

, ϕ ↔ φ, (4.18)

for which the range r ∈ [0, 1] is mapped onto itself. The metric is also mapped to itself under the 
following transformations

r →
√

1 − r2, ϕ ↔ φ, �+ ↔ �−,

r →
r

√
1 + �2+√

1 + �2−(1 − r2) + �2+r2
, �+ ↔ �−. (4.19)

For the second map, one should first interchange �+ and �− in the metric (4.8) and then perform 
the transformation of r . Note that these two maps combined give the Z2 symmetry (4.18).

There are a number of limits of interest. Setting �+ = �− = � gives the squashed S3 metric 
[31]

ds2
�,� = 1

1 + �2

[
dr2

1 − r2
+ (

1 − r2)(1 + �2(1 − r2))dϕ2 + r2(1 + �2r2)dφ2

+ 2�2r2(1 − r2)dϕdφ

]
, (4.20)

while if we take �− = 0 we recover the metric of [17]

ds2
�,0 = 1

1 + �2r2

[
dr2

1 − r2
+ (

1 − r2)dϕ2
]

+ r2dφ2, (4.21)

or more precisely, its consistent truncation to a deformation of S3 [2]. If we alternatively take 
�+ = 0 we find

ds2
0,� = 1

1 + �2(1 − r2)

[
dr2

1 − r2
+ r2dφ2

]
+ (

1 − r2)dϕ2, (4.22)

which is equivalent to (4.21) through the coordinate transformations

r →
√

1 − r2, ϕ ↔ φ, or r → r
√

1 + �2
√

1 + �2r2
. (4.23)

Considering the imaginary deformation (4.17), we can set k+ = 1 to give

ds2
i,ik− = 1

1 − k2−

[
dr2

(1 − r2)2
+ r2dφ̃2

]
+ dϕ2, φ̃ = φ − k−ϕ, (4.24)

the first two terms of which are the metric of the SU(1, 1)/U(1) gauged WZW model. It is worth 
observing that setting k+ = k− and then taking k− → 1, the metric degenerates to that of the 
two-sphere

ds2
i,i ∼ 1

2

[
dr2

1 − r2
+ r2(1 − r2)dφ̃2

]
, φ̃ = φ − ϕ, (4.25)
1 − k−
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and hence this does not commute with setting k+ = 1 and then taking k− → 1, in which case the 
metric degenerates to that of the SU(1, 1)/U(1) gauged WZW model

ds2
i,i ∼ 1

1 − k2−

[
dr2

(1 − r2)2
+ r2dφ̃2

]
, φ̃ = φ − ϕ. (4.26)

4.2. Two-parameter deformation of AdS3

As for the deformed S3 metric, we can find the metric (4.10) as that of a surface embedded in 
a deformation of R2,2 preserving U(1)2 symmetry

dΣ2
�+,�− = 1

1 + �2−|Y0|2 − �2+|Y1|2
[
−|dY0|2 + |dY1|2 − 1

4

(
i�−

(
Y0dY ∗

0 − Y ∗
0 dY0

)
− i�+

(
Y1dY ∗

1 − Y ∗
1 dY1

))2
]
. (4.27)

If we then consider the following surface

|Y0|2 − |Y1|2 = 1, Y0 =
√

1 + ρ2 eit , Y1 = ρ eiψ , (4.28)

which for �+ = �− = 0 is just AdS3 embedded in R2,2, we find the metric (4.10).
As discussed in Section 2.1 there are two regions of parameter space of interest. For the real 

deformation (4.16), when |�+| > |�−| the metric (4.10) has a singularity at5

ρ∗ =
√

1 + �2−
�2+ − �2−

, (4.29)

while for |�+| ≤ |�−| the metric is well-defined with signature (−, +, +) for all ρ ∈ [0, ∞). For 
the imaginary deformation (4.17), when 1 ≥ |k−| > |k+| the metric (4.10) has a singularity at6,7

ρ∗ =
√

1 − k2−
k2− − k2+

, (4.30)

while for 1 ≥ |k+| ≥ |k−|, |k±| �= 1 the metric is again well-defined with signature (−, +, +) for 
all ρ ∈ [0, ∞).

From the curvature (4.11) it is apparent that these singularities are curvature singularities. 
Furthermore, even in the cases for which there is no singularity at finite ρ, there is a singularity 

5 The signature of the metric is (−, +, +) for both ρ < ρ∗ and ρ > ρ∗ , however, two of the eigenvalues of the metric 
interchange sign either side of the singularity.

6 In this case, for ρ < ρ∗ the signature of the metric is (−, +, +), while for ρ > ρ∗ it is (−, −, −).
7 If |k±| = 1 the metric diverges. However, with a suitable overall rescaling two of the eigenvalues of the metric are 

non-zero, while the third vanishes. Therefore, as for the deformation of the three-sphere, the manifold degenerates and 
becomes effectively two-dimensional. For |k+| > 1, |k−| ≤ 1 the metric has no singularity and signature (−, +, +), 
while for |k+| ≤ |k−|, |k−| > 1 it again has no singularity, but has signature (−, −, −). For |k+| > |k−| > 1 the metric 
has a singularity at

ρ∗ =
√√√√ 1 + �2−

�2+ − �2−
,

and has signature (−, −, −) for ρ < ρ∗ and (−, +, +) for ρ > ρ∗.
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at ρ → ∞, so long as �2+ �= �2−. The case �2+ = �2− corresponds to a special limit, which is the 
analytic continuation of the squashed S3 metric (4.20), otherwise known as warped AdS3. It 
therefore follows that, so long as �2+ �= �2−, the metric (4.10) has a curvature singularity for some 
value of ρ ∈ [0, ∞) ∪ ∞ at a finite proper distance. It is not fully understood how to treat this 
singularity, which occurs also in the deformations of the AdS5 metric [17,8]. Therefore, in what 
follows we will restrict the range of ρ to [0, ρ∗) where ρ∗ is the location of the singularity with 
smallest ρ. We will refer to this region as the inner region. This restriction is motivated by the 
fact that, for the two regions of parameter space (4.16) and (4.17), this is the range of ρ for which 
the metric has signature (−, +, +) and the isometric coordinate t plays the role of a time-like 
direction.

The analytic continuations of the Z2 transformation (4.18) and the first map in (4.19) do not 
give corresponding relations for the deformed AdS3 metric as the range [0, ρ∗) is not mapped 
into the positive real numbers. The second map in (4.19) does transfer over to give

ρ →
ρ

√
1 + �2−√

1 + �2−(1 + ρ2) − �2+ρ2
, �+ ↔ �−. (4.31)

Let us briefly mention the analogues of the limits that were considered in the deformed S3

case. Setting �+ = �− = � gives the warped AdS3 metric

dσ 2
�,� = 1

1 + �2

[
dρ2

1 + ρ2
− (

1 + ρ2)(1 + �2(1 + ρ2))dt2

+ ρ2(1 − �2ρ2)dψ2 + 2�2ρ2(1 + ρ2)dtdψ

]
, (4.32)

while if we take �− = 0 we recover the metric of [17]

dσ 2
�,0 = 1

1 − �2ρ2

[
dρ2

1 + ρ2
− (

1 + ρ2)dt2
]

+ ρ2dψ2, (4.33)

or more precisely, its consistent truncation to a deformation of AdS3 [2]. If we alternatively take 
�+ = 0 we find

dσ 2
0,� = −(

1 + ρ2)dt2 + 1

1 + �2(1 + ρ2)

[
dρ2

1 + ρ2
+ ρ2dψ2

]
. (4.34)

The first of these metrics (4.33) has curvature singularities at ρ = �−1 and ρ → ∞, while (4.34)
only has one at ρ → ∞. The coordinate transformation

ρ → ρ
√

1 + �2√
1 − �2ρ2

, (4.35)

maps the inner region of the metric (4.34) (ρ ∈ [0, ∞)) to the inner region of the metric (4.33)
(ρ ∈ [0, �−1)). Therefore, restricting to the inner regions, the metrics (4.33) and (4.34) are dif-
feomorphic, in analogy to the deformation of S3 discussed in Section 2.1.

It is interesting to note that the limits �+ = 0 and �− = 0 both fall into the class of models 
constructed in [5,7]. This is a consequence of the fact that the modified classical Yang–Baxter 
equation (2.14) is even in R and hence one can choose the relative sign of the upper left and 
lower right blocks of (4.7) to be minus (which corresponds to �− = 0) or plus (corresponding 
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to �+ = 0). The two-parameter deformation therefore encompasses both choices. In [5,8] it was 
shown that for compact groups these models should then be equivalent, and indeed this is ev-
idenced by the fact that (4.21) and (4.22) are related by a coordinate redefinition. Due to the 
presence of singularities the story for non-compact groups is more subtle. However, as we have 
seen, the inner regions of the two possible deformations of AdS3 (4.33) and (4.34) are related 
by a coordinate transformation. It was also shown in [8] that when deforming the AdS5 metric 
there are three possibilities, and the metrics (4.33) and (4.34) are the two possible consistent 
truncations of these three metrics to three dimensions. It would be interesting to see if the inner 
regions of the three deformations of AdS5 are also diffeomorphic.

Considering the imaginary deformation (4.17), we can set k+ = 1 to give

dσ 2
i,ik− = 1

1 − k2−

[
dρ2

(1 + ρ2)2
+ ρ2dψ̃2

]
− dt2, ψ̃ = ψ − k−t, (4.36)

the first two terms of which are the metric of the SU(2)/U(1) gauged WZW model. Note that 
setting k+ = k− and then taking k− → 1, the metric degenerates to that of H 2 or Euclidean AdS2

dσ 2
i,i ∼ 1

1 − k2−

[
dρ2

1 + ρ2
+ ρ2(1 + ρ2)dψ̃2

]
, ψ̃ = ψ − t, (4.37)

and hence this does not commute with setting k+ = 1 and then taking k− → 1, in which case the 
metric degenerates to that of the SU(2)/U(1) gauged WZW model

dσ 2
i,i ∼ 1

1 − k2−

[
dρ2

(1 + ρ2)2
+ ρ2dψ̃2

]
, ψ̃ = ψ − t. (4.38)

In this section and Section 2.1 we have considered limits in which we do not rescale the co-
ordinates. If we also allow rescalings then there are number of other options, including taking 
�+ → ∞, which is related to the mirror model and the spaces dS3 and H 3 [2,37,38]. Alterna-
tively, considering the direct product of the deformed spaces, a twisting can be introduced in the 
k+ → 1 limit to keep subleading terms and give a pp-wave type background, whose light-cone 
gauge-fixing [2] gives the Pohlmeyer-reduced theory for strings moving on AdS3 ×S3 [39].

4.3. Near-BMN expansion

Let us consider the sigma model with metric dσ 2
�+,�− +ds2

�+,�− , as defined in (4.10) and (4.8)
respectively, and consider fluctuations above the BMN vacuum [16]

t = ϕ = x0. (4.39)

Defining

y1 = ρ cosψ, y2 = ρ sinψ, z1 = r cosφ, z2 = r sinφ, (4.40)

and expanding to quadratic order in yi and zi we find

S = 1

1 + �2−

∫
d2x

[
(∂+yi − �+�−εij yj )(∂−yi − �+�−εikyk) − (

1 + �2+
)(

1 + �2−
)
yiyi

+ (∂+zi − �+�−εij zj )(∂−zi − �+�−εikzk) − (
1 + �2+

)(
1 + �2−

)
zizi

]
. (4.41)

Further rewriting in terms of

y = y1 + iy2, z = z1 + iz2, (4.42)
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gives

S = 1

1 + �2−

∫
d2x

[
(∂+y + i�+�−y)

(
∂−y∗ − i�+�−y∗) − (

1 + �2+
)(

1 + �2−
)
yy∗

+ (∂+z + i�+�−z)
(
∂−z∗ − i�+�−z∗) − (

1 + �2+
)(

1 + �2−
)
zz∗]. (4.43)

This Lagrangian describes two particles and their antiparticles with the following dispersion 
relation

(e ± �+�−)2 − p2 − (
1 + �2+

)(
1 + �2−

) = 0. (4.44)

Therefore they have mass 
√

1 + �2+
√

1 + �2− and the energy is shifted by �+�− in opposite 
directions for the particle and antiparticle. This is consistent with the quadratic actions (4.41)
and (4.43), which are parity invariant, and invariant under the combination of time reversal and 
charge conjugation, but not the individual transformations. Finally, we note that the mass is 
greater than or equal to zero for the two regions in parameter space of interest, given in (4.16)
and (4.17).

It is interesting to compare again with what happens for the B-field deformation. In that case 
the corresponding dispersion relation takes the form [35]

e2 − (p ± b)2 − (
1 − b2) = 0, (4.45)

describing a particle and antiparticle with mass 
√

1 − b2 and spatial momentum shifted by b in 
opposite directions. This correlates with the fact that the B-field deformation breaks invariance 
under parity and charge conjugation, but not time reversal.

It is interesting to note that the magnitude of the energy shift in (4.44) and the momentum 
shift in (4.45) are the same as the magnitude of the shift of K0± by K2± in (2.37) and (3.31), and 
the shift of J0± by J2± in (2.44) and (3.39) respectively. Furthermore, the masses in (4.44) and 
(4.45) are the same as the rescalings of K2± in (2.37) and (3.31), and J2± in (2.44) and (3.39)
respectively.

5. R-matrices

In this section we discuss the two-parameter deformation of the R-matrices governing the 
scattering above the BMN string in AdS3 ×S3 × T 4 and AdS3 ×S3 × S3 × S1 [23]. These R-
matrices are fixed by invariance under u(1) � psu(1|1)2

� u(1) �R
3, and are combined together 

in various ways to build the light-cone gauge S-matrices of the aforementioned AdS3 ×S3 × M4

string theories [23–28].
We will consider a two-parameter q-deformation of this algebra, conjecturing that the asso-

ciated R-matrices will underlie the light-cone gauge S-matrices for the backgrounds constructed 
in Sections 3 and 4 on completion to full supergravity solutions [15]. Interestingly, it tran-
spires that, as in this section we are considering the smaller near-BMN algebra, only one of 
the q-deformations is a genuine deformation of the algebra, with the other parameter appearing 
in the representation.

5.1. q-Deformed R-matrix

Let us start by constructing the fundamental R-matrices for Uq(u(1) � psu(1|1)2
�u(1) �R

3). 
The commutation relations for the algebra u(1) � psu(1|1)2

� u(1) �R
3 are
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[B,Q±] = ±2iQ±, [B,S±] = ±2iS±,

{Q+,S−} = C+M ≡ CL, {Q−,S+} = C−M ≡ CR,

{Q+,Q−} =P, {S+,S−} = K. (5.1)

where B is the u(1) outer automorphism, Q± and S± are the supercharges and M, C, P and K
are the central elements. The q-deformation is then rather simple and amounts to the following 
modification:

{Q+,S−} = [CL]q = VL −V
−1
L

q − q−1
, VL ≡ qCL,

{Q−,S+} = [CR]q = VR −V
−1
R

q − q−1
, VR ≡ qCR . (5.2)

The coproducts, which define the action of the generators on tensor product representations, are 
deformed in the expected way [18,40] (B and CL,R have trivial coproducts)

�(Q+) =Q± ⊗ 1 + UVL ⊗Q+, �(Q−) =Q− ⊗ 1 + UVR ⊗Q−,

�(S+) =S± ⊗V
−1
R + U−1 ⊗S±, �(S−) =S± ⊗V

−1
L + U−1 ⊗S±,

�(P) =P⊗ 1 + U2VLVR ⊗P, �(K) = K⊗V
−1
L V

−1
R + U−2 ⊗K. (5.3)

Following [18] we have introduced both the standard modifications associated to the q-defor-
mation (VL,R) along with the usual braiding, represented by the abelian generator U. This is 
done according to a Z-grading of the algebra, whereby the charges −2, −1, 1 and 2 are associ-
ated to the generators K, S, Q and P respectively, while C, M and B remain uncharged. This 
braiding appears in the light-cone gauge symmetry algebras for integrable AdS/CFT systems 
[41,42], including the AdS3 ×S3 × T 4 and AdS3 ×S3 × S3 × S1 examples [23–28] and allows 
for the existence of a non-trivial S-matrix. Note that VL,R and U have the standard group-like 
coproduct

�(VL,R) =VL,R ⊗VL,R, �(U) = U⊗ U. (5.4)

We will also need to define the opposite coproduct

�op(J) =P�(J), (5.5)

where P denotes the graded permutation of the tensor product.
For the existence of an R-matrix, the coproducts for the central elements P and K should be 

co-commutative. This implies the following relations8

P = h

2

(
1 −VLVRU

2), K= h

2

(
V

−1
L V

−1
R − U−2). (5.6)

We will consider the scattering of two different two-dimensional short representations of the 
algebra (5.1) with the deformation (5.2). The first takes the form

8 In principle the constants of proportionality could be taken to be different. However, it is only their product that 
appears in the closure conditions and R-matrices, hence we will take them to be equal.
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B|φ+〉 = −i|φ+〉,B|ψ+〉 = i|ψ+〉,
Q+|φ+〉 = a|ψ+〉,Q−|ψ+〉 = b|φ+〉,
S+|φ+〉 = c|ψ+〉,S−|ψ+〉 = d|φ+〉,
(VL,VR, U)|Φ+〉 = (

V W,V W−1,U
)|Φ+〉, |Φ+〉 ∈ {|φ+〉, |ψ+〉}, (5.7)

while the second is

B|φ−〉 = i|φ−〉,B|ψ−〉 = −i|ψ−〉,
Q−|φ−〉 = a|ψ−〉,Q+|ψ−〉 = b|φ−〉,
S−|φ−〉 = c|ψ−〉,S+|ψ−〉 = d|φ−〉,
(VL,VR, U)|Φ−〉 = (

V W−1,V W,U
)|Φ−〉, |Φ−〉 ∈ {|φ−〉, |ψ−〉}. (5.8)

For both these representations the anticommutation relations for the supercharges implies the 
following relations:

ab = h

2

(
1 − U2V 2), cd = h

2

(
V −2 − U−2),

ad = V W − V −1W−1

q − q−1
, bc = V W−1 − V −1W

q − q−1
, (5.9)

which in turn imply the following closure condition(
1 − ξ̂2)(V − V −1)2 = (

W − W−1)2 − ξ̂2(U − U−1)2
, (5.10)

or equivalently(
V − V −1)2 = (

1 − ξ2)(W − W−1)2 + ξ2(U − U−1)2
, (5.11)

where we have introduced the couplings ξ and ̂ξ through

ξ̂ = iξ√
1 − ξ2

= h

2

(
q − q−1). (5.12)

Conjecturing that the definitions of the energy, momentum and mass are the same as for the 
undeformed case, that is

C|Φ±〉 = e

2
|Φ±〉, M|Φ±〉 = ±m

2
|Φ±〉, U|Φ±〉 = e

i
2 p|Φ±〉, (5.13)

we find the following relations

V W = q
1
2 (e+m), V W−1 = q

1
2 (e−m), U = e

i
2 p. (5.14)

Substituting these into the closure condition (5.10) gives(
1 − ξ̂2)(q e

2 − q− e
2
)2 = (

q
m
2 − q− m

2
)2 + 4̂ξ2 sin2 p

2
, (5.15)

which we interpret as the dispersion relation. In Section 5.2 we will construct the dispersion re-
lation for the two-parameter q-deformation, of which (5.15) is a special case. Therefore, we will 
postpone the discussion of how to recover the undeformed dispersion relation and the near-BMN 
limit to Section 5.2.
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To construct the R-matrices that underlie the scattering of the representations (5.7) and (5.8)
it is convenient to introduce deformations of the Zhukovsky variables following [43,19]

U2 = W−2 x+ + ξ

x− + ξ
= W 2 x+

x−
1 + x−ξ

1 + x+ξ
,

V 2 = W−2 1 + x+ξ

1 + x−ξ
= W 2 x+

x−
x− + ξ

x+ + ξ
. (5.16)

In these variables the closure condition (5.10) becomes

W−2
(

x+ + 1

x+ + ξ + 1

ξ

)
= W 2

(
x− + 1

x− + ξ + 1

ξ

)
, (5.17)

while the representation parameters a, b, c and d are

a = αe− iπ
4

√
h

2
γ, b = α−1e− iπ

4

√
h

2

γ

x−UV W
,

c = αe
iπ
4

√
1 − ξ2

√
h

2

Wγ

V (x+ + ξ)
, d = α−1e

iπ
4

√
1 − ξ2

√
h

2

γ

U(1 + x+ξ)
,

γ =
√

i UV W
(
x− − x+)

. (5.18)

Here α parametrizes a freedom in the set of relations (5.9). In the q → 1 limit, for which we 
recover the representations relevant the light-cone gauge-fixed AdS3 ×S3 ×M4 superstrings it is 
known that α = 1, and for convenience we will take this value from now on.

The R-matrices are completely fixed by requiring co-commutativity with the coproduct (5.3)

�op(J)R=R�(J), (5.19)

where �op is the opposite coproduct defined in (5.5). Computing the R-matrix for the scattering 
of two particles in the same representation we find

R
=∣∣φ±φ′±

〉 = S=
1

∣∣φ±φ′±
〉 + Q=

1

∣∣ψ±ψ ′±
〉

R
=∣∣ψ±ψ ′±

〉 = S=
2

∣∣ψ±ψ ′±
〉 + Q=

2

∣∣φ±φ′±
〉

R
=∣∣φ±ψ ′±

〉 = T =
1

∣∣φ±ψ ′±
〉 + R=

1

∥∥ψ±φ′±
〉

R
=∥∥ψ±φ′±

〉 = T =
2

∣∣ψ±φ′±
〉 + R=

2

∣∣φ±ψ ′±
〉

S=
1 = UV W

U ′V ′W ′
x− − x′+

x+ − x′− , S=
2 = 1, Q=

1 = Q=
2 = 0,

T =
1 = 1

U ′V ′W ′
x+ − x′+

x+ − x′− , T =
2 = UV W

x− − x′−

x+ − x′− ,

R=
1 = R=

2 = − i

U ′V ′W ′
γ γ ′

x+ − x′− , (5.20)

while computing the R-matrix for the scattering of two particles in different representations gives

R
‖∣∣φ±φ′∓

〉 = S
‖
1

∣∣φ±φ′∓
〉 + Q

‖
1

∣∣ψ±ψ ′∓
〉

R
‖∣∣ψ±ψ ′∓

〉 = S
‖
2

∣∣ψ±ψ ′∓
〉 + Q

‖
2

∣∣φ±φ′∓
〉

R
‖∣∣φ±ψ ′ 〉 = T

‖∣∣φ±ψ ′ 〉 + R
‖∣∣ψ±φ′ 〉

R
‖∣∣ψ±φ′ 〉 = T

‖∣∣ψ±φ′ 〉 + R
‖∣∣φ±ψ ′ 〉
∓ 1 ∓ 1 ∓ ∓ 2 ∓ 2 ∓
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T
‖
1 = UV WU ′V ′W ′ 1 − x−x′−

1 − x+x′+ , T
‖
2 = 1, R

‖
1 = R

‖
2 = 0,

S
‖
1 = U ′V ′W ′ 1 − x+x′−

1 − x+x′+ , S
‖
2 = UV W

1 − x−x′+

1 − x+x′+ ,

Q
‖
1 = Q

‖
2 = i

γ γ ′

1 − x+x′+ . (5.21)

Note that for invariance under the action of all the symmetries the dispersion relation needs to be 
imposed.

These R-matrices possess many of the properties that are required to construct physical 
S-matrices describing scattering processes in an integrable theory. They satisfy the following 
braiding unitarity relations

R
=
12R

=
21 = 1, R

‖
12R

‖
21 =

(
UV WU ′V ′W ′ 1 − x−x′−

1 − x+x′+

)
1, (5.22)

the Yang–Baxter equations

R
=
12R

=
13R

=
23 =R

=
23R

=
13R

=
12, R

‖
12R

‖
13R

=
23 =R

=
23R

‖
13R

‖
12,

R
‖
12R

=
13R

‖
23 =R

‖
23R

=
13R

‖
12, R

=
12R

‖
13R

‖
23 =R

‖
23R

‖
13R

=
12, (5.23)

and crossing relations(
C−1 ⊗ 1

)
R

=st1

(
1

x
, x′

)
(C ⊗ 1)R‖(x, x′) = UV W

(
1 − x−x′−

1 − x+x′−

)
1 ⊗ 1,

(
C−1 ⊗ 1

)
R

‖st1

(
1

x
, x′

)
(C ⊗ 1)R=(

x, x′) = UV W

(
x− − x′+

x+ − x′+

)
1 ⊗ 1,

(
1 ⊗ C−1)

R
=st2

(
x,

1

x′

)
(1 ⊗ C)R‖(x, x′) = UV W

(
1 − x−x′−

1 − x+x′−

)
1 ⊗ 1,

(
1 ⊗ C−1)

R
‖st2

(
x,

1

x′

)
(1 ⊗ C)R=(

x, x′) = UV W

(
x− − x′+

x+ − x′+

)
1 ⊗ 1, (5.24)

where stn denotes the supertranspose in factor n (see, for example, [44,18]) and the charge con-
jugation matrix is defined as

C|φ±〉 = |φ∓〉, C|ψ±〉 = i|ψ∓〉. (5.25)

Finally, let us recall that in the discussion of the metrics in Section 4, there were two regimes 
of parameter space of interest, corresponding to real q (see (3.20) and (4.16)) and q being a 
phase (see (3.20) and (4.17)). Motivated by this we find that the R-matrices above are also matrix 
unitary

R
=†

R
= = 1, R

‖†
R

‖ = 1, (5.26)

and the dispersion relation invariant under conjugation9 for the following reality conditions

9 The dispersion relation is also invariant under conjugation for the following reality conditions

ξ ∈ (−1,1), ξ̂ ∈ iR,
(
V ∗,W∗,U∗) = (

V,W,U−1)
,

(
x±)∗ = − x∓ + ξ

∓ ,

1 + x ξ
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ξ ∈ iR, ξ̂ ∈ (−1,1),(
V ∗,W ∗,U∗) = (

V,W,U−1), (
x±)∗ = x∓ + ξ

1 + x∓ξ
, (5.27)

ξ ∈ (−1,1), ξ̂ ∈ iR,(
V ∗,W ∗,U∗) = (

V −1,W−1,U−1), (
x±)∗ = x∓. (5.28)

The first two lines are equivalent to those found in the AdS5 ×S5 case [18,37].
This set of relations; braiding unitarity, the Yang–Baxter equations, crossing symmetry and 

matrix unitarity, strongly indicate that, with the appropriate overall factors, the R-matrices (5.20)
and (5.21) can be used to construct the physical S-matrices of light-cone gauge q-deformed 
AdS3 ×S3 × M4 string theories. This is further supported by the presence of a similar con-
struction in the AdS5 ×S5 case, for which the q-deformed R-matrix constructed in [18,45] was 
completed to a physical S-matrix in [19] through the derivation of the overall phase. This S-
matrix was then analyzed extensively [46–48,37] and in [17] it was shown that its near-BMN 
expansion at tree level agreed with the tree-level S-matrix found from light-cone gauge-fixing 
the deformed action of [7].

Before we discuss the two-parameter q-deformation, let us briefly investigate the ξ̂ → ∞
limit with q fixed. This is equivalent to taking h → ∞ with q fixed, which in the AdS5 ×S5 case 
was shown [49,40,50,51] to have a strong connection to the two-dimensional integrable theory 
arising as the Pohlmeyer reduction [52] of the AdS5 ×S5 superstring [53] when q is taken to be 
a phase. There were complications related to the fact that the q-deformed R-matrix of [18] is not 
matrix unitary for q a phase and the tree-level S-matrix of the Pohlmeyer-reduced theory does not 
satisfy the classical Yang–Baxter equation [54,40]. These were partially resolved in [55] through 
the vertex-to-IRF transformation, however, what this means at the level of the string theory is 
somewhat unclear. It is worth noting that there has been some interesting recent progress on 
this question. In [56] it was proposed that the IRF picture S-matrix is related to an alternative 
deformation, this time of the non-abelian T-dual of the AdS5 ×S5 superstring.

For the Pohlmeyer reduction of the AdS3 ×S3 supercoset model [39] there are no such is-
sues. In [40] it was shown that the Yang–Baxter equation is satisfied to one-loop order (with 
the appropriate integrability-preserving one-loop counterterms), while as we have seen above 
the q-deformed R-matrix is unitary for q a phase. Furthermore, in [40] an exact integrable 
relativistic S-matrix whose underlying symmetry is Uq(u(1) � psu(1|1)2

� u(1) �R
3) was con-

structed (including overall phases), the expansion of which agreed with the perturbative result. It 
is therefore natural to expect that the underlying relativistic R-matrices will appear as limits of 
the R-matrices (5.20) and (5.21). Indeed, following the AdS5 ×S5 construction [40,50,19], and 
taking the ̂ξ → ∞ limit as follows

x± = −1 + ξ̂−1W±1eθ +O
(̂
ξ−2), ξ̂ → ∞, W = e

iπ
k , (5.29)

we find the following limits of the parametrizing functions

ξ ∈ iR, ξ̂ ∈ (−1,1),
(
V ∗,W∗,U∗) = (

V −1,W−1,U−1)
,

(
x±)∗ = −x∓,

however, the R-matrix (5.21) is not matrix unitary. In particular, the non-unitarity lies in the following block(
S

‖
1 Q

‖
2

Q
‖
1 S

‖
2

)
.
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S=
1 = sinh

(
θ − θ ′

2
− iπ

k

)
csch

(
θ − θ ′

2
+ iπ

k

)
, Q=

1 = Q=
2 = 0,

S=
2 = 1,

T =
1 = T =

2 = sinh

(
θ − θ ′

2

)
csch

(
θ − θ ′

2
+ iπ

k

)
,

R=
1 = R=

2 = −i sin
π

k
csch

(
θ − θ ′

2
+ iπ

k

)
,

T
‖
1 = T

‖
2 = 1, R

‖
1 = R

‖
2 = 0,

S
‖
1 = sech

(
θ − θ ′

2

)
cosh

(
θ − θ ′

2
+ iπ

k

)
, Q

‖
1 = Q

‖
2 = i sin

π

k
sech

(
θ − θ ′

2

)
,

S
‖
2 = sech

(
θ − θ ′

2

)
cosh

(
θ − θ ′

2
− iπ

k

)
,

which, as claimed, precisely agree with the relativistic functions found in [40] up to overall 
factors.

5.2. Two-parameter q-deformation of the R-matrix

In this section we will consider a two-parameter deformation of the symmetry algebra (5.1). 
It will transpire that one of these parameters can be absorbed in the representation, recovering 
the one-parameter deformation discussed in Section 5.1. Consequently the R-matrices that follow 
from symmetry considerations are again given by (5.20) and (5.21), with the additional parameter 
entering in the definition of x± and W or U , V and W in terms of the energy, spatial momentum 
and mass. This is similar to what occurs for the AdS3 ×S3 × M4 backgrounds with a B-field 
[29], in which case the symmetry is undeformed and the representations contain the information 
pertinent to the deformation [35,26–28].

Starting again from the algebra (5.1), the natural candidate for the two-parameter q-defor-
mation is to separately deform the central elements CL,R as follows:

{Q+,S−} = [CL]qL
= VL −V

−1
L

qL − q−1
L

, VL ≡ q
CL

L ,

{Q−,S+} = [CR]qR
= VR −V

−1
R

qR − q−1
R

, VR ≡ q
CR

R . (5.30)

Let us now define a place-holding parameter q such that

qL = qρL, qR = qρR . (5.31)

Then the rescaled generators10

Q̃+ = √[ρL]q Q+, Q̃− = √[ρR]q Q−,

S̃+ = √[ρR]q S+, S̃− = √[ρL]q S−,

10 Recall that [x]q = qx−q−x

−1 .

q−q
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C̃L = ρLCL, C̃R = ρRCR,

P̃ = √[ρL]q
√[ρR]qP, K̃ = √[ρL]q

√[ρR]qK, (5.32)

satisfy the one-parameter q-deformed algebra discussed in Section 5.1. If we then followed the 
derivation in Section 5.1 with the rescaled generators (5.32) their coproducts would be given by 
(5.3) with

VL,R → ṼL,R = qC̃L,R . (5.33)

Observing that

ṼL,R = qC̃L,R = q
CL,R

L,R =VL,R, (5.34)

we see that the coproducts for the unscaled generators in (5.32) take the expected form for a 
q-deformed symmetry, and hence it follows that the new parameter can be absorbed into the 
representation.

Motivated by this we modify the definition of the first representation (5.7) as follows

B|φ+〉 = −i|φ+〉, B|ψ+〉 = i|ψ+〉,
Q+|φ+〉 = a√[ρL]q

|ψ+〉, Q−|ψ+〉 = b√[ρR]q
|φ+〉,

S+|φ+〉 = c√[ρR]q
|ψ+〉, S−|ψ+〉 = d√[ρL]q

|φ+〉,

(VL,VR, U)|Φ+〉 = (
V W,V W−1,U

)|Φ+〉, |Φ+〉 ∈ {|φ+〉, |ψ+〉}, (5.35)

and similarly for the second representation (5.8)

B|φ−〉 = i|φ−〉, B|ψ−〉 = −i|ψ−〉,
Q−|φ−〉 = a√[ρR]q

|ψ−〉, Q+|ψ−〉 = b√[ρL]q
|φ−〉,

S−|φ−〉 = c√[ρL]q
|ψ−〉, S+|ψ−〉 = d√[ρR]q

|φ−〉,

(VL,VR, U)|Φ−〉 = (
V W−1,V W,U

)|Φ−〉, |Φ−〉 ∈ {|φ−〉, |ψ−〉}. (5.36)

From here one can proceed as in Section 5.1 arriving at the R-matrices (5.20) and (5.21) and the 
closure condition (5.10). As outlined above, the subtlety now lies in how to define of x± and W
or U , V and W in terms of the energy, spatial momentum and mass.

The crucial observation is that the R-matrices (5.20) and (5.21) and the closure condition 
(5.10) have no explicit dependence on the place-holding parameter q introduced in (5.31) or h. 
This can be seen by noting that all the dependence comes through V , W , x± and ̂ξ (or equiva-
lently ξ ). If we preserve the identifications given in (5.13) we find the following relations

V W = q
1
2 (e+m)

L , V W−1 = q
1
2 (e−m)

R , U = e
i
2 p, (5.37)

for the first representation (5.35) and

V W = q
1
2 (e+m)

, V W−1 = q
1
2 (e−m)

, U = e
i
2 p, (5.38)
R L
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for the second (5.36). This demonstrates explicitly that when written in terms of the physical 
kinematical variables, energy, spatial momentum and mass, the explicit dependence of the R-
matrices (5.20) and (5.21) and the closure condition (5.10) will be on the parameters qL, qR and 
ξ̂ (or equivalently ξ ).

This then clarifies the role of the parameter q introduced in Eq. (5.31) as purely a place holder. 
It also demonstrates that h plays a similar role in the two-parameter deformation. Consequently 
the three parameters we take as independent are qL, qR and ̂ξ (or equivalently ξ ).

Substituting the relations (5.37) and (5.38) into the closure condition (5.10) we find(
1 − ξ̂2)(q 1

4 (e±m)

L q
1
4 (e∓m)

R − q
− 1

4 (e±m)

L q
− 1

4 (e∓m)

R

)2

= (
q

1
4 (e±m)

L q
− 1

4 (e∓m)

R − q
− 1

4 (e±m)

L q
1
4 (e∓m)

R

)2 + 4̂ξ2 sin2 p

2
, (5.39)

which we interpret as the dispersion relation of the two-parameter deformation.
Let us now discuss how to recover the undeformed dispersion relation in the qL,R → 1 limit 

and the near-BMN dispersion (4.44). If this deformed R-matrix and closure condition do indeed 
underlie the light-cone gauge S-matrices of strings in the deformed backgrounds then the three 
parameters qL, qR and ̂ξ should be mapped to the three parameters of the supercoset actions in 
Section 3.1. These were the deforming parameters �L, �R and the effective string tension h. To 
relate the two sets of parameters, we start by using the semiclassical identifications of qL,R in 
terms of �L,R given in (3.20)

qL,R = e− �L,R
h . (5.40)

It will then transpire that to recover the expected limits we need to fix

ξ̂2 = �L�R

1 + 1
4 (�L + �R)2

= �2+ − �2−
1 + �2+

, ξ2 = − �L�R

1 + 1
4 (�L − �R)2

= −�2+ − �2−
1 + �2−

, (5.41)

at least at leading order in the two expansions discussed below. Let us recall that �± are defined 
in terms of �L,R in (2.35). Of course all of these relations may receive subleading corrections. 
Note that in the case �L = �R = � we find that

ξ2 = −�2, (5.42)

which agrees with the identification found in the q-deformed AdS5 ×S5 model [17,37]. This is 
consistent since taking �L = �R corresponds to the one-parameter deformation of [7]. In partic-
ular, as discussed in Section 4.2, this limit (�− = 0) gives the truncation of the model considered 
in [17]. This provides additional motivation for the identification (5.40), as in principle there is a 
freedom in the relative sign of �L and �R . Furthermore, the relativistic Pohlmeyer limit should be 
given by �2+ = −1 (with �− = 0) [2], which, from (5.41), implies that ̂ξ → ∞. This is consistent 
with the limit discussed in (5.29).

Assuming the identifications (5.40) and (5.41) are exact and requiring matrix unitarity of the 
R-matrices (5.26) places additional restrictions on the parameters �±. First let us recall that in the 
discussion of the metrics in Section 4 there were two regimes of interest. The first corresponds to 
real qL,R (see (3.20) and (4.16)) and hence real V and W . From (5.27) we see that this requires 
ξ ∈ iR, ̂ξ ∈ (−1, 1), which combining with (5.41) implies that �2+ ≥ �2−. Similarly for the second 
regime, corresponding to qL,R being a phase (see (3.20) and (4.17)), we find that 1 ≥ k2+ ≥ k2−, 
k2± �= 1. It is interesting to note that these regimes (excluding �2+ = �2− and k2+ = k2−) are the 
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same as those for which the deformed AdS3 metric has a singularity at finite ρ. Furthermore, the 
location of this singularity (4.29), (4.30) is related to ξ in the following simple manner

ρ∗ =
√

−ξ−2. (5.43)

It is unclear whether the apparent non-unitarity in the complementary regimes, �2+ < �2− and 
k2+ < k2− ≤ 1, can be remedied. Substituting into (5.41) we see that they correspond to the reality 
conditions discussed in footnote 9, for which the dispersion relation is invariant under conjuga-
tion, but the R-matrix (5.21) is not matrix unitary. It is worth noting that the ranges for which the 
R-matrices are unitary are mapped onto their complements by (4.19) and (4.31). However, this 
symmetry need not be preserved by the full background. It is therefore possible that in the action 
the problem will manifest itself when one considers the fermions.

Substituting (5.40) and (5.41) into the dispersion relation (5.39) gives(
1 + �2−

)
sinh2

(
�+e ± �−m

2h

)
− (

1 + �2+
)

sinh2
(

�+m ± �−e

2h

)
− (

�2+ − �2−
)

sin2 p

2
= 0. (5.44)

To implement the qL,R → 1 limit, we take �L,R → 0, or equivalently �± → 0, at the same rate. 
The leading order term in the expansion is at quadratic order and proportional to �2+ − �2−. As 
claimed, this term gives the undeformed dispersion relation [23,24]

e2 = m2 + 4h2 sin2 p

2
. (5.45)

To take the large h near-BMN expansion we introduce the near-BMN momentum

p = hp. (5.46)

The leading order term in this expansion then occurs at O(h−2). We find that the dispersion 
relation (5.44) at this order is equivalent to

(e ± m�+�−)2 − p2 − m2(1 + �2+
)(

1 + �2−
) = 0, (5.47)

which, setting m = 1, agrees with the near-BMN dispersion relation (4.44) found from the ex-
pansion of the coset action.

To conclude this section let us make a brief comment on the possibility of including a B-field 
from the perspective of the R-matrices. For the undeformed AdS3 ×S3 × T 4 model the addition 
of the B-field does not modify the symmetry of the string background. The additional parameter 
appears in the S-matrix through a deformation of the representations. In particular, it is consistent 
with the coproducts for the action of the generator M to have a linear dependence on the spatial 
momentum p as both have a trivial coproduct [27]. As in the discussions relating to the deforma-
tion of the supercoset sigma model, this again suggests that it may be possible to incorporate the 
two deformations into a three-parameter deformed model preserving integrability.

6. Comments

In this article we have investigated the existence of a two-parameter integrable deformation 
of strings moving in AdS3 ×S3 × T 4 and AdS3 ×S3 × S3 × S1, for which the global sym-
metry Ĝ × Ĝ is q-deformed asymmetrically, Uq (Ĝ) × Uq (Ĝ). Two constructions providing 
L R
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evidence for such a deformation were described. The first was a two-parameter deformation 
of the Metsaev–Tseytlin supercoset sigma model for supercosets with isometry of the form 
Ĝ × Ĝ, generalizing the construction of [7]. The second was a two-parameter deformation of 
the u(1) � psu(1|1)2

� u(1) �R
3-invariant R-matrices, which underlie the scattering above the 

BMN string in these backgrounds.
In Section 4 the deformed supercoset sigma model was used to extract the deformation of the 

metric and B-field (which in this case is a total derivative). To fully demonstrate the existence 
of the two-parameter integrable deformation of the string theories one would need to construct 
the full supergravity background [15], and find a κ-symmetry gauge such that the corresponding 
Green–Schwarz action matches the deformed supercoset sigma model. It is worth noting that the 
two-parameter deformation of the AdS3 metric in general has a curvature singularity at finite 
proper distance. It is currently not clear how to treat this singularity – better understanding may 
come from the study of classical string solutions in the deformed AdS3 space [57–60].

In Section 5.2 a two-parameter deformation of the dispersion relation was proposed. To verify 
this one could study how classical strings, for example the giant magnon, are affected by the 
deformation. For the one-parameter deformation of [7] such solutions were considered in [37,
61–64]. It is also important to check, for example through direct perturbative computations as was 
done in [17] for the AdS5 ×S5 case, that the q-deformed R-matrices constructed in Section 5.1
indeed underlie the scattering above the BMN string.

A related open question is to derive overall phases such that these R-matrices are matrix 
unitary, braiding unitary and crossing symmetric. That is, they can be understood as physical 
scattering matrices. In the AdS5 ×S5 case [19] this amounted to replacing the gamma functions 
in the DHM representation [65] of the phase [21] with q-deformed gamma functions. In the 
AdS3 ×S3 case, a conjecture for the undeformed phases for constant m (i.e. independent of 
energy and spatial momentum) was given in [66]. However, naively these proposals do not appear 
to be amenable to such a simple deformation.

In this article we have highlighted certain key similarities between the two-parameter 
q-deformation and the deformation of [29] in which the background is supported by a mix of RR 
and NSNS fluxes. These comparisons suggest that there is naturally space for a three-parameter 
integrable deformation.

The two-parameter metrics in Section 4 contain the squashed three-sphere [31] and warped 
AdS3 metrics as particular limits. In this case it is known that the usual B-field with arbi-
trary coefficient can be introduced while preserving integrability. Recent progress in extending 
these backgrounds to supergravity solutions [67,68] and understanding their integrable structure 
[69–72] suggest that this might provide a strong starting point to find the three-parameter defor-
mation.

Furthermore, the two-parameter deformation of the S3 sigma model [1] was generalized in 
[30] to a four-parameter deformation including a B-field. It is an open question as to whether 
this can be extended to a deformation of the AdS3 ×S3 × T 4 and AdS3 ×S3 × S3 × S1 string 
backgrounds.

To conclude, let us note that a proposal was recently made for an integrable deformation of 
the non-abelian T-dual of the AdS5 ×S5 superstring [56], based on the bosonic deformations of 
[73,74]. It is claimed that this model is related to the q-deformation in the case that q is a phase. 
It would be interesting to study this deformation for lower-dimensional AdS backgrounds [75], 
in particular to see if a double deformation, analogous to that considered in this article, can be 
implemented.
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