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A Beck-Fiala-type Theorem for Euclidean Norms 

WOJCIECH BANASZCZYK 

Let D be an ellipsoid in IR n with centre at 0 and principal semi-axes AI"'" An' Let 
UI, ... , Um E D. It is proved that there exist signs 01, . .. , Om = ±1 such that 1II:;':1 0iu;ll,,;; 
A:= (I:;~l Ai)!. Furthermore, to each k = 1, ... , m there corresponds a subset I of 
{I , ... , m} consisting of exactly k elements, such that lII:iEI ui - (k/m) I:;':I uill,,;; A. 

Let II II be the euclidean norm in [Rn. The aim of this paper is to prove the following 
result: 

THEOREM 1. Let D be an n-dimensional ellipsoid in [Rn with centre at 0 and principal 
semi-axes A1> ... ,An' Choose any U1> ••• , Urn ED (m is arbitrary, independent of n). 
Then: 
(a) there exist signs 81, . .. , 8n = ±1 such that 

(b) to each k = 1, ... ,m there corresponds a subset I of {I, ... ,m} consisting of 
exactly k elements, such that 

The inequality in (a) is naturally the best possible. 
Theorem l(a) is connected with questions such as the Beck-Fiala theorem or the 

Koml6s conjecture (see [2J, [3J and [7]). Combinatorial motivations are presented 
exhaustively in [8J (see also [6]). In a slightly different form, Theorem l(a) was used in 
[IJ in the proof that nuclear Frechet spaces satisfy the Levy-Steinitz theorem on 
rearrangement of series (or, more precisely, that a nuclear operator acting between 
Hilbert spaces is a Steinitz operator). If D is the euclidean unit ball in [Rn, the 
right-hand side in (a) is equal to Vii; this special case was obtained by S. Sevastyanov 
[5J and, independently, by I. Barany (unpublished). 

Theorem l(b) is connected with the so-called Steinitz lemma (see [4], especially 
Theorem 2). It confirms the hy,Pothesis that the Steinitz constant of the n-dimensional 
euclidean space is of order Vn as n-H~) (or, more generally, that Hilbert-Schmidt 
operators are Steinitz operators); see [1, Remarks 8 and 7). Another consequence of 
Theorem l(b) is Theorem 2, given at the end of the paper. 

The author is indebted to I. Barany and S. Sevastyanov for their comments on 
the subject. 

LEMMA 1. Let P be an m-dimensional parallelepiped in [Rm with one-dimensional 
edges not longer than 2. Let C be an m-dimensional ellipsoid in IR m with principal 
semi-axes A1> ... , Am such that A12 + ... + A;/ ~ 1. If P contains the centre of C, then 
C contains some vertex of P. 

The proof is an almost literal repetition of the proof of Lemma 3 from [1). 
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Let p be a norm on a real vector space E. We write Bp = {u E E: p(u) ~ I}. We say 
that p is a unitary norm if it is defined by an inner product. If q is another norm on E 
and q ~ cp for some c > 0, then by dj(Bp, Bq), j = 1, 2, ... , we denote the jth 
Kolmogorov diameter of Bp relative to Bq: 

dj(Bp, Bq) = inf inf{r > 0: Bp c M + rBq}, 
M 

where the infimum is taken over all linear subspaces M of E with dim M < j. The 
euclidean closed unit ball in ~n is denoted by Un. Thus, if D is an n-dimensional 
ellipsoid in ~n with centre at 0 and principal semi-axes A\ ~ ... ~ An, then dj(D, Un) = 
Aj for j = 1, ... , n. 

LEMMA 2. Let p, q be two norms on a vector space E, such that 

'" L dJ(Bp, Bq) ~ 1. (1) 
j=\ 

Let UI, •.• , Urn be some vectors belonging to Bp and let 

(2) 

Then to each SEQ there corresponds a subset I of {1, ... , m} such that 

s - LUi E ~Bq. (3) 
iel 

PROOF. Without loss of generality we may assume that Ul, .•. , Urn are linearly 
independent, E = ~rn and Bp = Urn. We may write 

P:=2Q= ~ Ui+{~tiUi: -1~tl>'" ,trn~l}. 

Let 1-'1, .•. , I-'m be the principal semi-axes of the ellipsoid C = 2s + Bq . Then (1) says 
that 1-'12 + ... + 1-';;.2 ~ 1. So, according to Lemma 1, C contains some vertex v of P. 
Then 2s - v E Bq , and it remains for us to observe that v = 2 EiEl U; for some 
Ic{1, ... ,m}. 0 

Lemma 2 is a strengthening of [4, Theorem 2] in the case of euclidean norms. 

PROOF OF THEOREM 1. (a) We may obviously assume that Ai + ... + A~ = 1 and 
Al ~ ... ~ An' Let q be the euclidean norm in ~ nand p the Minkowski functional of D. 
Then Aj = d/Bp, Bq) for j = 1, ... , n, so that E7=1 dJ(Bp, Bq) ~ 1. Let Q be defined as 
in (2) and let s =! E;'!,t U;; then SEQ. In virtue of Lemma 2, there is a subset I of 
{I, ... , m} satisfying (3). Putting 0; = 1 for i ~ I and 0i = -1 for i E I, we obtain 

m 

~ L O;u; = s - L Ui E ~Bq, 
i.e. ;=1 ;E' 
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(b) We may naturally assume that U1> ••• , Urn E Int D. Then U1> ••• , Urn E cD for a 
certain c < 1. Let A = (At + . . . + A~)~ and let en +l = (0, ... ,0, 1) E ~n+l. Set 

V; = U; + Aen+h i=1, ... , m . 

Let Ill' ... , Iln+l be the principal semi-axes of the (n + 1)-dimensional ellipsoid 

{ 
n+l xt x~ X~+l } 

c= (X1> ••• ,Xn+l)E~ :C2At+"'+ C2A~+y:O:;;2. 

Since, clearly, VI, • • . , Vm E C, from Lemma 2 we infer that there is a subset I of 
{1, .. . , m} such that 

It is clear that 

~: Ilt = 2C2(t At) + 2A2=2C2A2+ 2A2< 4A2, 

which implies that IIwll < A. If .7r: ~n+1_ ~n is the natural projection, then 

Let III denote the number of elements in I and let p be the projection onto the last 
co-otdinate in ~n+1. We have 

IA(k -111)1 = Ip(w)I:o:;; IIwll < A, 

which is possible iff k - III = 0. 

A standard reasoning allows us to infer the following fact from Theorem 1(b): 

D 

THEOREM 2. There exists a universal constant C with the following property: to each 
finite sequence U1, •.• , Um E Un there correspond a sequence 81>' .. , 8m = ±1 and a 
permutation (J of {1, . .. , m}, such that 

II~ 8;U O (;)II:o:;; C(n log log n)~, k=1, .. . ,m. 

The details of the proof will be given in a separate paper. 
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