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Abstract

Let (R, M, k) be a regular local ring in which two is a unit and let A = R/J, where J is a five
generated grade four perfect ideal in R. We prove that the Poincaré series
Pz = Y2, dim, Tor (M, k)z' is a rational function for all finitely generated A-modules M.
We also prove that the Eisenbud conjecture holds for A, that is, if M is an A-module whose Betti
numbers are bounded. then the minimal resolution of M by free A-modules is eventually
periodic of period at most two.

0. Introduction

Let A be a quotient of a regular local ring (R,I, k). If any of the following
conditions hold:

(a) codim A < 3, or

(b) codim A = 4 and A is Gorenstein, or

(c) A is one link from a complete intersection, or

(d) A is two links from a complete intersection and A4 is Gorenstein,

then it has been shown in [4] and [8] that all of the following conclusions hold:

(1) The Poincaré series P4 (z) = = o dim, Tor (k, M)z' is a rational function for
all finitely generated A-modules M.

(2) If R contains the field of rational numbers, then the Herzog Conjecture [14]
holds for the ring A. That is, the cotangent modules 7;(4/R, A) vanish for all
large i if and only if 4 is a complete intersection.

! The first author was supported in part by the National Science Foundation.
* Corresponding author.

0022-4049/94/307.00 © Elsevier Science B.V. All rights reserved.
SSDI 0022-4049(93)E0149-X



272 A.R. Kustin, S.M. Palmer Slattery | Journal of Pure and Applied Algebra 95 (1994) 271295

(3) The Eisenbud Conjecture [10] holds for the ring 4. That is, if M is a finitely
generated A-module whose Betti numbers are bounded, then the minimal
resolution of M eventually becomes periodic of period at most two.

In the present paper we prove that conclusions (1)—(3) all hold in the presence of
hypothesis

{e) Aisan almost complete intersection of codimension four in which two is a unit.
In each of the cases (a)-(e), there are three steps to the process:

(i) one proves that the minimal R-resolution of 4 is a DG-algebra;
(ii) one classifies the Tor-algebras Tor&(4, k); and
(ii1) one completes the proof of (1)-(3).

For hypothesis (e), step (i) was begun in [19] and [20], and was completed in [18]; step
(i1) was carried out in [17]; and step (iii) is contained in the present paper.

In the following section by section description of the paper, let (R, I, k) be a regular
local ring and (A4, m, k) be the quotient R/J, where J is a grade four almost complete
intersection ideal in R. Section 1 is a review of the classification of the Tor-algebras
Tor&(A4, k). Many of the results in this paper are obtained by proving that the
appropriate DGI -algebra is Golod. The definition and properties of Golod algebras
may be found in Section 2. We compute the Poincaré series Pf(z) in Section 3. In
Section 4, we apply a new result (Theorem 4.1), due to Avramov, in order to prove that
the Poincaré series P%¥(z) is rational for all finitely generated A-modules M. The
growth of the Betti numbers of M is investigated in Section 5. The proof, in [8], that
property (1) holds in the presence of any of conditions (a)—(d), depends on proving
that there is a Golod homomorphism C— A from a complete intersection C onto A4. In
Section 6 we observe that while the technique of [8] applies to most codimension four
almost complete intersections A, there do exist 4 for which it does not apply. It
follows that the generalization in Theorem 4.1 of the technique from [8] is essential to
the completion of this paper.

In this paper “ring” means commutative noetherian ring with one. The grade of
a proper ideal [ in a ring R is the length of the longest regular sequence on R in I. The
ideal I of R is called perfect if the grade of I is equal to the projective dimension of the
R-module R/I. A grade g ideal I is called a complete intersection if it can be generated
by g generators. Complete intersection ideals are necessarily perfect. The grade g ideal
I is called an almost complete intersection if it is a perfect ideal which is not a complete
intersection and which can be generated by g + 1 generators. We use the concepts
“graded k-algebra”, “trivial module”, and “trivial extension” in the usual manner; see
[17]. If So is a divided power algebra, then S {x)> represents a divided power
extension of S,. The algebra (S, = @i > 03, d) is a DGT -algebra if

(a) the multiplication S;x S;— S, ; is graded-commutative (s;s; = ( — 1)¥s;s; for
s, € Sy and s;5; = 0 for i odd) and associative,
(b) the differential d:Si"—’ Sifl satisfies d(SiSj) = d(Si)Sj + ( — l)isid(sj'),
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(c) for each homogeneous element s in S, of positive even degree, there is an
associated sequence of elements 59, sV s . which satisfies s = 1,5V =5,
degs™® = kdegs, as well as a list of other axioms (see [ 13, Definition 1.7.1]), and

(d) d(s™) = (ds)s* 1V for each homogeneous se S, of positive even degree.

1. The classification of the Tor-algebras

If k is any field, then let A-F* be the DG -algebras over k which are defined in
Table 1. Further numerical information about (and alternate descriptions of) these
algebras may be found in [17]. (Table 1 and [17] define the same algebras
Se=A, ... ,F*in all cases, except when chark = 2 and S, = F*. All of the results in
[17] and almost all of the results in the present paper assume chark # 2; conse-
quently, one may use either definition of F* in these places. However, the correct
definition of F* is given in Table 1; see Example 3.4.)

The following result is an extension of the main result in [17]. The new information
is the observation that all of the Betti numbers of the R-module R/J are determined by
the form of S, together with the Cohen—Macaulay type of R/J.

Theorem 1.1. Let (R, I, k) be a local ring in which 2 is a unit. Assume that every element
of k has a square root in k. Let J be a grade four almost complete intersection ideal in R,
and let T, be the graded k-algebra TorR(R/J k). Then there is a parameter p, g, or
r which satisfies

0<p, 2<g<3, and 2<r<5, (1.1)
an algebra So from the list
A, B[pl, C[p], C*, C*, D[p]l, D?, E[p], E@, F[p], F©, F*,

and a positively graded vector space W such that, T, is isomorphic (as a graded
k-algebra) to the trivial extension S><W of S by the trivial S -module W. Furthermore,
W is completely determined by dim, T, together with the subalgebra k[ T,] of T,. In
particular, if dim; T, = t, then dim,; Ty = dim, T, + t — 4, where dim,, T, is given in the
Jollowing table.

k[T\] dim, T,

A<k(—=1) t+6

B[0] t+7

C[0] t+7 (1.2)
D[0] t+8

E[0] t+9

F[0] t+10
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Remark. The classification of k[ 7;] and the chart which relates dim 7, and dim 7,
both remain valid, even if k is not closed under the square root operation.

Proof. In light of [17], it suffices to verify the table which gives dim; T, in terms of t.
Let S be any four-dimensional subspace of 7;. Lemma 3.9 of [18] uses a linkage
argument to produce vector spaces L, and Lj, and a linear transformation
B3: Ly — k* such that

(@) T, =57 @l_’la

(b) T, = ker[%,

(¢) dimy L, = dim, L;, and
(d) dim,S? = 4 — rank ;.

A quick calculation yields
dimk T2 = dlmk T4 + dlmk S2 - dimk83 + 4.
Let S be the subspace (x{, x,,x3,x4) of Ty. The following table completes the proof.

k[T)] dim,S?  dim,S?
Av<k(—1) 6
B[0] 6
C[o] 5
6
6
6

4
3
2
D[0] 2
E[0] 1
F[0] 0

O

We conclude this section by identifying the Tor-algebras from Table 1 which
correspond to hypersurface sections. The proof of Proposition 1.2 follows the proof of
(3.3) and (3.4) in [4]; it does not use the classification from [17]. On the other hand, the
proof of Observation 1.3 does use [17]; the chief significance of this result is that it
shows that if the Tor-algebra 7, has the form C*e<W, then W must be zero.

Proposition 1.2. Let J be a grade four almost complete intersection ideal in the local ring
(R, M, k). Let T, = TorX(R/J, k) and t = dim, T,. The following statements are equiva-
lent.

(a) The ideal J is a hypersurface section; that is, there exists an ideal J' = R and an
element a€ R, such that a is regular on R/J" and J = (J', a).

(b) There is a nonzero element h in Ty such that T, is a free module over the subalgebra
k<h>.

(¢} The algebra T, is isomorphic to B[ t], C[t], or C*.
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Table 1

The definition of the algebras A-F*. Each k-algebra S¢ = @B, S: is a DGl -algebra with Sp = k and
d; = dim, S;. Select bases {x;} for §,, {y:} for S,, {z;} for S5, and {w;} for S,. View S, as the direct sum
§55@S1. Every product of basis vectors which is not listed has been set equal to zero. The parameters p, g,
and r satisfy (1.1). The differential in S¢ is identically zero.

Se d; d, ds d, S,%xS, S xS, xS, S, %S} S, %S, s

A 4 6 4 0 (a) (a’) 0 0 0

B{p]l] 5 p+7 2p+3 p ((ywithi=p (b')ywithli=2p (g (g) 0

Clpl S p+7 2p+3 p (cpwithl=p (c')with I=2p (g) (g') 0

c? 5 8 7 1 (©withi=1 ()withi=4 () {t) 0
with j =2 with j =2

c*x 5 9 7 2 (¢)withl=2 (¢c'ywithl=4 (i) i) (i)

Dfp]l5 p+8 2p+2 p (dwithl=p (d)withi=2p (g &) 0

D? 5 9 6 1 (dwithi=1 (dywithi=4 (h) (h") 0
with j =2 with j =2

E[p] 5 p+9 2p+1 p (epwithi=p (e’)withI=2p (g) (g’) 0

E? 5 10 29+ 1 1 (e)withi=1 e’y with I=2q (h) (h') 0
with j =g with j =

F[pl] 5 p+10 2p p ({Owithi=p 0 (8 (¢") 0

FO s 14 or 1 (@Mwithi=1 0 (h) ) 0
withj=r withj=r

F* 5 12 10 2 (f)withi=2 0 (h) (h") )
withj=5  withj=5

Key

(@) XXy =Y1,X1X3= Y2, X1 X4 = Y3, X2X3 = V4, X2Xa = 5, X3X4 = V.

(@) Xx1X2X3 =21, X1X3X4 =23, X1X3X4 = 23, X3X3Xs = Z.

(b) X1X3 = Yir1s X1X3 = V142, X1Xa = Y143, X1X5 = Vivar X2X3 = Viss, X2Xa = Vire, X3Xa = V4 7.

(b’) X1 X2X3= 2141, X1 X2X4 = Z142, X1 X3Xq = Z42-

(©) Xy1X2=Vi+1, X1X3 = Y142, X1Xa = Y143, X1 X5 = Y44, X2X3 = Y45, X2X4 = Vi+e, X2X5 = V47

(€) X1X2X3= 2141, X X2X4 = Z142, X1 X2X5 = Z)43.

(d) XyX2 = )is1, X1X3 = Yis2, X1Xa = Yi+3, X1 X5 = Yira, X2X3 = Y45, X2X4 = Y16, X2X5 = Yi47,
X3Xa4 = YVi+8-

(d') X1X3X3 = 2141, X1 X2Xq = Z4 3.

(©) X1X2= Yir1, X1X3 = Yiv2, X1X4 = Y143, X1X5 = Viear X2X3 = Yiv5, X2X4 = Yrve> X2X5 = Y147,
X3X4 = YVi+g, X3Xs5 = Vi+o.

(&) x1X2X3=214,.

(D) X1X2= Y141, X1X3 = Yi+2s X1X4 = V143, X1 X5 = Vitar X2X3 = Vivs, X2Xa = Vivg, X2X5 = Vis7,
X3X4 = Vi+8, X3X5 = Vi+9, XaXs = Vi+10-

(8 xyyi=zforl<gi<p

(g) x1zppi=wifor 1 <i<p.

(h) x;y,=zforl <i<j

(h') xizjyi=wiforl <i<j.

() xiy1 =20, X1y =22, X2¥1 = 23, X3y2 = Z4.

(1) X132y =wi, X1X3¥2 = W)

g) ,V1yZ=W1»y;2':W2~

Proof. (a) = (c) The element a is regular on R; consequently, J' is a grade three
almost complete intersection. Such ideals have been classified by Buchsbaum and
Eisenbud [9, Proposition 5.3]. The computation of 7y = Tor®(R/J',k) and T, =
To ®; Tor&(R/(a), k) follows quickly. Indeed, it is clear that ¢ is equal to dim, 7T3; thus,
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in the language of [8, Theorem 2.17], we have

H@3,2) ift=2 C* ift=2
T, = {TE, if t>31s odd, and T,=<{B[t] if t>3 is odd,
H@3, 0) if t >4 is even, C[t] if t >4 is even.

(c) = (b) It is obvious that each of the three listed algebras is a free module over
the subalgebra k{x>.

(b) =>(a) Let y represent the composition J — J/mJ 3 T,, and select an element
aeJ such that a is a regular element of R and y(a) = h. Avramov [4] has proved that
J/(a) 1s a grade three almost complete intersection ideal in R/(a). The structure
theorem of Buchsbaum and Eisenbud [9] produces the required grade three almost
complete intersection J' in R. [

Observation 1.3. If the notation and hypotheses of Theorem 1.1 are adopted, then the
following statements are equivalent.

(a) The algebra T, is isomorphic to C*e<W for some trivial C*-module W.
(b) There exist elements a;,a,€R and a three generated, grade two perfect ideal
J" < R such that a,a, is a regular sequence on R/J" and J =(J',a,,a,).

Furthermore, if the above conditions hold, then W = Q.

Proof. A straightforward calculation shows that if condition (b) holds, then 7, = C*.
On the other hand, if statement (a) holds, then Table 4.13 and Lemma 4.14 in [17]
show that cases two and three are not relevant; and hence, case one applies. It follows
that J is equal to K: 1 for complete intersection ideals K and I with

. K+ M
d — | =2
1mk< ST )
It is not difficult to show (see, for example, [8, Section 3]) that J has the form
of (b). O

2. Golod DGTr -algebras

Many of the theorems in Sections 3 and 5 are proved by showing that certain
DGr -algebras are Golod. In the present section we collect the necessary definitions
and facts about Golod algebras; most of this information may be found in [3] or [8].

Notation 2.1. Let (P = @), o P;,d) be a DGI'-algebra with (P,, m, k) a local ring
and Hy(P) = k. Assume that P; is a finitely generated P,-module for all i. Let Z(P),
B(P), and H(P) represent the cycles, boundaries, and homology of P, respectively. Let

P

- =k
m@(@;z 1Py)

P
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be a fixed augmentation. The complex map ¢ (where k is viewed as a complex
concentrated in degree zero) induces augmentations ¢:H(P)— H(k)=k and
¢:Z(P)— Z(k) = k. Let I represent the kernel of the augmentation map; in particu-
lar, IP = m@(@iz 1Pi), IH(P) = @iz 1H(P), and {Z(P) = m®(®i2 1 Zi{(P)).

Definition 2.2. Adopt the notation of 2.1. A (possibly infinite) subset . of homogene-
ous elements of TH(P) is said to admit a trivial Massey operation if there exists
a function y defined on the set of finite sequences of elements of & (with repetitions)
taking values in I'P, subject to the following conditions.

(1) If his in &, then y(h) is a cycle in Z(P) which represents h in H(P).

(2) If hy, ..., h, are elements of %, then

n—1
dy(hls~~-ahn):: E: V(hla'--ahj)y(hj+17--'1hnl
j=1
where @ =(— 1)""!a for aeP,,.

Definition 2.3. Adopt the notation of 2.1. If every set of homogeneous elements of
IH(P) admits a trivial Massey operation, then P is a Golod algebra.

If S, is a graded k-algebra, then the Poincaré series of k over S, is defined to be

Ps,(z) = P§,(2) =

it

( Y dim, Torjg(k, k))z". (2.1)

i ptg=i

(More discussion of the bigraded module Tor5*(k, k) may be found at the beginning
of [2] or [15].)

Theorem 2.4 [3, Theorem 2.3]. If the notation of 2.1 is adopted, then the following
statements are equivalent.

(1) The DGI -algebra P is Golod.
(2) The Poincaré series Pp(z) is equal to (1 —z Y 2 | dim H(P)z*)~'. [

Lemma 2.5 [8, Lemma 5.7]. Adopt the notation of 2.1. If there exists a Py-module
V contained in IP with 1IZ(Py< V + B(P) and V2 < dV, then P is a Golod alge-
bra. [J

The next result is a modified version of Example 5.9 in [8].

Corollary 2.6. Let (S,, d) be a DGI -algebra which satisfies the hypotheses of 2.1 with
So =k and d identically zero. Suppose that there exist linearly independent elements
X1, ..oy Xm in Sy and an integer v, with 1 <r <m + 1, such that S, = Evs<L, where

@) E = D}, E is the exterior algebra N\ (DL, kx.),
(b) E=E/E, .,
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(©) L= Pis1 Li is an E-module, and
(d) E,L = 0.

Then the DGI -algebra P = Sg( Xy, ... , X ,,; dX; = x;)> is a Golod algebra.
Proof. If N is a subspace of the vector space P, then let N (X ) represent the subspace
N<X>={ZnaX‘1“”--~X‘"‘.""’InaeN} 2.2)

of the vector space P{ X, ..., X,,»>. Define V to be the subspace (E,® L){X ) of P.
The hypothesis ensures that V2 = 0. If ze IZ(P), then z = v + u for some ve V and
some ue(@:;é E)<{X>. Apply the differential d to the cycle z in order to see that

du=—dve(E<X)>)n(L{X))=0.

It follows that u is a cycle in P. The complex E< X of P is a homomorphic image of
the acyclic complex E{ X ); therefore, u ed((@;g E)X>),1Z(P)= V + B(P), and
the proof is complete by Lemma 2.5. [J

Example 2.7. Let S, be one of the k-algebras from Table 1 and let W = (—B,- >, W;be
a trivial So-module with dim, W, < oc for all i. If P is the divided polynomial algebra
defined below, then the DGI-algebra P ® g, (So0<W) is a Golod algebra.

Se P

C[p], C®, C* Se{ X1, Xa; d(X)=x,>

A, B[p), D[p]l. D'*, E[p], B S¢(X,, X2, X3 d(X:)=x:)

F[p], F®, F®, F® Sel X1, X2, X, Xo; d(Xi)=x,>

F®, or F* with chark =2 Se{ X1, Xz, Xa Xan X5: d(X)=x>

F* with chark #2 Sel X1, X2, X35, Xa, X5, Yoy d(X)=x;, (Y1) = y,)

Proof. We first assume that S, # F*, or else that S, = F* and chark = 2. Let m and
r be the integers given in the following table.

Se

C[p], C(Z), C*

A, B[p], D[p], D, E[p], E®?
F[p], F(Z), F(S)’ F@®

F®) or F* with chark =2

(2.3)

woR W N3
N W W

For S, # F*, the result follows directly from Corollary 2.6. If S, = F* and
chark = 2, then Corollary 2.6 does not apply because y, and y, are in L but y;y, # 0.
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On the other hand,
Y1y XIXED o XE = x 2 XX X
=d(zg X\ TVXED L XY eqy.

A slight modification of Corollary 2.6 yields the result.
We now take S, to be F* with chark # 2. Let P’ = P®g,(So><W), and let M,
M, and N be the subspaces

Ml :(l’xl’x23x37x49x59y1)3
M2 = (1’x19x2’x3’x4’-x55y1’y3’ e V125215 o0 257W2)7
N =(y2,¥3, -+ V12,21, -+ 5210, W1, W2 ) D W

of S><W. Recall the notation of (2.2), and let U = M, (X, Y)>and V= N{(X,Y) be
subspaces of P'. Observe that "2 = 0. It is clear that V @ U = P’ (as vector spaces). If
ze 1Z(P'), then z = v 4+ ufor some ve V and some ue U. Apply d to z in order to see that

du=—dve(M,{X,Y))n((w){X,Y>)=0.

It follows that u is a cycle in P’. We proceed as in the proof of Corollary 2.6. The
DG-algebra

Q=</\:< i kxi) ®kSymf(ky1)><X, Y

is known to be acyclic; see, for example, [16, Theorem 5.2]. Furthermore, the complex
M,<X,Y) is a homomorphic image of Q. We conclude that ued(k{X, Y)>)and P’ is
a Golod algebra by Lemma 2.5. O

Remarks. (a) We established Example 2.7 by identifying a subspace J of P which
contains a representative of every nonzero element of IH(P). A more detailed
description of the homology of P is given in the proof of Lemma 3.2; consequently an
alternate proof of Example 2.7 may be read from Table 4.

(b) The behavior of the DGI'-algebra F* depends on char k because y? = 2y{¥ =
2w,. If chark = 2, then y? = 0. If char k # 2, then y? is part of a basis for F* over k.

3. The list of Poincaré series

If M is a finitely generated module over a local ring 4, then the Poincaré series
P}{(z) is defined at the beginning of the paper. We write P,(z) to mean Pf(z). The
Poincaré series P,(z) is not always a rational function [1]; however, Theorem 3.3
supplies a sufficient condition for this conclusion.

The problem of computing Poincaré series may sometimes be converted from the
category of local rings to the category of finite-dimensional algebras over a field. If
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S is a graded k-algebra, then the Poincaré series Pg, (z) is defined in (2.1). To compute
the Poincaré series of codimension four almost complete intersections, we use Av-
ramov’s Theorem.

Theorem 3.1. (Avramov [2, Corollary 3.3]). Let J be a small ideal in the local ring
(R,M, k), A=R/J, and T, = Torf(A,k). If the minimal resolution of A by free
R-modules is a DGI'-algebra, then Py(z) = Pg(z)Pr (z). O

Recall that an ideal J in a local ring (R, M, k) is said to be small if the natural map
TorX(k, k) — Tor&’(k, k) is an injection. For example, if R is regular and J < 92,
then J is small; see [2, Example 3.11] or [15, Example 1.6].

Lemma 3.2. Let T, be a DGI -algebra of the form Sgs~<W for some S, from Table 1 and
some trivial Se-module W. Assume that T, = P}_, T; with Ty =k, dim, T, = 5,
dim; T, =t (if S4 = C*, then take t = 2), and dim, T,, and dim,, T; given in (1.2). Then
the Poincareé series P, (z) is given in Table 2.

Theorem 3.3. Let (R, M, k) be a local ring in which 2 is a unit, J be a grade four almost
complete intersection ideal in R, and A = R/J. If the ideal J of R is small ( for example, if
R is regular and J = M?), then P4(z) = Pr(z) Pr,(z), where the Poincareé series Pt (z) is
given in Lemma 3.2.

Proof. Inflate the residue field of R [12, 0,;10.3.1], if necessary, in order to assume
that k is closed under square roots. Theorem 1.1 (together with Observation 1.3)

Table 2
The list of Poincaré series for Lemma 3.2

Se Prel2)
A (1 =2z =222 4+(6 —t)z3 —2z* —22° + 2°)(1 + 2)?
B[p] (1 —22—-2224(6—1)z2° +(p—3z* — 2% + 29 + 2)?
C[p] (1—-22—2z24(6—-0)z>+(p—3NzY (1 + z)?
c?® (1 =2z -2224(6—1)z3—z% - 251 + 2)?
c* (1 =22 =222 4423 4 2% — 225)(1 + 2)2 = (1 — 22)(1 — 2)2(1 + 2)*
D[p] (1-22-222 46—z +(p—4z* — 2%+ 2%)(1 + z2)?
D® (1 =2z 2224 (6 —t)z3 —2z* — 22% + z%)(1 + 2)?
E[p] (1 =2z2-2224(6—1)z +(p—5)z* —22% + 2z°)(1 + z)?
E@ (1-2:=2224(6-0)2 + (g —5z* -~ (1 + @z + (4 — ¢)z° + (g — 2)27)(1 + 2)*
F[p] (1 =22—2224(6 —1)z3 +(p—6)z% —4z5 +4z% + 27 — z8)(1 + 2)?
F (1 =22—-2224(6—1)z3 ~dz* —5z° +4z% 4 27 — z8)(1 + 2)?
F) (1 —2z—2224+(6—1)z% —3z%—62° +32°+ 227 — 25%)(1 + z)?
F@ (1 =2z —2224(6—1)z2> —22* —72° + 28 + 427 — 2%)(1 + z)?
F(SP
(1 =22 —2224(6—t)z —z%* —82% —22°4 727 + 328 — 42° — 210 + 214 )(1 + z2)?
F* chark =2
(1=2z2—2224(7T—10)z2> =32*— 925+ 3 =0z + 227 —z8)(1 + 2)?
F* chark #2

1423
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shows that T, = Tor&(4, k) satisfies the hypotheses of Lemma 3.2; and therefore, the
Poincaré series Pr,(z) is given in Table 2. The minimal R-resolution of A is a DGI'-
algebra (the DG structure is exhibited in [18] and the divided powers are given by
a'® = (1/2)a? for all homogeneous a of degree two); and therefore, the result follows
from Theorem 3.1. O

Proof of Lemma 3.2. Our calculation of Pr, (z) is similar to the calculation of
Table 1 in [4]; some of the steps may also be found in section one of [15]. We are
given T, = Sge< W with W a trivial S,-module. It follows that

4
Prl(z)=Psl(z) -z ( Y dim, W,-zf>. (3.1
i=1
Read the dimension of each W; from (1.2) in order to obtain Table 3.

The Poincaré series Py '(z) = (1 — z2)* — z° may be read from Example 1.1 and
Theorem 1.4 in [15]. The decompositions
k[X 2,X 3 X4]

(x2Xx3X4)

B[p]=< ><(k(— 1)@k(—2)”®k(—3)")> ®k[x1],

Clp] = <(k—[’l’f—x{—] ®kk[x2])><(k( )P @k(— 3)”)> ®ck[x1],

(X3,X4,X5

k s
C*=< [x3,X4,%5,y1 YZ]>®kk[x1,x2]

(X3, X4,X5,91,2)°
have been observed in [17]. It follows that
Pali(z) = ((1 — 2%) — 2% — z(z + pz2 + pz*))(1 — 2?),
Pei(z) = (1 = 32%)(1 — 2%) — z(pz?® + pz°))(1 — 2?),
P&t(z) = (1 — z(3z + 222))(1 — z2)2.

Table 3
The trivial So-module W

Se Y4 dim, W,z

A z+tz2(1 + 2)* — 223

B[p] (t —p)z*(1 + 2)*

C[r] (t—pz*(1 +2)*

c® (t—1)z2(1 + 2)2 - 223

Cc* 0

D{p] t—p)z?l + 2% + 223

p® (t — 1)z2(1 + 2)?

E[p] t—p)z2(1 + 22 + 423

E@ (t ~1)z%( + 2)% + (6 — 2¢)z°
F[pr] (t—p)z°(1 +2)* + 62°

F© (t— 1)z3(1 + 2)% + 8 — 2r)2°

Fx (t—2)z%(1 + 2)*
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For any other choice of S,, let P be the Golod DG -algebra defined in Example 2.7,
and let Fp(z) be the formal power series

Fp(Z) = Z dimkH,'(P)Zi.
i=1
Theorem 2.4 shows that Pp !(z) = 1 — zFp(z); consequently,
(1 —z*)"(1 - zFp(2)),

for Sq # F*, or S¢ = F* with chark =2,

N PR 32
Se (Z) (71_4-—223_))—(1 — zFp(z)), .

for S, = F* with chark # 2,

where m 1s given in (2.3).
In order to compute the homology of P, we decompose the subcomplex

. d2n+2 dan+1 dan
Cn . P2n+2 . P2n+1 PZn PZn* 1> (33)

for n > 0, into a direct sum of smaller complexes. The following notation is in effect
throughout this discussion. Let X@ represent the subspace of the vector space
P which consists of all k-linear combinations of the divided power monomials
XV o X where Y a; = q. If s, ...,5,€S,, then let (sy, ...,s,) be the subspace
of P spanned by all k-linear combinations of 5, ..., s,. If A and B are subspaces of P,
then AB is the subspace of P spanned by {abjac A and be B}.

Now we consider S, = C'®. Let M be the subspace (xy,x;) (X3, X4, x5) of So. The
complex C, is the direct sum of the following complexes.

Cnr: (Hx@erh (xp,x2)X™ - (X, X)X & 0

Ch.2: 0 - (X3, X4, x5)X™ - MXOTY o (xx,)(x3, X4, X5) X"
Cy3: 0 - 0 - ()XY S (X xa) ()XY
C,a: 0 - 0 N 1), €L (x5, %)X~
Crs: (yDX® - (xpx) ()XY - 0 - 0

Cas: 0 - (z3,24)X 70 - (W)X 0

C,n: MX™ 5 (x1,X2)(X3, X4, X5) X" > 0 - 0

Cogt (x1,x2) X" > 0 - 0 S (X3, Xg4,X5) X007 D
Cuo: (WpXU™D — 0 - 0 - (z3,24) X" 2

The complex C, , is exact because the subalgebra k[x,,x,]{X,X,) of P is acyclic.
If n =0, then C, , contributes [x3], [x,], and [xs] to H,(P). If n > 1, then C, , is
isomorphic to the direct sum of three copies of C,_ ; and is therefore exact. If n = 1,
then C, 3 contributes [y, ] to H,(P). If n = 2, then C,, ; is exact. We see that C, ; is
exact for i is equal to 4, 7, 8, or 9. If n > 1, then the homology at (x,x,)y; X " in
C,. s has dimension 2n — (n + 1) and the homology at (z3,z,) X" in C, ¢ has
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dimension 2n — (n — 1). Thus,

2n if 1 <n,

dimkH2n+1(P):{3 if0=n

and

0 if 2<n,

dim, H,(P) = {1 if 1=n

The equality
o n+ b 5 ZZ(a—b)
"= 4

n_§~b< a >Z T G4

for integers a and b with a > 0, is well known. It follows that
2 = 2n+1 2 2z°
Fp(z)=3z+2z*+ ) 2nz""*' =3z +¢ +(—1——22)3.
n=1 -

An analogous decomposition of (3.3) can be made for each of the other choices of
S.. In Table 4 we record where the homology of P lives without explicitly recording
the decomposition of C,. The details have been omitted, except, as an example, we
have recorded three of the summands of C, in the most complicated case; that is, when
Se = F* and chark # 2. It is easy to see that the map d,,,, is surjective in the
complex

Coy: 0222,z 2 ) XD @ (po (V)X 72
dan+y (WI)X(n—z) dap 0’

consequently, all of the homology in this complex is concentrated in position 2n + 1.
The complex

G2t 0—'}2"—”"()/1))(("71)—‘1&"()’1))(("71)@(xla~~’x5)(Y1)X("_2)
5 (s s X)) X TR @ (x1, e, x5) () X
is exact. The complex
Chs: (YOXP @ (xq, o, xs)(Y)X D
2 (xg, LX) O)X T @ (%) H(Y) X )
Sz, gt

is the tail end of the exact complex C, ., ,; consequently, it is easy to compute the
homology at position 2n + 1.

A routine calculation using Table 4 and (3.4) produces the power series Fp(z); the
result is recorded in Table 5. The proof is completed by combining Table 5 with (3.2),
(3.1), and Table 3. O
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Table 4 (part 1)
The homology in P
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Se the homology in P at has dimension H;(P)
D[p] (x4, x5) X" 2ifn=0,1ifn>1 n+1
( )X(nfl) n+1 n
Zyy s Z -
1 p p 2 p 5
n+1 n n+2
(X1X4,X1X5,X2Xg,X3X5,X3X4) X" 1) 5< 2 >—<2>_2< 2 >+1 2n
n+1 n
e XD -
02 V) p( 5 ) p<2)
D® (x4 x5) X ™ 2ifn=0,1ifn>1 2n + 1
n+1 n+2
(X1, X}y )XY 2 — +1
2 2
n+1 n
,z4) XD 2 —
(z3,24) ( 2 > <2>
n+1 n n+2
(X1X4,X1 X5, X2X4,X2X5,X3X4) X" 1 5( 5 >—(2>—2< 5 >+1 2n
()X v 1
E[p] (x4xs)X™ 2ifn=10,0ifn>1 n+ 1
(2 2)x D n+1 _(n
15 o5 Zp p 2 p 2
n+1 n+2
(1%, X3 (x4, x5) X 71 6 -2 2n
2 2
-1 n+1 n
W1y V)X P\, )P,
E@ (xax5)X™ 2iftn=0,0ifn>1 2n+ 1
. n+1 n+2
(5 o xg) (1) XD 0ifn=0q -
2 2
+3—-gifnx>1
( 2, XD n+ 1\ (n
Zg+1s - sZ2g q 2 )
(x1,%2,X3) (x4, x5) X "7 1) 2n

(y)xe-v

o(3)-(%)

lifn=1,3—gifn>=2
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Table 4 (part 1 continued)

Se the homology in P at has dimension H,(P)
F[p] (x5)X™ lifn=0,0ifn>1 n+ 1
1oz ) XD » n+2 . n+1
B 3 3
+2 n+3 n+4
(Xlsxz,xa,xa.)zx("_ll <n ) < > ( 3 > 2n
n+3
(x1,%2,X3,Xa)(x5) X"V ( > ( >
(rr ey ) XD n+2 n+1
, » 3
F (x5)X™ 1ifn=00ifnz1 n+ 1
+2 +3
(1, X2)(y ) X7 2(" : (" ; )+ nt 1

(z3,24)X° 0 2

(x1,%2,X3,Xx4)2X 71 6<n:2>_4<n;—3>+<n:4) 2n

(x1,X2,X3,X4){x5)X "7 D 4

(yl)X(nfl) n

KEY: The second row of this table should be read, “If Sq = D[p], then the homology in P at
(z4y ... ,2,)X "1 has dimension p ("3!) — p (3); furthermore, this homology contributes to H,,+(P).”

Example 3.4. Let (R, M, k) be a regular local ring. Suppose that Y, . s and X5, 5 are
matrices with entries in 9%, with X alternating. Assume that the ideal J = I,(YX) has
grade four. Let A = R/J and T, = Torg (A, k). One can compute that T, = F * for any
field k. If char k # 2, then Theorem 3.3 shows that

(1 + z*)Pr(z)

Pa) = s = 25— 23

On the other hand, the techniques of the present paper can be used to calculate the
Poincaré series P,(z) even if char k = 2. One can show that the minimal R-resolution
of A is a DGI -algebra; consequently, Theorem 3.1 yields that P,(z) = Pr(z) Pr (z). The
Poincaré series Pr,(z) is given in Table 2; an therefore,

Pr(2)

P(z) = :
a(2) (1 —4z+ 522 =223 —22% — 225+ 425 + 27 — 328 + z2°)(1 4+ 2)*
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Table 4 (part 2)
The homology in P

Se the homology in P at has dimension H(P)
F® (xs)X™ lifn=0,0ifn>1 2n + 1
+2 3
(1, %2, x3)(y) XD 3 " ("7 +1
3 3
n+2 n+1
s s X(n*l) 3 _
(24,25,26) ( 3 ) ( 3 >
+2 +3 +4
(x1,X2,x3,x4)2 X7 1) 6(" —a(" +(" 2n
3 3 3
+2 +3
(x1,%2,%3,%4) (x5) X "7 4" ("
3 3
(yl)X""“ 1
F@% (x5) X lifn=0,0ifn>=1 2n+1
2 3
(x1,x2,x3,x)(y) X"~ 0ifn=0,4(n_;_ >4<n_§ >ifn21
+2 1
(z5,26,27,2g) X" 1) 4 " ("t
3 3
2 3 4
(X1,X2,X3,X4)2 X071 6 nt -4 nt + n 2n
3 3 3
+2 +3
(X122, X3, X4) (x5) X 71 4"t ("
3 3
(y )X v lifn=10ifn>2
+3 4
F ) )X 0ifn=0,5<n4 >#<": >ifn21 M+ 1
n+3 n+2
(n=1) 5 -
(Ze» \Z10) X < 4 > ( 4 )
n+3 n+4 n+5
2yn-1) { -5 2
& o)) (V)
(y)xn lifn=1,0ifn>2
3 4
Fx, (x)y )Xy 0ifn=0,5<n: )—(": )ifnzl 2n+ 1
chark =2
n+3 n+ 2
R X(ﬂ*l) 5 _
(zs Z10) < 4 ) ( 4 )
n+3 n+4 n+5
2y -1 10 -5 2
SRE ()= ()
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Table 4 (part 2 continued)

Se the homology in P at has dimension Hi(P)
(y)xtv lifn=10ifn=2
n+3
X(n*l)
(y2) ( 4 )
n+2
f X(n~2)
(w2) < 4 )
- n+ 2
F*, Ny )X V@)Y )X 10 4 2n +1
chark # 2

3
o o1 210) X P D@ (1) V1) XD 5<"+ )

4
()X <"+1>
4
PPN n+3 B n+4 n+5
(x)2X ¢ 10( ) > 5( . ) 2n
XD @(x)(y1)(Y,)X "D 5(":]>

+1
(zos --- ,210)(},1))(("73j 5<n 4 >‘ (:>

()X D n+3
4

KEY: The second row of this table should be read, “If S¢ = F'* then the homology in P at
(x1.X2.x3)(y )XV has dimension 3("352)— ("%3) + I; furthermore, this homology contributes to
H,, . (P).” We have written (x) to mean (x,Xx,,X3, X4, Xs).

4. The Poincaré series of modules

In Theorem 3.3 we proved that the Poincaré series Pf(z) is a rational function
whenever (A4, m, k) is a codimension four almost complete intersection in which two is
a unit. In the present section, we apply Theorem 4.1, which is a new result due to
Avramov, in order to conclude that PM(z) is a rational function for all finitely
generated A-modules M.

Theorem 4.1 refers to data from two Tate resolutions. If (4, m, k) is a local ring, then
the Tate resolution X of k over A is the DG/ -algebra which is the union of the
following collection of DGI -subalgebras,

A=X0cX()s XQ2)< - .
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Table 5
The formal power series Fp(z)

Se Fp(z)
—2 4 + 5 2+ 3 _ Nz4 — 5
DIp] A (p+3)z*+pz°—(p+ Hz* —pz
1- (1—-22)°
2 3
D) siz+ 2z N —2—z+5z%+4z3 —z% - 2°
1~z (1-—2z2)3
=2+ (p+6)z® + pz* — pz* — pz°
E 2+2z+
[P] z (1*22)3
3 3
E® 2+3Z+ZZ+(3—q)z —2—z+ 622+ 2qz3 -2
1—z (1 —z%)3
"I 54 (104 p)z? + pz® — pz* — pz°
Flp] S ( p)z* + pz’ —pz* —pz
(1—2z%)*
F™® i lez4 z4 22 +z’2#5—z+1022+2rz3—25
—_ V4
2<r<4 z (=22 (1—22)*
-2 2
P -z’z+z+zz+z —5—z410z% + 1023 - 2%
(1—z%°
F* . 2+z“2—5—z+1122+102:3+z“—z5
-z z+z
chark =2 (1 —z?)°
F* *2+z'2—5+1122+523+1025+1026+z7—28
—Z
chark # 2 (1—2z%3

Each X (n) has the form
X(n)=Xn— 1Yy, ..., Y,,;d(Y) = z;),

where each Y, is a divided power variable of degree n and z,, ...,z,, are cycles in
X(n—1) which represent a minimal generating set for the kernel of
H, {(X(n-1)-> H,_(k). (In the above discussion we have viewed 4 and k as
graded algebras concentrated in degree zero.) In particular, e; = dim, m/m?. Further-
more, if A= R/l where (R,M,k) is regular local and I< 9> then
e, = dim, Torf(4,k); in other words, e, = dim,(I/IMMI). If T, is the algebra
TorZ(A4, k), then the Tate resolution X of k over T, is obtained in a similar manner; see
[16] for details. Indeed, X is the union of the DGI" -subalgebras

T.=X0=X()=c XQ) < X3 < -,
where each X (n) has the form
‘X‘:’(n) = X~(n - 1)<Y19 LRI Yé,.>s

and each Y;is a divided power variable of degree n. If the minimal resolution of 4 by
free R-modules is a DGI-algebra, then Theorem 3.1 shows that é, = e, for 2 < n.
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Theorem 4.1 (Avramov [6]). Let (R, WM, k) be a regular local ring, I = M? be an ideal
of R, A be the quotient R/I, T, be the algebra Torf(A, k), and X be the minimal Tate
resolution of k over T,. Assume that the minimal resolution of A by free R-modules is
a DGTI -algebra and that there exists an integer n and divided power variables Y, ..., ¥,
of degree n such that the DGI-subalgebra X~(n — 1Yy, ..., Y of)z is Golod. Then
the Poincaré series P¥(z) is a rational function for all finitely generated A-modules M.
In fact, there is a polynomial Den 4(z)e Z[z] with

_ (D123 e (L 2" ) (1 27

@  Pi2) e ,
m=nand r=s if nis odd,
where . .
m=n—1and r=e,_, if nis even,

(b) Den 4(z)P¥(z)e Z[ z] for all finitely generated A-modules M. O

Corollary 4.2. Let (R,M, k) be a regular local ring, and (A, m, k) be the quotient R/J,
where J is an almost complete intersection ideal of grade at most four. If two is a unit in
A, then there is a polynomial Den 4(z)e Z[z] such that Den 4(z)P¥ (z)e Z[z] for all
finitely generated A-modules M.

Proof. The Betti numbers of M are unchanged under a faithfully flat extension of A;
consequently, we may assume that k is closed under square roots. We may replace
R by R/(x) for some x eI\ M2, if necessary, in order to assume that J < M2, Let
g represent the grade of J, T, = Tor&(4, k), and t = dim(7,). If g < 3, then the result
is contained in [8]. For the sake of completeness, we recall that Den 4(z) is defined by

Den ,(z) =
(1 + 2)%(1 — 22) it g=2,
(1 +2)3(1 — 2)(1 — 22) ifg=3and t=2,
(1+2(1—-2z—3z>—(t—3)z>—2% ifg=3 and t >3 is odd, and
(A +2z)(t —z=322=(t =3)z3) if g=3 and t > 4 is even.

Now we consider the case g = 4. Write T, = Sq><W, where W is a trivial S,-module
and S, is one of the algebras from Table 1. Let P be the DGI-defined in Example 2.7.
The existence of Den 4(z) is guaranteed by Theorem 4.1 because P®j, 7, is a Golod
algebra. Furthermore, Theorem 4.1 also shows that Den ,(z) is the same as the
polynomial labeled P7}(z) in the statement of Theorem 3.3, unless S, = F*. In the
latter case

Den,(z)=(1 — 2z — 2z2 + (7 — t)z3 — 3z*

—92° + (3 —10)z®+ 227 — z8)(1 + ). O
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The following application of Corollary 4.2 is proved by appealing to [14, Theorem
4.15]. Recall our convention that an almost complete intersection is never a complete
intersection.

Corollary 4.3. Let (R,9M, k) be a regular local ring, and (A, m, k) be the quotient R/J,
where J is an almost complete intersection ideal of grade at most four. If the field of
rational numbers is contained in R, then there are infinitely many integers i > 1 for which
the cotangent module T;,(A/R, A) is not zero. O

5. Growth of Betti numbers

If M is a finitely generated module over a local ring (4, m, k), then the ith Betti
number of M is equal to

b; = dim, Tor(M, k).

The concept of the complexity of a module, which was introduced in [4, (1.1)] and
[5, (3.1)], plays a crucial role in our study of Betti number growth.

Definition 5.1. Let M be a finitely generated module over a local ring (4, m, k). The
complexity, cx 4 M, of M is equal to d, if d — 1 is the smallest degree of a polynomial
f(n)eZ[n] for which b, < f(n) for all sufficiently large n. If no such 4 exists, then
M has infinite complexity. (The zero polynomial is assigned degree — 1))

Observe that the definition of complexity is designed so that ¢x; M = 0 if and only
ifpdyM < oo;and cx, M = 1 if and only if the projective dimension of M is infinite,
but the Betti numbers of M are bounded.

Corollary 5.2. Let (R, k) be a regular local ring, and (A, m, k) be the quotient R/J,
where J is an almost complete intersection ideal of grade at most four. Assume that two is
a unit in R. Let M be a finitely generated A-module of infinite projective dimension, and
let b; represent the ith Betti number of M. Then one of the following cases occurs.

(1) The Betti numbers of M grow exponentially; that is, there are real numbers o and
Bwithl <o<fanda”<)? b <p"forall large n.

(2) The Betti numbers of M grow linearly. In this case, there are positive integers
a and b with (a/2yn — b < b, < (a/2)n + b for all large n.

(3) The Betti numbers of M are bounded. In this case, the minimal A-resolution F of
M is eventually periodic of period at most two. In fact, [ is eventually given by
a matrix factorization; that is, there exists integers b and r, a local ring (B, n), an
element x en, and b x b matrices ¢ and , with entries in B, such that x is regular
on B, B/(x} = A, ¢y = xI, = Y, and the tail F ., of F is given by

—>Ab v Ab ¢ Ab v Ab ¢ Ab

where — represents — ®gA.
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Proof. As in the proof of Corollary 4.2, we may assume that k is closed under square
roots and that J < M2, Let g = grade J, T, = Tor(4, k), and t = dim, 7T,.

If cx 4 M = oo, then [4, Proposition 2.3] shows that the Betti numbers of M grow
exponentially as described in (1). Henceforth, we assume cx 4 M < oo . Apply Proposi-
tion 2.4 in [4] to see that cx 4 M is the order of the pole P4 (z) at z = 1. In the proof of
Corollary 4.2 we identified a polynomial Den,(z) with the property that
Den 4(z)P¥(z)e Z[z]. It follows that cx 4 M is no more than the multiplicity of z = 1
as a root of Den 4(z). The value of Den 4(1) may be quickly computed. (Remember that
t > 2 because A is not Gorenstein, and ¢t > p because of the way the algebras
B[ p], ... ,F[p] are defined.) Our calculations are summarized in the following table.
(The algebra H(3,2) was introduced in the proof of Proposition 1.2.)

Ty cx, M

C* 0<ex M<2
B[t] or C[t] or H3,2) O0<cx,M<1
anything else O=cx M

The hypothesis pd , M = o0 ensures that cx (M) # 0; and therefore, 7, is equal to
one of B[t], C[t], C*, or H(3,2). Apply Proposition 1.2, Observation 1.3, and
[4, Proposition 3.4], in order to produce an almost complete intersection (B, n, k) and
a regular sequence a such that B/(a) = 4 and Deng(1) # 0. (The ring B has the form
R/J' for some almost complete intersection ideal J’ with gradeJ’ < gradeJ. The
length of a is one, unless T, = C*, in which case a has length two.) The complexity of
M, as a B-module, is finite by (A.11) of [4]; and therefore, we may repeat the above
argument in order to conclude that pdg M < oo . It follows that, in the language of [ 5],
the A-module M has finite virtual projective dimension. The rest of the conclusion
may now be read from Theorems 4.1 and 4.4 of [5]. O

Part (3) of the above result shows that the Eisenbud conjecture holds for the rings
A under consideration. Gasharov and Peeva [11] have found counterexamples to the
conjecture.

6. Golod Homomorphisms

Assume, for the time being, that A satisfies one of the hypotheses (a)—(d) from the
beginning of the paper. It is shown in [8] that the Poincaré series P¥(z) is rational for
all finitely generated A-modules. The proof consists of applying Levin’s Theorem
(see [8. Proposition 5.18]) to a Golod homomorphism C—»A for some complete
intersection C. Now, take A4 as described in Corollary 4.2. In most cases (see Corollary
6.2 for details) one can obtain the conclusion of Corollary 4.2 by using the techniques
of [8] in place of Theorem 4.1. However, if Torg(4, k) = F* and char k # 2, then, in
Proposition 6.4, we show that there does not exist a Golod map from a complete
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intersection onto A. In this case, we must use Theorem 4.1 in our proof of
Corollary 4.2.

Definition 6.1. Let f:(C,n, k) —» (A, m, k) be a surjection of local rings. Assume that
A is not a hyperplane section of C. (In other words, 4 is not of the form C/(x) for some
regular element xen\n2.) Let X be the Tate resolution of k over C. If A ®¢ X is
a Golod algebra, then fis a Golod homomorphism.

Corollary 6.2. Let (R, 9, k) be a regular local ring in which 2 is a unit, J be a grade four
almost complete intersection ideal in R, and A = R/J. Suppose that Tor&(A, k) has the
form S jo< W for some Sq from Table 1 and some trivial So-module W. (This hypothesis is
satisfied if k is closed under square roots) If S, # F©®) or F*, then there exists an
R-sequence ay, ...,a,, in J (Where m is given in (2.3)), such that the natural map
R/(ay, ... ,a,) > A is a Golod homomorphism.

Proof. The result follows from [8, Theorem 5.17] because of Example 2.7 and
[18]. O

Lemma 6.3. Let (R, IR, k) be a regular local ring, J be an ideal of R which is contained in
M2, and ay, ...,a, be an R-sequence which is contained in J. If the natural map
R/(ay, ... ,a,)— R/J is Golod, then a,, ... ,a,, begins a minimal generating set for J.

Proof. Let A = R/J and C = R/(a), where a represents ay, ...,d,. If M is a module,
then u(M) is the minimal number of generators of M. Recall that

(1 +2)° (1 + 23)e3(1 + 23)°5 -
(1 — z2)°2(1 — z*)4(1 — z%)°s ...~

Py(z) =

where e; = dimR and e, = u(J). (The deviations e; were also considered at the
beginning of Section 4.) It follows that P,(z) Pz '(z) = (1 + u(J)z% + ---). In a similar
way we see that Po(z)Pg(z)=(1 + mz? + ---). The map C-»A4 is Golod; thus
[8, (5.1)] ensures that

Py(z) = Pc(2)(1 — 2(PE(z) — 1)) (6.1)

The minimal resotution of A over C begins --- - C'—» C— A — 0, where | = u(J/(a)).
Multiply both sides of (6.1) by Pz *(z) in order to obtain

(L+pu(z2? + =)= P)Pr' (@) =1+ mz? + - ) (1L + 127 + )
=(1+m+hz2+ )
It follows that u(J)} = m + I; and the proof is complete. O

Proposition 6.4. Let (R, M, k) be a regular local ring, J < MM ? be an ideal in R, (A, m, k)
be the quotient R/J, T, = Tor&(A, k), and n = dim, Ty. Suppose that dim, T{ = (5). If
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a is an R-sequence in J with the property that the natural map C = R/(a)»A is a Golod
map, then T} = T, Ts.

Proof. Fix a minimal generating set x,, ...,x, for M. Let (IK,d) be the Koszul
complex R<X, ..., X,;d(X;) = x;) and let K = 4 ® x K. We view T, as the homo-
logy of K. Eventually, we will prove that

Z,(K)Z,(K) € Z,(K)Z5(K) + B4(K). (6.2)

If ye K, then we write 7 to mean 1 ® yeK.

According to Lemma 6.3, we may select elements yy, ...,y, in K; such that
d(y1), ... ,d(y,) is a minimal generating set for (a) and d(y;), ... ,d(Vn), ---,d(y,) 18
a minimal generating set for J. We have chosen the elements y; so that each y; is in
Z () and so that the corresponding classes [ 7], ..., [ 7,] in homology form a basis
for H,(K). The hypothesis dim, TZ = (%) guarantees that the elements

[7:7;] suchthatl <i<j<n (6.3)

are linearly independent in H,(K).
The ring C is a complete intersection; consequently,

is the Tate resolution of k over C. The hypothesis C—+A is Golod ensures that
L=K{Yy, ..o, Yo d(Y) = 3D

is a Golod algebra.

Let z, and z, be arbitrary elements of Z,(I). The fact that L is a Golod algebra
implies, among other things, that z,z, is a boundary in L; that is, there exists a € K,
a; €3 for 1 <i<m,and a;;€K, for 1 <i<j<m such that

m m
Z122=d<d+ Z o Y, + z ;Y Y+ Z “iiYi(Z)>-
i=1 1<i<j<m i=1
When this equation is expanded, we obtain a;;€ Z (K forl<i<j<m,

m

z1z, =d(a) — Z o Vi, (6.4)
i=1
i-1 m
d(ai) = Z ajifj + aii_)_),' + Z ot,-jfj for 1 < i <m. (65)
i=1 j=it1

A basis for H,(K) has already been identified; thus, there exists f;;€ K, and a,; € A for
1 <i<j<mandl <k <n,such that

o = kgl ap i + d(Bij) (6.6)



294  A.R. Kustin, S.M. Palmer Slattery | Journal of Pure and Applied Algebra 95 (1994) 271-295

for 1 < i S] < m. If 1 < i <] < m, then deﬁne O(j,- ES aija aj,-k = aijk and le' = B”
Furthermore,if m + 1 <i < norm+ 1 <j < n, then define a;;, = a;; = 0. It follows
that (6.6) holds for 1 < i,j < m and (6.5) can be rewritten as

|

dloa) =Y o7, = < A Vi + d(ﬂu)) Vi
k=1

j=1 j=1

Z (A — auj) Vey; + d < i Bijfj) . (6.7)

1<k<j<n

Use (6.3) to see that a;; — ag;em for 1 <i,j,k < n. It is not difficult to find y,-jke[Kl
such that

d(7i) = Qi — Airjs Vi + Viki = 05 Vije + Vi + Yaij = 0 for1<ijk<n

i =0form+1<i<nand | <jk<n
(Forexample, if 1 <i < j < k < n, then select y;; and y; with d(y;;) = a5 — aa;and
d(ypi) = i — G- Define  yuj = — vig — Yikis  Yiej = — Vijko and i = — Vi
Yji = — Yxij- This procedure must be modified slightly if there are repetitions among
the indices i,j, k.) It now follows from (6.7) that

dloy)=d ( DTS A D ﬁufj>;
1 <k<j<n j=1

thus, for 1 < i < m, there exists ;€ Z,(IK) such that

o= Y kit Z By + wi. (6.8)

1<k<j<n j=1
When (6.8) is combined with (6.4), we obtain

m

2,2, = d(a) — Z w; i

i=1

Line (6.2) has been established; and the proof is complete. [
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