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1. PRELIMINARIES

The Clarke, Kruger—-Mordukhovich, and Ioffe approximate subdifferen-
tials are the most used subdifferentials for applications in nonsmooth and
nonconvex optimization and in control theory, for example. It is well known
that these subdifferentials of nonsmooth and nonconvex extended real-
valued functions can be expressed in terms of the Fréchet subdifferential
or its limiting version that belongs to the so-called small subdifferentials
(see [7, 8, 18, 27, 28]). To exploit this property of Fréchet subdifferen-
tials, the authors of [16] introduced geometrically the notion of Fréchet
e-subdifferential by relaxing the original Fréchet subdifferential to a bit
larger subdifferential within a small positive error. Then, this construction
appeared in an equivalent analytic form in [17]. The notion of limiting
Fréchet e-subdifferential was given in [10, 11] by taking its sequential limits
in the weak topology. However, for ¢ = 0, in finite dimension, it appeared
in an equivalent form in [21] and was extended to Banach spaces in [16].
These new kinds of e-Fréchet and limiting e-Fréchet subdifferentials enjoy
a rich calculus and turn out to be very useful in the study of approximate
solutions of optimization problems and approximate convex functions (see
[11, 12, 19, 20)).

Our aim in the present paper is to further develop calculus rules for
the above-mentioned subdifferentials, especially for marginal and compos-
ite functions. The key technique which is used is a fuzzy sum rule first
established by Fabidn [5] and extended by Jourani and Théra [12] under a
metric inequality condition. As an application, we aim at using these new
calculus rules to derive necessary conditions for approximate solutions of
constrained optimization problems in terms of e-subdifferentials.

The paper is organized as follows. The remaining part of Section 1 deals
with notations and the fuzzy sum rule for Fréchet e-subdifferential men-
tioned above that is later needed. In Section 2, a calculus formula for
the limiting Fréchet e-subdifferential of marginal functions is presented.
Section 3 is devoted to calculus rules for the Fréchet e-subdifferential and
the limiting Fréchet e-subdifferential of composite functions. In the final
section, we apply the calculus rules established in Section 3 to derive nec-
essary conditions for approximate solutions of a general nonsmooth con-
strained optimization problem.

Throughout this paper, unless otherwise specified, let X denote a Banach
space, X* its topological dual, By the closed unit ball in X, B(x, §) the
closed ball centered at x € X with radius 6 > 0, and By the closed unit ball

in X*. We adopt the following notation: > (respectively 1)) denotes the
convergence with respect to the strong (respectively the weak* topology).

f . c
We denote x, = x (respectively x,, — x) to mean the convergence of the
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sequence {x,},cn to x while the sequence {f(x,)},cn converges to f(x)
(respectively x,, — x while x,, € C). For each closed convex set C C X,
d¢ stands for the distance from x to C : d¢(x) = inf,c [|x — y[l. We use
the symbol F: X —= Y to denote a set-valued (multivalued) mapping F,
which is a mapping which assigns to each x € X a subset (possibly empty)
of Y. We note graph F := {(x,y) € X x Y : y € F(x)} the graph of F.
Let f: X - R U {400} be given and let € be a fixed nonnegative number.
The Fréchet e-subdifferential of f at x € Dom f := {x € X : f(x) < +o0}
(the effective domain of ) was first introduced geometrically in Kruger and
Mordukhovich [16]. An equivalent analytic form was given by Kruger [17]
and is the following:

I f(x) = {x* e timint JET = f() — (., h)

I—0 4] = _E}' (1)

Clearly, x* € ¢F f(x) if and only if for each > 0, there is & > 0 such that

(x*,y—x) < f(y)—f(x)+(e+n)|y—=x|| forallyex+d6B. (1.2)
The limiting Fréchet e-subdifferential at x € Dom f is defined by

d.f(x) := limsup o~ f(y), (1.3)

A
y—=x

where “limsup” stands for the sequential Painlevé—Kuratowski upper limit
of sets; i.e,

limsup a7 £(y) 1= [x € X* 130, 5 0y 5

!
y—x

with x* € dF f(x,) Vne N].
The limiting singular subdifferential of f at x is the set

®f(x) := limsup Ad" f(y). (1.4)
A +
y—=>x, A0

When € = 0, the sets defined by (1.1) and (1.3) are called the Fréchet
and the limiting Fréchet subdifferential at x, respectively. In what follows
we will use the notation JF f(x) and Jf(x), instead of df f(x) and Jyf(x).
The limiting Fréchet subdifferential was introduced in finite dimension in
[21] and was extended to Banach spaces in [16]; see also [24, 28] for more
details.

Note that if f is a lower semicontinuous convex function and if Jf denotes
the subdifferential in the sense of convex analysis, then for all € > 0 one
has

Je f(x) = f(x) = 9f (x) + €Byx-.
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For nonconvex functions a similar formula is true and the good frame-
work is the class of Asplund spaces (see [11, 28]). Let us recall that X is
an Asplund space, if every convex continuous function is Fréchet differ-
entiable on a dense Gjs-subset of the interior of its effective domain. In
particular, Fabian in [5] proved that X is Asplund if and only if for every
lower semicontinuous extended real-valued function f, the Fréchet subdif-
ferential 77 (x) of f at x is nonempty on a dense set of points of its effective
domain (see [26] for other characterizations of Asplund spaces). Then one
has [28]

6.f(x) = df(x) + €By-.

Further, let 6.-(-) denote the indicator function of a set C C X; that is,
8c(x) =0 if x € C and 8,-(x) = +oo otherwise. The set of Fréchet e-
normals to C at x is given by

NE(C, x) := 0 80 (x).

Obviously we have

NF(C, x) := {x* e X*: limsupM < e}.
c Ay —xll

y—=x
The set of limiting Fréchet e-normals to C at x is defined by
N(C, x) := 3.8.(x) = limsup NF(C, y).
C
y—x

Along this paper we shall frequently make use of a “fuzzy sum rule”
proved by Fabidn [5] in the context of Asplund spaces for a sum of two
functions, when one of them is locally Lipschitzian. Then it was extended
by Jourani and Théra [12] to the case where both functions are lower semi-
continuous. First, let us introduce some notations.

For every fi, fo: X — R U {400}, we set

S ={(x,a,B) e X xR xR: fi(x) <a};
S ={(x,a,B) e X xR xR: f,(x) < B}.

According to [12], we say that the pair (f;, f,) satisfies the metric inequality
(M.7) at x5 € Dom f; N Dom f,, if there are a > 0, r > 0 such that

dS]ﬁSz(x’ a, B) = a[dSI (X, a, :8) + dSz(xa a, :B)] (/%j)

for all (x, a, B) € B(xg,r) x B(fi(xg), ) x B(f2(xp), r). Note that if one
of the functions f; and f, is locally Lipschitzian at x,, then (/#.7) holds.
Moreover, if X is an Asplund space, then by [12] (/.7) also holds provided
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there are a cone K* locally compact in the weak* topology and r > 0 such
that

aFd((x, @), epif;) c K* x R
for all (x, «) € B(x, r) x B(fi(xy), r) Nepif; and
9% fi(x) N (=37 f2(xo)) = {0}

Actually the first part of the above condition can be weakened by sup-
posing that f is sequentially normally epi-compact; i.e., if the sequences
{(X,5 M) hen and {(x%, A%)},en satisfy the relations,

(x5, A7) €N (€pifi, (X A, (Ko A) = (50, Fi(x0) 05 >0 and - A5 =0,

then one has ||x%|| — 0 as n — oco. We refer to [26, 29, 32].
Finally, we recall the extended fuzzy sum rule from Jourani and
Théra [12], which will be used later in the paper:
Assume that X is an Asplund space and f;, f,: X — R U {+o0} are lower
semicontinuous and satisfy (/(.¥) at x, € Dom f; N Dom f,. Then for each x* €
IF(fi + f2)(x,), for each y > 0,8 > 0, b, > a||x*|| + 3 and b, > a|x*| + 3, there
exist x; € x,+ ¥By, fi(x;) € fi(xy) + vBg, and x} € 9 fi(x,), |xi|| <2b;,i=1,2
such that
" = 27 — 23] < €4+ 25(1+ b, + by).
Let us also recall from [12] the following fact:

Let f; and f, be lower semicontinuous and satisfy (/.¥) at x, € Dom f, N
Dom f,. Then for every € > 0, we have

i+ fHx)c N (9a1f1(x0)+(§a2fz(xo))~

aj+ap=€

2. LIMITING FRECHET e-SUBDIFFERENTIAL OF
MARGINAL FUNCTIONS

Let us consider the general parameterized constrained optimization
problem (%,)

P ) = mi
(%) = p(u) xrer};g)¢(u,x),

where ¢: U x X — R U {400} is a lower semicontinuous function defined
on the product of two Banach spaces U and X, and F is a set-valued
map from U to X. In general, p is nonsmooth, even if ¢ is differentiable
and F(u) = X for all u € U. In this section we wish to establish a calcu-
lus rule for the limiting Fréchet e-subdifferential of p in terms of the lim-
iting Fréchet e-subdifferential of ¢ and the normal cone to the graph of F.
For this purpose, let us derive a formula for the e-normal set N (graphkF, .)
by using the distance function d(F,.)(u, x) := dp(,)(x).
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PrOPOSITION 2.1. Let U and X be Banach spaces and let F be a set-
valued map from U to X with closed graph. Let x € F(ut). Then one has
N(graphF, .)(ii, ¥) = | d.(Ad(F, .))(iL, %). (2.1)
A>0

Proof. We omit the proof since it follows closely the proof given by
Thibault [35] when e =0. 1

COROLLARY 2.2. Let X be a Banach space and C C X a nonempty closed
subset of X. Then for every x € C one has
N(C, )(%) = | d(Ad(C, ))(%).
A>0

Proof. This is derived from Proposition 2.1, by using the set-valued map-
ping F: X == X defined by F(x):=C forall x € X. 1

In [11] was given a formula to compute the e-subdifferential of p when
¢(.,.) is locally Lipschitzian. A similar formula for the limiting Fréchet
e-subdifferential of p can be established under a compactness assumption
and a qualification condition. A related result when € = 0 can be found in
[9, 28, Theorem 6.1 in Asplund spaces] and in [25] in finite dimension.

THEOREM 2.3. Assume that U and X are Asplund spaces, F has a closed
graph, and ¢ is lower semicontinuous and sequentially normally epi-compact
at (i, x), where it € U and x € F(u) with p(u) = (i, X). Assume further
the following conditions:

(i) (=0%e(i, %)) N N(graphF, .)(ii, &) = {(0, 0)};

(ii) For every sequence {u, },cn Such that u, £ il, there exists a subse-
quence {u, } such that there exists a sequence x,, € F(u, ) with limit X and
p(unm) = gp(un,,,’ xnm)‘

Then one has

Gep(@) x {0} € ) (o @(@ %) + Ny, (graphF, )(@, 5)).
ayta,=€

Proof. Invoke the proof of Theorem 2.18 in [11] and use the fuzzy sum
rule (see Section 1) instead of Theorem 2.17 of [11]. 1

To proceed to another rule, let us recall from [34] that a set-valued map
F from U to X is said to be Lipschitzian at it € U if it has nonempty closed
values on U and if there exist k > 0 and a neighborhood V' of & such that

F(u') € F(u) + «|u’ — ul| By,

for all u',u € V. Observe that F is Lipschitzian at i, if and only if it
has nonempty closed values and the function d(F,.)(u, x) := dp(,)(x) is
Lipschitzian at (it, x) for all x € X.

The following result of [3] will be also needed.
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LEMMA 2.4.  Suppose that f: X — R attains a minimum over C C X at
x € C and f is Lipschitzian on B(x, 8) with Lipschitz constant k, > 0. Then
for any k > K the function g(y) := f(y) + kdc(y) attains a local minimum
over B(x, g) at x.

We now are able to provide a rule to compute the limiting Fréchet e-
subdifferential of p when ¢(u, .) is uniformly Lipschitzian with respect to
the second variable. The compactness assumption of the previous theorem
is no longer needed.

THEOREM 2.5. Assume that U and X are Asplund spaces, F is Lipschitz-
ian at i, where (i, x) € U x X with p(it) = ¢(ii, X) and ¢ is lower semicon-
tinuous in both variables and uniformly Lipschitzian in the second variable at
X for u sufficiently close to it with a common Lipschitz constant k. If condition
(ii) of the previous theorem is satisfied, then one has

d.p(it) x {0} C d (i1, X) + kdd(F, .)(ii, X). (2.6)
As a result one obtains
9. p(ii) x {0} C d.¢(i1, ¥) + N(graphF, .)(i, ). (2.7)

Proof. Assume that ¢(u,.) is Lipschitzian in a ball B(x,38;) with a
common Lipschitz constant k for every u near i. Obviously, ¢(u,.) is also
uniformly Lipschitzian in the ball B(x,28;) for all x € B(x, §;). Accord-
ing to condition (ii), there exists 8, > 0 such that for each u € B(u, §)
with |p(u) — p(it)| < 8, there is x,, € B(x, 6;/4) N F(u) such that p(u) =
min,cp(,) ¢(4, x) = @(u, x,,). Choose a positive number &, < §, and take
u* € d.p(it). Due to the definition, there are sequences u, € U, x, €
F(u,), ut € df p(u,), such that u, £ a, w: 5 u*. Moreover, by condi-
tion (ii), without loss of generality, we may assume that there is a sequence
{x,}neny € X with x,, — X and p(u,) = ¢(u,, x,). Then, the sequence
{u’},en is bounded; that is, there exists Ay > 0 such that [Ju}| < A, for all
n € N. By (1.2), for each n > 0, there exists 8, ,, > 0 such that

puy +h) = p(u,) = (uy, h) =z =(n+ e)||h| Vhed, By  (28)

Thus, for every n € N, there exists a positive number v, , such that y, , <
min{3,, ,, fTOO}, and

)
Pty + ) = plu,) > =2 Vh e y,,By. 29)
When = is large, say n > n,, one has ||x, — x| < %, llu, — @] < 6, and
|p(u,) — p(a)| < % Set f(u, x) := ¢(u, x) + kd(F, .)(u, x). For n > ny,
for h € U and k € X small enough, since F is Lipschitz at i, there exists
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a constant M > 0 such that F(u,) € F(u, + h) + M||h| Bx. Consequently,
there are z, , € F(u, +h) and b € By such that x, = z, , + M| h||b.
Moreover, since ¢(u, .) is Lipschitzian with constant «, one deduces that

e(u, +h, x, + k) > o(u, + h, z,,) — ||k + ||h]|Mb]|
and therefore
fQu,+h, x, + k)= p(u, + h) — «llk + ||h[|MD].

It follows that for n > ny, there exists vy, , > 0 such that

6
f(un + h’ Xy + k) - f(un’ xn) > p(un + h) - p(un) - f (210)
for all h € v, ,By, k € v, ,Bx. Let h € min{y, ,, 6y — 85, v, ,}By and
k € min{y, ,, %, ¥2.n}Bx. One has
lu, +h —al| < |lu, — @l + (2] < 8.

We distinguish two cases: |p(u, + h) — p(ut)| < 8, and |p(u, + h)
p(it)| > 6. In the first case, as noticed before, there exists x,, ;, € B(x
such that

p(u, +h)= min ¢o(u,+ h,x)=e(u,+h, x, ;).
xeF(u) ’

By Lemma 2.4, one has p(u, + h) = min sy f(u, + b, x). On the

xeB(x, >
other hand, |x, +k — x, ,| < %; hence p(u, + h) < f(u, + h, x, + k).
Thus, by (2.8), we obtain

f(un + ha Xyt k) - f(un’ xn) - <(u:<n 0)’ (h’ k))
= —(n + )|l + [I£]])- (2.11)

In the second case, since |p(u,) — p(@1)| < 8,/2, one derives |p(u, + h) —
p(u,)| > 8y/2. Moreover, (2.9) implies p(u, + h) — p(u,) > 8,/2. Hence
by (2.10), we obtain

fQuy+h,x,+k)— f(un,xn)> > ((1,,0), (h, k) = (n+e)(| Al +[Ik]))-

Thus, (2.11) also holds. Therefore, (u?,0) € ¥ f(u,,x,) and (u*,0) €
d.f(i, x) as well. By the assumption, we can apply the sum rule to obtain

d.f(i, X) C d.p(it, X) + kJd(F, .)(i1, ¥)

and to derive (2.6). Using Proposition 2.1, we deduce (2.7) and the proof
is complete. I
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It is worth mentioning that if ¢(., .) is locally Lipschitzian, then ¢(u, .) is
uniformly Lipschitzian. The converse does not necessarily hold. For exam-
ple, the mapping ¢: R*> — R given by o(u, x) = /| u | + x is uniformly
Lipschitzian with respect to the second variable at x = 0, but it is not
locally Lipschitzian around (0, 0). Let us observe that Theorems 2.3 and
2.5 cannot be deduced from each other. Indeed, there are in general no
implications between the conditions used in these theorems. This can be
seen by the following examples.

ExampLE 1. Take U = X = ¢, (the space of null sequences) and let
@: ¢y x ¢y — R be defined by ¢(u, x) = /[[u] + ||x|. Then ¢(.,.) is uni-
formly Lipschitzian in the variable x around (0, 0). Direct calculation shows
that 9 (0, 0) = £, x B,,. Hence ¢ is not sequentially normally epi-compact
at (0, 0).

ExXAmpLE 2. Consider the functions ¢: R x ¢ — R and F: R — ¢
defined by ¢(u, x) = /[u| + ||x|| and F(u) = ((sinnu)/n),c-,. Then ¢
is uniformly Lipschitzian and F is Lipschitzian. Observe that (1,0) €
d*°¢(0,0). On the other hand, let {e;, e5,...,€,,...} denote the usual
basis of the topological dual ¢; of ¢,. Then e, % 0 and for every u € R,
(cosnu, —e,) € N¥(graph)(u, F(u)). Hence, by taking u, = m/n, one has
(-1, —e,) € NF(graph)(u,, F(u,)). Consequently,

(~1,0) € (—=%¢(0,0)) N N(graph)(0, 0).
ExampLE 3. Take U = X =R. Let ¢: R > R U {400} be defined by

go(u,x):{u_ﬁ if x>0

400 otherwise,

_ {0y if u=0
Fu) = { [—/]ul, 0] otherwise.
We see that ¢ is not uniformly Lipschitzian and F is not Lipschitzian
around 0. Despite this, all the conditions of Theorem 2.3 are satisfied.

Observe also that when F(u) = C for all u € U with C a nonempty closed
subset of X, Theorem 2.5 is an improvement of Theorem 2.18 in [11], in
which ¢ is required to be Lipschitzian in both variables.

COROLLARY 2.6. Let U, X, and F be as in Theorem 2.5. If ¢ is lower
semicontinuous in (u, x), continuous and linear in x for u in a small neigh-
borhood U, of uy, bounded on U, for each x € X, and if condition (ii) of
Theorem 2.3 is verified, then the conclusion of Theorem 2.5 remains true.
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Proof. By virtue of the Banach-Steinhaus theorem, ¢(u, .) is uniformly
bounded on Uj; that is, there is M, > 0 such that ||e(u,.)||x- < M, for
all u € Uy. Hence |¢(u, x;) — ¢(u, x,)| < My|lx; — x,| for all u € U, and
X1{, X, € X. This shows that ¢(u, .) is uniformly Lipschitzian on U,. Apply
Theorem 2.5 to achieve the proof.

3. e-SUBDIFFERENTIAL OF COMPOSITE FUNCTIONS

A calculus rule for the limiting Fréchet e-subdifferential of the composi-
tion of a locally Lipschitzian function with a Fréchet differentiable mapping
was established in [11]. A similar result for the Kruger-Mordukhovich sub-
differential was obtained in [28] for the composition of a normally compact
function with a strictly Lipschitzian mapping. The concept of strict Lip-
schitzianity is an infinite dimensional version of locally Lipschitzian map-
pings and is actually equivalent to the concept of compact Lipschitzianity
introduced by Thibault [37]. In this section, we wish to extend the chain
rules of [11] for the Fréchet e-subdifferential and the limiting Fréchet
e-subdifferential to a broader class of functions. Let us first introduce the
notion of strictly compactly Lipschitzian mappings.

DEerINITION 3.1. Let X and Y be Banach spaces. A mapping F: X — Y
is said to be strictly compactly Lipschitzian at X € X if for each sequences
x, = X, h, — 0, h, # 0, the sequence

F(xn + hn) B F(xn)

=1,2,...
172,

has a norm convergent subsequence.

Recall from [28] that a mapping F: X — Y is said to be strictly Lipschitz-
ian at x € X if it is Lipschitzian at x and the sequence

F(xn + tnv) B F(xn)
L,

-1,2,...

has a convergent subsequence in the norm topology of Y for each v € X,
x,—Xxand ¢, | 0asn— oo.

It is obvious that a strictly compactly Lipschitzian mapping is strictly
Lipschitzian, hence locally Lipschitzian. The converse is also true if Y is
finite-dimensional. In general, a strictly Lipschitzian mapping fails to be
strictly compactly Lipschitzian, as the example of the mapping F: ¢y — ¢
given by x = {x,},eny > F(x) := {sinx,},cn shows. Moreover, if F is
strictly Fréchet differentiable and its derivative F’ is a compact operator, or
if F is a composition G o F,;, where G is strictly differentiable with G’ being
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a compact operator and Fj, is Lipschitzian, then F is strictly compactly Lip-
schitzian. The class of mappings with the above properties is quite large. It
includes for instance Fredholm integral operators with Lipschitzian kernels.

The following proposition provides another characterization of strictly
compactly Lipschitzian mappings (see Thibault [37] for a similar character-
ization of strictly Lipschitzian mappings).

ProOPOSITION 3.2. Let X and Y be Banach spaces. A mapping F: X — Y
is strictly compactly Lipschitzian at X € X if and only if there is a set-valued
mapping K: X == Y and a function r: X x X — [0, +00) such that

(i) lim, 5 St = 0;
(i) There is o > 0 such that for all h € aBy, x € X + aBy one has
F(x+ h)—F(x) e K(h)|h| +r(x,h)By VYxe€x+aBy, heaBy;
(ii))  Uynj<a K(h) is compact in Y.

Proof. Let K and r be as in the statement of Proposition 3.2. Take a
sequence {x,},cn converging to X and A tending to 0. Then, select y, €
K(h,) and a, € By such that

F(xn + hn) — F(xn) r(xm hn)
=Yu+ ay.
1A, 1A,

Since 5 K(h) is compact, the sequence {y, },cn has a convergent subse-

quence. This implies that {W } .o, has a convergent subsequence.

Conversely, suppose that F is strictly compactly Lipschitzian at ¥ € X.
Define

F —F
Ki={er: Ix, —> %, h, - 0, y= lim (x + 1) (xn)},

e 12l
0 if h=0.
Obviously,

F(x+ h)— F(x) € K||h|| + r(x, h)By

and (i) holds. We claim that K is compact. Indeed, let {k,},.n be a
sequence in K. For every n, there are sequences x} — x, A} — 0 as
i — oo such that

k = lim F('xi +hl)_F(xl)

T 171
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Hence, there exist x,, - X, h, — 0 such that

_ F(xn + hn) _F(xn)
" 17,1

k .
n

‘1
<_

Since F is strictly compactly Lipschitzian, the sequence {W}nd\l

has a convergent subsequence. Hence, {k,} has a convergent subsequence
too. The proof is complete. I

Let us give below a characterization of strictly Lipschitzian mappings.

ProposITION 3.3. Let X and Y be Banach spaces. Then F: X — Y is
strictly Lipschitzian at x € X if and only if F is Lipschitzian at x and for each

sequence x,, — x and h, — 0 such that {”Zﬁ}neN has a norm convergent
subsequence, the sequence
F(x,+h,)—F(x
(ﬂ H) (n) n=1’2"'.

172,
has a norm convergent subsequence.

Proof. The “if” part is obvious. For the “only if” part, suppose that F
is strictly Lipschitzian. Let {x,},.n and {4,},cn be sequences converging
to X and 0, respectively (k, # 0), such that the sequence {”Z—:”}%N has a
convergent subsequence. Without loss of generality, we may assume that
h,/|lh,| — v. Since F is strictly Lipschitzian, the sequence

F(x, + [ hallv) = F(x,)

n=1,2,...
172,
has a convergent subsequence. On the other hand, one has
F h —F F h,)—F h
H (o Il0) = FGr) — FCe+ ) = F(x,) ‘ § MH” |
172, 172, 172,

where M is a Lipschitz constant of F. It follows that the sequence

F(xn + hn) — F(xn)
172,

n=12,...

also has a convergent subsequence and the proof is complete. 1

Observe that for mappings from a finite-dimensional space to a Banach
space there is no distinction between strict Lipschitzianity and strictly com-
pact Lipschitzianity. Nevertheless, the class of strictly Lipschitzian mappings
does not coincide with the class of Lipschitzian mappings. For example, the
mapping F: R — ¢, defined by F(x) = (sinnx)/n),.; is Lipschitzian, but
is not strictly Lipschitzian.
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Moreover, one can show easily that the class of strictly compactly
Lipschitzian mappings is a linear space. Also, the product of two strictly
compactly Lipschitzian mappings is strictly compactly Lipschitzian, as
is the composition of a strictly compactly Lipschitzian mapping with a
Lipschitzian mapping.

Another characterization of strictly Lipschitzian and strictly compactly
Lipschitzian mappings is given in terms of Fréchet normal cones.

PROPOSITION 3.4. Let X and Y be Banach spaces and let F: X — Y be
a Lipschitzian mapping at x € X. The following assertions hold:

(i) If F is strictly Lipschitzian at X, then for each sequence X, = X,
(x*, —y¥) € Nf(graphF, .)(x,, F(x,)) with y} %0, one has x5k 50
(ii) If F is strictly compactly Lipschitzian at X, then for each sequences
Xy > X, (x:, —y*) € NF(graphF, .)(x,, F(x,)), with y* » 0, one has
Xy >0
Moreover, if in addition X is an Asplund space and Y is reflexive, then the
converse of (i) and (ii) is true.

Proof. Jourani and Thibault [15] proved the first assertion (see also
El Abdouni and Thibault [1, Lemma 2.5, 28]). For the converse asser-
tion, suppose X is an Asplund space and Y is reflexive. Fix 2~ € X and
select sequences {x,},y C X and {t,},cn 4 0. Set y, := (F(x, + t,h)—
F(x,))/t,. We have to show that the sequence {y,},cy has a norm con-
vergent subsequence. Since F is Lipschitzian at X, the sequence {y,},cn iS
norm bounded and by reflexivity of Y, we may assume that it has a weak
cluster point y; ie., y, 5o By the Hahn-Banach theorem, for each n,
there exists y; € Y* such that

ey =) =y = yI% Iyil =y, =yl

Then, the sequence {y}}, oy is necessarlly bounded and by the Asplund

property we may assume that y* 5oy Denoting B([x,, x, + t,h], ) =
{xeX:dy . mx) < ;} and using the mean value theorem ([19, 28,
39]), select v, € B([x,, x,, + t,h], 3;) and v € ' ((y; — y*) o F)(v,) such
that

t
O =" Flag + tyh) = F(x,)) = = < {v], 1ah).
Observe that (y' — y*, y,) — % < (v}, h) and that

vy € (G =y o F)(w,) < (v, y" —y) € N'(graph, )(v,, F(v,))-
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Therefore, by assumptions, since v, — X, then v}, i 0, and as a result,
limsup,,_, . (¥¥ — y*, y,) < 0. Now making use of the decomposition

=YY = Y=+ =50 =%y =),

since y* » Y, Y 2y and (v*, v, —¥) = |y, — ¥, the above shows that

Vu > y, establishing the converse of (i).
For the second assertion, let x, — X, (x},—y) € NF(graphF,.)

(x,, F(x,)), and y! 0. We want to show that %] — 0. For every
n, take h, € X with ||h,| = 1 such that (x}, h,) > ||x}|| — 1/n. Pick a
sequence &, | 0 such that for all x € x,, + §,By, one has
(x5 X = x) = (v, F(x) = F(x,,)) < 1/n([lx = x, || + [|1F(x) = F(x,)])-
Consequently, by taking x = x,, + 8,4, we obtain
F 8,h,)—F F 8,h,)—F
(x;kl,hn>_ y;:, (xn+ n n) (‘xn) Sl/n 1+ (xn+ n n) (xn) .
6 8

Since F is strictly compactly Lipschitzian, we may assume that the sequence
{(F(x,+ 8,h,) — F(x,))/8,},cn is norm convergent. Therefore,

lim <y:’ F(xn + 6n;ln) — F(xn)> =0

n n

n—oo
n

and by this (x}, h,) — 0 as n — oo. Thus, x7, =0.

Conversely, let {x,},cy and {4, },cn be sequences converging to X and 0,
respectively. To show that the sequence {y,},cn defined by y, := (F(x, +
h,) — F(x,))/|lh,| has a norm convergent subsequence, we use the same
argument as the one developed in the converse part of the first assertion.

Indeed, we may assume that y, = y. Take y! such that (y},y, —y) =

v, = yI? Ilyill = v, — vl and y* LA y*. By the mean value theorem, there
are v, € X, v} € 3F((y* — y*) o F)(v,) such that
1 h
" R P
iy = = (s )

and v, — X, vV} - 0. Hence, lim SUpP,,_, o (V¥ — ¥*, ,) < 0. This yields y, 3
y. The proof is complete. 1

We are now ready to obtain the main result of this section. Recall that
8graphr (-5 -) 1s the indicator function of the graph of F.

THEOREM 3.5. Let X be an Asplund space, let F: X — Y be a mapping
from X to Y, and let g: Y — R U {400} be a lower semicontinuous function.
Let ¥ € X, y := F(x) € Dom g. Assume that the fuzzy sum rule is satisfied
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or g(v) + 8 grapnr(U, V). The following assertions hold:
Sgrap The followi jons hold
(a) If F is strictly Lipschitzian at X, then
J(goF)X)C U de(y* o F)(X); 3.1)
y*eag(F(¥))

(b) Let F be strictly compactly Lipschitzian at X and let x* € d*(g o
F)(X). Then, there exists y* € d¥(g o F)(X) such that for each € > 0 and
6 > 0, one has

x* € {97 (y* o F)(¥) + €By. : x € X + 8By}. (3.2)
Proof. To show (3.1), let us define
(i, 0) 1= () + By (1 v), and  f(u) i= inf h(u, v) = g(F(u).
Observe that
(X", =¥") € 9¢ Bgrapnie (¥, F(x)) = x* € I (y* 0 F)(x).

Assertion (a) is a consequence of a similar formula for limiting Fréchet
subdifferential ([28]; see also [29, Corollary 4.5]). We include its proof for
the sake of completeness. Let x* € d_f(¥) := d.(g o F)(%). By definition,

goF w* .
there are sequences x, — x and x} € df f(x,) such that x} — x*. Since

X % x*, the sequence {x}},cn is bounded. Thus, for some M > 0, we
have || x| < M for all n € N. As x* € J_f(%,), one has

(x;kz’ 0) € af(g() + 6graphF(" '))(xn’ F(xn))

By using the fuzzy sum rule with 6 = %, by, b, > aM + 3, there are
sequences {u, }peny € X, {V,}neny C Y such that |u, — x,|| < 1, |F(u,) —

Fl)l < 3 v, = Fx)l < 5, vy € 97g(v,), (), —y;) € ¢ Sgraphr
(> F (), (5, =y < by [Jv3ll < by and
(41,0) € (0,15) + (3, ~37) + (b + b)By. x By
The latter inclusion is equivalent to
Xy €eu+ %(bl + b,)By-, 3.3)
and
yiev + %(bl + by)By-. 34

Observe that the sequence {y;},cn is bounded. Since X is Asplund, the
closed unit ball in X™* is weak™-sequentially compact. Hence we may assume
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that y; . y*. Therefore, vk oy, yielding y* € dg(F(%)). As observed
above, since (u};, —y;) € 9% Sgrapnr (U, F(u,)), one has uj, € 95 (yi o F)(u,,).
The fuzzy sum rule applied to y:F = (y; — y*) o F + y* o F,with § = y = 1,
yields the existence of sequences {ul},cn, {42},en such that [ul —u,|| <
o lun =yl < 55wyt € (s = y*) o F)(uy), uy' € 9E(y* o F)(uy,), and

* = yl* 4 42 By virtue of Proposition 3.4 and as y* - y*, we have

u
ulx 0. Since x5 » x*, the inclusion (3.3) yields u; 2 x. Hence, u* »
x*. This shows that x* € d.(y* o F)(x) and the inclusion (3.1) is established.

To prove (3.2), let x* € 9f f(x) := (g o F)(%). Similar to the proof of
(3.1), there are sequences {u, },en, {(U), —¥)}aen such that |u, — X|| <
o (s —yy) € 301 (uy, F(u,)); x* € uy + 5 (by + by)Bx-; and y; = y* with
y* € dg(F(x)). Let us now apply the fuzzy sum rule to y o F = (y; — y*) o
F + y* o F. There are sequences ul, — %, u2 — &, ul* € of'((y; — y*) o
F)(uglz), u2 e gt (y* ?F)(ui) such that u’ = ul* + u2*. By Proposition 3.4,
ul* = 0, hence u%* — x* and (3.2) follows. The proof is complete. U

Let us remark that Mordukhovich and Shao proved in [30] a fuzzy chain
rule for Fréchet subdifferentials in the case where F is merely locally
Lipschitzian. However, note that the conclusion of Theorem 3.5 (b) above
is stronger than the one in Theorem 4.10 of [30]. This can be seen by the
following example:

Let consider the mapping F: ¢, — ¢, given by F(x) = (—|sinnx|/n),c-q
and g: ¢y — R U {+oc} defined by g(x) = sup{+/nx, : n € N}. Then, F is
strictly Lipchitzian, g o F = 0 and 0 € ¢*(g o F)(0). Observe that

75(0) = {(y;;)eel: 3= 0, Zyn/ﬁ=1},

n>1

and the conclusion of Theorem 3.5 (b) is not satisfied at x = 0. Despite
this, the conclusion of Theorem 3.5 (a) above and of Theorem 4.10 in [30]
holds.

We observe that the fuzzy sum rule is satisfied for g(v) + Sgrapnr(4, v)
if g is locally Lipschitzian or more generally, if g is sequentially normally
epi-compact and the following qualification condition is verified:

[y € 9g(F(%)) and (0,—y") € N(graphF, (%, F(¥)))] = y* = 0.
COROLLARY 3.6. Let X be an Asplund space, let f: X — R, i =

1,2,...,n, be locally Lipschitzian at Xx. Let f(x) := max{fi(x) : i =
1,2,...,n}. Then for every y > 0 and & > 0 one has the inclusions

ALf(x) CcoU{dl fi(x)+ 8By : x e X +yBy, iel(X)}; (3.5)
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and

df (%) C cofd fi(%) i € I(X)}, (3.6)
where “co” denotes the convex hull of a set and I1(x) :={i: fi(x) = f(x)}.

Proof. Formula (3.6) is a consequence of Theorem 7.5 and Proposi-
tion 2.11 in [28]. It can be also derived from Theorem 3.5. Indeed, observe
that f = go F, where g: R” — R is defined by g(x, x5, ..., x,,) := max; x;,
and F: X — R" by F(x) := (fi(x), fo(x), ..., f,(x)). Note that g is convex
Lipschitzian with

500 =780 = {0 4= 0, T A =1, 0 =0 it 1¢ 1)),
i=1

F is locally Lipschitzian with values in R” and therefore is strictly compactly
Lipschitzian. Applying Theorem 3.5 to the functions g and F above, we
obtain (3.5) and (3.6). 1

For the purpose of applications we derive the following corollary.

COROLLARY 3.7. Let X and Y be Asplund spaces. Let F: X — Y be
strictly compactly Lipschitzian at X € X. Let K C Y* be a nonempty weak*-
compact convex subset and define

f(x) :=max{(y*, F(x)) : y* € K}.
Then for each y > 0, 8 > 0 one has
L f(x) c J{oE(y* o F)(x) + yBy- : for y* € K with
y*F(X) = f(X), x € X+ 6B}.

Proof. Let g(y) := max{(y*,y) : y € K} be the support functional of
K. Obviously, g is convex, Lipschitzian, and

dg(y) =dg(y) ={y* € K: (y*,y) = g(n)}.

So f = g o F and the corollary follows immediately from Theorem 3.5. 1

4. APPLICATION TO OPTIMALITY CONDITIONS

Let f be a function from X to R U {400} and x € X. Recall from [11]
that x is an e-minimizer of f if

fO) = f(x)—e forall yeJX, (4.1)
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and x is an €||-|-minimizer if

f() = f(x)—elly—x|| forall yeX. 42)

A necessary condition for x to be an €||-|-minimizer of f is that x satisfies
the inclusion 0 € % f(x). Certainly, this holds when (4.2) is satisfied for all
y in some neighborhood of x.

We shall say that x is a local e-minimizer (respectively, a local €| -|-
minimizer) of f if (4.1) (respectively (4.2)) is satisfied in some neighborhood
of x. Similarly, x is said to be an e-minimizer (respectively, an €|-|-
minimizer) of f on C if (4.1) (respectively (4.2)) is satisfied for all y € C.

By using the Ekeland variational principle, the following relation between
e-minimum and e||-||-minimum points was given in [11]:

Let f: X - R U {+o0} be lower semicontinuous. If x, is an e-minimizer of

f on a nonempty set C C X, then for every § > 0, there exists X € B(x,, §) such
that ¥ is an €/8|-|-minimizer of f on C.

For convex functions, it is well known that every local minimum is
a global minimum. For e-convex functions, a similar property can be
expected. Recall from [11] that a function f: X — R U {+o0} is e-convex
if it satisfies the following inequality for every x, y € X, and A € (0, 1):

fx+ (1 =2)y) < Af(x) + (1 = D)f(y) + el = A)fx —y|.

PROPOSITION 4.1. Let €, and €, > 0 and let f be an e-convex function.
Then every local €,||-||-minimizer of f is a global (€, + €,)|| - ||-minimizer of f.

Proof. The proof is similar to the convex case. Let x be a local €,]|-|-
minimizer of f. There is 6 > 0 such that

f() = f(x) —&lly— x| forall y e x+8By.

LetyeX,y¢x+6BX.Thenx+6H; ch € x + 6By and

y J—
f<X+8”y ”) Fx) —elly — ]l

Since f is €| -||-convex, one has

e opmay) = (- o f o+ s ©)

i (1 ° ) ® k=l
€ - x—=y,
=) ==

and therefore f(y) > f(x) — (€; + €,)||y — x| for all y € X. The proof is
complete.
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PROPOSITION 4.2. Let C be a nonempty closed subset of X. Let f: X —
R U {+o0} be a lower semicontinuous function, bounded from below on C C
X. Then for all € > 0, the function f has at least an €||-|-minimizer on C.

Proof.  Invoke the Ekeland variational principle [4]. 1

PROPOSITION 4.3.  Let X be an Asplund space and C be a nonempty closed
subset of X . Assume that f: X — R is Lipschitzian at x € C. Then a necessary
condition for X to be an €||-||-minimizer of f on C is that

0 € 9. f(%) + Nsc(%).
Conversely, if f is €-convex for some € > 0 and C is convex, then the inclu-

sion above is a sufficient condition for x to be an (e + €')|-||-minimizer of
fonC.

Proof. Let x € C be an €||-||-minimizer of f on C, which is Lipschitzian
at x with a Lipschitz constant k. By Lemma 2.4, X is a local €|| - ||-minimizer
of the function A(x) := f(x)+ kd(x). Therefore 0 € d.(f(-) + kdo(-))(%).
By the sum rule and Corollary 3.2, we obtain

0€d.f(X)+ Ne(x).

Now, let f be an €’-convex function, and let C be convex. Obviously, ﬁc(fc)
is the normal cone in the sense of convex analysis; that is,

Ne(%) = Ne(®) = {x* € X*: (x*,x —x) <0 forall x € C}.

If 0 € d.f(¥) + No(%), then there is x* € J.f(x) such that —x* € No(%).
By virtue of Lemma 3.5 in [11], we obtain

f()= fR)+ (", x = %) — (e +€)|x—X| VxeX.
Since —x* € N(%), one has (x*, x — X) > 0 for all x € C. Combining these

two inequalities, we obtain f(x) > f(¥) — (e + €)|lx — x| forallx € C.
The proof is complete. B
Let us now consider a general constrained minimization problem,
min f(x) st F(x)e =S, (62)
where f: X > R, F: X > Y.

Assume that X and Y are Asplund spaces, and S € Y is a nonempty
convex closed cone. Let C := {x € X : F(x) € —S} denote the feasible set
of (62) and S* := {y* € Y*: (y*,y) > 0 Vy € S} the dual cone to S,
respectively.

We say that x € C is a local e-solution (resp., €| |-solution) of (€%) if x
is a local e-minimizer (resp., €|-|-minimizer) of f on the feasible set C of
(€2).

We can state the main result of this section which gives in terms of
Fréchet e-subdifferential and limiting Fréchet e-subdifferential, a necessary
condition for (¢%) to have a local €||-||-solution.
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THEOREM 4.4. Let X and Y be Asplund spaces. Assume that f is Lip-
schitzian at x € C and F is strictly compactly Lipschitzian in some neighbor-
hood of x. If X is a local €| -|-solution of (€%), then for each sequence of

positive numbers 8, | 0, there exist sequences t, := (A, yi) € [0, +00) x S*,
1 2

x, = X, X; — X, such that
Ay £ Iyl =15
0 € A, d¢ f(xy) + 30" (v, F)(x7) + 8,By; (4.3)
Tim (37, F(%)) = 0. (44)
Moreover, if t := (A, y*) is a weak*-limit point of the sequence {t,},cn, then
0 € A f(X) + d(y* o F)(¥); (4.5)
(", F(x)) =0. (4.6)

Proof. The proof we present here is based on Clarke [3]. Let us consider
the following set:

T:={(Ay")eR, xS A+ Iyl <1}.

Since this set is weak*-compact, by the Asplund property, it is weak*-
sequentially compact. Fix a sequence {8, },cy such that §, | 0 and ¢ :=
(A, y*) € T. Consider the mappings defined by

Ly, (x, 1) i= A(f(x) = f(2) + €llx = T + 8,/4) + (", F(x))
and
Gs (x) :=max Lg (x, t).
" teT "

Observe that G (-) is lower semicontinuous, lim, . , .., G5 (x) =0, and
G, (%) = 82 /4. Moreover Gs,(x) > 0 for every x € X. Indeed, if for some
x € X, G; (x) was negative, then as S is a convex closed cone, x would be
a feasible solution and f(x) < f(x) — €l|x — X||, which is a contradiction.

In this way, G; (¥) <inf G; + 82 /4. By the Ekeland variational principle,
there exists u,, € X + 6, By such that

0
G; (u,) — Z”Hun —x|| < Gs (x) forall x € X.

It follows that u,, is a minimum point of the function G; (-) + %H —u,|
and therefore

5,
0 (G, + 221 = ) ).
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Let us apply the fuzzy sum rule, to obtain
)
0e U{&FGSn(x) + 7”3;(* : x € B(u,, 5n)}. 4.7

Let ¢, = (A, ) be a point at which the maximum defining G(x) is
attained. We have ||z, = 1. Indeed, if [|z,| < 1, then as G; (x) > 0, we

would have G; (x) < Hz_lnGﬁn (x) = G; (x), a contradiction. Clearly,

0< (5, F(x)) < G5, (x). (4.8)

Now, using Corollary 3.7, we obtain

0
"G (2) € U[&FL,Sn(x, 1)+ Z"BX* : x € B(z,8,),teT,;

Ly (1) = G, (2) } (4.9)
Combining (4.7)-(4.9), select sequences t, = (A,,ys) € T, x, - X, and
z, — X such that
A+ Iyl =15
35,

0 € d Ly (x,.1,) + 1

By

and
lim (y;, F(z,)) = 0.

Then, lim,_, . (y}, F(¥)) = 0. Applying the fuzzy sum rule to the function
Ly (%, £,) = M(f(x) = (%) + ]lx — %] + 62/4) + y; o F(x) we obtain (4.3)
and the first part is proved.

For the second part, let t = (A, y*) be a weak™-limit point of {¢,},cn-
Then ¢ € §* and (y*, F(x)) = lim,_, (¥}, F(z,)) = 0, so that (4.6) is sat-
isfied. Use (4.3) to select sequences x'* € A,,0F f(x}), x2* € o' (y} o F)(x2)
such that 0 € x'* + x2* 4+ §,By.. Since f is Lipschitzian, the sequence
{x"*},cn is bounded. Using the Asplund property, this sequence has a

.. . w w
weak*-limit point, and we may assume that x'* — x!'*. Therefore, x2* —

—x'*. Consequently, x'* € A f(¥) and similar to the proof of Theorem
3.5, we have —x'* € d(y*, F)(x), which completes the proof. I

Note that the sequence {t,},cn used in the first part of Theorem 4.4,
may not have nonzero weak*-limit points. In this case, the second part of
the theorem is trivial and does not give any information. It was established
by Loewen in [18] that if S* is locally compact (in particular, if Y is finite-
dimensional or S has a nonempty interior), then the sequence {t,},.n has
a nonzero weak*-limit point.

Next, we give a condition on the function F, which ensures that the
sequence {f,},cy has a nonzero weak*-limit point.
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PROPOSITION 4.5.  Suppose that F: X — Y is strictly compactly Lipschitz-
ian in some neighborhood of x € X. Let x € X, and y; € S* such that

(i, F(x)) = max{(y", F(x)) : y* € §", ||y*[| < 1}.
If the following condition is satisfied
lim inf <yx,F(X)—FEX)>
x5 F()¢-s d(x, F"Y(F(X))
then the sequence {t,},cn used in Theorem 4.4 has a nonzero weak*-limit
point.

0, (4.10)

Proof. Let t, :=(A,, y}). If {A,},cn has a nonzero limit point, then we
are done. Let us consider the case where A,, — 0. In this case, ||y}|| — 1. As
in the proof of Theorem 4.4, there is a sequence {z,},.; C X converging to
X such that L(z,, t,) = G(z,). We claim that if n is large, then F(z,) ¢ —S
and

> F(z,)) = (1 = A, ) max{(y*, F(z,)) : y* € §%, [ly*]| = 1}.
Indeed, if F(z,) € —S, then f(z,) > f(¥) — €|z, — X||. When n is large, one
has G(z,) = L(z,, t,) < L(z,,(1,0)), which is a contradiction. For every
y* e §* with ||y*|| < 1—A,, we have (A,,y*) € T and L(z,, A,, y*) <
L(z,, A,,y:), hence (y*, F(z,)) < (yi, F(z,)). Take x, € X such that
F(x,) = F(x) and ||z, — x,|| < 2d(z,, F~'(F(X)). Note that z, — X hence
x, — x. Since F is strictly compactly Lipschitzian, the sequence {F(z,) —
F(x)/|lz, — x,||}.en has a convergent subsequence. Hence, we may assume
that (F(z,) — F(x)/||z, — x,]|) = y. Let y* be a weak™*-limit point of the
sequence y;. According to (4.10) we obtain (y*,y) > 0. It follows that
y* # 0. The proof is complete. 1

If § = {0}, then §* = Y* and condition (4.10) takes a simpler form
[E
x—Xx,F(x)#0 d(x, Fﬁl(O))

Recall from [8, 14] that a mapping F: X — Y is said to be metrically regular
at x, € X if there exist r > 0 and a > 0 such that

d(x, F7!(y)) = ally — F(x)]|
for all (x, y) € (x¢+rB,) x (F(xy) + rBy). Clearly, if F is metrically regular
at X, then it satisfies condition (4.11). For more details on metric regularity,
the reader is refered to [8, 14].
Using the remark above and the argument of Theorem 4.4, we derive a
necessary condition for €||-||-solutions of the following problem:

min f(x) s.t. G(x) e =S, H(x) =0, (€2

where f: X - R, G: X - Y, H: X — Z, and S C Y is a nonempty convex
closed cone.

(4.11)
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THEOREM 4.6. Assume that X, Y and Z are Asplund spaces, f is a Lip-
schitzian function, G and H are strictly compactly Lipschitzian mappings, and

(i) S*is locally compact;
H
i) liminf 2N
z—x,H(2)#0 d(z, H~1(0))

Then a necessary condition for x to be an €||-|-solution of (€%') is that
there exist A € [0, 00), and y* € §*, z* € Z* not both zero such that

0 € Ad_f(x)+d(y* o G)(x)+ d(z* o H)(x);
(y*, G(x)) =0.

For exact optimal solutions (e = 0), a similar result was obtained in [24,
26] for the case where Y is a finite-dimensional space (say, Y = R") and
S =R, and in [1, 6] for Ioffe’s approximate subdifferential. Note that in
general, the limiting Fréchet subdifferential is smaller than the approximate
subdifferential. Therefore the conclusion of Theorem 4.6 is sharper than
the corresponding conclusion in [6]. The following example shows that the
conclusion of Theorem 4.6 is not true if condition (ii) above is not satisfied.

Consider the problem

min f(x) s.t. H(x) =0,
with

fico—> R, f(x):= f:x,,/n2

n=1

H: ¢y — ¢y, H(x) = (x,/n)

n>1"

The feasible set C of this problem is {0} and obviously Theorem 4.6 fails
to be true.
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