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Abstract

In the control systems literature, it is well known that a separation principle hadely for nonlinear control
systems, when exponential feedback stabilizers and expg@ierbservers are used. In this paper, we present a
counterexample to show that the global separation principle need not hold for nonlinear control systems. Our
example demonstrates that global stability might be leben an exponential observer is introduced into the
nonlinear feedback loop associated with apanentially stabilizing feedback control law.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In the control systems literature, it is well known that in the case of a linear systersgddration
principle assures that an estimate of the state may be used in lieu of the state provided that the error
between the estimate and the actual state decays exponentiallys|far as feedback stabilization
of nonlinear control systems is concerned, a sinsigaration principle holds locally around a state
equlibrium [2,3]. In this paper, webasically establish that the global separation principle need not be
true for nonlinear control systems. Explicitly, we present a counterexample to show that global stability
might be lost when an exponential observer is introduced into the feedback loop of the nonlinear control
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system. Our discrete-time example is similar to the results of Glatioy continuous-time nonlinear
control systems.

2. Main result

In this section, we present our new counterexample for the global separation principle for discrete-
time nonlinear combl systems.
Consider the scalar discrete-time nonlinear control system described by

Xii1 = Xk + X + Uk, 1)

wherex € R is thestate, andu € R is theinput of the nonlinear control system. It is easy to see that the
system {) is dobally exponentially stabilizable. Indeed, the feedback control law

Uk = —Xk — Xp 2
globally exponentially stabilizes the nonlinear plahitwith the closed-loop dynamics
Xk+1 = 0. (3)

Note that the closed-loop dynami@ (s dobally exponentially stable.
Now, we assume that the stateis replaced by an estimate from a nonlinear observer. Let the
edimation errore be defined by

et x—z
Then the observer-based feedback control law is given by
Uk = —2 — Zg = —(X — &) — (% — &)°>. 4)
Assume that the observer ermdecays exponentially according to the dynamics
81 = b, O<a<l. ()
Note that the observer-based control lal)leads to
Xk+1 = Xk + XE — (% — &) — (X — &)°
or
Xir1 = 3Xkek(Xk — &) + & + €.
Consider the composite dynamics
Xir1 = 3Xke(Xk — &) + & + €5,
€k+1 = 0.
Next, consider the quantity

(6)

U = Xe.
Then we have

[kl = Sauk(ik — 60) + aef + aep. (7)
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Define the set

1
Maé{(x,e)eR2:x>0,0<e§a,uza2+£}.

We claim that the seMj is invariant under the flow of the composite syste@h (This can be seen
easily from an induction argument.

Let (X0, €g) € Ma. Assume thatxk, ex) € My for some non-negative integral value kfWe shall
estaltish that(Xx+1, &+1) € Mg as well.

By the induction hypothesis, it follows that

1
Xk > 0, O<e<a and Mkzaz—k@. (8)
To show thai(Xk+1, &+1) € Mg, we must Bow that
1
Xir1 > O, O<eqi1<a and g >a’+ = (9)

Now, by @), it follows thatxx > 0 anduk = Xxex > aZ+ % Herce, we have

2,1
as+ 5
Xk = 30[.
e
Therefore,
2, 1 2, 1
ac + = ac+ = —
o> —2 _g=—- K.
e e
as0< g < a.

Sincexx — e > 0, %k > 0 ande > 0, it is immediate from the dynamic6)(that
X1 = ke (Xk — &) + & + &8 > 0.

Next, asex+1 = aex with 0 < ¢ < 1 and O< & < a, itis immediate that
0<eq1 <a

Findly, asuk > 0O, it follows that

o 2—|-a 4
@zga(uk_eﬁ)_Fu
Lk Mk
> 3or(1ek — &)
> 3ok — @)
>1

where, in the last inequality, we have used the induction hypotH@sisfiich states thaty > a + %.
Hence, it follows that

1
2
Mk+1 = Mk = 3

Thus, Q) is proved. By induction, it follows that(xk, ex) € Mg, for all positive integral values &, if
(X0, €0) € Ma. Herce, My is an invariant set under the flow of the composite syst®m (
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Thus, all the solutionéx, &) starting in M will remain in M for all values of time. Since the error
dynamicse1 = ae& is globally exponentially stable, we know that

e« — 0 exponentially ak — oo for all eg € R.
Note also that

,uk:xke,(>a2+i > az.
- K%
Hence, if(Xg, €g) € Mg, then it s immediate thaky — oo ask — oo. Sincethis holds for anya > 0,
we conclude that the systerfi)(fails to beglobally stable even if the initial observation errgy is
arbitrarily small. We note, however, that the closed-loop control system is locally exponentially stable as
the linearization matrix fthe conposite systemf) at (x, €) = (0, 0) is given by

01
ot
which has the eigenvalues 0 amdoth of which are inside the open unit dis¢ < 1 of the complex
plane.
Our example essentially illustrates that globabsity might be lost evenvhen we use an exponential

observer with arbitrarily small exponential decay. Hence, the global separation principle need not hold
for nonlinear control systems.
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