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Abstract

We consider the nonlinear Schrodinger equation in higher dimension with Dirichlet boundary conditions
and with a nonlocal smoothing nonlinearity. We prove the existence of small amplitude periodic solutions.
In the fully resonant case we find solutions which at leading order are wave packets, in the sense that they
continue linear solutions with an arbitrarily large number of resonant modes. The main difficulty in the
proof consists in a “small divisor problem” which we solve by using a renormalisation group approach.
© 2008 Elsevier Inc. All rights reserved.

1. Introduction and results

In this paper we prove the existence of small amplitude periodic solutions for a class of non-
linear Schrédinger equations in D dimensions

vy — Av+pv=f(x, ), 2()) = |<;b(v)|2¢(v) + F(x, ®(v), (V). (1.1)

with Dirichlet boundary conditions on the square [0, 7]1P. Here D > 2 is an integer, u is a real
parameter, @ is a smoothing operator, which in Fourier space acts as

(D), = kI uy, (1.2)
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for some positive s, and F is an analytic odd function, real for real u, such that F(x, u, i) is of
order higher than three in (u, 1), i.e.

o0
Fou i)=Y Y ap p()uli?, F(—x,—u,—it) = —F(x,u,ii). (1.3)
p=4 p1+p2=p

In particular this implies that the functions a,,, ,, must be even for odd p and odd for even p.
To simplify the analysis we assume that i?*1a p1,p2(X) 1s real. Such an assumption could be
removed, see [22].

For D = 2 we do not impose any further condition on f, whereas for D > 3 we shall consider
a more restrictive class of nonlinearities, by requiring

f(x,u,ﬁ):%H(x,u,ﬁ)+g(x,12), H(x,u,u)=H(x,u,u), (1.4)

i.e. with H a real function and g depending explicitly only on u (besides x) and not on u.
Studying Hamiltonian perturbations is quite natural. In fact, we can extend the analysis to more
general perturbations by including functions depending only on i, even if we cannot provide a
physical motivation for them. This limitation is due to technical difficulties which do not occur
for D =2, where any analytic perturbation is allowed.

A particular case of (1.4) occurs when H(x,u,u) = F(x, lu|?): this is usually referred to as
the gauge-invariant case.

In general when looking for small periodic solutions for PDEs one expects to find a “small
divisor problem” due to the fact that the eigenvalues of the linear term accumulate to zero in the
space of T-periodic solutions, for any 7 in a positive measure set.

The case of one space dimension was widely studied in the 90 for nonresonant equations
by using KAM theory by Kuksin and Poshel [25,26] and Wayne [32], and by using Lyapunov—
Schmidt decomposition by Craig and Wayne [13] and Bourgain [5,9]. The two techniques are
somehow complementary. The Lyapunov—Schmidt decomposition is more flexible: it can be suc-
cessfully adapted to non-Hamiltonian equations and to “resonant” equations, i.e. where the linear
frequencies are not rationally independent (see for instance [2—4,8,20,27] and [31] in the case of
the nonlinear wave equation). On the other hand, KAM theory provides more information, for
instance on the stability of the solutions.

Generally speaking the main feature which is used to solve the small divisor problem (in all
the above mentioned techniques) is the “separation of the resonant sites.” Such a feature can be
described as follows. For instance for D = 1 consider an equation D[u] = f(u), where D is a
linear differential operator and f(u) a smooth super-linear function; let A; with k € Z* be the
linear eigenvalues in the space of T-periodic solutions, so that after rescaling the amplitude and
in Fourier space the equation has the form

Agug = & fr(u), (1.5)
with infy [Ax| = 0. The separation property for Dirichlet boundary conditions requires:

1. If |Ax| < « then |k| > Ca~% (this is generally obtained by restricting 7' to a Cantor set).
2. If both |Ax| < @ and |A;| < o then either 4 = k or |k — k| > C(min{|A|, |k|})°.
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Here §p and § are model-dependent parameters, and C is some positive constant. In the case
of periodic boundary conditions, 2 should be suitably modified.

It is immediately clear that 2 cannot be satisfied by our equation (1.1) as the linear eigenvalues
are

2
M =—on+|m 41, 0=, (nm) eZx 2P, (1.6)

so that all the eigenvalues A, ,,, with n1 =n and [m| = |m| are equal to A, ;.

The existence of periodic solutions for D > 1 space dimensions was first proved by Bour-
gain in [6] and [9], by using a Lyapunov—Schmidt decomposition and a technique by Spencer
and Frolich to solve the small divisor problem. Again the separation properties are crucial: 1 is
assumed and 2 is weakened in the following way:

2'. The sets of k € ZP*! such that |Ax| < 1 and R < |k| < 2R are separated in clusters, say C;
with j € N, such that each cluster contains at most R elements and dist(C;, Cj) > R%2,
with0 <8 <8 < 1.

Now, in order to apply Spencer and Frolich’s method, one has to control the eigenvalues of
appropriate matrices of dimension comparable to |C|. Such a dimension goes to infinity with R
and at the same time the linear eigenvalues go to zero, so that achieving such estimates is a rather
delicate question.

Recently Bourgain also proved the existence of quasi-periodic solutions for the nonlinear
Schrodinger equation, with local nonlinearities (which corresponds to s = 0 in (1.2)), in any
dimensions [10]. Still more recently in [15], Eliasson and Kuksin proved the same result by
using KAM techniques. We can also mention a very recent paper by Yuan [34], where a variant
of the KAM approach was provided to show the existence of quasi-periodic solutions: in this
version, stability of the solutions is not obtained, but, conversely, the proof rather simplifies with
respect to that given in [15].

In [18], Geng and You have proved, via KAM theory, the existence of quasi-periodic solutions
for the NLS with a nonlocal smoothing nonlinearity which does not explicitly depend on the
space variables and with periodic boundary conditions; under these assumptions they show the
existence of a symmetry, which greatly simplifies the analysis. In the case of Dirichlet boundary
condition or with nonlinearities depending explicitly on x, such as (1.3), this symmetry is broken,
so that the results of [18] do not apply to Eq. (1.1) with F depending explicitly on x and/or with
Dirichlet boundary conditions.

In this paper we give a different proof of existence of periodic solutions for the nonlinear
Schrddinger equation (1.1) with Dirichlet boundary conditions (cf. Theorem 1 below). We use the
Lyapunov—Schmidt decomposition and then the so-called (slightly improperly) “Lindstedt series
method” [19] to solve the small divisor problem. The main purpose is to establish appropriate
techniques and notation in the simplest (nontrivial) possible case which still carries the main
difficulties of the D space dimensions. This motivates our choice of Eq. (1.1), with the nonlocal
smoothing nonlinearities.

Nonlocal nonlinear Schrodinger equations appear in several contexts in physics, but not of the
form (1.1) we are considering (see, for instance, [16,28,29,35,36]). Although such equations do
not arise from any physical situation that we are aware of, the regularisation through a smoothing
function was already considered in the literature (see [1,30] and [18]), as it provides some nice
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simplifications when looking for periodic or quasi-periodic or almost-periodic solutions in PDE
problems. In our case we can take any regularisation (that is any s > 0 is acceptable). We can
remove the smoothing (so allowing s = 0), but this requires some extra work, which will be
discussed elsewhere [22].

Moreover, we are able to find periodic solutions also in some non-Hamiltonian systems and
in resonant cases (cf. Theorems 2 to 4 below) where the result was not known in the literature.
Such a result represents the main original contribution of our paper: we have preferred to start
from the simpler periodic solutions which are usually discussed in the literature (cf. Theorem 1
below) because in that case the formalism is less involved, and hence the proofs simplify in a
substantial way.

In particular in the completely resonant case (i = 0 in (1.1)) we find solutions which in
the absence of the perturbation reduce to wave packets, i.e. linear combinations of harmonics
centered around suitable frequencies — on the contrary the periodic solutions usually discussed
continue a single unperturbed harmonic. To the best of our knowledge the only results in this
direction are due to Bourgain: cf. [7] and [8], which have been the main source of inspiration
for our work. Solutions of this kind, which arise from the superposition of several harmonics,
were already discussed [21] in the one-dimensional case. Also for these solutions the higher
dimensions introduce a lot of extra difficulties. With respect to the nonresonant case, the main
additional difficulties are related to the nondegeneracy property of the unperturbed solution to
be continued. Such a property is very hard to check in general. Bourgain’s paper deals with
periodic boundary conditions, and explicitly studies the case of quasi-periodic solutions with
two frequencies in D = 2, where the nondegeneracy property is not the main point. On the other
hand, the nondegeneracy property is significantly more difficult in the case of Dirichlet boundary
conditions, and we have been able to solve completely the problem only in D = 2; we refer to
Section 8 for a more detailed discussion.

Let us now describe the general lines of the Lindstedt series approach, which were originally
developed by Eliasson [14], Gallavotti [17], and Chierchia and Falcolini [11], in the context of
KAM theory for finite-dimensional systems.

The main idea is to consider a “renormalisation” of Eq. (1.5) which can be proved to
have solutions. More precisely we consider a new, vector-valued, equation with unknowns
Uj Z={Mk2 kECj}

(Dj(w)+M;)U;j=¢eF;j(U)+L;Uj, (1.7)

where {C};en are appropriately chosen clusters (a precise definition will be given below),
D;(w) is the diagonal matrix of the eigenvalues A; with k € C;, F;(U) is the vector {fj(u):
k € C;} defined in (1.5), and M, L; are matrices of free parameters. Eq. (1.7) coincides with
(1.5) provided M; = L; forall j € N.

The aim then is to proceed as in the one-dimensional renormalisation scheme proposed in
[19] and [20]; namely we restrict (w, {M;}) to a Cantor set and construct both the solution
Uj(e,w,{Mp}) and L (e, w, {M}y}) as convergent power series in €. Then one solves the compat-
ibility equation M; = L (e, w, {M}}); essentially this is done by the implicit function theorem
but with the additional complication that L ; is defined for (w, {M}}) in a Cantor set.

We look for periodic solutions of frequency w = D 4+ u — ¢, with ¢ > 0, which continue
the unperturbed one (¢ = 0) with frequency wg = D + w. Note that the choice of this particular
unperturbed frequency is made only for the sake of definiteness: any other linear frequency would
yield the same type of results.
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For & # 0 we perform the change of variables

Veux, 1) =@ (v(x, o)), (1.8)
so that (1.1) becomes
@ Yiowu, — Au+ pu) = elu)Pu + %F(x, Jeu, Jei) =ef (x,u, i, €), (1.9)
3

with a slight abuse of notation in the definition of f.

We start by considering explicitly the case F = 0, for simplicity, so that f(x,u,u,&) =
flu,u)= |u|2u. In that case the problem of the existence of periodic solutions becomes trivial,
but the advantage of proceeding this way is that the construction that we are going to envisage
extends easily to more general f, with some minor technical adaptations.

We pass to the equation for the Fourier coefficients, by writing

u = Y g€, (1.10)

neZ, meZp

where - denotes the scalar product, so that (1.9) gives

m* (—on + mP + wnm=e Yty Unymyiingmy = Efam @, @), (111)

nj+ny—n3=n
mi+my—m3=m

and the Dirichlet boundary conditions spell
Un.m = —Un.S:(m)s Si(ej) =(1—=28G, j))e; Vi=1,...,D, (1.12)

where §(i, j) is Kronecker’s delta and S;(m) is the linear operator that changes the sign of the
ith component of m.

We proceed as follows. We perform a Lyapunov—Schmidt decomposition separating the P—Q
supplementary subspaces. By definition Q is the space of Fourier labels (n, m) such that u, ,
solves (1.11) at e = 0. If i # 0 we impose an irrationality condition on u, i.e. won — p # 0, so
that Q is defined as

Q:={(n,m eZxZ’: n=1, mj==%1Vi}. (1.13)

By the Dirichlet boundary conditions, calling V = {1, 1, ..., 1}, for all (1, m) € Q we have that
ui,m = =£u,y; see (1.12). Then (1.11) naturally splits into two sets of equations: the Q equa-
tions, for (n,m) such that n = 1 and |m| = /D, and the P equations, for all the other values of
(n, m). We first solve the P equations keeping g := u1,y as a parameter. Then we consider the
Q equations and solve them via the implicit function theorem.

We look for solutions of (1.11) such that u, , € R for all (r,m); this is possible as one can
find real solutions for the bifurcation equations in Q, and then the recursive P—Q equations are
closed on the subspace of real u,, ,,. The same condition can be imposed also in the more general
case (1.3), provided the functions i”1+1’2+1am,p2 (x) are real, as we are assuming.
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For p # 0 we shall construct periodic solutions which are analytic both in time and space,
and not only sub-analytic, as for instance in [6]. This is due to the presence of the smoothing
nonlinearity.

Theorem 1. Consider Eq. (1.9), with @ defined by (1.2) for arbitrary s > 0 and F given by (1.3)
if D=2 and by (1.3) and (1.4) if D > 3. There exist a Cantor set I C (0, wo) and a constant &y
such that the following holds. For all u € 9 there exists a Cantor set €(u) C (0, &g), such that
for all ¢ € E(u) the equation admits a solution u(x, t), which is 2 -periodic in time, analytic in
time and in space, such that

D
u(x, 1) — (2i)Pqoe’ [ [sinxi| < Ce.  qo=v D33P, (1.14)

i=1

uniformly in (x,t). The set I has full measure and for all u € M the set € = E(u) has positive
Lebesgue measure and

lim WIL (1.15)

e—07t 3

where meas denotes the Lebesgue measure.

In [22], by refining the analysis we show that the result extends to the case s = 0.
For u = 0 the following result extends Theorem 1 of [21] to the higher-dimensional case.

Theorem 2. Consider Eq. (1.9) with u =0, D > 2, @ defined by (1.2) and F given by (1.3)
and (1.4). There exist a constant &g and a Cantor set € C (0, &g), such that for all ¢ € € the
equation admits a solution u(x,t), which is 2w -periodic in time, sub-analytic in time and in
space, satisfying (1.14) and (1.15).

Remark. For u # 0 we could consider unperturbed periodic solutions with other frequencies
and we would obtain the same kind of results as in Theorem 1, with only some trivial changes
of notation in the proofs. For u = 0 and if the functions a, p, (x) in (1.3) are constant, we could
easily extend Theorem 2 to unperturbed solutions with different frequencies (as the proof of
Lemma 8.3 shows). Considering nonconstant a,, », s would require some extra work.

For D = 2 the following result extends Theorem 2 of [21].

Theorem 3. Consider Eq. (1.9) with u =0, D =2, @ defined by (1.2) and F given by (1.3) and
(1.4). Let R any interval in Ry. For N > 4 there exist sets My of N vectors in Zi and sets of
real amplitudes a,, with m € M_ such that the following holds. Define

. m\z
goe.)=—4 3 apel T sin(myxy) sin(maxa). (1.16)
meMy

There are a finite set Ko of points in R, a positive constant gy and a set € C (0, g9) (all depending
on My), such that for all s € R\ Ry and ¢ € €, Eq. (1.9) admits a solution u(x, t), which is 27 -
periodic in time, sub-analytic in time and space, such that
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lu(x, 1) —go(x, )| < Ce, (1.17)
uniformly in (x, t). Finally

meas(¢ N[0, g])
m —, =
e—071 &

1, (1.18)

where meas denotes the Lebesgue measure.

In the case D > 2 we can still find a solution of the leading order of the Q equations of the
form (1.16); however in order to prove the existence of a solution u(x, t) of the full equation we
need a “nondegeneracy condition,” namely that some finite-dimensional matrix (denoted by Jj |
and defined in Section 8) is invertible.

Theorem 4. Consider Eq. (1.9) with u =0, D > 2, @ defined by (1.2) and F given by (1.3) and
(1.4). There exist sets M of N vectors in Z_? and sets of real amplitudes a,, withm € M such
that the Q equations at € =0 have the solution

D

-m2

g0, 0)=2D" 3 ape 0 T sin(mix,). (1.19)
mEM+ i=l1

The set M. identifies a finite order matrix J1,1 (depending analytically on the parameter s). For
N > 1 if detJ1,1 =0 is not an identity in s then the following holds. There are a finite set K9
of points in R, a positive constant gy and a set € C (0, g9) (all depending on M), such that
forall s € R\ Ro and € € &, Eq. (1.9) admits a solution u(x,t), which is 21 -periodic in time,
sub-analytic in time and space, such that

lu(x, 1) —qo(x,t)| < Ce, (1.20)
uniformly in (x,t), and € satisfies the property (1.18).

The existence of periodic solutions in the completely resonant case p = 0 holds “for most
values of the parameter s.” Essentially in the proof we use that det J; 1 is not identically zero in s
(which can be explicitly proved for D = 2). Therefore it is not obvious how to extend Theorems 2
to 4 to the case s = 0 even by following the strategy in [22]. Indeed one has in principle the further
difficulty of proving that detJ; 1 # O for a given value of s, in particular for s = 0. In [22] we
have proved this result in the case of a,, p, constant. In the general case, for given sets M, one
can check such a property numerically, but of course in full generality the problem remains open.

Note that the sets M for which Theorems 3 and 4 hold are different — as the construction
given in the proof shows — from those considered by Bourgain, where all vectors in M have
the same modulus. In particular, when considering periodic solutions, in our case also in the
gauge-preserving case we find small divisor problems, contrary to what happens for the solutions
explicitly described by Bourgain.
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2. Technical set-up and propositions
2.1. Separation of the small divisors

Let us require that u is strongly nonresonant (and in a full measure set), i.e. that there exist
1> 99 > 0and 7p > 1 such that

(D4 = p—ap| > 70 Va=0.1, (np) €7, (. p)# (1, D), n#0. 21
We shall denote by 971 the set of values u € (0, ug) which satisfy (2.1). For u € 9t and &g
small enough we shall restrict € to a large relative measure set €(y) C (0, g9) by imposing the
Diophantine conditions (recall that w = D + u — ¢)

Y

Eo(y) := {8 € (0,0): lon — p| = —
nti

¥(n, p) e N? } 2.2)
for some 71 > 19+ 1 and y < yp/2; see Appendix A.l. These conditions guarantee the “separa-
tion of the resonant sites,” due to the regularising nonlinearity, for all pairs (r,m) and (n’, m’)
such that n # n’; indeed we have the following result.

Lemma 2.1. Fix so € R. For all ¢ € &y(y) if for some p > p1, n,n| € N one has

pllon—p—pul<y/2,  pPlon —pr—pul <y/2, (2.3)

then either n =ny and p = p1 or |n —ny| > piom

and n +n1 2= Byp) for some constant By.
Proof. If n — ny # 0 one has y/|n — n|" < |lwn —n1) — (p — p1)| < y/pio, so that one
obtains pi° <|n —ni|™. If n =n then [p — pi| < y/p)°, hence p = p;. Finally the inequality
n+n1 = Byp; follows immediately from (2.3), with the constant By depending on w and . 0O
Remark. Note that if 5o is small enough one can always bound Bgp; > p‘i(’/ o

We shall now use the following lemma to reorder our space index set Z” . The proof is deferred

to Appendix A.2 (see also [12,9]). Through all the paper, for any given finite set A we denote
with |A| the number of elements of A.

Lemma 2.2. For all a > 0 small enough one can write 7° = UjeN Aj such that

(i) allm € Aj are on the same sphere, i.e. for all j € N there exists p; € N such that Im|? = Dj
Vm € Aj;
(ii) Aj has d; elements such that |Aj| =d; < Clp?,for some j-independent constant C1;
(iii) for all i # j such that A; and A; are on the same sphere (i.e. such that p; = p;) one has

_ 20
" 2D+ (D +2)!D¥’

dist(A;, Aj) > Ca pf, B (2.4)

for some j-independent constant Cy;
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(iv) ifdj > 1 then for any m € A there exists m" € A such that |m —m'| < Cgpf, so that one
has diam(A ) < CCop§ P,
If D =2 one can take dj =2 for all j and B =1/3.
Remarks. (1) Essentially Lemma 2.2 assures that the points located on the intersection of the
lattice Z” with a sphere of any given radius r can be divided into a finite number of clusters,

containing each just a few elements (that is of order r*, @ < 1) and not too close to each other
(that is at a distance not less than of order #, B > 0; in fact one has 8 < ).

(2) In fact the proof given in Appendix A.2 shows that diam(A ;) < const. p;‘/ b

By definition we call A; the list of vectors m such that m; = %1 (that is p; = D). In the
following we shall take o < min{s, 1}, with s given in (1.2).

2.2. Renormalised P—Q equations
For (n, j) # (1, 1), let us define
Un,j = {un,m}meAj» (2.5)

which is a vector in R% . Recall that p = Im|* if m € A j; the equations for U, ; are then by
definition

Pion,jUn,j =€Fnj, (2.6)
where
Snj=—on+pjt+un.  Fuj={fummea;- 2.7)
We introduce the ¢-dependent
Ynj = PO, (2.8)

where the exponent s, < s will be fixed in the forthcoming Definition 2.5(iv), and we define the
renormalised P equations (for (n, j) # (1, 1)) as

P;((Sn,jl +Pj_s)21(}’n,j)Mn,j)Un,j = nFn,j + Ln,jUn,jv (2.9)

where [ (the identity), M), ; and L, ; are d; x d; matrices and xisa C *° nonincreasing function
such that (see Fig. 2 below)

{Xl(x)z 1, if|x| <y/8,

2.10
1 =0, if x| > /4, (-10)

and yj(x) <C y~! for some positive constant C (the prime denotes derivative with respect to
the argument).
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Clearly (2.9) coincides with (2.6), hence with (1.11), provided

n=Ee, )Zl()’n,j)Mn,jZLn,jy (2.11)

for all (n, j) # (1, 1). The matrices L, ; will be called the counterterms.
We complete the renormalised P equations with the renormalised Q equations

*
s
D’q = 2 : E : Unymy Uny,molng,ms + § : Uny,miUny,myUn3,m3»

ni+ny—n3=1 my+moy—m3=V ni+ny—n3=1
ni=1 m; €Ay mi+my—m3=V

2.12)

where the symbol Y * implies the restriction to the triples of (n;, m;) such that at least one has
not n; = |m;|*> = 1. It should be noticed that the second sum vanishes at = 0.

2.3. Matrix spaces
Here we introduce some notations and properties that we shall need in the following.
Definition 2.3. Let A be a d x d real-symmetric matrix, and denote with A(i, j) and A()(A)

its entries and its eigenvalues, respectively. Given a list m := {m1, ..., mg} with m; € ZP and a
positive number o, we define the norms

|Aloo := max|AG, )|, |Alom := max [AG, j)]emi V",
hisd t <

1A = — w(AT A) =

2.13
Nz (2.13)

with p depending on D. For fixed m = {m1,...,mg} € 74P we call A(m) the space of d x d
real-symmetric matrices A with norm |Als .

Lemma 2.4. Given a matrix A € A(m), the following properties hold.

(1) The norm || A|| is a smooth function in the coefficients A(i, j).
(ii) One has || A]l < |Aloo < V| Al

(ili) One has ﬁ max; A (AT A) < || A| < max; AD (AT A).

(iv) For invertible A one has

A, J)
d|| Al

dai A D)y =—AT h,DATIGL D, BaapllAl= (2.14)

Proof. Item (i) follows by the invariance of the characteristic polynomial under change of coor-
dinates.
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Items (ii) and (iii) are trivial.
The first relation in item (iv) follows by the definition of differential as

Dy f(A)[B] = 0; f(A +&B)le=0. (2.15)

Now by Taylor expansion we get Da(A) "' [B]= —A~!BA~!. The second relation is trivial. O

Remark. Note that for A symmetric one has /A (AT A) = |1 (A)].

Definition 2.5. Let {A ; };‘;1 be the partition of Z” introduced in Lemma 2.2. Fix & small enough
with respect to min{s, 1}, with s given in (1.2). Call £2 C Z x N the set of indices (n, j) # (1, 1)
such that

1 1
—§+(D+M—80)l’l<pj<(D+M)n+§. (2.16)

For ¢g small enough (2.16) in particular implies n > 0, hence 2 C N2. With each (n, j) # (1, 1)
we associate the list A; = {m(.l), cee, mj.dj)}, with d; < Cy p?‘, and a d; x d; real-symmetric

matrix M, ; € A(Aj) (see Definition 2.3), such that M,, ; =0if (n, j) ¢ £2.

(i) We call M the space of all matrices which belong to a space A(A;) for some j € N, and
for A € A(A;) weset |Al, = [Alo, 4,
(i) We denote the eigenvalues of )i(yu,;j)My,; with p‘j"vr(ll)j so that vr(ll)] < CIMy jloo <
CIM,, lo, for some constant C.
(iii) For invertible 8, ;I + p;S)Zl(yn,j)Mnyj we define x,_ ; and v, ; by setting

_ s - —1y -1

Xnj = |80+ 07 00| = | Ga il + 27 1 G DM )| (2.17)
where the norm ||A|| is introduced in Definition 2.3 — notice that v,_;, hence x, ;, depends
both on ¢ and M

(iv) We call s; =s — 2« and set s = 51/4 in (2.8).

@)

Remark. Note that the eigenvalues v, |

y /4.

are proportional to x1(yn, ), hence vanish for |y, ;| >

Lemma 2.6. There exists a positive constant C such that one has |v, ;| < CIM, jloo <
C|Mn,j|o-

PI?OOf. For notational simplicity set M, ; =M, $, j =6, pj=p,dj =d, Xy j =X, vy j =V,
V,il,)/ =v;, and define A; = § + p~*1%;, with |v;| < C|M| (see Definition 2.5(ii)). Then one
has

d —1/2
. 1 1 )
X = |8+p75+2°‘v| = (EZ—> <C11/2p°‘/2mjn|)»i| < Cll/zp“/2(|8| +p7“+°’min|vi|).
1 1

We distinguish between two cases.
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1. If there exists i = io such that |§] <2p~>*%|v; | then one obtains
12 —s54+3 _ . 12—
xgzcl/ p s+ 0[/2|vi0|+p S+30l/2m1n|vi| <4C1/ p S+2a|vi0|~
1

Therefore, if |§| < p~**t2*|v|/2 one has

P I2 < x <4C 2 p Ty | <4CC pT T M,

hence |v| < const. |M|s. If 8] > p~*+t?®|v|/2 one has, by the assumption on &,
pSt 2| /2 < 18] < 2p vy | < 4p~ST2%|v; |, and the same bound follows.
2. If |8] = 2p~*F¥|v;| foralli =1, ...,d, then one has

1 d 1 —1/2
=1§|l = =15 0( —sta ‘)’
x=| |<d ; a +51ps+avi)2> 6]+ O\ p mlaxvl

so that |[v| < const. p™*C|M|~. O

Remark. The space of lists M = {Mn,j}(n,j)eNz such that M,, ; € M (cf. Definition 2.5(i)) and
|M|s =sup, j|My,jle < oo isaBanach space, that we denote with B.

Definition 2.7. We define Dy = {(¢, M): 0 < ¢ < gy, |M|s < Coep}, for a suitable positive
constant Cg, and D (y) C Dy as the set of all (e, M) € D¢ such that ¢ € Ey(y) and

Vn,j . .
wn — (Pj +u+ p—J)’ = Y V(n,j)es2, (n,j)#(1,1), n#0, (2.18)

AN
forsome v > 19+ 1+ D.

Remark. We shall call Melnikov conditions the Diophantine conditions in (2.2) and (2.18). We
shall call (2.2) the second Melnikov conditions, as they will be used to bound the difference of
the momenta of comparable lines of the forthcoming tree formalism.

2.4. Main propositions

We state the propositions which represent our main technical results. Theorem 1 is an imme-
diate consequence of Propositions 1 and 2 below.

Proposition 1. Assume that (&, M) € ©(y). There exist positive constants co, Ko, K1, o, no, Qo
such that the following holds true. It is possible to find a sequence of matrices L € B,

Li={Ln (e, M: @}, ey (2.19)
such that the following holds.

(i) There exists a unique solution Uy, j(n, M, &; q), with (n, j) € Z x N\ {(1, D}, of Eq. (2.9)
which is analytic in n, q for [n| < no, 19| < Qo, No Q% < ¢o and such that

12

U (1, M, & q)(@)| < Inlg® Koe ™ ("1+17J] (2.20)



G. Gentile, M. Procesi / J. Differential Equations 245 (2008) 3253-3326 3265

(ii) The sequence L, j(n, &, M;q) is analytic in n and uniformly bounded for (¢, M) € D(y)
as

|L(n.e, M: )|, < Kolnlg®. (2.21)

(iii) The functions U, j(n,e, M;q) and L, j(n, &, M; q) can be extended on the set Dg to c!
functions, denoted by U,fj (n, e, M; q) and Lﬁj(n, &, M; q), such that

Ly (6. M;q) =Laj(.6.M:q), Uy (6. M;q) = Uy (n,6.M:q), (2.22)

forall (e, M) € D(2y).

(iv) The extended Q-equation, obtained from (2.12) by substituting Uy, j(n, &, M; q) with
Unh:j (n, &, M; q), has a solution g (n, &, M), which is a true solution of (2.12) for (¢, M) €
D(2y); with an abuse of notation we shall call

Urim.e,M)y=U[;(n.&,M; q"(n, e, M),

Ly j(n.e, M) =Ly :(n. &, M; q"(n, ¢, M)).

(v) The functions Ln,j (n, &, M) satisfy the bounds

ILE(m.e.M)|, <InlKi.  |0:Ly j(n.e. M| < InlKyln|' 2,
dj
3D 0w j@n LE (e M| el LKy, (2.23)
(n,j)eR2 a,b=1

with p depending on D, and one has

UE (. e, M)| < InlKye=o (Pl "), (2.24)
uniformly for (e, M) € Dy.

Once we have proved Proposition 1, we solve the compatibility equation for the extended
counterterm function Lf j (n = €, &, M), which is well defined provided we choose &g so that
&0 < 1o.

Proposition 2. For all (n, j) € 2, there exist C! functions M, j(e) : (0,80) — Do (with an
appropriate choice of Cy) such that

(i) My, j(e) verifies
1 On )M j (&) = Ly (2.6, M (@), (2.25)

and is such that
|My j(e)|, < Kae,  [0:My j(e)|, < Ka(1+ |en])In]?, (2.26)

for a suitable constant K3;
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(ii) the set A =A2y), defined as
A={eeCy): (e, M(e)) eDQ2y)}, (2.27)

has large relative Lebesgue measure, namely lim,_, o+ ¢ ' meas(2 N (0, &)) = 1.

Proof of Theorem 1. By Proposition 1(i) for all (¢, M) € ©(y) we can find a sequence
Ly, j(n, &, M) so that there exists a unique solution Uy ;(n, €, M) of (2.6) for all |n| < no, where
no depends only on y for gy small enough. By Proposition 1(iii) the sequence L, j(n, &, M)
and the solution U,_;(n, &, M) can be extended to C ! functions (denoted by er j(n, &, M) and
Unb:j(n, &, M)) for all (¢, M) € D. Moreover Lﬁj(n, &, M)=L, j(n,& M) and Ufj(n, e, M) =
U, j(n,e, M) forall (e, M) e D(2y).

Eq. (2.8) coincides with our original (2.6) provided the compatibility equations (2.10) are
satisfied. Now we fix gy < 79 so that Lﬁj(n =¢,e, M) and Ufj (n =¢, e, M) are well defined.
By Proposition 2(i) there exists a sequence of matrices M, ;(¢) which satisfies the extended
compatibility equations (2.24). Finally by Proposition 2(ii) the Cantor set 2((2y) is well defined
and of large relative measure.

For all ¢ € A(2y) the pair (¢, M(¢)) is by definition in D (2y) so that by Proposition 1(iii)
one has

Ly j(e,e, M(e)) = Lf,j (.6, M(2)), u(e, e, M(e); x,t) =u”(e, e, M(e); x,1), (2.28)

so that U, j(e, &, M(¢)) solves (2.8) for n = . So by Proposition 2(i) M(e) solves the true
compatibility equations (2.10), x1(¥n,j)Mn,j(e) = Ly, j(e, &, M(g)), for all &€ € A(2y). Then
u(e, e, M(e); x,t) is a true nontrivial solution of our (1.9) in 2A(2y). Then by setting E(u) =
2A(2y) the result follows. O

3. Recursive equations and tree expansion

In this section we find a formal solution Uy, ; of (2.9) as a power series on n; the solution Uy, ;
is parameterised by the matrices L, ;; and it will be written in the form of a tree expansion.

We assume for L, j(n,&, M) and U, j(n, &, M), with (n, j) # (1, 1), a formal series expan-
sion in 7, i.e.

o0 o0
k k
LojOe.My=Y"n*LY. U jm.e.M)=Y n*Ul. 3.1
k=1 k=1

for all (n, j) # (1, 1). Note that (3.1) naturally defines the vector components u,(,kz,,, meA;j.

By definition we set

U =(im:me A, wyv=q. UN=0 k#0, 3.2)

where V = (1, 1, ..., 1). Inserting the series expansion in (2.9) we obtain for all (n, j) # (1, 1)
the recursive equations
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x(x) x2(z) xa() Xo(x) X-1(z)

|
By, \ —
/8 7/4 /2 7 2y *

Fig. 1. Graphs of some of the C° compact support functions xj, (x) partitioning the unity. The function x (x) is given by
the envelope of all functions but x_ 1 (x).

k k k
3 Buj 1+ P77 X1 On )Mo ) UL = F“+ZL§[),U,§, " (3.3)
while for (n, j) = (1, 1) we have

q=fiv. (3.4)

In (3.3),form, € Aj, wherea =1, ...,d;, Fn(kj).(a) is defined as

(k) k k k
Foj@= ) oo ul, ul), ul), (3.5)

n,j
ki+ky+kz=k—1 nj+ny—n3=n
mi+my—ms3=mg

where each unl m, is a component of some U,Ef,"';i . Recall that we are assuming for the time being

f(u,it) = |ul*u and we are looking for solutions with real Fourier coefficients u ,.

3.1. Multiscale analysis

It is convenient to rewrite (3.3) introducing the following scale functions.

Definition 3.1. Let x (x) be a C* nonincreasing function such that x (x) = 0 if |x| > 2y and

x (x) = 11if |x] < y; moreover, if the prime denotes derivative with respect to the argument, one
has |x’(x)| < Cy~! for some positive constant C. Let x;(x) = x(2"x) — x (2" 1x) for h >0,

and x_1(x) =1 — x(x); see Fig. 1. Then

I=x 1)+ Y xn@) =Y xn(x). (3.6)

h=0 h=-—1
‘We can also write

I'=X1() + xo(x) + x-1(x), 3.7
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xi(z)

Xo() X-1(z)
7/|8 7‘/4 W/I2 *

Fig. 2. Graphs of the C* functions partitioning the unity x_1 (x), xo(x) and x1 (x).

with ¥1(x) = x(8x) (cf. (2.8) and Fig. 2), ¥—1(x) = 1 — x(4x), and jo(x) = x2(x) = x (4x) —
X (8x).

Remark. Note that yj(x) # 0 implies 27"~y < |x| <27y if h >0and y < |x| if h = —1.
In particular if y;(x) # 0 and x; (x) # 0 for h # k' then |h — 1| = 1.

Definition 3.2. We denote (recall (2.17) and that s| = s — 2a)

Vn,j
Sn.j+ —r |
J

Xn,j Exn,j(é‘, M) = (3.8)

Forh=-1,0,1,2,...,00and i = —1,0, 1 we define G, 5, (e, M) as follows:

(i) fori =—1,0, we set G, j 5, =0 for h # —1 and G, j —1,; =0 for all (¢, M) such that
Xi n,j) =05
(ii) similarly we set G, j 5,1 = 0 for all (¢, M) such that x;(x,, ;) = 0;
(iii) otherwise we set
- -1
Xl()’n,j)Mn,j> Ci—_1.0,

Gn.j—1i = XiOn,j)p;" (8,1,]-[ + -
J

(3.9)

- ~1
Xl(yn,j)Mn,j
73, 5 h>_1.

Gn,ji :)_(l(yn,j)Xh(xn,j)pj_S <5n,j1+ »
J
Then Gy, ; ;i will be called the propagator on scale h.

Remarks. (1) If pj‘v,(,l)J are the eigenvalues of x1(yn,j)M,, ; (cf. Definition 2.5) one has by
Lemma 2.4

min|8, j + p; v | <xj < min /dj[8.j + pi e, (3.10)
1
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so that 8, ;1 + pj_‘v)h (Vn,j)My,; is invertible where G, j 5.; (e, M) is not identically zero; this
implies that G,,_j 5,i (¢, M) is well defined (and C°) on all ® (as given in Definition 2.7).

(2) If i = —1,0, then for (¢, M) € D¢ the denominators are large. Indeed i # 1 implies
|va,j| = v /8, hence |8, j1 > p; /8, whereas | p; "' vy j| < p; ' CColeol < const. p; e in Do
(with C as in Lemma 2.6 and Co as in Definition 2.7), so that x,, j = |5, ; + pj_s1 Vn,jl 2 |8n,1/2.
Then

X1, ) M ;Y\~
|an—1:|oo—Pj <8nj1+#)
P 00
12 —s+a/2 Vn,j | 172 —s+a/2+s _
< Pp R s, L <20 Ppt Ry, !
J
16 _
<P (3.11)
14

where we have also used Lemma 2.4(ii).
(3) Notice that G, j, —1,—1 is a diagonal matrix (cf. (3.9) and notice that X1 (¥, ;) X1 (Vn,;) =0
identically).

Inserting the multiscale decomposition (3.6) and (3.7) into (3.3) we obtain

(k) (k)
Uy = Z Z Ui (3.12)

i=—1,0,1 h=—1
with
00 k—
k k . k
U i = G jni FY + 8. 1) G ( > ZLEH LU u> (3.13)
hi=—1i1=0,1 r=1
where 8(i, j) is Kronecker’s delta, and we have used that # = —1 for i # 1 and written

(r) Z X](yn ])Xh(xn ])Ln e (3.14)
h=—1

with the functions L,(f)j p o be determined.

3.2. Tree expansion

Eq. (3.13) can be applied recursively until we obtain the Fourier components u,(lkzn as (formal)

polynomials in the variables G, ;5 ;, ¢ and L( ) . With 7 < k. It turns out that uflz,, can be
written as sums over frees (see Lemma 3.6 below) 'defined in the following way.

A (connected) graph G is a collection of points (vertices) and lines connecting all of them. The
points of a graph are most commonly known as graph vertices, but may also be called nodes or

points. Similarly, the lines connecting the nodes of a graph are most commonly known as graph
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.\\\
.4:\\

Fig. 3. Example of an unlabelled tree (only internal nodes with 1 and 3 entering lines are taken into account, according
to the diagrammatic rules in Section 3.3).

edges, but may also be called branches or simply lines, as we shall do. We denote with V (G) and
L(G) the set of nodes and the set of lines, respectively. A path between two nodes is the minimal
subset of L(G) connecting the two nodes. A graph is planar if it can be drawn in a plane without
graph lines crossing.

Definition 3.3. A tree is a planar graph G containing no closed loops. One can consider a tree
G with a single special node vy: this introduces a natural partial ordering on the set of lines and
nodes, and one can imagine that each line carries an arrow pointing toward the node vy. We can
add an extra (oriented) line £¢ exiting the special node vp; the added line will be called the root
line and the point it enters (which is not a node) will be called the root of the tree. In this way we
obtain a rooted tree 6 defined by V (0) = V(G) and L(0) = L(G) U £y. A labelled tree is a rooted
tree 6 together with a label function defined on the sets L(9) and V (6).

We shall call equivalent two rooted trees which can be transformed into each other by contin-
uously deforming the lines in the plane in such a way that the latter do not cross each other (i.e.
without destroying the graph structure). We can extend the notion of equivalence also to labelled
trees, simply by considering equivalent two labelled trees if they can be transformed into each
other in such a way that also the labels match. An example of tree is illustrated in Fig. 3.

Given two nodes v, w € V(0), we say that w < v if v is on the path connecting w to the root
line. We can identify a line with the nodes it connects; given a line £ = (v, w) we say that £ enters
v and exits (or comes out of) w. Given two comparable lines £ and £1, with £; < £, we denote
with P (€1, £) the path of lines connecting £ to £; by definition the two lines ¢ and ¢; do not
belong to P (£, £). We say that a node v is along the path P (£, £) if at least one line entering or
exiting v belongs to the path. If P(£1, £) = @ there is only one node v along the path (such that
£ enters v and £ exits v).

In the following we shall deal mostly with labelled trees: for simplicity, where no confusion
can arise, we shall call them just trees.

We call internal nodes the nodes such that there is at least one line entering them; we call
internal lines the lines exiting the internal nodes. We call end-points the nodes which have no
entering line. We denote with L(0), Vp(6) and E(0) the set of lines, internal nodes and end-
points, respectively. Of course V(0) = Vp(0) U E(6).
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Fig. 4. Labels associated to the nodes and lines of the trees. (a) The line £ exits the end-point v: one associate with £
the labels iy, hg, ny and my, and with v the labels ny, my and ky, with the constraints iy = —1, hy = —1,np =ny =1,
my =my € Ay, ky =0. (b) The line £ exits the node v with s, = 3: one associate with ¢ the labels iy, hy, ng, jo, my,
m’y, ag, by, and with v the label ky, with the constraints (ng, jg) # (1, 1), mg = Aj, (ag), my = Aj, (bg), ky = 1. (c) The
line ¢ exits the node v with s, = 1: one associate with ¢ the labels iy, hy, ny, jo, my, mz, ay, by, and with v the labels
ky, ay, by, jy and ny, with the constraints (ng, jo) # (1, 1), mg = Aj,(ap), m% =4, (be), ky =1, ay =by, by =ay,,
ng =ny,, je = je, - Other constraints are listed in the text.

3.3. Diagrammatic rules

We associate with the nodes (internal nodes and end-points) and lines of any tree 6 some
labels, according to the following rules; see Fig. 4 for reference.

(1) For each node v there are s, entering lines, with s, € {0, 1, 3}; if s, = 0 then v € E(0).

(2) With each end-point v € E(6) one associates the mode labels (n,, m,), with m, € A1 and
ny = 1. One also associates with each end-point an order label k, = 0, and a node factor
ny = £q, with the sign depending on the sign of the permutation from m, to V: one can
write 17, = (—1)"™=V1/24 where | x| is the /;-norm of x.

(3) With each line ¢ € L(#) not exiting an end-point, one associates the index label j, € N and
the momenta (ng,me, m}) € Z x ZP x ZP such that (ng, je) # (1,1) and m¢, m), € Aj,.
One has p;, = Img|? = |m;3|2 (see Lemma 2.2(ii) for notations). The momenta define
ag,beefl,...,dj},withd;, =]A;,| < Clp‘;{@, such that my = Aj,(ar), m/e =Aj,(by).

(4) With each line £ € L(0) not exiting an end-point one associates a type label iy = —1,0, 1.
Ifi, = —1 then my =m/l.

(5) With each line £ € L(f) not exiting an end-point one associates the scale label 1, € N U
{—1,0}. If ip =0, —1 then hy = —1; if two lines £, £’ have (n¢, j;) = (ng, ji), then |ip —
igr| <1 and if moreover iy =iy = 1 then also |hy — hy| < 1.

(6) If £ € L(0) exits an end-point v then hy = —1, iy = —1, jo=1,ny =1 and my = m,,.

(7) With each line £ € L(0) except the root line one associates a sign o (£) = %1 such that for
all v € Vy(0) one has

1= Z o (0), (3.15)

teL(v)

where L(v) is the set of the s, lines entering v. One does not associate any label o to the
root line £.

(8) If sy =1 the labels ny,, j¢, of the line entering v are the same as the labels ng, j, of the line
¢ exiting v, and one defines j, = j¢, a, = by, b, = ay,. One associates with such v an order
label k,, € N and with £ a type label iy = 1.

(9) If s, =3 then k, = 1. If £ is the line exiting v and €1, £2, £3 are the lines entering v one has
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ng=o{ng +oW)ng, +o(l3)ng = Z o()ny (3.16)
UeL(v)
and
my =0 )mg, + 0 )mye, + 0 {l3)me, = Z o (ymy, (3.17)
UeL(v)

with L(v) defined after (3.15).
(10) With each line £ € L(6) one associates the propagator

8t = Gng,j(,h[,ig(aev b()’ (318)

if £ does not exit an end-point and g = 1 otherwise.
(11) With each internal node v € V((0) one associates a node factor n, such that n, = 1/3 for
ky
sy =3 and n, = Lfm}k’h[(av, by) for s, = 1.
(12) Finally one defines the order of a tree as

k(0) = Z ky. (3.19)

VeV ()

Definition 3.4. We call © ) the set of all the nonequivalent trees of order k defined according to
the diagrammatic rules. We call @,(,k,)n the set of all the nonequivalent trees of order k and with
labels (n, m) associated to the root line.

Lemma 3.5. For all 8 € ®% and for all lines £ € L(6) one has |n¢|, |mq], |m%| < Bk, for some
constant B.

Proof. By definition of order one has |Vy(0)| < k and by induction one proves |E(0)| <
2|Vp(0)| + 1 (by using that s, < 3 for all v € V((0)). Hence |E(0)| < 2k + 1. Each end-point v
contributes n, = £1 to the momentum n, of any line ¢ following v, so that |ny| < 2k + 1 for all
lines £ € L(0).

Let 6y be the tree with root line ¢ and let k(6;) be its order. Then the bounds |mg]|, |m2| <
2k(6¢) + 1 can be proved by induction on k(6;) as follows. If v is the internal node which ¢ exits
and s, = 3, call £1, £, £3 the lines entering v (the case s, = 1 can be discussed in the same way,
and it is even simpler) and for i =1, ..., 3 denote by 6; the tree with root line ¢; and by k; the
corresponding order. Then k1 + k2 + k3 = k(6;) — 1, so that by the inductive hypothesis one has

3
my=me, +mey,+mey, = |my| <Y (ki +1) <2k(B) + 1,

i=1
and hence also |m¢| = |m}| <2k(6¢) +1. O

The coefficients u,(ffn can be represented as sums over the trees defined above; this is in fact

the content of the following lemma.
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(k1,m1,m1)

(k,n,m) (k2, mo, mo) (K1, m,m)
(ky,n,m' my)
e @, e
(h,i,n,m,m’) (h,1,n,m,m’)
(k3,n3,m3)

Fig. 5. Graphical representation of (3.20); the sums are understood; note that > i o(ljym;= m’ in the first summand
and ky + k; = k in the second summand.

()

Lemma 3.6. The coefficients u,, ,, can be written as

Z Val(9), (3.20)

0€O;

where

Val(9)=< I1 gg)( I1 n,,). (3.21)

teL(6) veV ()

Proof. The proof is done by induction on k > 1. For k = 1 it reduces just to a trivial check.
Now, let us assume that (3.20) holds for k' < k, and use that uf,ozn = qgé(n,1) -
]_[i';l (£8(@m;, £1)). If we set m = A j(a), we have (see Fig. 5)

00 dj
=2 2 2 Gnjni@d) 3 Y Em

h=—1i=-1,0,1 b=1 ki+ky+k3=k ni+ny—n3=n
mi+my—m3=A;(b)

+ Z Z G juh1 (@, b)ZLn,h(b By uy A (3.22)

h=—1b,b'=1

Consider a tree 0 € @(k) such that m = Aj(a), sy, =3 and hg, = h, if £ is the root line of 6 and
vg is defined in 3.3. Let 61, 05, 63 be the sub trees whose root lines ¢1, £», £3 enter vg. By (3.15)
one has Z?:l o(ljymg; = m’eo, with mjzo = A(b) for b = by,. Then we have

Val(0) = Gy, j n,i(a, b) Val(61) Val(6,) Val(63), (3.23)

and we reorder the lines so that o (¢3) = —1, which produces a factor 3.
In the same way consider a tree 6 € @,(,kzn such that m = Aj(a), sy, =1 and hy, = h, with
the same notations as before. Let 6; be the sub-tree whose root line £ enters vg. Set ky, =r,

My, = Aj(b), mgo = A;(b'), where b = by, and b’ = ay,. Then
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Val(6) = G, j.n.1(a, b)ij}, (b, b)) Val(9y), (3.24)

s

so that the proof is complete. O
3.4. Clusters and resonances

In the preceding section we have found a power series expansion for Uy, ; solving (2.9) and
parameterised by L, ;. However for general values of L, ; such an expansion is not convergent,
as one can easily identify contributions at order k which are O (k!%), for a suitable constant &.
In this section we show that it is possible to choose the parameters L, ; in a proper way to
cancel such “dangerous” contributions; in order to do this we have to identify the dangerous
contributions and this will be done through the notion of clusters and resonances.

Definition 3.7. Given atree 0 € (H),(lk,),, a cluster T on scale h is a connected maximal set of nodes
and lines such that all the lines £ have a scale label < /4 and at least one of them has scale A;
we shall call A7 = h the scale of the cluster. We shall denote by V(T), Vo(T) and E(T) the set
of nodes, internal nodes and the set of end-points, respectively, which are contained inside the
cluster 7', and with L(7) the set of lines connecting them. Finally k7 = 3y ) ky will be called
the order of T'.

Therefore an inclusion relation is established between clusters, in such a way that the inner-
most clusters are the clusters with lowest scale, and so on. A cluster 7' can have an arbitrary
number of lines entering it (entering lines), but only one or zero line coming out from it (exiting
line or root line of the cluster); we shall denote the latter (when it exists) with EIT. Notice that by
definition all the external lines have iy = 1.

Definition 3.8. We call 1-resonance on scale h a cluster T of scale i = h with only one entering
line £7 and one exiting line EIT of scale hgf) > h + 1, with |V(T)| > 1 and such that

(i) one has

— > 7=/t /
nle Negp =2 , mZ,T

€Aj, . (3.25)

(ii) if for some £ € L(T) not on the path P(¢r, KlT) one has ng =ny,, then jy # jo,.

We call 2-resonance a set of lines and nodes which can be obtained from a 1-resonance by setting
ig; =0.

Finally we call resonances the 1- and 2-resonances. The line EIT of a resonance will be called
the root line of the resonance. The root lines of the resonances will be also called resonant lines.

Remarks. (1) A 2-resonance is not a cluster, but it is well defined due to condition (ii) of the 1-
resonances. Indeed, such a condition implies that there is a one-to-one correspondence between
1-resonances and 2-resonances.

(2) The reason why we do not include in the definition of 1-resonances the clusters which
satisfy only condition (i), i.e. such that there is a line £ € L(T) \ P({r, EIT) with ny =ny, and
Je = Jjeg, s that these clusters do not give any problems and can be easily controlled, as will
become clear in the proof of Lemma 4.1; cf. also the subsequent Remark (1).
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n, j,m, he,

Fig. 6. Example of resonance 7'. We have set J(Zl =j.,n, =n, m' | =m, my, =m,so that ng, =n and jg, = j,
b

4
T
by (3.25). Moreover, if hy = h is the scale of T, one has hy, > h + 1 by definition of cluster and 1 = h(e) >h+1

by definition of resonance. For any line £ € L(T') one has hy < h and there is at least one line on scale h. The path
P, ZT) consists of the line £1. If ng, =n then jg, # j by the condition (ii).

(3) The 2-resonances are included among the resonances for the following reason. The
1-resonances are the dangerous contributions, and we shall cancel them by a suitable choice
of the counterterms. Such a choice automatically cancels out the 2-resonances.

An example of resonance is illustrated in Fig. 6. We associate a numerical value with the
resonances as done for the trees. To do this we need some further notations.

Definition 3.9. The trees 6 € R(k) with n > 20=2/7 and (n, j) € £2 are defined as the trees
0 eco® with the following modiﬁcations:

h,n,m
(a) there is a single end-point, called e, carrying the labels n., m, such that n, =n, m, € A;; if
£, is the line exiting from e then we associate with it a propagator g,, = 1, a label m,, = m,
and a label oy, € {+1};
(b) the root line £y has ig, =1, ng, = n and m’eo € A; and the corresponding propagator is
=1
(C) one has maX(EL(Q)\{ZO’gE} hg =h.

A cluster T (and consequently a resonance) on scale Ay < h for 6 € R(k) . is defined as a
connected maximal set of nodes v € V (6) and lines £ € L(0) \ {£o, £¢} such that all the lines ¢
have a scale label < A7 and at least one of them has scale /7.

We define the set R*) as the set of trees belonging to ’R;lkzl j for some triple (4, n, j).

Remark. The entering line £, has no label ¢,» While the root line has no label . Both carry
no scale label. Recall that by the dlagrammatlc rule (7) the root line £g has no o label.
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Fig. 7. We associate with the resonance T (enclosed in an ellipse and such that m = A (a), m' = Aj(b), my, m/1 €Aj)
the tree 67 € Rj p, ;. and vice versa.

Lemma 3.10. Let B be the same constant as in Lemma 3.5. For all 6 € ’R;lkil] and for all £

not in the path P(Le, £o) one has |n¢| < Bk and |my|, |m}| < Bk. For £ on such a path one has
minf|ny — nel, ne +nel} < Bk.

Proof. For the lines not along the path P = P(£,, £¢) the proof is as for Lemma 3.5. If a line £ is
along the path P then one can write ny = ng +n,, where n? is the sum of the labels +n, of all the
end-points preceding £ but e. The signs depend on the labels o (¢) of the lines £’ preceding ¢;
in particular the sign in front of n, depends on the labels o (£') of the lines ¢’ € P(£,, £), in
agreement with to (3.16). Then the last assertion follows by reasoning once more as in the proof
of Lemma 3.5. O

The definition of value of the trees in R*) is identical to that given in (3.21) for the trees
in©®.

Let us now consider a tree 6 with a resonance T whose exiting line is the root line £¢ of 8, let
(k)

01 be the tree atop the resonance. Given a resonance T, there exists a unique 0r € Rh’n’ I with
n=ny,, j = je, and h = hr, such that (see Fig. 7)
Val(0) = g, Val(6r) Val(61), (3.26)

so that we can call, with a slight abuse of language, Val(07) the value of the resonance T'.

3.5. Choice of the parameters Ly ;

With a suitable choice of the parameters Ly ;j the functions u,(fz,, can be rewritten as sum

over “renormalised” trees defined below.

defined as the trees in (H),(lk,),, with

no resonances nor nodes with s, = 1. In the same way we define R%(’)h’ e We call R%(,)h, n.j(@s b)

j
the set of trees 0 € R%C?h’n’ j such that the entering line has m, = A ;(b) while the root line has

m/eo = Aj(a). Finally we define the sets @}(ek) and R%‘) as the sets of trees belonging to ®§?k,)n,m

. (k) .
for some n, m and, respectively, to RR,h,n’j for some A, n, j.

Definition 3.11. We define the set of renormalised trees @(k)

R.,n,m
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We extend the notion of resonant line by including also the lines coming out from a node v
with s, = 1. This leads to the following definition.

Definition 3.12. A resonant line is either the root line of a resonance (see Definition 3.8) or the
line exiting a node v with s, = 1.

The following result holds.

Lemma 3.13. For all k, n, m one has

ulb) = Z Val(), (3.27)
96@1(?,(,)",5'”

provided we choose in (3.14)

Lff},h(a,b)z— y Yo val®), (e,

hy<h—1 eeR;kfhl,n’j(a,b) (3.28)
k .
LY @ b)=0, (0, j)¢,
where R%C,)hl,n,j (a, b) is as in Definition 3.11.

Proof. First note that by definition L, j , = 01if (n, j) ¢ §2. We proceed by induction on k. For
k=1(3.28)holds as ©') = @\") . Then we assume that (3.28) holds for all » < k. By (3.13)

R.,n,m
& AL T
one has Un,j,h,i =G, jhn,i Fn’jfort =—1,0, and

00 k—1
® _oo ‘ ") k=)
Un’j,h’l—Gn,/,h,an)j-i-Gn,‘/,h,l( oy ZLn,j)hUn’j’hz)iz), (3.29)
hy=—1i=1,0 r=1

where Frfkj) is a function of the coefficients uf[/ 3“,
"

n',m

with r’ < k. By the inductive hypothesis each

u, , can be expressed as a sum over trees in @g;, .- Lherefore (Gn,j)h)iFn(k]).)(a) is given

by the sum over the trees 6 € @,5",31, with m = Aj(a) and sy, = 3 (vp is introduced in Defini-
tion 3.3), such that only the root line £( of 6 can be resonant. Note that £( can be resonant only if

i =ig, = 1.If £ is nonresonant then 6 (H)I(ijhm, so that the assertion holds trivially for i # 1.

For i =1 we split the coefficients of G, ;, h,lF,ikj)- as sum of two terms: the first one, denoted

Gn,j,h,lJ,ff‘J)., is the sum over all trees belonging to Og , ,, for m € A; with s,, = 3 and the
second one is sum of trees with value

Val(0) = g, Val(67) Val(6)), (3.30)

with 07 € R%!)hl’n,j and 01 € G)I(ek_r) with m" = A (b) for some r and some b; by definition of

n,m’
resonance we have iy <h — 1.
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We get terms of this type for all 67 and 6; so that

d_,' 00 k—1
Rpo=iior Y ¥y Y (¥ we)ulipe. e

b=l ==l =10 r=1 h<h=1"geR()  (a.b)

where the sum over 71 < h — 1 of the terms between parentheses gives —L,(:)J (@, b) by the first
line in (3.28) Therefore all the terms but Jn(kj) (a) in (3.31) cancel out the term between parenthe-

ses in (3.29), and only the term Gy, j, i Jrfkj) (a) is leftin (3.29). On the other hand G, j 1, J,Skj) (a)

is by definition the sum over all trees in @g()n.m, so that the assertion follows also fori =1. O

Remarks. (1) The proof of Lemma 3.13 justifies why we included into the definition of reso-
nances (cf. Definition 3.8) also the 2-resonances, even if the latter are not clusters. Indeed in
(3.29) we have to sum also over ip = 0.

(2) Note that Val(0) is a monomial of degree 2k + 1 in g for 6 € ®
(k)

R.nm*

(k)

R.n.m» and it is a monomial

of degree 2k in g for 0 € ®

In the next section we shall prove that the matrices Lflk; , are symmetric (we still have to show
that the matrices are well defined). For this we shall need the following result.

Lemma 3.14. For all trees 6 € Rg pn,j(a,b) there exists a tree 0y € Rg p.n, (b, a) such that
Val(9) = Val(6,).

Proof. Given a tree 6 € Rgjn, j(a,b) consider the path P = P(L., {p), and set P =

{€1,...,en}, with £o > £y > --- > €y > €n41 = L.. We construct a tree 01 € Ry pn,j (b, a)
in the following way.
1. We shift the oy labels down the path P, so that oy, — oy, fork =1,..., N, £o acquires

the label oy, , while £, loses its label oy, (which becomes associated with the line £ ).

4. For all the lines £ € P we exchange the labels m,, m, so that my, — m’ek, m’gk — my, for
k=1,..., N, while one has simply m;io — my, and mg, — m% for the root and entering lines.

3. For any pair £1(v), £2(v) of lines not on the path P and entering the node v along the path,
we exchange the corresponding labels oy, i.e. 0¢, (v) = 0¢,v) and o¢, () = 04, (v)-

2. The line £, becomes the root line, and the line £y becomes the entering line.

As a consequence of item 2 the ordering of nodes and lines along the path P is reversed (in
particular the arrows of all the lines £ € P U {{7, ZIT} are reversed). On the contrary the ordering
of all the lines and nodes outside P is not changed by the operations above. This means that all
propagators and node factors of lines and nodes, respectively, which do not belong to P remain
the same.

Then the symmetry of M, hence of the propagators, implies the result. O

4. Bryuno lemma and bounds

In the previous section we have shown that, with a suitable choice of the parameters L, ;,

we can express the coefficients u,(fz,, as sums over trees belonging to @I(Qk)n - We show in this
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section that such an expansion is indeed convergent if n is small enough and (g, M) € D(y) (see
Definition 2.7).

4.1. Bounds on the trees in @ng)

Givenatree 8 € ®%  we call &9, y) the set of (e, M) € D¢ such that for all £ € L(0) one

R.,n,m>
has
27he Yy gy jl K270y g #£ -1,
4.1)
|xnz,jz|>y9 h€=_17
with x, ; defined in (2.17), and
|V, in] <272 ip=1
Yng,jel & Y, V4 s
273y <yngje | <271y, ie =0, 4.2)
272y <Vngjels ig=—1,

with y, ; defined in (2.8). In other words we can have Val(9) # 0 only if (¢, M) € &(8, y).
We call ©(9, y) C Dy the set of (¢, M) such that

14
o= ——, 4.3
|xng,je| Ine|? 4.3)
for all lines £ € L(0) such that iy = 1, and
14
18n,.je — 811/51 2Jey | 4.4)

z—,
|I’l( - n@] |‘E

for all pairs of lines £1 < £ € L(0) suchthatng # ng,,i¢,ig, =0, 1 and ]_[5,67;([]’5) oc(lNo) =1
(the last condition implies that [ny — ng, | is bounded by the sum of |n,| of the nodes v preceding
£ but not £1). This means that ®(0, y) is the set of (¢, M) verifying the Melnikov conditions
(2.2) and (2.18) in 6.

In order to bound Val(8) we will use the following result (Bryuno lemma).

Lemma 4.1. Given a tree 6 € @,(Qk,)n’m such that ®(0,y) N &(0, y) # 0, then the scales hy of 0
obey

Ny (6) < max{0, ck(6)2@MP/T — 1}, (4.5)

where Nj(0) is the number of lines £ with iy = 1 and scale hy greater or equal than h, and c is
a suitable constant.

Proof. For (¢, M) e ®(0,y) N &(6, y) both (4.1) and (4.3) hold. Moreover by Lemma 3.5 one
has |n| < Bk(9). This implies that one can have Nj,(6) > 1 only if k(9) is such that k(0) > ko :=
B~ 12(=D/T Therefore for values k() < ko the bound (4.5) is satisfied.

If k() > ko, we proceed by induction by assuming that the bound holds for all trees
6’ with k(0') < k(0). Define Ej, := ¢~ 12-2tMB/T: 50 we have to prove that Nj(0) <
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max{0, k(0)E, - 1}. In the following we shall assume that c is so large that all the assertions
we shall make hold true.

Call £( the root line of 6 and ¢4, ..., £,, the m > O lines on scale > h — 1 which are the closest
to {p and such that iy, =1fors=1,...,m.

If the root line £¢ of 0 is on scale < A then

Nw(0) = Nu(6), (4.6)

i=1

where 6; is the sub-tree with ¢; as root line.

By construction N,_1(6;) > 1, so that k(6;) > B~12h=2)/7 and therefore for ¢ large enough
(recall that 8 < o < 1) one has max{0, k(t9,')Eh_1 —1}= k(9,~)Eh_l — 1, and the bound follows
by the inductive hypothesis.

If the root line £¢ has i¢, = 1 and scale > h then £1, ..., £, are the entering line of a cluster 7'.

By denoting again with 6; the sub-tree having ¢; as root line, one has

Nw(0) =1+ Niy(6), “.7)
i=1

so that, by the inductive assumption, the bound becomes trivial if either m =0 or m > 2.

If m = 1 then one has a cluster T with two external lines KIT = ¢y and £7 = £1, such that
he¢, 2 h — 1 and hy, > h. Then, for the assertion to hold in such a case, we have to prove that
(k(O) — k(@l))Eh_1 > 1.For (e, M) € G0, y) ND(H, y) one has

min{|ng, |, [ng, |} >20~2/7, (4.8)

and, by definition, one has ig, = i;; =1, hence |ynlo,j[0 [, |y,,el ey | < y/4 (see (4.2)), so that we
can apply Lemma 2.1.
We distinguish between two cases.

1. If ngy #ny,, by Lemma 2.1 with so = s> (and the subsequent Remark) one has

|ng, £ ng, | > const. min{|ng0|, Ine, |}S2/Tl > const. min{|ngo|, |ne, |}SZ/T

2
> const. 229/ > F,

where we have used that s,/ 2> B/t for a small enough. Therefore B(k(0) — k(61)) >
ming—+ |ne, + ang,| > Ep.

2. If ng, = ny,, consider the path P =P ({1, £9). Now consider the nodes along the path, and
call ¢; the lines entering these nodes and 6; the sub-trees which have such lines as root lines.
If m; denotes the momentum label m,, one has, by Lemma 3.5, |m;| < Bk(6;).

Call Z:the line on the path P U {£,} closest to £y such that i; # —1 (that is all lines £ along the
path P(¢, £y) have iy = —1).
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2.1. If |n;| < |ng,|/2 then, by the conservation law (3.16) one has k(8) — k(61) > B! |ngl/2 >
Ej.
2.2. If |ng| = |ng,|/2 we distinguish between the two following cases.

2.2.1. If n; # ngy (= ny,) then by Lemma 2.1 and (4.2) one finds

. ;- —g )¢ 2
Inj £ ng,| > const. minf|nj|, |ngo|}”/f > const. 2752/T2(h=2% /7 S B,
2.2.2. If n; =ny, then we have two further sub-cases.

2.2.2.1. If jg, # jj, then [mj — m/eol > Cgpf[ 2 Clnyg, |/3, for some constant C. For all the lines
0

¢ along the path P(£, £o) one has iy = —1, hence m; = m/, (cf. Remark (3) after Defi-
nition 3.2), so that |m; — m20| < Y Imi| < B(k(0) — k(61)), and the assertion follows
once more by using (4.8).

2.2.22. If jy, = jj theni; = 0 because h; < h —2 and one would have |h; —h| = |h; — hg,| < 1
if i; = 1. As 2-resonances (as well as 1-resonances) are not possible there exists a line
¢’ (again with iy = 0 because hy < h — 2), not on the path P(L, £o), such that j = Jeo
and |ng| = |ng| > 2(h=2)/7. ¢f. condition (ii) in Definition 3.8. In this case one has
k(®) = k(@) > B~ Ing| > Ej.

This completes the proof of the lemma. O

Remarks. (1) It is just the notion of 2-resonance and property (ii) in Definition 3.8, which makes
nontrivial case 2.2.2.2 in the proof of Lemma 4.1.

(2) Note that in the discussion of case 2.2.2.1 we have proved that k(0) — k() > const.|ng, |/3
(using once more that 55/t > B for «, hence 8, small enough with respect to s).

The Bryuno lemma implies the following result.

Lemma 4.2. There is a positive constant Dg such that for all trees € O%
(e, M) eD(O,y)N GO, y) one has

and for all

R,n,m

o0
(1) |Va1(9)|<Dk 2k+1(1_[2h1\’h(9)) l‘[ p;3s/4’

h=1 LeL()

o0
(i) |3 Val(®)| < D§ 2k+1(n22h1vh(9)> 1 ri
h=1

LeL(0)

oo
i) ) Z |90, 1o Val(®)] < Df ZkH(szhNh(G)) [T 7 @9

n',jHes a',b'=1 h=1 LeL(0)

if |n| < Bk and |m| < Bk, with B given as in Lemma 3.5, and Val(0) = 0 otherwise.
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Proof. By Lemma 3.5 we know that ©

the factor ¢>**! by noticing that a renormalised tree of order k has 2k 4+ 1 end-points (cf. the
proof of Lemma 3.5).

For (¢, M) € ®(0,y) N &(H, y) the bounds (4.5) hold. First of all we bound all propaga-
tors g¢ such that iy = —1,0 with 16C11/2y_1|pje|_3s/4 according to (3.11). For the remain-
ing g¢ we use the inequalities (4.1) due to the scale functions: by Lemma 2.4(ii) one has
|Gn,jn1(a,b)| < fp_5|8n i+ p;sl Uy, jl, so that we can bound the propagators g propor-

is empty if |n| > Bk or |m| > Bk. We first extract

R,n,m

tionally to 2he| Djl~ 3s/ 4. This proves the bound (i) in (4.9); notice that the product over the scale
labels is convergent.

When deriving Val(9) with respect to ¢ we get a sum of trees with a distinguished line, say ¢,
whose propagator g, is substituted with 9. g, in the tree value. For simplicity, in the following
set j = jg, hy =h and n =ny.

Let us first consider the case iy = —1, 0 (so that g, is given by the first line of (3.9)), and
recall Lemma 2.4(ii) and (iii). Bounding the derivative d.g; we obtain, instead of the bound
on gy, a factor

P 172 a/z
;i InlCy 16 _
J/7] CC1/2 2| | (s 259 — (x/Z) (410)
pj|8n,j+pj Vn,./| 14
arising when the derivative acts on y;(y,, ;) (here and in the following factors C y~!is a bound
on the derivative of x with respect to its argument), and a factor
2|n|Cy p§ 16 _
Z zcl ~Inlp; —252-a) 4.11)

P](Sn] +P] Vn, ])2

arising when the derivative acts on the matrix (6, ;1 + pj—s X Onj) Mn,j)_l-
If i, = 1 then the propagator is given by the second line in (3.9), so that both summands arising
from the derivation of the function x1(yy,;) and of the matrix (8, ;1 + pj_s X (Y, j) My, j)_l are

there, and they are both bounded proportionally to p;sra |n|2%" (recall that 5o = (s — 2a)/4).
Moreover (see Lemma 2.4(iv)) there is also an extra summand containing a factor

|n|p70‘/22h+1

—s
jlan,j + Pj 1Vn,j|

—s+4a

2cy~'c]”? < const. p T4 [n 22", (4.12)

arising when the derivative acts on x;(x,, ;). Indeed, by setting A = (8, ;1 + pj_s)h(yn’ nE
Mn,j)_l, so that x,, j = |A| ="', one has

d.
1 J
exp, j = 1/27 > AGK)AG AU KA (R, D), (4.13)
AR =1

which implies (4.12). For ¢ < s we can bound s — 4o with 52 + .

Finally we can bound each n = ny with Bk (see Lemma 3.5). All the undistinguished lines in
the tree (i.e. all lines £’ # £ in L(#)) can be bounded as in item (i). This proves the bound (ii)
in (4.9).
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The derivative with respect to M, j/(a’, b’) gives a sum of trees with a distinguished line ¢
(as in the previous case (ii)), with the propagator aMn,‘j,(a/,,,/) g¢ replacing g,. Notice that £ must
carry the labels n’, j. We have two contributions, one arising from the derivative of the matrix
and the other one (provided i¢ = 1) arising from the derivative of the scale function yxj, (there is
no contribution analogous to (4.10) because y,, ; does not depend on M). By reasoning as in the
case (ii) we obtain a factor proportional to 22" p;,

The sums over the labels (n', j') € £2 and a’,b" =1,...,dj can be bounded as follows.
By Lemma 3.5 one has |n'| < Bk. Then j’ must be such that p;; = O(n’), which implies that
the number of values which j’ can assume is at most proportional to |n'|?~!, and a’, b’ vary
in{l,...,dy}, withd; < Cy pj.‘, < const.|n’|%. Therefore we obtain an overall factor propor-
tional to k!T(P—D+2 < 14+D < Ck for some constant C. Hence also the bound (iii) of (4.9) is
proved. O

4.2. Bounds on the trees in R%c)

Given a tree 6 € Rg p.n,j, wWe call é(@, y) set of (¢, M) € D¢ such that (4.1) holds for all

Le L)\ {€, Lo}, and (4.2) holds for all £ € L(0). Let @(9, y) C Dy be the set of (¢, M) such
that (4.3) holds for all £ € L(0) \ {£, £o}, and (4.4) holds for all pairs £; < £ € L(0) such that

) ne, #ny, iy, il] =0, 1 and Hz/ep(gl,z) oo (l)=1;
(i) either both ¢, £1 are on the path P (£,, £o) or none of them is on such a path.

The following lemma will be useful.

Lemma 4.3. Given a tree 6 € Rf)ﬁ ; j(a, b) such that ’}5(9, y)N @5(0, y) # () then there are two
positive constants B, and B3 such that

() a line £ on the path P(Le, £y) can have i¢ # —1 only if k > By |n|P;
(ii) one has k > B3lmgz —mp|P with 1/p=14+a/B=1+ D1+ D(D +2)!/2).

Proof. (i) One can proceed very closely to case 2 in the proof of Lemma 4.1, with £, and ¢
playing the role of £; and ¢, respectively — see Remark (2) after the proof of Lemma 4.1. We
omit the details.

(ii) By Lemma 2.2, for all m,,mj € A; one has |m, —mp| < C2p7+ﬁ. For (n, j) € £2 this
implies that |m, — m;| < const.|n|**#. If k > B,|n|? then one has k > const.|m, — my|P/@+F),
the statement holds true (recall that «/f is given by (2.4)). If k < Bs|n|P then by item (i) all the
lines £ on the path P(£,, £o) have iy = —1, hence m; = m),. Then by calling, as in the proof of
Lemma 4.1, 6; the sub-trees whose root lines enter the nodes of P (€., £g) and m; the momentum
label my;, we obtain [mg, — my,| < Zi |m;| < Bk, and the assertion follows once more. O

The following generalisation of Lemma 4.1 holds.

Lemma 4.4. Given tree 6 € R%()ﬁ nj such that D6, y)N S, y) # O then the scales hy of 6

obey, for all h < h,
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Ny (0) < max{0, ck(9)2F WP/}, (4.14)
where Ny (0) and c are defined as in Lemma 4.1.

Proof. To prove the lemma we consider a slightly different class of trees with respect to R%‘)ﬁ 0’

which we denote by R%‘)ﬁ. The differences are as follows:
(1) the root line has scale labels A, < h and iy €{—1,0,1}, .
(ii) we remove the condition n, = ny,, je = j¢,, and require only that |n.| > 20=2)/7

Notice that, for all 6 € R%{)ﬁ 0’ among the three sub-trees entering the root, two are in @}ek‘)

and @;ekz), respectively, and one is in 7'\’,553}-31 , with }_11 <h (recall that by definition A, < h for

all £ € L(9)), and kj + kp + k3 = k — 1. Hence we shall prove (4.14) for the trees 6 € R%‘)-, for
which we can proceed by induction on k. ’

For (e, M) € ’}5(9, y) N é(@, y) we have both (4.1) and (4.3) for all £ € L(0) \ {£o, £.}.
Moreover by Lemma 3.10 we have Bk(0) > |ny + an,|, where a = 0 if £ is not on the path
P =P, Ly) and a € {£1} otherwise.

For ¢ not on the path P one can have h, > h only if k(0) is such that k(8) > ko = B~12th=D/z
(cf. the proof of Lemma 4.1). If all lines not along the path P have scales < A, consider the line
£ on the path P with scale iy > h which is the closest to £, (the case in which such a line does
not exist is trivial, because it yields Ny (0) = 0)). Then £ is the exiting line of a cluster T with £,
as entering line. Note that we have both |ng| > 2"=V/7 and |n,| > 2=2/7 withh > h. As T
cannot be a resonance, if ny = n, then either jy # j., so that

kr > min{B2|ne|ﬁ, B*]C2|pje|ﬂ} > const, 21— DA/T
(cf. Lemma 4.3(i) and case 2.2.2.1 in the proof of Lemma 4.1), or j, = j., so that
kp > B~120=2/t 5 p=lph=2)/t

(cf. case 2.2.2.2 in the proof of Lemma 4.1). If on the contrary ny # n., by Lemma 2.1 one has
Bk(6) > const. min{|ny £ n,|} > const. 2=/ Therefore there exists a constant B such that
for values k() < ko := B~'2"=D%2/7* the bound (4.14) is satisfied.

If k() > /Eo, we assume that the bound holds for all trees 6’ with k(0”) < k(0). Define Ej, =
¢ 12(=24MB/7 . we want to prove that Ny (6) < max{0, k(@)Eh_1 }.

We proceed exactly as in the proof of Lemma 4.1. The only difference is that, when discussing
case 2.2.1, one can deduce |n; &= ng,| > const. min{|ng,|, |11,3|}“2/t > const. 2h=2s2/7% Ej, by
using that the quantity n, cancels out as the line £ is along the path P. O

The following result is an immediate consequence of the previous lemma.
Lemma 4.5. For fixed k the matrices L;k)j are symmetric; moreover the following identity holds:

LY = =51 Y Calenj) Y. Val(®), (4.15)

h=-1 (k)
QERR,h.n,j
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where, by definition,

o]

G = Y xn). (4.16)

h1=h+2

Proof. The previous analysis has shown that the matrices L( ) are well defined. Then the ma-
trices are symmetric by Lemma 3.14, where we have establlshed a one-to-one correspondence
between the trees contributing to Lfl ;(a, b) and those contributing to Lfl ;(b, a) such that the

corresponding trees have the same value. Identity (4.15) follows from the definitions (3.14) and
(3.28). O

Remark. Notice that C,(x) = 1 when |x| <2772y and Cj,(x) =0 when |x| > 27"~y

Lemma 4.6. Given a tree 0 € Ry, , .(a.b), for (e, M) €D(0,y)N&(0. y) and & > 0 one has

(1) |Val(9)| ( 1_[ 2h Ny (0)) —o|mg—mp|° 1_[ pj;?)é‘/ﬁl7

LeL(0)

(ii) |3€Val(9)‘ g(D |n|< 1_[ 92h Nh/(0)) —o|mg—mp|P 1—[ pj—lsz—a’

LeL(®)

dj
G Y D [0y @ Val®)]

n',jHeR a',b'=1

h
Ko 'N.s ol — o
<(Dg’)"2 h( [T 22 <0>)e S | A (4.17)
W=—1

LeL(©)

for some constant D depending on o and y.

Proof. The proof follows the same lines as that of Lemma 4.2. We first extract the factor ¢?* by
noticing that a renormalised tree in R%C) has 2k end-points. To extract the factor 2~ we recall
that there is at least a line £ # €y on scale hy = h: then Ny(0) > 1 and by (4.14) we obtain
k > const.2"P/T so that C¥2~" > 1 for a suitable constant C. To extract the factor e~ /"ma—ms!”
we use Lemma 4 3(ii) to deduce Cke=?Ima=ms1” > 1 Hence the bound (i) in (4.17) follows.

When applying the derivative with respect to ¢ to Val(f) we reason exactly as in Lemma 4.2;
the only difference is that we bound |ng¢| < |n| 4+ Bk, which provides in the bound (4.17) an extra
factor |n| with respect to the bound (ii) in (4.9).

The derivative with respect to M,y j/(a’, b’) gives a sum of trees with a distinguished line
¢ carrying the propagator 9y, (@ b8t instead of gy. As in case (iii) of Lemma 4.2 we have
two contributions, one when the derivative acts on the matrix and the other (if iy = 1) when the

derivative acts on xj,; by the same arguments as in Lemma 4.2(ii) we obtain a factor of order
22/1 —s—
J/ ’

By Lemma 3.10 one has min{|n’ — n|, |n’ + n|} < Bk, so that the sum over »’ is finite and

proportional to k. The sum over j’, a’, b’ produces a factor proportional to [n/|P?~D+2¢ _ reason
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as in the proof of (4.9)(iii) in Lemma 4.2. This provides an overall factor of order |n’ |D Atk >
B>|n|P (with B, defined in Lemma 4.3) this factor can be bounded by C* for some constant C.
If k < B>|n|? then, by Lemma 4.3(i), one must have i = —1, hence m, = m/[, for all lines ¢ on
the path P(£,, £o): then if a’ # b’ necessarily the line £, which the derivative is applied to, is not
on such a path, and the possible values of j’, a’, b’ are bounded proportionally to kP. If a’ = b’
either £ ¢ P(£,, £o) — and we can reason as before — or £ € P({,, £p): in the last case we use the
conservation law (3.17) of the momenta (my, m%), and we obtain again at most k” terms. O

Remark. For any fixed o > 0 the constant D in (4.17) is proportional to C, hence grows ex-
ponentially in o. As we shall need for C to be at worst proportional to 1/gp (in order to have
convergence of the series (3.27)), this means that o can be taken as large as O (|logegp]).

We are now ready to prove the first part of Proposition 1.

Proposition 1(i)—(ii). There exist constants co, Ko, Qo and o such that the following bounds
hold for all (¢, M) e ®(y), g < Qo and n <n1 = COQaz:

ltin,m| < Kolnlgie @ ImHmb 11, 1, < Kolnlg?,

19e Lo jlo < Koln'™2|nlq?, 19y Ln.jlo < Kog?, (4.18)

Sor all (n, j) # (1,1). Moreover the operator norm of the derivative with respect to M, j is
bounded as

|9y LLA]|
9y Llly := sup ———=
AeB |A|a

dir
j
— P =y |P
S sup Sup Z z : |8Mn’,j’(a',b’)Ln,j(a7b)|eo(|m" mplP —=lmg —my|”)

n,jEQ a,b=1,.‘.,dj n' j/ a'.b'=1

< Kolnlg?, (4.19)
where the space B is defined in the Remark after the proof of Lemma 2.6.

Proof. By definition ©(y) is contained in all (0, y) and in all @(9, y), so that we can use
Lemmas 4.2 and 4.6 to bound the values of trees. First we fix an unlabelled tree 6 and sum over
the values of the labels: we can modify independently all the end-point labels, the scales, the
type labels and the momenta m if iy # —1 (one has my = m), for iy = —1). Fixed (¢, M) and
j—esz—a t
pzz in the bounds (4.9) and (4.17). By summing over the type and scale labels {i¢, h¢}eer6)
(recall that after fixing the mode labels and ¢ there are only two possible values for each #, such
that Val(#) # 0), we obtain a factor 4%, and summing over the possible end-point labels provides
another factor 2(P+D@k+D Finally we bound the number of unlabelled trees of order k by Ck
for a suitable constant C [23]. In (4.9) we can bound

o0 o0 o0
[T 2@ :exp<10g2 > hNh(e)) < exp(const.k > hzhﬂ/zf) <ck, 4.20)

h=—1 h=—1

(ng, je) there are only dj, = O( p‘j’.‘l) possible values for m,. This reduces the factors p 0

h=—00

for a suitable constant C, and an analogous bound holds for the products over the scales in (4.17).
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Since (see (3.1) and (3.20))

unm = _n° > Val®), “.21)

k=1 peol)

and, by Lemma 3.5, @Eek,)n,m is empty if k < B~!|n| or k < B~!|m|, we obtain the first bound in
(4.18).
Using (4.17)(i), we bound the sum on 0 € R%c’)h,n’ j exactly in the same way. The main dif-

ference is that R%")h’n,j(a, b) is empty if [m, — mp| > B;lkl/”, by Lemma 4.3(ii). Then by

Lemma 4.5, we obtain the second bound in (4.18).
As for the third bound in (4.18), we have

o0
Lnj=—X1(nj) D Cuxaj) > 9 Val(®)

h=—1 (k)
! GERR,n,j,h

—X1Gn) Y (9:Crlxa)) D Val(®)

h==1 HER%(‘)m.Lh
o0
— (% X1 On.)) D Calenj) Y Val(®), (4.22)
h==1 GER%(,)n,_/,h

where the first summand is treated, just like in the previous cases, by using (4.17)(ii) instead
of (4.17)(i). In the other summands Val(@) is bounded exactly as in the previous cases, but the
derivative with respect to & gives in the second summand an extra factor proportional to |n|2" p?"‘
— appearing only for those values of & such that xj, (x,, ;) is nonzero (and for each value of ¢ there
are only two such values so that the sum over 4 is finite) — and in the third summand a factor
proportional to |n| pj.z. We omit the details, which can be easily worked out by reasoning as
for (4.10) and (4.12) in the proof of Lemma 4.2. Finally we bound 2" by C¥ as in the proof of
Lemma 4.6.

The fourth bound in (4.18) follows trivially by noting that to any order k the derivative with
respect to 1 of n* produces kn 1.

Finally, one can reason in the same way about the derivative with respect to M,_;, by using
(4.17)(iii), so that (4.19) follows. O

5. Whitney extension and implicit function theorems
5.1. Extension of U and L

In this section we extend the function L, ;, defined in D (y), to the larger set D¢. The extended
function Lf j is a Whitney extension of L, ;, see [33].

Lemma 5.1. The following statements hold true.
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(1) Given 6 € R%()h n,j» We can extend Val(0) to a function, called Val? (0), defined and C !
in®o, and L, j(n, &, M; q) to a function LEJ = Lﬁj(n, e, M; q) such that

o0 o0
LY ==Xi(n) Y Crlan )Y n* Y Val® () (5.1
h=—1 k=1 ger®
S,

satisfies for any (¢, M) € D¢ the same bounds in (4.18) and (4.19) as Lf’j(n,s, M; q)

in D(y). Furthermore Val(®) = Valf(9) for any (e, M) € D(0,2y) C D©O,y) and

ValZ () = 0 for (e, M) € Do\ D(0, y).
(ii) In the same way, given 0 € (H)}Qk)nm we can extend Val(0) to a function Val® 0) de-
fined and Clin ®o, and Un,j(n, e, M; q) to a function U’fj(n, e, M; q) such that ufm =
ufm (n, e, M; q), given by

o]

up =yt Y Val® (o), (5.2)

k=1 gee®

R.n,m
satisfies for any (e, M) € D the same bounds in (4.18) as u, » in D(y).

Furthermore Val(0) = ValE(Q) for any (e, M) € ©(0,2y) C D(,y) and ValE(Q) =0 for
(e, M) €D\ D, y).

Proof. We prove first the statement for the case 6 € R%(,)h,n, i We use the C°° compact support
function y_1(¢) : R — R, introduced in Definition 3.1. Recall that x_;(¢) equals 0 if || < y
and 1 if 1| > 2y, and |9, x_1(¢)] < Cy~!, for some constant C.

Given a tree 0 € R%(’)h’n) jowe define

valf @) =[] x1(lxujline?)
LeL(@)\{Le,to}
ir=1
sk
< TT x=1(8uy ey = 8nsy sy, llney —ney ™) Val(®), (5.3)
£1,42€L ()

where [ ;7,19 18 the product on the pairs £1 < £2 € L(0) such that [T,ep(p, 4,y 0 (D)o (€1) =1,
i¢; =1,0, ng; # ny,, and either both £1, £, are on the path connecting e to vy or both of them are
not on such a path. The sign HeeP(zl,lzz) o (£)o (£1) is such that |[ng, —ng,| <n.

By definition Val® (6) = Val(9) for (¢, M) € 55(0, 2y) as in this set the scale functions y_1
in the above formula are identically equal to 1.

By definition supp(Val® (8)) DO, y), as the scale functions y_1 in the above formula are
identically equal to O in the complement of D, y) with respect to Dy.

To bound the derivatives the only fact that prevents us from simply applying (4.17)(ii)—(iii) is
the presence of the extra terms due to the derivatives of the x_; functions. Each factor of the first
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product in (5.3), when derived, produces an extra factor proportional to 2/¢ p?{f" |ng]**!. Note that
a summand of this kind appears only if iy = 1 and (¢, M) is such that

2y
he—1
Ty <Xy, < el (5.4)

-

This implies |n¢| < 2(¢+D/7 5o that the presence of the extra factor simply produces, in
(4.17)(ii), a larger constant D and a larger exponent — say 4 — instead of 2 in the factor 22 Ny ®)
Eachkfactor of the second product produces an extra factor |ng, —n¢,|™ !, which can be bounded
by C*.

Therefore the derivatives of LE respect the same bounds (4.18) as L, ; modulo a redefinition
of the constants cg, Kg. These bounds are uniform (independent of (n, j)) and can be performed
also for higher order derivatives, hence LE isa C! function of (¢, M).

We proceed in the same way for 6 € ()R nm:

sksksk
Vaf@) = [T x-1(lwemlinel™) [T x-1(18u, 5, 000, 5, lInes = nes]™) Val(®),
LeL©®): ig=1 £1,6,€L(0)
(5.5)

skeksk

where now the product [ [*** runs on the pairs of lines £; < £, such that HleP(ll oot =1,
igj =1,0, and ng, 75}1132. O

Proposition 1(iii). L% is differentiable in (¢, M) € D¢ and satisfies the bounds
|8:Ly; j(a, b)| < Ciln|"+2e=0 el 162,
>, Z 0w, oy L (@, B[l < Cypn), (5.6)
o, je a'\b'=1
where Cy is a suitable constant.
Proof. Simply combine the proof of Lemma 5.1 with that of Proposition 1(ii). O
5.2. The extended Q equation

Going back to (2.12), we can extend it to all ®¢ by using Uf_j instead of Uy, ; forall (n, j) #
(1, 1); we obtain the equation '

K E\ _ § E E E
Dg= fl,V(M ) - Unymi UngmyYng,ms- (5.7)
ni+ny—n3=1
mi+my—m3=V

The leading order is obtained for n; = 1 and m; € A; foralli =1, 2, 3, namely at n = 0 we have
a nonlinear algebraic equation for ¢,

D'q=3P4%, (5.8)

with solution gg =~/ D$3~L. We can now prove the following result.
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Proposition 1(iv). There exists no such that for all |n| < no and (¢, M) € Dy, Eq. (5.7) has a
solution qE(s, M n), which is analytic in n and Cclin (e, M); moreover

dj
|0:q" (. M: )| < K[l D0 o jang e M|, <Kl,  (5.9)
(n,j)e2 a,b=1

for a suitable constant K, and q* = q for (¢, M) € D(2y).

Proof. Set Qg := 2qo. Then there exists n; such that uf is analytic in n, g for |n| < n and
lgl < Qo and C' in (e, M). By the implicit function theorem, there exists 19 < 11 such that for
all || < no there is a solution ¢ £ = ¢ (5, &, M) of the Q equations (5.7) such that |¢Z| < 3go/2.
By definition of the extension u”, Eq. (5.7) coincides (2.12) on ®(2y). The bounds on the
derivatives follow from Lemmas 4.2 and 5.1. O

We now define
Uy e, M)y=Uf(n,e, M; q"(n, &, M)),

LE (e, M)=L} (n.e. M:q"(n,e, M)). (5.10)

Proposition 1(v). There exists a positive constant K1 such that the matrices Lf j (n, &, M) satisfy
the bounds '

ILE@.e. M|, <InlKi,  |9:LE ;(n.e. M)| < [nlKiln|'t,
dj
— — 14
D) o jwn LE (e, M| e LKy, (5.11)
(n,j)eS2 a,b=1

and the coefficients U,E j (n, &, M) satisfy the bounds

_ 12
\UE (. e, M)| < || Ky IMHIPTD),

(5.12)
uniformly for (¢, M) € Dy.

Proof. It follows trivially from the bounds (5.9) and from the bounds of Lemma 5.1. O

6. Proof of Proposition 2

6.1. Proof of Proposition 2(i)

Let us consider the compatibility equation (2.11) where L, ; = L f j (n, &, M). One can rewrite
(2.11) as

X1 )Mo j =LY (.. M) =031 (yn )LE (. 6. M), 6.1

with I:E(n, g, M) = O(1), so that (6.1) has for n = 0 the trivial solution M, ; = 0.
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The bounds of Proposition 1(v) imply that the Jacobian of the application LE(m,e,M):B—
B is bounded in the operator norm (B is defined in the Remark before Definition 2.7). Thus
there exists 1o, Ko such that, for |n| < ng and for all (¢, M) € ©(2y), we can apply the implicit
function theorem to (6.1) and obtain a solution M, ;(n, €), which satisfies the bounds

My jle <Kalnl,  |0:Maj(n, )|, < Kalnl™20nl,  |9,M, (. 8)|, < K2, (62)
for a suitable constant K>.

Finally we fix &9 < no, n = ¢ and set (with an abuse of notation) M, j(s) = M, j(n =¢,¢),
so that, by noting that

3o Mn.j (&) = 0y My j (1, &) + 0 Mn.j (0, €), (6.3)

we deduce from (6.2) the bound (2.26).

6.2. Proof of Proposition 2(ii) — measure estimates

We now study the measure of the set (2.27). By definition this is given by the set of ¢ € E(y)
such that the further Diophantine conditions

2y
In|*

X j () = | (B i1+ P T On ) M (@) 71 > (6.4)

are satisfied for all (n, j) € §2 such that (n, j) # (1, 1). Recall that (n, j) € £2 implies n > 0. By
Lemma 2.4(iii) one has

x,(8) = min| (8, 51 + p;* X1 (. j) Ma )| = min[8, j + p} (6.5)

since the matrices are symmetric. Recall that p; v(') (¢) are the eigenvalues of x1(yx,;) Mn )j(s)
and that d; < Cy p (cf. Definition 2.5).
Then we impose the conditions

|80, + 27 0 (0)] > —t Vo, e\ {1, D}, i=1,....d;, (6.6)

and recall that M), ; =0 (i.e. v ] =0) if (n, j) ¢ £2, so that for (n, j) ¢ 2 the Diophantine
conditions (6.6) are surely verified, by (2.1).

Call 2 the set of values of ¢ € €y(y) which verify (6.6). We estimate the measure of the subset
of &y(y) complementary to 2, i.e. the set defined as union of the sets

T ji = {eeéo(y): [0, + 20 (0)] < } 6.7)

for(n,j)e2andi=1,...,d;.
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Given n, the condition (n, j) € §2 implies that p; can assume at most gon + 1 different val-
ues — cf. (2.16). On a (D — 1)-dimensional sphere of radius R there are at most O(RP—1)
integer points, hence the number of values which j can assume is bounded proportionally to
nP=1(1 4 gon). Finally i assumes d; < Clp;’.‘ values.

Since p € M we have, for n < (yo/4eg) !/ F0+D,

Yo

Eoene (6.8)

|80, + P70 ()] = [(D + wyn — pj — | — 2e0n >

so that we have to discard the sets J, ;; only for n > (y0/4£o)1/(’0+1).
Let us now recall that for a symmetric matrix M (¢) depending smoothly on a parameter ¢, the
eigenvalues are C! in & [24]. Then the measure of each J,,, j,i can be bounded from above by

4y ( d s, O -
—— sup Sn,j +P; () , (6.9)
nT eceo(y) g Crs ¥ ; )
where one has
d S s+a (1) n 6.10
d(n,+p, (@) = >3 (6.10)
This can be obtained as follows. Proving (6.10) requires to find lower bounds for
i(—am +pj+ 1o A (@)
de pPjTH PJ' X Un,j n,j ,
where k( 2 (8) are the eigenvalues of M), ;(¢) (i.e. x1(yn, j)k(’) (e) = (’) (8)) The eigenvalues
n,j (s)(l) are C! in ¢, so that, by Lidskii’s lemma [24], one has
'—x(’) (e )‘ M,, Sl <Cika(1 4 eon' )0, 6.11)
(o)

where we have used (6.3) and (6.2). Since s + @ < s — «, we obtain

d s 0 n
‘E(—wn +pjtutp; X(yn,j)k,,,j(s)) > >
which implies (6.10).
Recall that p; is bounded proportionally to . Then for fixed n we have to sum over const.(1 +
8011)nD_1 values of j and over d; < Clp;‘ < const. n%* < const. n.
Therefore we have

dj
1 £0
~ D
Z Zmeas(Jn’],l) < const. Z y|n| <|n|T+1 + —Inlf
(n,j)es2 i=1 n>(y /4e9) "V T0+D

< const. (g PV g TP/ 0AD), (6.12)
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provided T > D 4 1. Therefore the measure is small compared to that of &y(y) — which is of
order ep—if T > max{top+ D+ 1,D+1}=19+ D + 1.

7. Generalisations and proof of Theorem 1
7.1. Eq. (1.4): Proof of Theorem 1 in D > 2

In order to consider Eq. (1.4) we only need to make few generalisations. By our assumptions

SO u, ) =g(x,u)+ 0z H(x,u,u),

with H real-valued. For simplicity we discuss explicitly only the case with odd p in (1.3)—hence
the functions ay, ,,(x) are even and real. Considering also even p should require considering an
expansion in 4/¢: this would not introduce any technical difficulties, but on the other hand would
require a deeper change in notations.

We modify the tree expansion, analogously to what done in [21]. The change of variables
(1.8) transforms each monomial in (1.3) into a monomial s(Plﬂ’Z’l)/zapl,pz (x) uPritP?; we can
take into account the contributions arising from g (x, i), by considering the corresponding Taylor
expansion and putting p; =0 and p, > 3. All the other contributions are such pia,, ,, = (p2 +
Dap,+1,p,—1 (by the reality of H and of the functions a,, ,,).

Each new monomial produces internal nodes of order k, = (py.1 + pv.2 —1)/2 € N, such that
ky > 2, with py 1 + py2 entering lines among which p, | have sign o =1 and p, > have sign
o = —1; note that the case previously discussed corresponds to (py.1, pv.2) = (2, 1). Hence, with
the notations of Section 3.3, we can write s, = py,1 + py,2, With s, odd.

Each internal node v has labels k, py.1, pv,2, my, with the mode label m, € 7P . The node
factor associated with v is ap, | p, ,.m,, namely the Fourier coefficient with index m, in the
Fourier expansion of the function ap, ,p, ,; by the analyticity assumption on the nonlinearity the
Fourier coefficients decay exponentially in m, that is

—A
\@py 1. py2m,| < Are™A20, (7.1)

for suitable constants A; and A,.

The conservation laws (3.16) and (3.17) have to be suitably changed. We can still write that
ng is given by the right-hand side, the only difference being that L (v) contain s, lines (and each
line £ € L(v) has its own sign o (£)). On the contrary (3.17) for mz has to be changed in a more
relevant way: indeed one has

my=my+ Y omy, (7.2)
eL(v)

with L(v) defined as before.

The order of any tree 6 is still defined as in (3.19), and, more generally, all the other labels are
defined exactly as in Section 3.3.

The first differences appear when one tries to bound the momenta of the lines in terms of the
order of the tree. In fact one has
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[E@[<1+ ) Gv—1D, (7.3)
veVp(0)

which reduces to the formula given in the proof of Lemma 3.5 only for s, < 3. One has s, =
2k, + 1, so that

Z (5p—1)=2 Z ky = 2k, (7.4)

veVy(9) veVp(0)

and one can still bound |n¢| < Bk for any tree § € ®® and any line £ € L(0).
The conservation law (7.1) gives, for any line £ € L(6),

my|} <Bk+ Y Imyl, (1.5)
veVy(0)

max{ |mel,

for some constant B. The bound in (7.5) is obtained by reasoning as in the proof of Lemma 3.5;
the last sum is due to the mode labels of the internal nodes. Thus the bound on 7y in Lemma 3.5
still holds, while the bounds on my, mz have to be replaced with (7.5). The same observation
applies to Lemma 3.10.

Also Lemma 3.14 still holds. The proof proceeds as follows. The tree 8; which one associates
with each 0 € Rg ,,jn(a, b) is the tree in Rg 5, j,1(b, a) defined as follows.

1. As in the proof of Lemma 3.14.

2. As in the proof of Lemma 3.14.

3. Let v be a node along the path P = P(€,, £p) and let £1, ..., s, with s = s; be the lines
entering v; suppose that ¢ is the line belonging to the path P U {£.}. If o (£1) =1 we
change my — —mjy and we change all the signs of the other lines, i.e. o (¢;) — —o (¢;) for
i=2,...,s, whereas if o (£) = —1 we do not change anything.

4. As in the proof of Lemma 3.14.

Then one can easily check that the form (1.4) of the nonlinearity implies that the tree 6; is
well defined (as an element of Ry, ;1 (b, a)) and has the same value as 6.

Remarks. (1) Note that item 3 above reduces to item 3 of Lemma 3.14 if s, = 3 for each internal
node v.

(2) If the node v has p31 = 0 (i.e. the monomial associated to it arises from the function
g(x, in)) then the operation in item 3 is empty.

Therefore we can conclude that the counterterms are still symmetric.

The analysis of Section 4 can be performed almost unchanged. Here we confine ourselves to
show the few changes that one has to take into account.

The first relevant difference appears in Lemma 4.1. Because of the presence of the mode labels
of the internal nodes the bound (4.5) on N, (0) does not hold anymore, and it has to be replaced
with

Nh(9)<max{0,c<k(0)~|— Z |mv|)2(2—h>ﬂ/f—1}, (7.6)

veVy(0)
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for a suitable constant c. The proof of (7.6) proceeds as the proof of Lemma 4.1 in Section 4. We
use that in (4.7) for m = 1 one has

kO) = k@) + Y Iml— Y Iml=kr+ Y |myl, (7.7)

veVp(0) veVp(y) veVo(T)

and, except for item 2.2.2.1, we simply bound the right-hand side of (7.7) with k7. The only item
which requires a different argument is item 2.2.2.1, where instead of the bound |m; — my,| <
> i Im;| we have, by (7.5),

mg—me| <Y myl+ Y Imil <Bkr 4+ Y |mv|<max{B,1}<kT+ > |mv|>,

veP(l,Ly) i veVo(T) veVo(T)

where v € P(£, £y) means that the node v is along the path P, Ly) (ie. £y € P(L, £y) ULy) and
the sum over i is over all sub-trees which have the root lines entering one of such nodes.

Remark. Note that if the coefficients a, p,(x) in (1.3) are just constants (i.e. do not depend
on x), then m, = 0 and (7.6) reduces to (4.5).

Moreover in (4.9) we have a further product

]—[ Aje~A2lmul (7.8)

veVp(0)

while the product of the factors 2"V+(© can be written as

h() o0 [e )
(H 2hN,,(0)>< l—[ 2hNh(0)) < 2hok 1—[ 2NK®) (7.9)

h=-1 h=hp+1 h=hp+1

with hg to be fixed, where the last product, besides a contribution which can be bounded as in
(4.20), gives a further contribution

o0 o0
1_[ 1_[ zchlmv|2(2’h)’3/rg 1_[ exp(const.|mv|2h2_hﬁ/r>, (7.10)

h=hgy veVy(0) veVp(0) h=hg

so that we can use part of the exponential factors in (7.8) to compensate the exponential factors
in (7.10), provided h is large enough (depending on 7).
Another consequence of (7.2) is in Lemma 4.3: item (ii) has to be replaced with

Ima —mp| < const. kM7 + Y |my |, (7.11)
veVp(0)

because each internal node v contributes a momentum m, to the momenta of the lines follow-
ing v. Up to this observation, the proof of (7.11) proceeds as in the proof of Lemma 4.3.
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Therefore also the bound (4.14) of Lemma 4.4 has to changed into (7.6), for all & < h. The
proof proceeds as that of Lemma 4.4 in Section 4, with the changes outlined above when dealing
with case 2.2.2.1.

The property (7.11) reveals itself also in the proof of Lemma 4.6. More precisely, in order to
extract a factor e~ @1a=msl” e use that (7.11) implies (recall that p < 1)

g —mpl” <C<k+ > |m,,|>, (7.12)

veVy(6)
for a suitable p-dependent constant C, so that we can write, for some other constant C‘,

eﬂ\ma—mblpgék 1_[ eﬂlmu\, (7.13)
veVy(0)

where o has to be chosen so small (e.g. |o| < Az/4, with A, given in (7.1)) that the last product
in (7.13) can be controlled by part of the exponentially decaying factors e ~42/"| associated with
the internal nodes. This means, in particular, that o cannot be arbitrarily large when gy becomes
small (cf. the Remark after the proof of Lemma 4.6).

As in (4.9) also in (4.17) there are the further factors (7.8), which can be dealt with exactly as
in the previous case.

Besides the issues discussed above, there is no other substantial change with respect to the
analysis of Sections 4 to 6.

7.2. Eq. (1.1) in dimension 2: Proof of Theorem 1 in D =2

We can consider more general nonlinearities in the case D = 2, that is of the form (1.3)
without the simplifying assumption (1.4). Indeed in such a case the counterterms are 2 x 2 ma-
trices (cf. Lemma 2.2), so that we can bound x,_ ; by the absolute value of the determinant of
S, i1+ x1 (yn,j)Mn,jp;S, which is a C? function of & (we have proved only C! but it should be

obvious that we can bound as many derivatives of Lf . as we need to, possibly by decreasing the
domain of convergence of the functions involved).

Set for notational simplicity My, j = x1(¥n,j)Mp, ;. Let us evaluate the measure of the Cantor
set

€ ={eeCly): |6 +p;" tr My ;8 + p; > det My ;| > 2yIn| 7"}, (7.14)
following the scheme of Section 6. Here we are using explicitly that for D = 2 one has
det(8n, ;1 + p;° My j) =085 ; + ;" tr My 8, j + p; > det My, (7.15)
because M, ; is a2 x 2 matrix.

We estimate the measure of the complement of &; with respect to &y(y ), which is the union
of the sets

N . 152 - . 25y 2y
Inji=1€€ Co(y): |5n,j +Pj an,]5+pj bn,]| < W > (7.16)

where a,, j =tr Mn,j and b, ; = det Mn,j.



G. Gentile, M. Procesi / J. Differential Equations 245 (2008) 3253-3326 3297

Given n the condition (7, j) € £2 implies that p; can assume at most gon + 1 different values.
On a one-dimensional sphere of radius R there are less than R integer points, so the number of
values j can assume is bounded proportionally to n(gon + 1).

Since u € 9T we have for |n| < no(yg/so)l/zm, with some constant ng,

2
180, (0n.j + P7 an.j) + P72 buj| = (|((D +pwin — pj — | = 2e0ln])* — const. g > 2|Z‘|)2r0 :
(7.17)
so that
180, (8n.j + P} an j) + Py buj| = # (7.18)
provided y < y02/2 and t > 21y.
The measure of each J,, ; can be bounded from above by
2y d o —s —2s -
In order to control the derivative we restrict € to the Cantor set
& = {8 € Ey(y): |8n,j(2n + pj_sa;l’j(s)) + npj_sa,,,j + p}z‘yb;’j(8)| > |n)|/f2
for all (n, j) € .Q} (7.20)

with a;l’j(s) =da,, j(¢)/de and b;l’j(a) =db,, j(¢)/de. On this set we have (recall that p; is
bounded proportionally to |n|)

2
n -+ ¢eon —
E meas(J,, j) < const. E 2o < const. s(()T R 2)/210, (7.21)
(n.j)e nzno(y /g9) /2%

provided 7 > 15 + 3. Hence meas(J,, ;) is small with respect to &g provided 7 > 279 + 12 + 2.
Finally let us study the measure of &;. The bounds (6.2) — and their proofs to deal with the
second derivatives — imply

. 1) < Coo. I ;1,15 ;1 < C(1+ olnl' ),
la 5|, |by | < € (1 + eolnT22), (7.22)

for some constant C.
Let us call jrll . the complement of &, with respect to &y(y) at fixed (n, j) € £2. As in
estimating the set J, ; in (7.16) we can restrict the analysis to the values of n such that
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n>ni(y/ gg) /%00, possibly with a constant n; different from ng. Then we need a lower bound

on the derivative, which gives

2
_ _ -2 n
[11(2n +a; ;p; ) +8njay oy 40, 07| > (7.23)
(recall that 6, ; < 1/2). Hence we get
n—+é& n? _
Z meas(ﬁ}z’j) < const. Z (riz(iz) < const. 88” /20 (7.24)
(n.7)e82 wsmeriro

provided 12 > 5. Again the measure is small with respect to g provided 1o > 279+ 4. For 79 > 1
this gives 1o > 6 and therefore T > 279 + 70 + 2 > 10.

Remark. The argument given above applies only when D = 2, because only in such a case the
matrices M, ; are of finite n-independent size (cf. Lemma 2.2). A generalisation to the case
D > 2 should require some further work.

8. Proofs of Theorems 2—4

Let us now consider (1.9) with y = 0, under the conditions (1.3) if D =2 and both (1.3) and
(1.4) if D > 3. Note that for w =0 one has w = D — ¢.
The Q subspace is infinite-dimensional, namely (1.13) is replaced by

Q:={(n,m) eNxZP: Dn=|m|*}, 8.1)

so that Q contains as many elements as the set of m € Z? such that |m|?/D € N.

As in [21] our strategy will be as follows: first, we shall find a finite-dimensional solution of
the bifurcation equation, hence we shall prove that it is nondegenerate in Q and eventually we
shall solve both the P and Q equations iteratively.

A further difficulty comes from the separation of the resonant sites. Indeed conditions (2.1)
and (2.2) are fulfilled now only for those (n, p) such that Dn # p. This implies that Lemma 2.1
does not hold: given pf°|a)n,- — pil <y/2fori=1,2itis possible that D(n; —ny) = p; — p2
and in such a case we have at most |p; — p2| < y/ sp;", which in general provides no separation
at all. Hence we cannot use anymore the second Melnikov conditions.

We then replace Lemma 2.2 a by more general result (cf. Lemma 8.4 below), due to Bourgain;
consequently we deal with a more complicated renormalised P equations.

8.1. The Q equations

In [21] we considered the one-dimensional case and used the integrable cubic term in order
to prove the existence of finite-dimensional subsets of Q such that there exists a solution of the
bifurcation equation with support on those sets.
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In order to extend this result to D > 2 we start by considering (1.9) projected on the Q
subspace. We set uy,_, = g if (n,m) € Q, so that the Q equations become

2(14s) n—1
|m| ( )D qdm = E Uni,mUny,myUnz,ms3-

mi+my—m3=m
ni+ny—n3=|m|*/D

Setting g, = ay + O, with Q,, = O (n), the leading order provides a relatively simple equation,
as shown by Bourgain in [9]:

2(1 -1
m D" a,, = Do AmAmyams, (8.2)
my,ma,ms3
mi+my—m3=m
(my—m3,my—m3)=0

which will be called the bifurcation equation. One can easily find finite-dimensional sets M such
that

(1) if m € M then S;(m) e MVi=1,..., D (S; is defined in (1.12)),
@Gi) if my,my, m3 € M and (m; —m3z, mp —m3) =0, then m| +my —m3 € M.

Remarks. (1) Condition (i) implies that M is completed described by its intersection M
with Z2.

(2) Clearly (8.2) admits a solution with support on sets respecting (i) and (ii) above. An ex-
ample is as follows. For all r the set M (r) :={m € ZE : |m| =r} is a finite-dimensional set on
which (8.2) is closed.

(3) We look for a solution of (8.2) which satisfies the Dirichlet boundary conditions. Hence
we study (8.2) as an equation for a,, with m € M.

(4) Note that the bifurcation equation (8.2) is only apparently equal to that considered by
Bourgain, because of the Dirichlet boundary conditions. The latter introduce a lot of symmetries
— and hence of degeneracies — which make the analysis much more complicated: in particular
checking the invertibility of the forthcoming matrix J requires a lot of work.

Finding nontrivial solutions of (1.9) by starting from solutions of the bifurcation equation like
those of the example may however be complicated, so we shall prove the existence of solutions
under the following, more restrictive, conditions.

Lemma 8.1. There exist finite sets M4 C Z_D,_ such that \m|? is divided by D for all m € M
and (8.2) is equivalent to

|m|2(l+S)D—1 _ 2D+1A2 _ (3D _ Q’D_H)arzn =0, ayc€ M+, 53)
am =0, am € ZP\ My, '
. 2. 2
with A= =3, e\, Q-

Proof. The idea is to choose the m € M so that |m|> € DN, (8.3) is equivalent to (8.2) and has
a nontrivial solution. We choose M so that the following conditions are fulfilled:
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(a) setting N := [M| and min,cpq, |m| = |m1] (this only implies a reordering of the elements
of M), we impose

2D+1 Z |m|2+25 < (3D + 2D+1(N _ 2))|m1 |2+2S’ (84)
meMi\{m}

(b) the identity (m; — m3,my — m3) = 0 can be verified only if either m; — m3 = 0 or
my—m3=0or |[(my1);| =|(m2)i| =|(m3);| foralli =1,..., D ((m;); is the ith component
of the vector m ;).

An easy calculation shows that under conditions (b) Eq. (8.2) assumes the form

am(|m|2(]+S)D*] _ 2D+1A2 _ (3D _ 2D+1)a2) — 0, (85)

m

and hence is equivalent to (8.3). Now, in order to find a nontrivial solution to (8.5) we must
impose

|ml|2+2s — in |m|2+2s > 2D+1A2D, (86)
m€M+
with A determined by
DRPH(N -1 +3P)A2=M, N=|My M= ) |m*™. (8.7)
meM+

As in the one-dimensional case [21], if we fix N then (8.6) is equivalent to condition (a), i.e.
(8.4), which is an upper bound on the moduli of the remaining m; € M \ {m}. Then there exist
sets of the type described above at least for N = 1.

To complete the proof (for all N € N) we have still to show that sets M verifying the
conditions (a) and (b) exist. The existence of sets with N =1 is trivial, an iterative method of
construction for any N is then provided in Appendix A.3. O

Remark. The compatibility condition (8.4) requires for the harmonics of the periodic solution to
be large enough, and not too spaced from each other. Therefore, once we have proved that the so-
lutions of the bifurcation equation can be continued for ¢ # 0, we can interpret the corresponding
periodic solutions as perturbed wave packets. The same result was found in D =1 in [21].

We have proved that the bifurcation equation admits a nontrivial solution
j Im? D
gV, n=Y" gV v @) [ [sin(mix), (8.8)
meM i=l1

with q,(,,o) =ay, form € Zf and extended to all Z” by imposing the Dirichlet boundary condi-
tions.
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We can set ¢, = q,(,,o) + Q,, for all m € ZP and split the Q equations in a bifurcation equation
(8.3) and a recursive linear equation for Q,,:

mP**D7'Q, -2 > Q) ) — > a5 ) Qs
my,my,m3 my,my,m3
mi+my—m3=m mi+my—m3=m
(my—m3,my—m3)=0 (m1—m3,my—m3)=0
*
= Z Uny,miUny,mrUnz,m3» (8.9)

mi+my—m3=m
ni+ny—n3=|m[*/D

where for all (n, m) € Q one has u, ,» = g and * in the last sum means that the sum is restricted
to the triples (n;, m;) such that if at least two of u,, ,,, are q,ﬁ?f then the label (1, m) of the third
one must not belong to Q.

By using once more the Dirichlet boundary conditions, we can see (8.9) as an equation for
the coefficients Q,, with m € Zf . In particular the left-hand side yields an infinite-dimensional
matrix J acting on Z_e . We need to invert this matrix.

Lemma 8.2. For all D and for all choices of M4 as in Lemma 8.1, one has that J is a block-
diagonal matrix, with finite-dimensional blocks, whose sizes are bounded from above by some
constant My depending only on D and M.

The result above is trivial for D = 2 and requires some work for D > 2, see Appendix A.4. In
any case it is not enough to ensure that the matrix J is invertible.

Lemma 8.3. For N =1 and any D > 2 and for N > 4 and D =2 there exist sets M such that
the matrix J is invertible outside a discrete set of values of s.

Proof. We can write J = diag{|m|>*>/D —2P*1 A%} + Y, where A is defined in (8.7) and with
|Y |0 bounded by a constant depending only on D and M . Therefore for M large enough we

can write J as
(11 0
=(% L)

where J1 1 is an My x Mo matrix, and J; > is — by the definition of M, — invertible.

To ensure the invertibility of Ji 1 we notice that detJ; 1 = 0 is an analytic equation for the
parameter s, and therefore is either identically satisfied or has only a denumerable set of solutions
with no accumulation points. For all s outside such denumerable set J is invertible.

For N =1and M4 ={V =(l,..., 1)} the Dirichlet boundary conditions imply that we only
need to consider those m € Zf with strictly positive components. For all such m either m =V
or [m|?> > D. This implies that J; | has two diagonal blocks: a 1 x 1 block involving M| and
a block involving m such that |m|?> > D. The first block is trivially found to be nonzero. In the
second block the off-diagonal entries all depend linearly on D>, and for all m the diagonal entry
with index m is [m|>(179) / D plus a term depending linearly on D% therefore in the limit s — oo
this block is invertible. Hence det J; 1 = 0 is not an identity in s.

If N > 1 we restrict our attention to the case D = 2, where we can describe the matrix Jj |
with sufficient precision. We have the following sub-lemma.
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Sub-lemma. For D =2 and N > 4 consider M. as a point in C*"

(1) The set of points M which either do not respect Lemma 8.1 or are such that detJ;,; =0
identically in s is contained in a proper algebraic variety V.

(i1) Provided that \m| is large enough one can always find integer points which do not belong
to W and respect (8.4) for all s in some open interval.

The proof is in Appendix A.5. Then the assertion for D =2 and N > 4 follows immedi-
ately. O

Remark. On the basis of Lemma 8.2 one expects that invertibility of J holds in more general
cases. However, proving that for a given M the function det J;; is not identically zero can
quite lengthly.

The two cases envisaged in Lemma 8.3, where invertibility of J can be explicitly proved, lead
to Theorems 2 and 3.

Theorem 4 covers applies to the general case in which Jj | is known a priori to be invertible.
Of course, given a set M verifying the conditions of Lemma 8.1 one can check, through a finite
number of operations, whether J; ; is invertible, and, if it is, then the analysis below ensures
the existence of periodic solutions. Indeed, the forthcoming analysis of the P equations applies
without any further assumption in all cases in which Ji 1 is invertible because of Lemma 8.2.

8.2. Renormalised P equations

The following lemma (Bourgain lemma) will play a fundamental role in the forthcoming
discussion. A proof is provided in Appendix A.6.

Lemma 8.4. For all sufficiently small a we can partition ZP = J; . A j o that, setting

jeN

pj= min |m[>,  ®@m)=(m, |m|?), (8.10)

mEAJ‘

there exist j-independent constants C| and Co such that

A< Cip%.  dis(@(A), @(A)) > Camin{pf pP}.  diam(A;) < C1Cop¢H
(8.11)

with B =a/(1 +2P~'DI(D + 1))D.
Remarks. (1) For fixed &, wn — |m|? can be small only if 7 is the integer nearest to |m|?/w.

(2) For any (my,ny) and (nz, mz) such that m; € Aj, my € Ay for Jj' # j, and n; is the
integer nearest to |m;|>/w, i = 1,2, one has

jmi —ma] + Iy —na| > Cymin{pf, p2}, (8.12)

for some constant C3 independent of w.
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(3) As in Lemma 2.2 also here one could prove that in fact diam(A ;) < const. p?/ D; see

Appendix A.6 for details.
Definition 8.5. We call C; the sets of (n, m) € Z x 7P such that m € Aj, Dn # |m|*>and —1/2+

(D —eo)n < |m|*> < Dn +1/2. We set 8, = —wn + |m|? and d; = |C;|, and define the d;-
dimensional vectors and the d; x d; matrices

) |m|2 s
Uj={unmtnmec;,  Dj=diagy( — | dnm :
pj (n,m)eC;
K15 = diag{y/31 Gn.m) } . myec, (8.13)

parameterised by j € N.

Remark. Notice that for each pair (n,m),(n’,m’) € C; we have |(n,m) — (n',m")| <
C(eopj/D + p%"‘) for a suitable constant C.

We define the renormalised P equations

|‘|f+§17 (n,m)¢C=UCl, Dn;é|m|2,
M= On,m jeN (8.14)

Py(Dj + p;*M;)U; =nF;+L;U;, jeN,

Unm =1

where M i = X1,jM;x1, . and the parameter 1 and the counterterms L; will have to satisfy
eventually the identities

n=ge, Mj=1Lj, (8.15)
forall j e N.

Remark. We note that d; can be as large as O (g9 p}'“"), hence can be large with respect to p;.

However for given ¢ the matrix A; =D; + pj_SM j is diagonal apart from a C; pj.‘ x Cq p?‘
(e-depending) block. This implies that the matrix A; has at most p‘j’f eigenvalues which are
different from |m|2"8n,m. This can be proved as follows. Consider the entry Aj(a,b), with
a,b eCj, with a = (n,m) and b = (n2, m>). The nondiagonal part can be nonzero only if
\/)21(8,11,,,11))"(1(Snz,mz)M(a, b) # 0, which requires |8, ;| < y/4 for i = 1,2. Therefore for
fixed ¢, m; and m, one has only one possible value for each n;, i.e. the integer closest to
w~'|m;|*>. This proves the assertion because A < C1p7 and for all (n,m) € C; one has
m e Aj.

Definition 2.3 and Lemma 2.4 still hold, with Z?P replaced with Z¢(P*1 in the definitions of
A(m). Definitions 2.5(i)—(ii) can be maintained with (n, j) replaced by j, while (iii) becomes

xj =R @+ p M) (8.16)
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where the norm || - || is defined according to Definition 2.3, with d replaced with Cy pj.‘, which is

a bound on the size of the nonsingular block of the matrix X ;(D; + pj—s M j)—l X1j-
Finally there is no parameter s2. Equivalently we can set so = 0, which leads to identify y, m
with 8, , (cf. (2.8)): this explains why there is no need to introduce the further parameters y;, ;.
The main Propositions 1 and 2 in Section 2.4 still hold with the following changes.

1. (n,j) € Z x N (or £2) has to be always replaced either with j € N or with (n, m) ¢ C, for
Dn # |m|?* — the set C is defined in (8.14).

2. In Proposition 1, g (i.e. the solution of the Q equations) is not a parameter any more: it
is substituted with the solution, say q(o), of the bifurcation equation (8.2), whose Fourier
coefficients can be incorporated in the list of positive constants given at the beginning of the
statement.

3. In Proposition 1(i) the bound (2.20) becomes

_ 1/4 1/4
|ttn,m (1, M, £)| < Kolnle™ (im0 (8.17)

for some constant K, namely we have only sub-analyticity in space and time.
4. In Proposition 1(v) one must replace s» with s in the first line of (2.23) and in (2.26), and
e Olma=ml’ \yith e=010a-ma)=(6.mp)I” i the second line of (2.23), for a suitable constant 0.

8.3. Multiscale analysis

The multiscale analysis follows in essence the same ideas as in the previous sections, but there
are a few changes, that we discuss here. It turns out to be more convenient to replace the functions
xnr(x) with new functions )5 (x) = x(32x), in order to have x_(x;) =1 when x1(8,,») # 1 for
all (n, m) € C;. This only provides an extra factor 32 in the estimates. For notational simplicity
in the following we shall drop the tilde.

Letuscall A; =D; + pj_s Mj. Note that

I=xi ((Sn,m) + )ZO((Sn,m) + X-1 (Sn,m) Y(n,m) € Cj. (8.18)

Introduce a block multi-index B, defined as a dj-dimensional vector with components b(a) €
{1,0, —1}, and set

dj
%5 = [ ] @ Gu@.ma)- (8.19)
a=1
For any b we can consider the permutation 7z, which reorders (b(1), ..., b(d;)) into (b (1), ...,

bﬂB (d;)) in such a way that the first Ny elements are 1, the following N, elements are 0, and
the last N3 =d; — N, with N = N| + N, elements are —1. The permutation T induces a

permutation matrix Py such that Py A P}{l can be written in the block form

A Ap Az

PpA P = AT, Aaa Ass |, (8.20)
T T
A1,3 A2,3 A33
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where the block Ay 1, Az and A3 3 contain all the entries A (a, b) with b(a) =b(b) = 1, with
b(a) =b(b) =0 and b(a) = b(b) = —1, respectively, while the nondiagonal blocks are defined
consequently. _

Then for all b such that Xj,f) # 0 we can write

A A O
Aj=Py| AT, A2 0O PB_I, (8.21)
0 0 Az 3

where we have used that if ¥ ib # 0 then the blocks A 3 and A 3 are zero. Furthermore, for
the same reason, the block A3 3 is a diagonal matrix. Note that N < C; pj.‘ by the Remark after
(8.15).

The first N x N block of A; in general is not block-diagonal, but it can be transformed into a
block-diagonal matrix. Indeed, we have

Aip 0 0 I B 0
- N o
Aj=85A;5505 A= ( 0 Ay O ) , S;5="Pp (0 I 0> , (8.22)
0 0 A3z 0 0 1
where
Ar1=A11— A1pATHAT] ., B=A1,437), (8.23)

while I and O are the id§ntity and the null matrix (in the correct spaces). Of course also the
matrices A; ; depend on b even if we are not making explicit such a dependence.

The invertibility of A5 is ensured by the condition b(a) = O for the indices a = N; +
l,..., N. The inverse A, ; can by bounded proportionally to 1/y in the operator norm. Then
also A; can be inverted provided Am is invertible, i.e. provided detAm # 0. Hence in the fol-
lowing we shall assume that this is the case (and we shall check that this holds true whenever it
appears; see in particular (8.29) below).

Hence for all b such that Xj,f) # 0 we can write

ATl = S_—Mfls_—%, (8.24)

and set

0 0 0y 00 0
. s T —1 - . _ s T —1
Giso=r;" S (8 Aé.z 8) S5 Gih=p S (8 0 0 )Sj,B’ (8.25)

so that (8.24) gives

—s 4—1
pit AT =G5 1 +G 504G, (8.26)
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for all b such that XL’B # 0. We can define Gj,B,i also for b such that )Zj,f, =0, simply by setting
Gj i.; = 0 for such b. Then we define the propagators

X pxn(x)G; 5, ifi=1and x;(x;) #0,
X ifi=0,—1land h =—1, (8.27)
0, otherwise,

so that we obtain

o0
s = — - -1 -
P AT =0 Y AT =) Ah [(Gj,fx—l +G50+ D Xh(x/)Gj,B,l}
b b

h=-—1
o0
=) Y Gibin (8.28)
i=— —

which provides the multiscale decomposition.

Remark. Only the propagator G ; b1, AN produce small divisors, because the diagonal prop-
agator G - , and the nond1ag0nal propagator G . 7.0~ | have denominators which are not
really small We can bound |GJ bi_tlo fori =—1, 0 by usmg a Neumann expansion, since by
definition in the corresponding blocks one has [6,,,,»| > y/8 and |M ;|5 < Céep.

Hence we can bound the propagators as

G bl SCYTIp7"s i=0.=1 |G 5,10 <2"Cy~Ip T (829)

forall j e N.
Recall that we are assuming |J ~!|, < C for some s-dependent constant C.
We write the counterterms as

Z Xh(x,)Zx,b b (8.30)

h=-—1

where by definition L ; ib. p(a,b) =0ifeither b(a) = —1 or b(b) =
With this modlﬁcatlons to (3.9) the multiscale expansion follows as in Section 3.1, with j =
(n,m):

U(k) 3 ZZ /(kli,i,h’ (8.31)

i=—1,0,1  h=—1
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with

®
ul), = —2m— ,m)¢ | JCj. Dn#imP,

2s
1% S m Pt

® *) L0k .
UM =G iunE] +3G.DG 5 (Z >y Z i jbl”m) jeN,

hi=—1 0 1=0,1,—1 r=1
%
Wb =q® =y Y 3 WD ) ) 2

ny,mipnz,mp"n3,ms’
ki+ky+k3=k mi+my—m3z=m
ni+ny—n3=|m[*/D

(8.32)
where * has the same meaning as in (8.9) and §(i, j) as usual is Kronecker’s delta.
8.4. Tree expansion

We only give the differences with respect to Section 3.2.

(1) Asin Section 3.2.

(2) One has (ny, my) € Q and the node factor is 1, = q,(nol?.

(3) We add a further label r, p, g to the lines to evidence which term of (8.32) we are consider-
ing. We also associate with each line € a label j, € Z,, with the constraints j, € Nif £ is a
p-line and j, = 0 otherwise.

(4) The momenta are: (ng,my), (n}, m,) € C;, for a p-line, (ng,my), (n,,my) € Q, with
lmg —mj,| < My, for a g-line, and finally (n¢,m¢) = (n),,m}) ¢ UjeNCj U Q for an r-
line. For a p-line the momenta define the labels a¢, by € {1, ...,d;}, withd;, =|Cj,|, such
that (n¢, m¢) = Cj, (a¢) and (n}, m},) = C;,(by). For a g-line the momenta define a,, by such
that (n¢, m¢) = Q(ay) and (n}, my) = Q(bf).

(5) Each p-line carries also a block label b, with components b;(a) = —1,0, 1, where
a = 1,...,dj£.

(6) Both r-lines and g-lines ¢ have iy = —1 and hy = —

(7) One mustreplace (n¢, je) with jg. Moreover if two lines £ and ¢ have jy = jy then |by(a) —
by (a)] < 1 and if hy # —1 then by # 0 (by the definition of functions xy).

(8) One has ng = n, instead of ny = 1 for lines £ coming out from end-points.

(9) One must replace (ng, jg) with jg.

(10) Eq. (3.16) becomes

ny =0, +0o @y, +olng = > oy (8.33)
l'eL(v)

(that is ny is replaced with njé), while (3.17) does not change.

(11) The propagator G, of any line £ is given by g = sz bo.iv (ag, by), as defined in (8.27), if
£ is a p-line, while it is given by g = J! (ag, by) if Lisag-line and by gp = 1/8,,,m, |mg|25
if £ is an r-line.

(12) The node factor for s, = 11is n, = L(/,k”% N (ay, by), where £ is the line exiting v.

Je,De,ng
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The set @J(.k) is defined as in Definition 3.4, with j instead of n, m, by taking into account also
the new rules listed above. This will lead to a tree representation (3.20) for (8.32), which can be
proved as for Lemma 3.6.

In Lemma 3.5 the estimate |n¢| < Bk does not hold any more because there is no longer
conservation of the momenta ny (i.e. (3.18) has been replaced with (8.33)), and all the bounds on
the momenta should be modified into |n¢l, [n}|, [mg|, [m}| < Bk'*4 for some constant B. This
can be proved by induction on the order of the tree. The bound is trivially true to first order. It
is also trivially true if either the root line has i = —1 or it is g-line or an r-line (one just needs
to choose B appropriately). Suppose now that the root line is a p-line with i # —1: call vy the
node which the root line exits. If s, = 3, call 81, 6>, 03 the sub-trees with root lines £1, £, £3,
respectively, entering the node vy. We have |(ng,, my;)| < ki1 Ha by the inductive hypothesis, and
by definition |(n}, m})| < Y3_, Bk} T < B(k — 1)!*%. Then |(n¢, m¢)| < B(k — 1)! T4 +
Cy(k — 12440 < gEltae 1f g — 1 the proof is easier.

8.5. Clusters and resonances
Definition 3.7 of cluster is unchanged, while Definition 3.8 of resonance becomes as follows.

Definition 8.6. We call 1-resonance on scale h > 0 a cluster T of scale h(T) = h with only one
entering line £7 and one exiting line EIT of scale hgf) > h 4 1 with [V(T)| > 1 and such that

(i) one has
@ g =Jer. ) pj, =207, (8.34)
(ii) for all £ € L(T') not on the path P({r, ElT) one has jy # jo,.

We call 2-resonance a set of lines and nodes which can be obtained from a 1-resonance by setting
ig; =0, —1. Resonances are defined as the sets which are either 1-resonances or 2-resonances.
Differently from 3.8 we do not include among the resonant lines the lines exiting a 2-resonance.

Definition 3.9 is unchanged provided that we replace (n, j) with j, we require p; > 2h=2)/t
we associate with the node e the labels (n., m.) € C; and with £ the labels (ng,, mg,) € C;.

Since we do not have the conservation of the momentum », Lemma 3.10 does not hold in the
same form: the bounds have to be weakened into |ng|, |mg], |n2|, Im| < Bk!*4 for the lines £
not along the P(£,, £o), and |n¢|, [me|, [0}, |m}| < B(|n| + k)4 for the lines along the path.

8.6. Choice of the counterterms

The choice of the counterterm (8.30) is not unique and therefore is rather delicate.
Resonances produce contributions that make the power series to diverge. We want to eliminate
such divergences with a careful choice of the counterterms.

The sets @I(Qk)] and R%()h jare defined slightly differently with respect to Definition 3.11.

Definition 8.7. We denote by @1(?k)j the set of renormalised trees defined as the trees in @](.k) with
the following differences:
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(i) The trees do not contain any 1-resonance 7 with BllT = f)gT.

(ii) If a node v has s, = 1 then by # by, where £ and ¢’ are the lines exiting and entering,
respectively, the node v. The factor n, = L;’Zfél’hg associated with v will be defined in
(8.39). .

(iii) The propagators of any line £ entering any 1-resonance T (recall that by (i) one has b, ! #*

B[T, where €7 = {), is

gZZth(sz))_(j(’f)z(Gij O(aﬁs b@)""G][b 1 1(a2a be)

G, b,.0lae be) — _(ag, by)), (8.35)

I@ by,

and the same holds for the propagator of any line £ with iy = 1 entering a node v with
sy = 1.

In the same way we define R%")h’ i We call R%")h’ j (a, b) the set of trees 6 € R%i)h’ j such that
the entering line has m, = C;(a) while the root line has mjzo = C;(b). Finally we define the sets

@I(Qk) and R%() as the sets of trees belonging to (H)I(ek)] for some j and, respectively, to R%C,)h, j for
some h, j.

By proceeding as in Section 3.5 we introduce the following matrices:

T"‘>(a b= > > val@). (8.36)

hi<h=19eRY), , (@b

We use a different symbol for such matrices, as we shall see that the counterterms will not be
identified with the matrices in (8.35), even if they will be related to them. We shall see that, by

the analog of Lemma 3.14, the matrices T( |, are symmetric.
To define the counterterms L; we note that in order to cancel at least the 1-resonances, we
need the following condition:

®) ®
Gpan(LSG, + TG 5 =0. (8.37)

Moreover in order to solve the compatibility condition we need a solution L b (@ b) which is

proportional to X1(8,(a),m(a)) X1 (Sn(),m®)), and clearly the solution L(k) + T ®) — 0 does not
isb.h

comply with this requirement. However, since Gj,b,l, ,, 1s not invertible, (3. 37) does not imply

Li,k% W= —7}%’2; indeed there exists a solution such that Lj p.n(a,b) #Oonlyifb(a) =b() =1.

This solution does not cancel the resonances 7 with b(1T # by, and does not even touch the 2-

resonances. Nevertheless, if (8.37) holds, we shall see that we are left only with 2-resonances
and partially cancelled 1-resonances, which admit better bounds (see (8.17)).

By definition L;kl); (@, b) =0 if either b(a) or b(b) is equal to —1. Then (8.37) reduces to the

following equation for the matrix X = L(/,kl); , T Tj(’;) :
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T

I I
(o) S]bxsjlf<0)=o = X11—(BX{,+X12B")+BX2,B" =0, (8.38)
0 0

where we define
X1 X2 Xi3
PIxPy=| X[, X22 Xa3
T T
X1,3 X2,3 X33

In (8.38) there are two matrices which act as free parameters. A (nonunique) solution is

L 0 0 I -B 0 I 00
P LY p= 0 0 0 =(0 0 O)Plfj,hp<—3 0 o). (8.39)
0 0

Jbh 0 0 0 0 0 0 0

In this definition, L( ) (a b) # 0 only if b(a) = b(b) = 1, so that L(kl has the correct fac-
tors xi, that is L( ) = X1, ]L(k) X1,; for a suitable L< ) (a b). Moreover the 1-resonances

with b L= beT are cancelled whlle the 2-resonances w1th b L= bér are untouched since
J,b,h(Gj,b,O‘fl +Gipo1-1)=

Let us now consider a 1-resonance 7" with f)zl #* f)g,. We can write (by settingb=b,1 )
T T

(k) (k) -
G]blh(L +T,h)Gj,b1,l,h1

*) (k) - —s 4—1 R -
Gjblh(L +7},h)Xhl(xj)Xj,b1(ijAj _Gj,bl,O_Gj,bl,—l)

_ (k) (k) - R R R -
=G5 h(L +Tj,h)Xh1(xj)Xj,bl(Gj,b,o +G5-1=G5,0=Gjp,.-1) (840

which does not vanish since b o, # B[T In that case we say that the 1-resonance is regularised.

Then Lemma 3.13 holds true, with L( 3 ;, substituted with T( h) provided that in the definition
of renormalised trees (cf. Definition 3. 11) we add the condmon that all 1-resonances T with
belr #* beT and all the nodes with s, = 1 and i, = 1 are regularised.

Also Lemma 3.14 is still true, as the property for the matrix to be symmetric depends only the
nonlinearity.

8.7. Bryuno lemma in ()(k)

The set G(0, y) is defined by (4.1), provided we substitute (n, j) with j and y with y/32.
(4.2) is replaced by

|5n(a) m@| <272y, be(a) =1,
273 J/ <bn@ym@) <271y, bela) =0, (8.41)
272y < dn@y.m(@) s be(a) = —

forall jy>1landa=1,...,dj,.
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For the definition of the set (6, y) we require only the condition (4.3), which becomes

.
=
je

[xj,| = (8.42)

We define Nj,(0) as the set of lines £ with iy = 1 and scale h; > h, which do not enter any res-
onance. Then, with this new definition of N, (6), one has N, (0) < max{0, ck(0)2@MB/2t _ 1}
(note in the exponent the extra factor 1/2 with respect to the bound (4.5)). The proof fol-
lows the same lines as the proof of Lemma 4.1 in Section 4.1, with the following minor
changes.

In order to have a line on scale & we need that Bk!t4 > Cpj, = C2"=D/7 for some con-
stant C. We proceed as in the proof of Lemma 4.1, up to (4.8), where again n,, should be
substituted with p;, with i =0, 1. Define Ej = ¢~ 12720/,

1. If jg, = j¢, then, since £ by hypothesis does not enter a (regularised) resonance, there
exists a line ¢’ with iy € {0, —1}, not along the path P (¢, £g), such that j, = Jeo- By the
Remark after Definition 8.5, we know that |ng| > |ng, /2| > 2(h=2)/ In this case one has
(k(0) — k(©1)'* > B~ ny| > Ey.

2. If j¢, # je, then we call £ € Py, £1) the line with i # —1 which is the closest to £.

2.1. If pj; < pj,, /2 then (k(8) — k(6y)) e > Cpjy,-
22. If pj; > pj,, /2 then one reasons as in case 2.2 of Lemma 4.1, with the following differences.

2.2.1. If jg, # js. then |(ng, mjz) — (ng,, me,)| > const. pféo. For all the lines ¢ along the path

P(L, £o) one has iy = —1, hence either ny = n% and my = m% (if £ is a p-line) or |m, —
m/,| < M\ (if £ is a g-line), so that |(ng, mj) — (ng,, mey)| < 2B(k(0) — k(61))! T4, with
the same meaning for the symbols as in Section 4.1, and the assertion follows once more
by using (4.8).

2.2.2. If jg, = j; then there are two further sub-cases.

2.2.2.1. If £ does not enter any resonance, we proceed as in item 1.

2.2.2.2. If £ enters a resonance, then we continue up to the next line £ on the same path with
i # —1.If j; # je, the proof is concluded as in 2.2.1 since 2Bkt > [(ng, mp) —
(ng,mp)| = Clpf. Likewise — using item 2.2.2.1 — the proof is concluded if the line l
does not enter a resonance. If £ enters a resonance with Ji = Jjey» we proceed until we
reach a line with i # —1 which either has j # ji, or does not enter a resonance: this is
surely possible, because by definition £; does not enter a resonance and jg, # jg,. This
completes the proof of the lemma.

Lemma 4.2 holds with |n], |m| < Bk'+** and ¢ = 1, and with p;>*/* in all the lines of (4.9).
The proof is the same (recall that we can set s, = 0); we only need to substitute p‘J’.’ (which
bounded the dimension of the nondiagonal block) with d;. In (iii) the labels (n’, j') should be
substituted by j'.
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8.8. Bryuno lemma in R%()

The definitions of é(@, y) and @(0, y) are changed exactly as G(@, y) and D (6, y), respec-
tively, in the previous Section 8.7.

Definition 8.8. We divide Rp ,; into two sets R}e p,j and R% hjt R}e p,; contains all the
trees such that either P (£, £,) = @ or at least one line £ € P({y, £.) has j, # j, and R%,h,j =

RR.h,j \R}?,h,j' This naturally yields a decomposition R%")h’j = R%‘}:)j U R%‘Z)] for all k € N.

The two properties (i) and (ii) of Lemma 4.3 should be restated as follows.

(1) There exists a positive constant By such that if k < By pf OF40) e R%{:},)h contains only

trees with P(£y, £.) = 0;
(i) for all 6 € R%‘;)/ (a, b) we have B3|(n(a), m(a)) — (n(b), m(b))|® < k, with p a constant

depending on D, for a suitable positive constant B3.

The proof of (i) can be obtained by reasoning as in the cases 2.1 and 2.2.1 of Section 8.7,
while that of (ii) proceeds as in the proof of Lemma 4.3(ii).
For the trees in R%‘f) j all the lines £ along the path P (£y, £.) have j, = j, and we can bound
the product of the corresponding propagators as

(T s 'or)es(-e 3 lowmo—(m))

LeP(Lo.Le) LeP (Lo, Le)

< Cke—tfl("l(ymzo)—("le,ng)\p’ (8.43)

where the factor 4 is due to regularisation of the propagators with iy, = 1 (see (8.35)), and we
have used (8.29) to bound |Gj,f),i,fl | fori =0, —1. Hence also |Val(6)|, is bounded by ck.

Lemma 4.4 and properties (i) and (ii) of Lemma 4.6 are modified exactly as the correspond-
ing 4.1 and 4.2. In (4.17)(ii) |n| should be substituted by |p;|. Finally (4.17)(iii) should be
replaced with

dj/ h
Z Z |8Mj/(a’,b’) Val(9)| < Dk27h ( 1_[ 22h’Nh/(9)) l_[ p35/4, (844)
h=—1

j'eN o'\ b'=1 ¢
which can be proved as follows.

1. Let us first consider R}Q’ i We have no difficulty in bounding the sums and deriva-
tives applied on lines £ ¢ P({p, £.). By the analog of Lemma 4.3 discussed above, if
Bk < p? /A+4) then Py, £.) =@ and we have no problem. Otherwise we have at most
Q2p; + k)!*4 possible values of (n,m) and (n’, m’) which can be associated with a line
£ along the path P(£y, £.) and by our assumption one has (2p; + k)t < Ck for some
constant C.
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2. If all the lines £ € P(£g, £.) have j, = j then the sums with a’ # b’ contain at most C%p?"‘

terms, whereas the sums with ¢’ = b’ contain at most k terms, since there are at most k lines
on P(£o, £Le).

The rest of Section 4 is unchanged. In Section 5.1 we remove the second Melnikov condition
(the ** and *x** products) in (5.3) and (5.5).

8.9. Measure estimates
By definition we have to evaluate the measure of the set

. N N )
{82 ||Xl,j(Dj+pjij) le,jH 12 p—);V] EN}. (8.45)
J
By Lemma 2.4(iii) one has

, (8.46)

since the matrices are symmetric and the minimum is attained for some i such that

X18n(i).m()) # 0.
The set (8.45) contains the set

. . 2
¢= {s € (0,80): [2V(D; + p;* M;)| > p—’: Vi=1,....d;, Vj EN}. (8.47)
i

We estimate the measure of the subset of (0, &9) complementary to &, i.e. the set defined as union
of the sets

; . 2
Jji= {e € (0, 0): |2 (D; + p; M;)| < p—’i} (8.48)
j

forjeNandi=1,...,d;.

First we notice that if |p;| < C/ sg, for appropriate constants £ and C, then, by Lidskii’s
Lemma [24],

Im(@i)|?

Pj

)
WD+ p; )| > ( ) (=Dn(@) + [m@)[*) = Ceop; + p%) P (50 + £0p)).

(8.49)

which implies that

)L(i)(Dj + P;SM]') >

s

[\SR

as soon as § = 1/2 and C is suitably small. Therefore we have to discard the sets J; ; only for
Dj > C/Eg.
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Let us now recall that for a symmetric matrix M (x) depending analytically on a parameter x,
the derivatives of the eigenvalues are: 92D (x) = (v;, 8, M (x)v;), where v; are the correspond-
ing eigenvectors [24].

Since ID; depends linearly — and therefore analytically — on & we consider A;(x,¢) :=
ADD;(x) + p;’ M) with x, & independent parameters.

Clearly |0 A;(x, )| > pj, and, by Lidskii’s Lemma again,

dj
|00 (v, &) < pj* YA D@ M.
i=1

Now M j is adj x dj matrix which for each fixed & has only a nonzero block of size p7; the

properties of the functions ;1 imply that also 9, M ; has only a nonzero block of size p‘;‘. So
one has '

|35)~i(x, s)| < C(l + 80p;—s+5a)’

for some constant C.
Then the measure of each J;; can be bounded from above by

8y
T+1°
J

-1
(ix@(pj ©) +p;°M; (8))> < (8.50)

X
&

Therefore we have
dj
1 D
Z Zmeas(jj,i) < const. Z pr+°‘ <T—+1> < const.(gg(r b a)), (8.51)
jeNi=l1 p=Clet p

provided T > D 4 o + 1/&, so that the measure of the complementary of € is small in (0, gg) if
T>D4+a+1/E.
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Appendix A
A.l. Preliminary measure estimate

We estimate the measure of the complement of &(y ), defined in (2.2), with respect to the set
(0, &9), under the condition u € 9. For all n, p € N we consider the set

jn,pz{se(o,ao): |wn—p|<l}. (A.1.1)

nt
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The measure of such a set is bounded proportionally to |n|~("'*1D . Moreover one has

o0 o0 o
Z meas(J,, ) < const. Z In|~@+D 4 const. gy Z |n| 7™, (A.1.2)

n,p=I1 n=1 n=1

because the number of values that p can assume is at most 1 4+ gon (simply note that |wn — p| >
1/2 if p is not the integer closest to wn and |w — D — | < &p).
Finally we note that, by (2.1), for n < (yp/2e0)"/ ™+ one has

lon — p| = |(D + wn — p| —goln| = yIn| 7%, (A.1.3)
provided y < yp/2. Hence the sum in (A.1.2) can be restricted to n > (yo/Zeo)l/(mH), so that

Zmeas(fjn,p) < const. sél/m’H) + const. 8(1)+(TI_1)/(T0+1), (A.1.4)
n’p

which is infinitesimal in ¢g provided 71 > 79 + 1.
A.2. Proof of the separation Lemma 2.2

Let D € Nbe fixed, D >2.Forall D > d >1and forall r > 1 let $¢ (r) denote a d-sphere of
radius r, Sg (r) a sphere sd (r) centred at the origin and B (S4(r)) the ball with boundary sd (r).
A ball B(Sd(r)) determines uniquely a (d + 1)-dimensional subspace Pt in which it lies.
Consider now a sphere $9=1(I") contained in S9(r): this determines a d-dimensional subspace
—say H —of P4*t!. H divides P?*! in two parts, and hence divides B(S%(r)) in two as well.
We call these two parts spherical caps, we call B(S?~!(I")) the base of the cap and I" the radius
of the cap. Finally the maximum of the distance between a point in the cap and the base will be
called the height of the cap — and will be denoted by 4.

Lemma A.2.1. Given any D > d > 1 there exist two constants C(D,d), C'(D, d) such that the
following holds. For all 0 < ¢ < 1 and for all d-spheres Sg (r) there exist N = N (e, r, D, d) sets
of integer points Ay (depending on the sphere and on €, d and D), such that

N
S§r)NzZP = Aa. |Aq| < C(D, d)max{r®,d +2},
a=1
dist(Ag, Ag) = C'(D,d) r®ED, (A2.1)

with §(e,d) :=2¢e/d(d + 2)!.
The proof of this lemma follows easily from the following result.

Lemma A.2.2. There exist constants C and C' such that the following holds. Let ny, ..., n; €
SYrYNZP. Ifforalli =1, ...,k—1onehas |n; —nj+1| < CrP@D then k < C' max{rt,d +2}.

Facts. We group here some simple facts on points on a sphere; see Fig. 8.
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3

ngy

nq

Fig. 8. Simplex generated by three points n1, ny,n3 on the sphere S L(r). I' is the base of the spherical cap in which
the three points are contained and /4 the height. If 4 is small then the volume (= area) of the cap is of order I" 3 /r, with
I'=0(ny —na| +ny —n3).

A. For any sphere S9(r) one has |S?(r) N ZP| < C(D, d) r?, for some constant C(D, d).

B. j + 1 affinely independent points ny,...,nj41 in 7P generate a j-dimensional simplex,
which is their convex envelope, and determine uniquely a (j — 1)-dimensional sphere on
which the points lie. Setting v; =n; —n;4 fori = 1,..., j, the volume of the simplex
generated by ny,...,nj411s

1 1 V11 ... Uip
—[det NNT |2, N:(... ) (A22)
J: vj1 ... VUjD

and, since N has integer coefficients, the volume of the simplex is bounded from below by
1/

C. The volume of a spherical cap of height / and radius I" is O (I"%h); some trivial trigonometry
tells us that if 4 is o(r) then F2/h = O(r) and hence we can write I'h = 0(Fd+2/r).

D. Given two balls Sd(R) and Sd(r), Sd(R) determines two spherical caps on B(Sd(r)) with
basis B(Sd ryn sd (R)): clearly the radius of the caps is smaller than R and r.

E. Consider j + 2 affinely independent points n1, ..., ;2 in ZP which determine the sphere
S/ (rj) forsome r;. If forall i =1,..., j + 1 one has |[n1 —n;;1| < K = o(r;) then all the
points ni,...,n 4o are contained in a spherical cap which does not contain the center of
SI(r j) and of radius I < K. This implies that also & = o(r;) and the volume of the cap
is bounded by c(j)I/*2/r j = 1/j! for some constant c(j). Therefore one has the bound
ri < C(HKIH2 with C(j) = j1/c(j).

Proof of Lemma A.2.1. For k < d + 1 the assertion is trivially satisfied, hence we can assume
fromnow on k >d + 2. Fori =1,...,d, let k; be the largest index such that ny, ..., ny, are
contained in an (i 4+ 1)-dimensional affine subspace and therefore define an i-sphere — say S’ (;)
in $¢(r) for some r; < r. The proof is performed by induction.

Step 1. Call Sl(rl) — with r; < r — the 1-sphere determined by n{, np and n3 (which are
surely affinely independent); by hypothesis [n; — n;| < 2Cr3®® for i =2,3. Provided r; >
r28ed) then ny, ny, n3 respect the assumptions of Fact E with K = 2Cr%Ed) | and we have
ri < A(D, l)r"‘l‘s, with § = 48(e, d), @1 = 3 and a suitably large constant A(D, 1). If r| < r28(e.d)
then surely 7 < A(D, 1)r*1®. By Fact A we have at most C(D, 1) r; < C(D, )A(D, 1)r*® inte-
ger vectors on S'(r1) N §¢(r) and therefore k; < C(D, 1)r3.



G. Gentile, M. Procesi / J. Differential Equations 245 (2008) 3253-3326 3317

Inductive hypothesis. Fori =1, ..., j let A(D,i) be suitably large constants and set ot; = (i +
2)!/2. Assume that for all / < j — 1, we have proven that ny, ..., ny, lie on an i-sphere of radius
ri < A(D, i)r*%® —sothat k; < C(D, i)r'®s.

Step j > 1. By definition if k;_; < k the point Nk _i+1 issuch that ny, na, n3, ng 41, ..., Nk +1
are j + 2 affinely independent points which determine a j-sphere S/ (r;), for some r; < r. By
definition of r;_1 one has |n; — n1| < 2rj_1 <2A(D, j — rei-18 for all i =2, . .., kj_1 and
clearly |ng; ,+1 —nil < Ccrd+ 2r; < Bjr"‘jfl‘s, for a suitable constant B;. If r; < r2aj-18 the
inductive hypothesis is proven, otherwise if r; > r2%i-1% then we can apply Fact E with K =
B;r%i-15. We have r; < A(D, jrU+2ei-18 = A(D, j)r%i% by setting a(j) = (j + 2aj_1 =
G+2!/2. O

Remarks. (1) A careful look at the proof of Lemma A.2.2 shows that in Lemma A.2.1 one can
choose C(D, d) and C'(D, d) as functions of the only D.

(2) In the proof of Lemma A.2.2 the construction in step 1 shows that if one takes three vectors
ni, ny and n3 on a l-sphere S!(r1) then (with the notations used in the proof of the lemma) one
has max{n; — ny,n; — n3} > C1r11/3. Therefore for d = 1 these sets A; can be chosen in such
a way that each set contains at most two elements, and the distance between two distinct sets on

the same sphere S!(r) is larger than a universal constant times r!/3.

Lemma A.2.1 implies that it is possible to decompose the set Z” U SOD (r) as the union of sets
A such that diam(A) < const. 71 (cf. [6, p- 399]), and |A| < const. rP@+e) Hence, if we take
o small enough and we set § =8 and @ = D (6 +¢), by using that ¢ /8 = (d +2)!d /2, Lemma 2.1
follows.

A.3. Constructive scheme for Lemma 8.1

Here we prove that the sets M verifying the conditions (a) and (b) in the proof of Lemma 8.1
are nonempty. The proof consists in providing explicitly a construction.

1. Fix a list of parameters a», ...,ay € R such that o; < j_y fori =2,..., N, with o] =1,
and

N
2PN ot <3P 4 2P (N - 2). (A3.1)
i=2

2. Givenr € R and fori =2, ..., N consider the regions R;(r) := {x € Zf: ai—r < x| <
ajr} with r so big that it is not possible to cover any of the R;(r) with 3N 272D planes and
spheres.

3. Choose an integer vector m| € Z_?_ such that |m |2 =r2 is divided by D, and construct the
“orbit” O(m1) := {m € ZP: |m;| = |(m1);|}.

4. For each pair m,m’ € O(m ) consider the two planes orthogonal to m — m’ and passing
respectively through m and m’, and the sphere which has m — m’ as diameter (there are at
most 3-2P-12P — 1) planes and spheres).

5. Choose the second integer vector m» € R () such that |m»|* divides D and the orbit O (m>)
does not lie on any of the planes and spheres defined at step 4.
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6. For each pair m,m’ € O(m1) U O(my) proceed as in step 4. We have at most further
3.2P@2P+1 _ 1) planes and spheres.

7. Then we proceed iteratively. When we arrive to my we have to remove at most
3N2P=1(N2P — 1) planes and spheres.

A.4. Blocks of the matrix J

Write M = {m,...,my},with M =2PN andsetV ={v=(m,m'): m,m' e M, m #m'}:
clearly L :=|V| = M (M — 1). We call alphabet the set V and letters the elements (vectors) of V.
We call word of length £ > 1 any string vivs...ve, with vy € V for k =1, ..., £. Let us denote
with A the set of all words with letters in the alphabet V plus the empty set (which can be seen
as a word of length 0).

For v € V with v = (m;, m;) we write v(1) = m; and v(2) = m;. Given two words a =
v1...v; and b =v] ... v, we can construct a new word ab = vy ...v,v} ... v, of length n +n’.
Finally we can introduce a map a — w(a), which associates with any letter v € V the vec-
tor v(1) — v(2), to any word a = vy ...v, the vector w(a) = w(vy) + --- + w(v,) and finally
w(?) =0. We say that a is a loop if w(a) =0.

Remarks. (1) Given a set M let V be the corresponding alphabet. If |M| = M then |V| =
L(M)= M (M —1).If we add an element m v+ to M so to obtain a new set M’ = MU {mpy41},
then the corresponding alphabet V' contains all the letters of V plus other 2M letters. We can
imagine that this alphabet is obtained through 2M steps, by adding one by one the 2M new
letters. In this way, we can imagine that the length L of the alphabet can be increased just by 1.

(2) By construction w(viv2) = w(vavy). In particular w(a) depends only on the letters of a
(each with its own multiplicity), but not on the order they appear within a.

Define a matrix J, such that

() Jjx=J(q;,qx), with g}, qx € ZP,
(ii) J(q,q") # 0 if there exist m1, mp € M such that g — m| = ¢’ — mp and (m' — my, my —
my) =0, and J (g, q’) = 0 otherwise.

A sequence C = {qo, q1,---,qn} Will be called a chain if J(qx—1,qx) #0fork=1,...,n.
We call n = |C| the length of the chain C. A chain can be seen as a pair of a vector and a word,
that is C = (qo; a), where gg € ZP and a = vy ...v,, with w(v) = qr — qk—1. Note that, by
definition of the matrix J, given a chain C as above, one has

Gk = qk—1 + w(vk), (ax — v (@), w(vp)) =0, (A4.1)
forallk=1,...,n.

Lemma A.4.1. Given a chain C = (qo; a), if the word a contains a string voagvo, with vy € V
and ap € A, then (w(voap), w(vo)) = 0.

Proof. As the word a of C contains the string vgagvg, by (A.4.1) there exists j > 1 such that
(aj —vo@), w(o)) =0,  (g; +vo+ wlao) — vo(2), w(vp)) =0,

so that (w(vg) + w(ap), w(vg)) =0. O
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Lemma A.4.2. Given a chain C = (qo; a), if the word a contains a string agboag, with ag, by € A
and ag containing all the letters of the alphabet V, then agby is a loop.

Proof. For any v € V we can write ag = ajvay, with aj, ap € A depending on v. Then apbpag =
ajvazbpaivas. Consider the string vasboav: by Lemma A.4.1 one has (w(vaxboai), w(v)) =0
On the other hand (cf. Remark (2) after the definition of loop) one has w(vazbpa;) =
w(ajvazbg) = w(apbo), so that (w(aphg), w(v)) =0. As v is arbitrary we conclude that

(w(aobo), w(v)) =0 YveV = w(aphpy) =0,
i.e. apbg isaloop. O

Lemma A.4.3. There exists K such that if a word has length k > K then the word contains a
loop. The value of K depends only on the number of letters of the alphabet.

Proof. The proof is by induction on the length L of the alphabet V (cf. Remark (1) after the
definition of loop).

For L =1 the assertion is trivially satisfied. Assume that for given L there exists an integer
K (L) such that any word of length K (L) containing at most L distinct letters has a loop: we
want to show that then if the alphabet has L + 1 letters there exists K (L + 1) such that any word
of the alphabet with length K (L + 1) has also a loop.

Let N(L) be the number of words of length K (L) written with the letters of an alphabet V
with [V| = L + 1. Consider a word a = ay ...an(1)+1, where each ay has length K (L). We want
to show by contradiction that a contains a loop. If this is not the case, by the inductive assumption
for each k either a; contains a loop or it must contain all the L + 1 letters. As all words a; have
length K(L) and there are N(L) + 1 of them, at least two words, say a; and a; with i < j,
must be equal to each other. Therefore we can write a = ay ...a;1a;ba;jajy1 ...anr)+1, where
b=ajy1...aj1if j>i+1landb=0@if j =i+ 1. Hence a contains the string a;ba;, with a;
containing all the letters. Hence by Lemma A.4.2 one has w(a;b) =0, i.e. a;b isaloop. O

Remark. Note that the proof of Lemma A.4.3 implies

L
K(L+1)<K(L)(N(L)+1) ]_[ N(@) +1) (A4.2)
=1

which provides a bound on the maximal length of the chains in terms of the length of the alpha-
bet V.

Lemma 8.2 follows immediately from the results above, by noting that all the spheres with
diameter a vector v(1) — v(2) with v € V are inside a compact ball of ZP.

A.5. Invertibility of J for D =2

In the following we assume D =2 and N > 4. We prove the Sub-lemma of Lemma 8.3.
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We first prove that (i) implies (ii). As seen in Appendix A.3 condition (8.4) is implied by

Im;| 2+42s
ai<<|m—ll|) <ajyp Vi=2,...,N-—1, (A.5.1)

where the ¢; > 1 are fixed in Appendix A.3.

For |m| large enough, (A.5.1) contains a 2N -dimensional ball of arbitrarily large radius. By
definition an algebraic variety is the set of solutions of some polynomial equations and there-
fore cannot contain all the positive integer points of a ball provided the radius is large enough
(depending on the degree of the polynomial).

To prove (i) let us start with some notations. We consider Z2N as a lattice in C2V, we denote
x={x1,..., x5} =M, € C?N, where each x; is a point in C?; we denote the points in M still
as m; € C2, and for each point x; € M. we have the orbit O(x;) € M i.e. the four points in M
obtained by changing the signs of the components of x;.

Definition A.5.1.

(i) Given two points m;, m; in M we consider: the circle with diameter m; — m (curve of
type 1) and the two lines orthogonal to m; — m ; and passing respectively through m; (curve
of type 2) and through m; (curve of type 3). Note that the curve is identified by the couple
(m;,m;) and by the type label. We call C the finite set of distinct curves obtained in this
way for all couples m; % m in M.

(ii) Let C be a curve in C identified by the couple (m;, m ;). We say that a point m’ is g-linked
by (m;,m;) to m € C if one has either (1) m" = —m +m; +m , if C is a curve of type 1,
or 2y m' =m + (mj —m;), if C is acurve of type 2, or 3y m’ =m — (mj —m;),if Cisa
curve of type 3. Notice that in case (1) also m’ is on the circle, while in cases (2) and (3) m’
is on a curve of type 3 and 2, respectively. We say that two points m, m’ € Z%_ are linked by
(m;, mj) if there are two points m € O(m) and m’ € O(m’) such that m, m’ are g-linked by
(mj,mj).

(iii) Given M we consider the set H of points y; ¢ M which lie on the intersection of two
curves in C, counted with their multiplicity. Set r := |H|: we denote the list of intersection
points as y = {y1, ..., y~v)}. Note that r depend only on N.

We first prove that the points x € C2V which do not satisfy Lemma 8.1 lie on an algebraic
variety. As seen in Appendix A.3, Lemma 8.1 is verified by requiring that if either a curve of
type 1 contains three points in M or a curve of type 2 or 3 contains two points in M, then such
points are on the same orbit. It is clear (see Appendix A.3) that this condition can be achieved by
requiring that x does not belong to some proper algebraic variety, say W,, in C2V .

Let us now consider the set of points x € Z%_N where det J; 1 is identically equal to zero (as a
function of s); since J ; is a block diagonal matrix we factorise the single blocks and treat them
separately. The matrix Jq 1 has some simple blocks which we can describe explicitly. Recall that

N
16A’=c1y Il 2ap =1 —colP—ea Y Ixl (A52)
i=1 j=1,...,.N
J#i

where ¢ = 8/(8N + 1).
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1. For all m € Zﬁ_ such that m does not belong to any curve C € C one has Y, ,» = 0 for all
m’; by considering the limit s — oo one can easily check that J,; , = |m|>+> /2 —8A2=0
is never an identity in s (independently of the choice of M ).

2. For all linked couples m, m’ € Zﬁ_ such that each point belongs to one and only one curve
one has either a diagonal block |m|*™% /2 — 8 A2 — 4aZ. for some x; € My if m=m’, ora
2 x 2 matrix

(|m|2+2s /2 —8A? — 20, )
— 20, |m'|?125 )2 — 8A?

if m #m’ and (m;, m;) is the couple linking m’ to m. In both cases a trivial check of the
limit s — 400 will ensure that the determinant is not identically null.

3. There is a block matrix containing all and only the elements of M. Such a matrix is easily
obtained by differentiating the left-hand side of (8.5):

am, 0 ... 0 9 8 ... 8 am, 0 ... 0
B R [ I | .
() o 08 o )
0 ... 0 amy g8 ... 8 9 0 ... 0 amy

Since all the a,,, are nonzero we only need to prove that the matrix in the middle is invertible,
which is trivially true since the determinant is an odd integer.

We now have considered all those blocks in J;,; whose invertibility can be easily checked
directly. We are left with the intersection points in H' := H N Zf_ \ M and all those points m’
which are linked to some y; € H ’. We call J the restriction of J1,1 to such points; the crucial
property of J is that it is a K x K matrix with K bounded by above by some constant depending
only on N.

We will impose that J is invertible at s = 0 by requiring that M. does not lie on an appro-
priate algebraic variety in C2V.

By definition the points in H (and the points linked to them) are algebraic functions of
x e C?V, By construction Jm m—Ymm |m|2+25/2 8A2 and moreover Y, contains a con-
tribution —2ay,, ap,; for each couple (m;, m;) linking m’ to m. We want to prove that for s =0

the equation det J =0 (which is an equation for x € C?V) defines a proper algebraic variety, say

Wre,in C2N .
We consider the space CT := C?" x CV x C? and, with an abuse of notation, we denote the
generic point in cT by (x,a,y) = (x1,..., XN, Ax, ..., Axy, V1, ..., yr) (therefore we consider

(x,a, y) as independent variables). Note that det J=0isa polynomial equation in CT. We call
W, the algebraic variety defined by requiring both that the a,, satisfy (A.5.2) and that each y;
lies on at least two curves of C (W), is equivalent to a finite number of copies of C*V).

We now recall a standard theorem in algebraic geometry which states: Let W be an algebraic
variety in C"™™ and let IT be the projection C"*" — C" then I1(W) is an algebraic variety
(clearly it may be the whole C"!) We set n = 2N (the first 2N variables), m = 2r + N and apply
the stated theorem to IT(W, N Wy); we now only need to prove that the algebraic variety we
have obtained is proper; to do so it is convenient to treat separately the invertibility conditions of
each single block of J.
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The first step is to simplify as far as possible the structure of the intersections and therefore of
the matrix J. The simplest possible block involving an intersection point y; is such that

(i) only two curves in C pass through y;;
(ii) the two points linked to y; (by the couples of points in M identifying the curves) are not
intersection points.

Such a configuration gives either a 3 x 3 matrix or a 2 x 2 matrix — if one of the curves is
either an horizontal or vertical line or a circle centred at the origin.

Definition A.5.2. We say that a curve C € C depends on the two — possibly equal — variables
Xi,Xj € C? if C is identified by the couple (m;, m ), such that m; € O(x;) and m; € O(x;).

The negation of (i) is that y; is on (at least) three curves of C: such a condition defines a
proper algebraic variety in C”, say W;. We now consider the projection of W, N W; on C2N:
its closure is an algebraic variety and either it is proper or the triple intersection occurs for any
choice of x (which unfortunately can indeed happen due to the symmetries introduced by the
Dirichlet boundary conditions).

Three curves in C depend on at most six variables in C2. If four or more of such variables are
different then at least one variable, say xi, appears only once. By moving x; in C? we can move
arbitrarily one of the curves, while the other two (which do not depend on xj) remain fixed. This
implies that the triple intersection cannot hold true for all values of x; and thus I7T(0V, N W) is
a proper variety in C2V.

In the same way the negation of (ii) is that one point linked to y; lies on (at least) two curves
of C (one curve is fixed by the fact that the point is linked to y;); again the intersection is
determined by six points in M and the same reasoning holds.

We call W, the variety in C” defined by the union of all those W; such that IT(OV, N W) is
proper.

In W, \ W, we can now classify the possible blocks appearing in J (notice that only intersec-
tion points which are integer-valued have to be taken into account when constructing the blocks
in J).

1. We have a list of at most 3 x 3 blocks corresponding to the intersection points of type (i)—(ii).
Such intersection points are identified by two curves which can depend on at most four
different variables x;, withk =1,...,4.

2. There are more complicated blocks corresponding to multiple intersections (or intersection
points linked to each other), which occur for all x € C* due to symmetry. As we have
proved above the curves defining such intersections depend on at most three different vari-
ables x;, .

In any given block, call it Bj, the contribution from Y involves only terms of the
form —2ay,,;am i such that m;,m; € Ut:l O(x;,). Each ay, i depends on all the components
of x; in particular, a,%,j can be written as a term depending only on the x;, plus the term

—%cl D ititia x]2.. Since by hypothesis N > 4 and k < 4 the second sum is surely nonempty.

.....

zZ is a polynomial function in the x;,’s.
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In the limit Z./ Filsia sz. — oo the terms depending on the x;,’s become irrelevant and
we are left with a matrix (of unknown size) whose entries, apart from the common factor
_%cl > it oia sz., are integer numbers. It is easily seen that these numbers are odd on the
diagonal, while all the off-diagonal terms are even; indeed Y contributes only even entries while
J — Y is diagonal and odd due to the term 8A%. Thus the determinant (apart form the common
factors) is odd and hence the equation det B, = 0 is not an identity on W,. If we call W), the
variety in CT defined by det B, = 0 then IT(V, N },) is surely proper. Finally we call Wy the
union of all the Wy, and set Wy =W; UW,UW,.

A.6. Proof of the separation Lemma 8.4

The following proof is adapted from [9]. Given & > 0 define 8§ = §(g, D) = ¢/2P~1 .
D!(D + 1)!. Then Lemma 8.4 follows from the results below.

Lemma A.6.1. Ler x € RY. Assume that there exist d vectors A1, ..., Ag, which are linearly
independent in 74 and such that Akl <Ay and |x - Al < Ay forallk=1,...,d. Then |x| <
C(d)A‘]i_lAz for some constant C(d) depending only on d.

Proof. Call 8; € [0, /2] the angle between Ay and the direction of the vector x. Without any
loss of generality we can assume S > B4 forallk=1,...,d — 1. Set ,BZJ =m/2 — By4. One has
,Bél > (0 because Ay, ..., Ay are linearly independent.

Consider the simplex generated by the vectors Ay, ..., Ay. By the fact 2 in the proof of
Lemma 8.4 one has, for some d-dependent constant C (d),

1 < C@IAL][A2]---|Agllsinay p|[sinain 3] - - [sinay . @—1).dl, (A.6.1)

where o (j—1),j, J = 2, is the angle between the vector A; and the plane generated by the
vectors Ay, ..., A;_j. Hence

1< C@A " Agllsiner a—1y.al- (A6.2)

Moreover one has
Ix - Agl = |x||Agllcos Bgl| = |x[|Agllsin 8| > |x||Agllsine.. a—1).al, (A.6.3)

so that, from (A.6.2) and (A.6.3), we obtain |x|A]“"" < C(d)As, so that the assertion fol-
lows. O

Lemma A.6.2. There exist constants C and C’ such that the following holds. Letny, ..., ny € 7P
be a sequence of distinct elements such that |®(n;) — @ (njy1)| < Crd. Then k < C’ max{r¢,
D +2}.

Proof. Since the vectors n; are on the lattice 7P there exist a constant C{ (D) and jo < k/2 such
that |nj,| > C1(D)k'/P.Set Aj =n; —nj,. By assumption one has |®(n;) — ®(n4+1)| < Cr?,
hence |[®(n;) — P(n;)| < C(j — joyrd for all jo + 1 < j < k. Then [DP(nj)— D) <A =
CJird forall jo+ 1< j < jo+ Ji. Fix J1 = k%P with (n) = 2n(n + 1). By using that



3324 G. Gentile, M. Procesi/ J. Differential Equations 245 (2008) 3253-3326

D)) — D) =(A;,24) -nj + 14,17, (A.6.4)

we find [Aj| < Ajand |nj, - Aj| < Az—A2f0r311]0+1 < jo+ J1.

If Span{Ajy41,..., Aj4+;} = D then by Lemma A.6.1 one has |n )| < C(D)AD+] Then,
for this relation to be not in contradiction with |n j,| > C (D)k'/P | we must have C; (D)kl/ D
C(D)A?"H, hence k < Co(D)r*P» for some constant Ca (D).

If Span{Ajy+1,..., Ajy+s,} < D — 1 then there exists a subspace Hy with dim(Hy) =D — 1
such that nj € nj, + Hy for jo + 1< j < jo+ Ji. Choose ji < J1/2 such that Py nj :=nj —
nj, € Hy satisfies | Pg,nj,| > C(D — 1)J;"P7" and fix J, = J]/*PD Redefine A; =n; —
nj forj>j+1, A= CJor® and Ay = A2 by reasoning as in the previous case we find again
[Aj]<Arand |nj, - Aj |<A2fora11]o+1 Jj<jo+J1.

If Span{Aj 41, ... AJ1+12} = D — 1 then by Lemma A.6.1 one has |n;| < C(D — l)AD,
Wh1ch implies C1(D — l)Jl/D 1 C(D)AID. By using the new definition of A, we obtain

< Co(D — 1)re®P=18 ‘hence k < C3(D)r*P—DaD)s for some other constant C3(D).

If Span{Aj 1+1,..., Ajy+5,} < D — 2 then there exists a subspace H, with dim(H;) =D — 1
such that nj € nj, + Hp for ji +1 < j < ji + J2. Then we iterate the construction until either
we find k < C,,Jrg(D)r"‘(D_1)'"0‘(D_”)‘S for some n < D — 1 and some constant Cp,42(D) or we
arrive at a subspace Hp_1 with dim(Hp_1) = 1.

In the last case the vectors Aj, ,11,..., Aj, ,4yp_,, With Jp_| = Jé/_af), are linearly de-
pendent by construction, so that they lie all on the same line. Therefore, we can find at least
Jp—1/2 of them, say the first Jp_1/2, with decreasing distance from the origin. If we set
Njpatl =Q, Njp s jp_2=b,andnj, ,11 —nj, .4y, /2 =c, and sum over jp 2 + 1<
J < jp—2 + Jp—1/2 the inequalities

Inj —nj_1|+nj1* —nj_1* <const.|®(n;) — P (n;_1)| < const.Cr’,  (A.6.5)
we obtain
2 sJID—1
le| + le)? < le| + lal® = |b|*> < const. Cr > (A.6.6)

where |c| > Jp_1/2. Hence Jp_1 < (Crd)2.

By collecting together all the bound above we find k < Cp(D)r?*(P)-*2)3 5o that, by
defining C' = Cp (D) and using that ¢/8§ = a(D)...a((2) = 2P=1DI(D + 1)!, the assertion fol-
lows. O

Lemma A.6.3. There exist constants €', §', C and C' such that the following holds. Given ng €
ZP there exists a set A C ZP, with ny € A, such that diam(A) < C'ré and |®(x) — D(y)| >
C'r® forallx e Aandy ¢ A.

Proof. Cf. [9, p. 399], which proves the assertion with ¢’ =8 +¢ and 8’ =8 =8(¢, D). O

Lemma A.6.4. Let A be as in Lemma A.6.3. There exists a constant C” such that one has
|A] < C"rPErD),

Proof. The bound follows from Lemma A.6.3 and from the fact that diam(A) < C'r¢, by using
that the points in A are distinct lattice points in R?. O
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