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Abstract

For p € (0, 1), ¢ > 0, we identify the quantum group SO, (3) as the universal object in the category
of compact quantum groups acting by ‘orientation and volume preserving isometries’ in the sense of
Bhowmick and Goswami (2009) [4] on the natural spectral triple on the Podles sphere Sl%, ¢ constructed
by Dabrowski, D’ Andrea, Landi and Wagner (2007) in [9].
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

In a series of articles initiated by [11] and followed by [3,4], we have formulated and studied
a quantum group analogue of the group of Riemannian isometries of a classical or noncommu-
tative manifold. This was motivated by previous work of a number of mathematicians including
Wang, Banica, Bichon and others (see, e.g. [20,21,1,2,5,22] and the references therein), who
have defined quantum automorphism and quantum isometry groups of finite spaces and finite
dimensional algebras. Our theory of quantum isometry groups can be viewed as a natural gener-
alization of such quantum automorphism or isometry groups of ‘finite’ or ‘discrete’ structures to
the continuous or smooth set-up. Clearly, such a generalization is crucial to study the quantum
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symmetries in noncommutative geometry a la Connes [6], and in particular, for a good under-
standing of quantum group equivariant spectral triples.

The group of Riemannian isometries of a compact Riemannian manifold M can be viewed as
the universal object in the category of all compact metrizable groups acting on M, with smooth
and isometric action. Moreover, assume that the manifold has a spin structure (hence in particular
orientable, so we can fix a choice of orientation) and D denotes the conventional Dirac operator
acting as an unbounded self-adjoint operator on the Hilbert space H of square integrable spinors.
Then, it can be proved that the action of a compact group G on the manifold lifts as a unitary
representation (possibly of some group G which is topologically a 2-cover of G, see [7] and [8]
for more details) on the Hilbert space H which commutes with D if and only if the action on the
manifold is an orientation preserving isometric action. Therefore, to define the quantum analogue
of the group of orientation-preserving Riemannian isometry group of a possibly noncommutative
manifold given by a spectral triple (A%, H, D), it is reasonable to consider a category Q'(D)
of compact quantum groups having unitary (co-)representation, say U, on H, which commutes
with D, and the action on B(7H) obtained via conjugation by U maps A into its weak closure.
A universal object in this category, if it exists, should define the ‘quantum group of orientation
preserving Riemannian isometries’ of the underlying spectral triple. Indeed (see [4]), if we con-
sider a classical spectral triple, the subcategory of the category Q'(D) consisting of groups has
the classical group of orientation preserving isometries as the universal object, which justifies
our definition of the quantum analogue. Unfortunately, if we consider quantum group actions,
even in the finite dimensional (but with noncommutative A) situation the category Q'(D) may
often fail to have a universal object. It turns out, however, that if we fix any suitable faithful
functional g on B(H) (to be interpreted as the choice of a ‘volume form’) then there exists a
universal object in the subcategory Q' (D) of Q'(D) obtained by restricting the object-class to
the quantum group actions which also preserve the given functional. The subtle point to note here
is that unlike the classical group actions on B(H) which always preserve the usual trace, a quan-
tum group action may not do so. In fact, it was proved by one of the authors in [10] that given
an object (Q, U) of Q' (D) (where Q is the compact quantum group and U denotes its unitary
co-representation on H), we can find a suitable functional g (which typically differs from the
usual trace of B(H) and can have a nontrivial modularity) which is preserved by the action of Q.
This makes it quite natural to work in the setting of twisted spectral data (as defined in [10]). It
may also be mentioned that in [4] we have actually worked in slightly bigger category Qg (D)
of the so-called ‘quantum family of orientation and volume preserving isometries’ and deduced
that the universal object in Qg (D) exists and coincides with that of Q' (D).

It is very important to explicitly compute the (orientation and volume preserving) quantum
group of isometries for as many examples as possible. This programme has been successfully
carried out for a number of spectral triples, including classical spheres and tori as well as their
Rieffel deformations. The aim of the present article is to identify SO, (3) as the quantum group of
orientation and volume preserving isometries for the spectral triples on the Podles spheres Sl%,, o
constructed by Dabrowski et al. in [9]. Let us mention here that although the quantum groups
S0, (3) are ‘deformations’ of the classical SO(3), these are not Rieffel deformations and so the
results and techniques of [4] do not apply.

Our characterization of SO, (3) as the quantum isometry group of a noncommutative Rieman-
nian manifold generalizes the classical description of the group SO(3) as the group of orientation
preserving isometries of the usual Riemannian structure on the 2-sphere. It may be mentioned
here that in a very recent article [19], P.M. Soltan has characterized SO, (3) as the universal
compact quantum group acting on the finite dimensional C*-algebra M>(C) such that the action
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preserves a functional w,, defined in [19]. In the classical case, we have three equivalent descrip-
tions of SO(3): (a) as a quotient of SU(2), (b) as the group of (orientation preserving) isometries
of §2, and (c) as the automorphism group of M. In the quantum case the definition of S$0,(3)
is an analogue of (a), so the characterization of SO, (3) obtained in this paper as the quantum
isometry group, together with Soltan’s characterization, completes the generalization of all three
classical descriptions of SO(3).

2. Notations and preliminaries
2.1. Basics of the theory of compact quantum groups

We begin by recalling the definition of compact quantum groups and their actions from
[24,23]. A compact quantum group (to be abbreviated as CQG from now on) is given by a
pair (S, A), where S is a unital separable C* algebra equipped with a unital C*-homomorphism
A:S— S®S (where ® denotes the injective tensor product) satisfying

(al) (A®id)o A =(d® A) o A (co-associativity), and
(aii) the linear spans of A(S)(S® 1) and A(S)(1 ® S) are norm-dense in S ® S.

It is well known (see [24,23]) that there is a canonical dense *-subalgebra Sy of S, consisting
of the matrix coefficients of the finite dimensional unitary (co)-representations (to be defined
below) of S, and maps € : S9 — C (co-unit) and « : S9 — Sp (antipode) defined on Sy which
make Sp a Hopf x-algebra.

A CQG (S, A) is said to (co)-act on a unital C* algebra B, if there is a unital C*-
homomorphism (called an action) « : B — B ® S satisfying the following:

(bi) (@ ®id) oo =(1d® A) o, and
(bii) the linear span of «(B)(1 ® S) is norm-dense in BR S.

For a Hilbert B-module E, (where 3 is a C* algebra) we shall denote the set of adjointable
B-linear maps on E by L(E). The norm-closure of the linear span of the finite-rank B-linear
maps on E, to be called the set of compact operators on E, will be denoted by C(E). We note
that L(E) = M(KC(E)), where M(C) denotes the multiplier algebra of a C*-algebra C. We shall
also need the ‘leg-numbering’ notation: for an operator X in B(H; ® H>), X(12) and X (13 will
denote the operators X ® I, in B(H1 @ Ha @ H2), and X3 X1 X3, respectively, where X3
is the unitary on H; ® H, ® H> which flips the two copies of H;.

A unitary (co)-representation of a CQG (S, A) on a Hilbert space H is given by a unitary
element U of M(C(H) ® S) = L(H ® S) satisfying

(d® A)U) =UaxpUqs)-

Given a unitary representation U we shall denote by «yy the x-homomorphism oy (X) =U (X ®
15)U* for X belonging to B(H). We shall sometimes identify U with the isometric map from
the Hilbert space H to the Hilbert module 7 ® S which sends a vector £ of H to U(§ ® 1),
and may even denote U (£ ® 1) by U& by a slight abuse of notation. We say that a (possibly
unbounded) operator T on H commutes with U if T ® I (with the natural domain) commutes
with U. Such an operator will also be called U-equivariant or S-equivariant if U is understood.
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2.2. The quantum group of orientation preserving Riemannian isometries

We briefly recall the definition of the quantum group of orientation preserving Riemannian
isometries for a spectral triple (of compact type) (A, H, D) as in [4]. We consider the category
Q'(A*®, H, D) = Q' (D) whose objects (to be called orientation preserving isometries) are the
triplets (S, A, U), where (S, A) is a CQG with a unitary representation U in H, satisfying the
following:

(i) U commutes with D,
(ii) for every state w on S, (id ® w) o ay (a) belongs to (A*°)” for all a in A

The category Q' (D) may not have a universal object in general, as pointed out in [4]. In case
there is a universal object, we shall denote it by QISO™ (D), with the corresponding representa-

tion U, say, and we denote by QISO™ (D) the Woronowicz subalgebra of QISO™ (D) generated
by the elements of the form (£ ® 1, ay (a)(n ® 1)), where &, n belong to H, a belongs to A> and

(-,-) is the QISO™ (D)-valued inner product of H ® QISO™ (D). The quantum group QISO™ (D)
will be called the quantum group of orientation-preserving Riemannian isometries of the spectral
triple (A%, H, D).

Although the category Q' (D) may fail to have a universal object, we can always get a universal
object in suitable subcategories which will be described now. Suppose that we are given an invert-
ible positive (possibly unbounded) operator R on H which commutes with D. Then we consider
the full subcategory Q/R (D) of Q'(D) by restricting the object class to those (S, A, U) for which
ay satisfies (7 ® id) (e (X)) = tr(X)1 for all X in the *-subalgebra generated by operators of
the form |£) (5|, where &, n are eigenvectors of the operator D which by assumption has discrete
spectrum, and tg(X) = Tr(RX) = (n, RE) for X = |£)(n|. We shall call the objects of Q' (D)
orientation and (R-twisted) volume preserving isometries. It is clear (see Remark 2.9 in [4]) that

—1D?

when Re is trace-class for some ¢ > 0, the above condition is equivalent to the condition that

ay preserves the bounded normal functional Tr(- Re™'P 2) on the whole of B(H). It is shown in

[4] that the category Q' (D) always admits a universal object, to be denoted by QISO%(D), and
the Woronowicz subalgebra generated by {(§ @ 1,aw(@)(n® 1)): &,n € H, a € A®} (where

W is the unitary representation of QISO; (D) in H) will be denoted by QISO; (D) and called
the quantum group of orientation and (R-twisted) volume preserving Riemannian isometries of
the spectral triple.

2.3. SU,(2) and the Podles spheres

Fix g in (0, 1). The C* algebra underlying the CQG SU,(2) is defined as the universal uni-
tal C* algebra generated by «, y such that a*a 4+ y*y = 1, aa* + p2yy* =1, yy* = y*y,
uye=ay, py o =ay*.

The CQG structure is given by the following fundamental representation: (;l e *V*).

The coproduct is defined by:

A)=a®@a—puy* vy,
AY)=yQa+a*®y.
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The Haar state of SU,,(2) will be denoted by & and the corresponding G.N.S. Hilbert space
will be denoted by L3(SU 1(2)). We will call the unital *-subalgebra of SU,(2) (without any
norm-closure) generated by «, y the ‘co-ordinate Hopf *-algebra’ of SU,(2) and denote it by
O(SU,(2)) asin [17].

We now recall the definition of the Podles sphere from [9] (see also the original article [15]
by Podles).
For ¢ >0, let £ in (0, 1] be given by ¢ =+~ — 1. Let [n] = [n],, = ’ﬁ'jlf__," ,neN.

The Podles sphere Sﬁ’ . 1s defined to be the universal unital C* algebra generated by elements
X_1, Xo, x1 satisfying the relations:
x_1(xo — 1) = P (xo — 1)x_1,
xX1(xo = 1) = 2 (xo = D)1,
—[20x-1x1 + (w0 + 1) (xo — 1) = [21°(1 — 1),
—[2Dxix—1 + (7 2x0 + 1) (o — 1) = 2P(1 — ).

. . 2 . .
The involution on §; . is given by

x* = —p ", X( = Xo.
‘We note that Si’c as defined above is the same as x; o g in [13, p. 124] with g = p, o =t,
B=1*+u 2+ D21 —0).
Thus, from the expressions of x_j, xg, x; given in [13, p. 125], it follows that Sﬁ,c can be
realized as a *-subalgebra of SU,(2) by setting:

po? + p(1 + p?ay — p?y?

X_1= (D
u(l+ p2)?

x0=—py*a+p(l = (1+12)y*y) - ya, 2)

w2y*2 — pu(l+ pHe*y* — po*?
1= : , 3)

(1+ud)?
u?t?
where p? = ol
Taking
1—1xg 1,

1+ p? = n(l+1) 2y,

one obtains (see [9]) that the C* algebra 52 . coincides with the original description given in [15],
i.e., the universal C* algebra generated by elements A and B satisfying the relations:

A¥=A, AB = p"?BA,
B*B=A—A*+cI BB* = 2A — A2
= cl, =u nw +cl.
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We will denote by (’)(Sﬁ’ ) the co-ordinate *-algebra of Si, o
ated by A, B.

We recall from [17] the Hopf *-algebra U, (su(2)) which is generated by elements F, E, K,
K~! with defining relations:

i.e. the unital x-subalgebra gener-

KK '=kKk"'k =1, KE = nEK, FK =uKF,
EF—FE=(u—p ) ' (K*=K7?)
with involution E* = F, K* = K and comultiplication:
AE)=E®QK+K'®E, A(F)=FQK+K'®F, AK)=K®K.
The counit is given by €(E) = €(F) = (K — 1) =0 and antipode S(K) = K~!, S(E) = —uE,
S(F)=—u"'F.

There is a dual pairing {.,.) of U, (su(2)) and O(SU(2)), for which the nonzero values of the
pairing among the generators are given below:

Nl—

(K* a*)=(KF a)=p*2,  (E.y)=(F.—uy*)=1.

The left action > and right action < of U, (su(2)) on SU,,(2) are given by:

fox=(fx2)xq), x<af=(fixp)x, x€0(SULQ), feUu(su),

where we have used the Sweedler notation A(x) = x(1) ® x(2).
The actions satisfy the following:

(fex)" =8(f)"ex", (x<a ) =x"<S(NH,
fexy=_aex)(fory), xy< f=&<afa)l<fo)-

The action on generators is given by:

Eva=—py”, Evy=a", Evy*=Eva*=0,
Fo(—py*) =a, Fra®=y, Fra=Fry=0,
Kbazﬁf%oe, K>(y*)=,u%y*, K1>y=,tf%y, Kl>a*=,u%a*;
y<aE=aq, a* < E=—py*, a<E=y*<E=0,
a<aF =y, —uy* < F =a*, yaF=a"<F =0,

— 3 * o a _ % * I
a<xK=p"2a, y aK=pu"2y", y<K=puzy, o <K =p2a”.

We recall an alternative description of Si’c from [18] which we are going to need.
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Let

Xe=p?(u ' —p) '3 (1 - K2) + EK + uFK, c>0,

Xo=1-—K">.
One has A(X.) =1® X. + X. ® K. Moreover, we have the following [18, p. 9]:

Theorem 2.1. We have,
O(S;..) ={x € O(SUL(2)): x <X, =0}.

A basis of the vector space (’)(52 ) is given by {Ak, AXB! AYB*™ k>0, 1,m > 0}.

n,c

Thus, any element of O(Si’ ) can be written as a finite linear combination of elements of the
form A%, A¥B!, Ak B*!.
Let i be the densely defined linear map on LZ(S U, (2)) defined by ¥ (x) = x < X,.

Lemma 2.2. The map  is closable and we have Sz C Ker(y) where V is the closed exten-
sion of ¥ and % denotes the Hilbert subspace generated by Slzu in L>(SU w(2)). Moreover,
(’)(Si,c) =0@EU.2)N Ker(y) = OSUL(2)) NKer(y).

Proof. From the expression of X, it is clear that O(SU,(2)) € Dom(¢*) implying that v is
closable, hence Ker(y/) is closed. The lemma now follows from the observation that O(Si’c) =

Ker(y) C Ker(¥). O

We end this subsection with a discussion on the CQG SO, (3) as described in [16].
It is the universal unital C* algebra generated by elements M, N, G, C, L satisfying:

L*"L=(I—-N)(I-p2N), LL*=(I-u*N)(I-p*N), G*G=GG*=N?
M*M =N — N2, MM* = u’N — u*N?, C*C=N — N?,
CC* = u*N — u*N?, LN =u*NL, GN = NG, MN =p*NM,
CN = u>NC, LG =pu*GL, LM =u’ML, MG = u’GM, CM = MC,
LG* =p*G*L, M?*=p""LG, M*L =u""(I = N)C, N*=N.

This CQG can be identified with a Woronowicz subalgebra of SU,(2) by taking:

N =y*y, M=ay, C =ay*, G:yz, L —a

2
pac?
is actually a faithful action of SO, (3). On the subspace spanned

The canonical action of SU,(2) on §
SU . (2) to the subalgebra Sﬁ

i.e. the action obtained by restricting the coproduct of

,C?
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by {x_1, xo, x1} this action is given by the following SO/, (3)-valued 3 x 3-matrix:

o? 1 —u(l+ ) ay* sz*zl
Z'= 1+pH2ay I—M(,U«‘F,U«l_l)l/*y —n(+u") 2y a
y2 (1 +M72)§ya* Ol*2

3. Spectral triples on the Podles spheres and their quantum isometry groups
3.1. Description of the spectral triples

We now recall the spectral triples on Slzm discussed in [9] (see also [17] for the case ¢ = 0).
Lets=—c A, e =L+ (c+ 2.
For all j in %N,

uj=(o* —sy*)(a* — ,bflsy*) N M72j+]sy*),
wj=(a— ,usy)(ot — uzsy) - (a — /szsy),
u_j= E¥ wj,

up=wo =1,

NS 1
y| = (1 +u 2)2(02,1L2)/*2 _MV*(X* —MCZO(*Z),
_ iy -1

R LN
Define v}, ; = N} F'=* > (yy ;). 1€ INo. jok =1~ +1,.... 1.
Let My be the Hilbert subspace of L>(SU «(2)) with the orthonormal basis {vfm N =N,

IN|+1,..., m=-I,...,1}.
Set

S M,

H=M_

1
2

B|—

and define a representation w of Si’ . onH by

1 — . -1 0 . 1 . 1+1
)V, y =0 Lms Nv oy 40 @ms N,y + o)t (ms Nt

where a; ", oz?, ozi+ are as defined in [9].

We will often identify n(Sﬁ’ ») with Si, ¢

Finally by Proposition 7.2 of [9], the following Dirac operator D gives a spectral triple
(O(S,i,c), ‘H, D) which we are going to work with:

D(vl )= (ci1l +cz)vfn’¢%

where c1, ¢z belong to R, ¢; # 0.
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It is easy to see that the action of SU,(2) on itself keeps the subspace H invariant and so
induces a unitary representation, say Uy on H.
We define a positive, unbounded operator R on H by R(v’,’jE D=u" vf’il .
i,t5 i,t5

Proposition 3.1. ay, preserves the R-twisted volume. In particular, for x belonging to n(Si’ o)

and t > 0, we have h(x) = Z‘;E’f; where Tp(x) := Tr(xRe*fDZ), and h denotes the restriction
of the Haar state of SU,,(2) to the subalgebra 52

e’
2
on Sﬂ’c.

which is the unique SU ,(2)-invariant state

Proof. It is enough to prove that 7 is ay,-invariant. Define Ro(vf‘i ) =p vf’i
LTy L,

| » and note

that it has been observed in [12] that Tr(Rge P 2) < oo (for all ¢ > 0) and one has
(tr, ®id) (Up(x ® 1Uo*) = T (x). 1.

for all x in B(H), where g, (x) = Tr(x Roe—'P%).
Let us denote by P 1 P_ 1 the projections onto the closed subspaces generated by {vf .} and
2

{vf, | } respectively. Moreover, let 71 be the functionals defined by 74 (x) = Tr(x Ro P : eftDz).
72

We observe that R, e 'L : and Uy commute with P, 1 so that for x belonging to B(H),

(2 ® id) (ay (1)) = (Ty @ i) (wsy (x P 1)) = TRy (x P )1 =T ()1,

i.e. T+ are ay,-invariant. Moreover, since we have RP 1= uiRo P, 1 the functional T coin-

-1

cides with £~ 74 + ut_, hence is ay,-invariant. 0O

Theorem 3.2. (SU,.(2), A, Up) is an object in Q' (D).

Proof. The above spectral triple is equivariant with respect to this representation (see [9]) and it
preserves tTg by Proposition 3.1, which completes the proof. O

‘We now note down some useful facts for later use.

Remark 3.3. Using the definition of v and >, we observe:

1. The eigenspaces of D corresponding to (cil + c2) and —(cil 4 ¢2) are span{vin  +
2
! =1 <m <} and span{v’ L= v - —1 <m <[} respectively.
m,*j l/ﬂ,i m,*i
2. The eigenspace of | D| corresponding to the eigenvalue (¢ % + ¢p) is span{a, y, a*, y*}.

Remark 3.4.

1. JT(A)vm  belongs to Span{vm v vm NV IH N

n(B)U NbelongstoSpan{um LN in . £n+11N}
l l+1 }

* 1
(B )vm  belongs to Span{vm+1 N VUt 1N U1 N )
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2. n(Ak)(vm ) belongs to Span{vm N iﬂ ];V‘H, .. H'k Nl
3. (A" B" )(vm ) belongs to Span{vl m/ ,G/, vfn (2,+]\'," Do, f;"n?L% 1
4. n(A’B*S)(vm’N) belongs to Span{vﬁnﬁs’lrv, vfnjs Ir\,“, e, fntfj]rv}

We shall now proceed to show that QISO;C(D) is isomorphic with SO, (3). Let (Q, U) be an
object in the category Qs (D) of CQG s acting by orientation and R-twisted volume preserving
isometries on this spectral triple and Q be the Woronowicz C* subalgebra of Q generated by
(ERD,ay(a)(n ® 1))Q, for &, nin 'H, a in Sﬁ,c (where (-,~)Q is the O-valued inner product
of H ® Q). We shall denote o/ by ¢ from now on.

The proof has two main steps: first, we prove that ¢ is ‘linear’, in the sense that it keeps the
span of {1, A, B, B*} invariant, and then we shall exploit the facts that ¢ is a *-homomorphism

and preserves the canonical volume form on SM ¢» 1.e. the restriction of the Haar state of
SUL(2).

Remark 3.5. The first step does not make use of the fact that ¢ preserves the R-twisted volume,
so linearity of the action follows for any object in the bigger category Q'(D).

3.2. Linearity of the action

For a vector v in H, we shall denote by T, the map from B(H) to L3(SU «(2)) given by
T,(x) =xve™H C L*(SU 1 (2)). Itis clearly a continuous map with respect to the strong operator
topology on B(H) and the Hilbert space topology of L(SU w(2).

For an element a in SU,,(2), we consider the right multiplication R, as a bounded linear map
on L2(SU 1(2)). Clearly the composition R, T, is a continuous linear map from B(H) (with the
strong operator topology) to the Hilbert space L>(SU 1 (2)). We now define

T = Ry Ty + 1> R, Ty

Lemma 3.6. For any state w on O and x in SIZM, we have T (¢, (x)) = ¢p(x) = Ri(¢y (X))
belonging to S/% e LZ(SUM(Z)), where ¢, (x) = (Id @ w) (¢ (x)).

Proof. It is clear from the definition of T’ (using ca* + %>y y* = 1) that T'(x) = x = R (x) for x
in 52 . C B(H), where x in the right-hand side of the above denotes the identification of x € S/ZL, c

asa Vector in L2(S U, (2)). Now, the lemma follows by noting that for x in s2 e ¢, (x) belongs

to (Slzm)’ ', which is the closure of Si,c in the strong operator topology, and the continuity of 7
in this topology discussed before. O

Let

V1:Span{ L << <)

I\J

Since Span{vf e —I <i <1} is the eigenspace of | D| corresponding to the eigenvalue c¢1l + ¢3,
)

U and U* must keep V' invariant for all /.
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Lemma 3.7. There is some finite dimensional subspace V of O(SU,(2)) such that
1 1 ~
Ry (qu(A)v;jE ) Ry (qbw(A)v; L ) belong to V for all states w on Q.
+3 +3
The same holds when A is replaced by B or B*.

Proof. We prove the result for A only, since a similar argument will work for B and B*.

1 1
We have ¢(A)(v? | ® ) =U(r(A) @ DU*(? |, ® D).
JE3 JE5
1 ~
Now, U*(v2 Ll ® 1) belongs to V2 ® Q, and then using the definition of 7 as well as Re-

mark 3.4, we observe that (7(A) ® l)U*(v ol ® 1) belongs to Span{v’ :I:l —-I'<j<U,

< 5} ® 0= Vf ® 0. Again, U keeps V? ® O invariant, so Ra*(qbw(A)vil) belongs to
2

1

Span{va™: v € V%}. Similarly, R, (q&w(A)(vi ,)) belongs to Span{vy: v € V%}. So, the lemma
2

follows for A by taking V = Span{va™, vy: v € V%} CcOUL(22). O

1
Since «, y* belong to Span{v; L }, we have the following immediate corollary:
*+2

Corollary 3.8. There is a finite dimensional subspace V of O(SU,(2)) such that for every state

(hence for every bounded linear functional) w on O, we have T (¢ (A)) belongs to V. A similar
conclusion holds for B and B* as well.

Proposition 3.9. ¢ (A), ¢ (B), ¢ (B*) belong to O(S,ZL’C) Ralg Q.

Proof. We give the proof for ¢(A) only, the proof for B, B* being similar. From Corollary 3.8
and Lemma 3.6 it follows that for every bounded linear functional w on 0, T (¢, (A)) belongs to
YN 52 . COSU,(2))NKer(y) and hence VN S =VN O(SZ’C), where V is the finite dimen-
s10na1 subspace mentioned in Corollary 3.8. Clearly, yn O(Si‘ .) 1s a finite dimensional subspace
of O(Sﬁ’ ) implying that there must be finite m, say, such that for every w, T (¢4, (A)) belongs
to Span{Ak, AXB!, A¥B*: 0 < k,1 < m}. Denote by W the (finite dimensional) subspace of
B(H) spanned by {AX, A*B!, AkB*l. 0 < k,1 < m}. Since for every state (and hence for every
bounded linear functional) @ on O, we have T (¢o(A)) = R1 (¢ (A)) = ¢, (A)1, it is clear that
¢ (A) belongs to WV for every w in O*. Now, let us fix any faithful state @ on the separable unital
C*- -algebra O and embed Q in B(L?(Q, w)) = B(K). Thus, we get a canonical embedding of
L(H® Q) in B(HRK). Let us thus identify ¢ (A) as an element of B(H ® K), and then by choos-
ing a countable family of elements {q1, g2, ...} of Q which is an orthonormal basis in K = L2(a))
we can write ¢ (A) as a weakly convergent series of the form Zz, =1 dV (A) ® |gi)lg; |- But
¢ (A) = (id ® w;;) (¢ (A)), where w;j(-) = w(q} - q;). Thus, ¢"/ (A) belongs to W for all i, j,
and hence the sequence Z:’ j=1 #(A) ®1qi){q i1 € W& B(K) converges weakly, and W being
finite dimensional (hence weakly closed), the limit, i.e. ¢ (A), must belong to W ® B(K). In
other words, if Ay, ..., Ay denotes a basis of VW, we can write ¢ (A) = Zle A; ® B; for some
Bl‘ (S B(’C)

We claim that each B; must belong to Q. For any trace-class positive operator p in H, say
of the form p = Zj Ajlej)(ejl, where {e1, ez, ...} is an orthonormal basis of H and A; > 0,
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> jAj <00, let us denote by 1/, the normal functional on B(H) given by x = Tr(px), and it is
easy to see that it has a canonical extension 1% = (Y, ®id) on LK ® Q) given by tﬁp (X) =
Zj Aile; ®1,X(e; ® 1))Q~, where X belongs to L(H ® Q) and ("'>Q denotes the Q-valued
inner product of H ® Q Clearly, &p is a bounded linear map from L(H ® Q) to Q Now,
since Ay, ..., Ak in the expression of ¢ (A) are linearly independent, we can choose trace clgss
operators pi, ..., px such that ¥, (A;) =1 and ¥, (A;) =0 for j #i. Then, by applying ¥,
on ¢(A) we conclude that B; belongs to Q. But by definition, Q is the Woronowicz subalgebra
of Q generatedby (6 ® 1,0 (x)(n ® 1))Q~, with 7, & belonging to H and x in (’)(Si’c), and hence
it follows that B; belongs to Q. O

Proposition 3.10. ¢ keeps the span of 1, A, B, B* invariant.

Proof. We prove the result for ¢ (A) only, the proof for the other cases being quite similar.
Using Proposition 3.9, we can write ¢(A) as a finite sum of the form:

ZA/( ® Qk + Z Am’Bn/ ® Rm/’n/ + Z ArB*S ® R;/«“g-
k>0 m’,n’,n'#0 r,s,57#0

_
Let& = Vo No-

We have that U (§) belongs to Span{vfn yom=—1...,1, N= :I:%}. Let us write

1 1
UERD= D Uy @ a0
m=—l,...|, N=t}

where qém, NY.(mo.No) belong to Q. Since oy preserves the R-twisted volume, we have:

l l
Z q(m,N),(m’,N’)Q(:;,,N)’(m/’N/) =1. 4)

m',N’

It also follows that U (A€) belongs to Span{vi;’N, m==U,... ', I'=1-1,l,1+1, N = :I:%}.
Recalling Remark 3.4, we have

k..l 1

PAUERD) = > A%y, ® Ok, Ny, o No)

km=—1,...l, N=+1

/ / l l
+ > A™ B vy N ® Rt wGn, Ny mo. No)
m' 0’ n'#0,m=—1,...,1, N=+1
1 l
+ > A"B™ vy § @ Ry (G Ny mo. N

r.s,s#0,m=—1,..I, N=£1

Let m(, denote the largest integer m’ such that there is a nonzero coefficient of A" B" n/ > 1
I—mg—n'

in the expression of ¢(A). We claim that the coefficient of v, \ in ¢(AHUE ® 1) is

l
Rm’o,n’q(m,N),(mo,No)'
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’

I—m),—n . . .
Indeed, the term v 0 can arise in three ways: it can come from a term of the form
m—n',N y
" "
A™ B" vfn’N or Akvinw or A’B*xvfn.N for some m”,n”  k,r,s.
In the first case, we must have [ —my—n' =1—m" —n"+¢,0 <t <2m" andm —n" =m —n"

implying m” = m{ +t, and since my, is the largest integer such that oy appears in ¢ (A), we

only have the possibility r =0, i.e. vmf;o, 1:,1 appears only in A™oB" .

In the second case, we have m — n’ = m implying n’ = 0 — a contradiction. In the last case,
we have m —n’ =m + s so that —n’ = s which is only possible when n’ = s = 0 which is again
a contradiction.

It now follows from the above claim, using Remark 3.4 and comparing coefficients in the
equality U(AE ® 1) =¢p(A)U(E ® 1), that ng,n’qém,N),(mo,No) =0 foralln’ > 1, for all m, N
when m6 > 1. Now varying (mg, No), we conclude that the above holds for all (mg, Nog). Us-
ing (4), we conclude that

l l _ /
Rmé,n/ Z q(m,N),(m’,N’)q(;,N),(m/,N’) =0 foralln >1,
m',N'

that is, Rm6,n’ =O0foralln’ >1if m6 > 1. Proceeding by induction on m6, we deduce Ry, =0
forallm’ >1,n" > 1.

Similarly, we have Qy = 0 for all k > 2 and R;’S =0forallr >1,s > 1.

Thus, ¢(A) belongs to Span{l, A, B, B*, B, ..., B", B*2, ..., B*"}. But the coefficient of
oI in ¢ (AU ® 1) is Ry . Arguing as before, we conclude that Ry ,» = 0 for all n’ > 2.

m—n’',N
In a similar way, we can prove Ré’n, =0foralln’ >2. O

In view of the above, let us write:

Pp(A)=10T1+A®T +B®T3+B*®14, (5)
¢(B):1®Sl+A®SQ+B®S3+B*®S4, (6)

for some T;, S; in Q.
3.3. Identification of SO, (3) as the quantum isometry group

In this subsection, we shall use the facts that ¢ is a x-homomorphism and it preserves the
R-twisted volume to derive relations among 7;, S; in (5), (6).

Lemma 3.11.
1-7»
nh= 3
14+ pun
_S2
S = 5
I+

Proof. We have the expressions of A and B in terms of the SU,(2) elements from Egs. (1), (2)
and (3). From these, we note that 1 (A) = (1 + ;1,2)_1 and h(B) = 0. By recalling Proposition 3.1,
we use (h ®id)¢p(A) =h(A).1 and (h ®id)¢ (B) = h(B).1 to have the above two equations. [
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Lemma 3.12.
Tl* =T, T2* =1, T4* =T3.

Proof. It follows by comparing the coefficients of 1, A and B respectively in the equation

P(A") =¢(A). O

Lemma 3.13.

S382+ (14 12)’ 8583+ c(1+12)’Si S,

= =T (U2 + D) = c(1+ W2 T — (1 + @2 T T+ c(1+ 020 ()
—25582 + (14 1?) S5 83 + p? (1 + 1) S S

= (WP 421 — 1) — )P (1+ W) BT — (1+ w?) T3 T3, ®)

S38y — 8583 — WSSy = —T5 + W T + T T, 9)

S3S4+ 858 =— (WP + D) T3 + T3 (1 - ), (10)

S383+ 1SS = =TT — T T, (11)

S;Sy=—T%. (12)

Proof. It follows by comparing the coefficients of 1, A, A2, B*, AB and B? in the equation
¢ (B*B) = p(A) — p(A%) + c¢ (1) and then using Lemmas 3.11 and 3.12. O

Lemma 3.14.

—$5(1 = To) + (1 + 12> S3T5 + (1 + 1?) ST

= —12(1 = T)So + cp> (1 + 12) T3 84 + cp (1 + 12) T S3, (13)
2= 28Ts + (1 + 1) (K> S35 + SaTs)

=128y — 20> 1o Sy + pt (1 + p?) T3S4 + p? (1 + u?) T3 S5, (14)
—$T5 4 S3(1 = o) = — > T35, + u* (1 — 1) S3, (15)
=3T3 + Sa(1 = To) = > (1 = T2) Sa — > T5' Sy, (16)
$2Ts + 2 S3Ty = u* (TaS3 + p2T35,), (17)
S3T3 = u*T3S;3, (18)
SaTy = 2Ty Sy (19)

Proof. It follows by equating the coefficients of 1, A, B, B*, AB, B2 and B*? in the equation
¢(BA) = 1*¢ (AB) and then using Lemmas 3.11 and 3.12. O
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Lemma 3.15.
—$28; = 8385 = 12 (1 + 1*) T3 — p* (1 = TOTs — p*T5(1 = T, (20)
$285 + 18385 = —u* T3 — u®T3 T, 1)
S385 = —utT. (22)

Proof. The lemma is proved by equating the coefficient of B, AB, B in the equation ¢ (B B*) =
w2p(A) — ntd (A% + co (1) and then using Lemmas 3.11 and 3.12. O

Now, we compute the antipode, say « of Q.
To begin with, we note that {x_1, xo, x1} is a set of orthogonal vectors. Moreover, they have
the same norm. The first assertion being easier, we prove below the second one.

Lemma 3.16.

h(xflx_l) = h(xa‘xo) = h(xfxl)
=2(1 =) (1= O '[P+ (w22 1) 1 (—pt =202 = 1)].

Proof. We have x* x_j = 2u=2(1 + u?)(A — A2 +cI), xixo =12(1 —2(1 + pu>)A + (1 +
u?AY), xix =2 (1 + p) (WA — pt A+ ).
We recall from [18] that for all bounded Borel function f on o (A),

o0

R(F(A) =y ) f Q™) +y_fo n

n=0

1
where by = L+ (c+ D2 s =L =+ D2 yy = —pDasGp =20 yo = (1 -
uHA_(r_ —2ry)" L
The lemma follows by applying this relation to the above expressions of x*,x_i, x;xo,
xfx;. O

If x” |, x{, x| is the normalized basis corresponding to {x_1, xo, x1}, then from (5) and (6)
along with the fact that each of the vectors x_1, xp, x1 has the same norm, it follows that
_1
p(x ) =x @S +x[@—pn (1+u?) 2 +x] @ —p 'S4,
1 1
P(xg) =21 ® —u(1+ 1) 2 T+ x, @ T + x| @ (14 p?) 2 T,
_1
¢(x1) =x_; @ —uS; + x5 @ (1+1%) 285 + x| ® S5.

Since ¢ is kept invariant by the Haar state & of SU,(2) and ¢ keeps the span of the or-
thonormal set {xQ x x(, x1} invariant too, we get a unitary representation of the CQG Q on the
span of {x” |, x{, x{}. If we denote by Z the M3(Q)-valued unitary corresponding to this unitary
representation w1th respect to the ordered basis {x’ |, x;,x}}, we get by using Ty = T3 from
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Lemma 3.12 the following:

S3 —u 1+ 2T —pS;
S*

=5 T 2

Z= pua/ 1442 V142
—u7lSy 1+ 2Ty S3

Recall that (see, for example, [14]), the antipode x on the matrix elements of a finite dimen-
sional unitary representation U% = (u%q) is given by K(u‘; ) = (u‘j;p)*. Thus, the antipode « is

given by:

S*

K(Th) = Ts, K(T3) = ——2 ©(Sy) = (1 + p?) T,
(Iy) =T (T3) 20+ D) ($2) =p*(1+ 1) T3
hY)

14 p?’

K(85) = (1+ud)T5, w(SH) =85 «k(S])=n"2s].

k(S3) = Sék, Kk(Sy) = ,bLZS4, /{(T3*) =

Now we derive some more relations by applying the anti-homomorphism « on the relations

obtained earlier.

Lemma 3.17.

2t (14 12) T3 + (14 1) 8583 + 1t (14 1) 4
= p? (14 p?) Ta(u* + 212 — 1) — 4°$,85 — $352,
pH (U ) TETs — 1 (1+ 1) 8583 — nO(1+ pu2)* 48]
= —12(1+ 12 T2 + 19285 + 555,
P2 (1+ 1) SaTs + 12 (1 + p2) T3 S3 = =S5 (1 + T) + (1 — T) S,
—5?

Proof. The relations follow by applying « on (8), (9), (10) and (12) respectively. O

Lemma 3.18.

—pH (1= DTS5 +¢$285 + ¢S5 Sa = —p* T (1 — Tp) + e’ S4S5 + cu? iS5,
5382 = u? 5253,
$284 = u?S4Ss,
—S5TF 4 (1 — T2) S5 = —p>T5 S5 + 2S5 (1 — 1),
—$T5 + (1 = T2)Sa = p?Sa(1 — To) — > T5°S).

Proof. The relations follow by applying « on (13), (18), (19), (15) and (16) respectively.

(23)

(24)

(25)

(26)

27
(28)
(29)
(30)
€1V



J. Bhowmick, D. Goswami / Journal of Functional Analysis 258 (2010) 2937-2960 2953

Lemma 3.19.

2¢2

n=S;
$384=——"—"2_, 32
354 YT (32)

2 2
— (L4 1) 85T — (1 + 1?) 1383

= 1?(1+ 1) 85 — 51— Ty) — (1 = 1) 3, (33)
(1 + 1) ST + 12 (1 + 12) T38% = —p2S3Ty — u* 1o S5 (34)

Proof. The relations follow by applying « on (22), (20) and (21) respectively. O
Remark 3.20. It follows from (26) and (32) that #4583 = $35;4.
Lemma 3.21.
$38=(1—D)(1* + T).
Proof. Subtracting the equation obtained by multiplying c(1 + n?) with (8) from (7), we have
(14 2¢(1 4 12)) 8582 + (1 + 1?) (1 — 1) S5 4
=(1-D)(* + ) —c(1+2)(u* + 2T — )T,
+e(l4+u2) (12 = )T + (1 + p2) 1. (35)
Again, by adding (7) with c(1 4 %)? times (9) gives
(14 (14 12)7) 8582+ c(1 — u) (1 + 12) S5 S
(1 2 . 2\22 020, 4 * 2)2
=1 -T) (" +T) —c(1+ 1) T3 +c(1+p°) (u* = )T +c(1+ 7). 1. (36)
Subtracting the equation obtained by multiplying (u? + 1) with (35) from (36) we obtain
2
—(1*+e(14+1%))838
2
=(1-T) (> +To) —c(1+p2)°T7
— (1410 =T+ ) — (1 4+ 12 A+ c(1+ p2) (12 + 2T — 1) T

The right-hand side can be seen to equal —(uz +c(1+ uz)z)(l — Tz)(u2 + 1»).
Thus, $38> = (1 — T)(u> +T). O

Lemma 3.22.
P+ p?) T T = (1 - T (1 + T), (37)

(1 + 12’ 1T = (1 — T) (1 + 12Ta), (38)
$285 = 121 = D) (1 + 1> ). (39)
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Proof. Applying x on Lemma 3.21, we obtain (37).
Unitarity of the matrix Z ((2, 2) position of the matrix Z*Z) gives w1+ ,uz)T3* 5+ T22 +
(1+puH T = 1.
Using (37) we deduce — (1 + u?)?T3T; = (T» — 1)(1 + *T>). Thus we obtain (38).
Applying « on (38), we deduce (39). O
Lemma 3.23.
SiSa =8485 =(1+ 1) 2121 = 1)
Proof. Adding (23) and (24), we have:
3 2
—ut (1 +u?) (1= p) T3 T+ pt (1 + 1?) (1 — ) S4S)
= —u2(1+p?)(1 = 1) (1 = T) — (1 — p?) 1S5
Using ,u2 # 1, we obtain,
3 2
—pt (U4 1) T T+ p* (14 12)"SaSh = —p2 (1 + p2) a1 — To) — 425,55

Now using (37) and (39), we reduce the above equation to

(1 12)? 8485 = =21 = To) (T2 + 12T + i + 1) + > (1 + p2) (1 = To) (4 + T2)

=81 — 1)
Thus,
6
[k 2
SuSf=———(1-T
= e
2
Ik 2
=—(1 —D)".
(1+M2)2( 2)

Applying k., we have S} 84 = ﬁ(l D)

Thus, S} 84 = S45F = ﬁ(l ~T)2. 0O
Lemma 3.24.
12 (14 128583 = (12 + D) (1 + 112) — (1 = T)].
Proof. Using Lemma 3.21 in (7), we have
SISy + Ty T3+ T3T5 + SiSy=1. (40)

The lemma is derived by substituting the expressions of 7573, T37; and Sy S4 from (37), (38)
and Lemma 3.23 in Eq. (40). O
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Lemma 3.25.

2
(14 1%) 8385 = (1 + 1> ) (1 + p* — (1 — 1)).
Proof. By unitarity of the matrix Z, in particular equating the (1, 1)-th entry of ZZ* to 1 we get

S38% + u? (14 pu?)T3T5 + 2SS4 = 1. Then the lemma follows by using (38) and Lemma 3.23
in the above equation. O

Lemma 3.26.
—8583 = (4* + ) Ts.
Proof. By applying the adjoint and then multiplying by % on (10) we have 12 8583+ w? SiS=
—u?T3(u? + Tp) + u? (1 — T») T3. Subtracting this from (11) we have (1 — %) S5 83 = —To T3 —
p2T3Ts + u>T3(u? + Tr) — u?(1 — T») T3 which implies —S383 = (u? + T) Tz as p? #1. O
Lemma 3.27.
$:(1 = 1) = 1> (1= T)S.
Proof. Applying « to Lemma 3.26 and then taking adjoint, we have
2
W1+ 1) TS = = (W2 + 1) Sa. (41)
Adding (33) and (34) and then taking adjoint, we get (by using u? % 1)
2
P21+ 12) 1385 = (1 = 1) S (42)
Moreover, (25) gives
2 2
W21+ 1?) SaTs = —=Sa(u? + To) + (1 — T) Sy — 11 (14 4?) T3 3.

Using (41), the right-hand side of this equation turns out to be S>(1 — 7>»).
Thus,

(1442’ S4Ts = 72851 = T). 43)
Again, application of adjoint to Eq. (33) gives:
2 2
P14 1) STy = = (14 1) T3Sa — 12 (14 17) o+ 1 (1 = T2)S2 + ' $2(1 = T).
Using (42), we get

(14 128378 = —$2(1 4+ 12T). (44)
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Using (41)—(44) to Eq. (14), we obtain:
S = 25T — (1 +12) " 12 (1+ 12D) + 12 (1+ 12) ' S2(1 - T)
=128 — 212TsSr + (1 4+ 12) ' 101 = 1) Ss — (1+ 12 ' (112 + 1) Sa.
This gives
Mz(l + MZ)[(Sz - $5Th) — (,uzsz - M2T252)] - M2(1 + Mz) ($272 — M2T252)
— 1Sy = uOS T+ $o(1 = T) — B (S2 — Ta$2) + p* 2 + 1> 128, = 0.
Thus,
(14 u2)[$201 = T) = 12 (1 = T) 2] + S2(1 = Ta) = 4*(S2 = T252)

+1[S2(1 = T2) — (1 = T)$2] = (1 = T2)S2 + p* $2(1 = T)
+ 12 (S2(1 = o) — p?(1 = T2)$2) = 0.

On simplifying, (u® + 2u* + 2% + 1)(S2(1 — Tr) — u?(1 — 7»)S») = 0, which proves the
lemmaasO<pu<1. O

Lemma 3.28.

T3(1 = To) = > (1 = T)T, (45)
S35 = S Ss. (46)
Proof. Eq. (45) follows by applying « on Lemma 3.27 and then taking adjoint.
We have S;S3 = —T32 from (12). On the other hand we have S35 = —M4T32 from (22).
Combining these two, we get (46). O
Lemma 3.29.
SqT) =T584.
Proof. Subtracting (31) from (16) we get the required result. O
Lemma 3.30.
135, = S T5.

Proof. By applying adjoint on (30) and then subtracting it from (15) we obtain S,73 —
735 =0. O

Lemma 3.31.

S3(1 = T) = u*(1 — 1) S.
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Proof. By adding (15) with (17) we obtain
S3(1 = To) + 1> S3(Ta — 1) = pi (1> — 1) T355.
Thus, using > # 1,
S3(1 = Ty) = —p°T3S,. 47)

Moreover, by taking adjoint of (30), we obtain /,Lz(l —T1)83 = u2S2T3 — 1385 + S3(1 — 17).
Thus,

w1l = T2)S3 = u*SoTs — 21382 + 12 S3(1 — To).

Hence, to prove the lemma it suffices to prove:

S3(1 — o) = u*SoTs — T3S + 2 S3(1 — T).

After using 73S = S, T3 obtained from Lemma 3.30 we get this to be the same as (1 — 2)S3(1 —
T») = > (u* — 1)T3S5. This is equivalent to S3(1 — T5) = —u?T3S, (as u? # 1) which follows
from (47). O

Proposition 3.32. The map SO, (3) — Q sending M, L, G, N, C to —(1 + u>)7'$,, S,
—u LSy, (1 4+ u®)~1(1 = 1), uT;s respectively is a COG homomorphism.

Proof. It is enough to check that the map is *-homomorphic, since the coproducts on SO, (3)
and Q are determined in terms of the fundamental unitaries Z’ and Z respectively, and the map
described in the statement of the proposition sends (ij)-th entry of Z’ to the (ij)-th entry of Z
for all (if).

Now, it can easily be checked that the proof of the homomorphic property of the given map
reduces to verification of the relations on Q as derived in Lemmas 3.21-3.31 along with the
following equations:

384 = 1t 453, (48)

8§38 = %5, 83, (49)

$284 = 28455, (50)
2

8384 = ———— 83, (51)
(1+ 1)

which follow from Remark 3.20, (28), (29), (32) respectively. O

Theorem 3.33. We have the isomorphism:

QISO%(O(S}, ). H. D) = S0, (3).
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Proof. SU,(2) is an object in QISO;F(D) as remarked before, and thus one gets a surjective

morphism from QISO;(D) to SU,(2) which clearly maps QISO;(D) onto SO, (3), identi-
fying the latter as a quantum subgroup of QISO;(D). Let us denote the surjective map from
QISO% (D) to SO,,(3) by I1. On the other hand, Proposition 3.32 implies that QISO% (D) is a
quantum subgroup of SO, (3), and the corresponding surjective CQG morphism from SO, (3)
onto QIS O;(D) is clearly seen to be the inverse of I7, thereby completing the proof. O

Remark 3.34. Theorem 3.33 shows that for a fixed ., the quantum isometry group QISO‘IE (D)
of 52 does not depend on c. This may appear somewhat surprising, but let us remark that in

the class1cal situation (that is for u = 1), c¢ corresponds to the radius of the sphere and S2 are
isomorphic as C* algebras for all ¢ > 0. We refer the reader to [13, p. 126], for the details regard-
ing this. Although in the noncommutative case, that is, when u # 1, we do get non-isomorphic
C*-algebras 52 for different choices of ¢, one may still think that the parameter ¢ in some
sense determmes the ‘radius’ of the noncommutative sphere, and thus one should get the same
(quantum) isometry group for different choices of c.

In view of the above, it seems impossible to ‘reconstruct’ the quantum homogeneous spaces

Si . from the quantum isometry groups SO, (3). In this context, it may be mentioned that for

n # 1, although all 5124 .~ are quantum homogeneous spaces corresponding to SO, (3), only Sﬁ

arises as a quotient of SO, (3) by a quantum subgroup (see [16] for more details). Thus, it is
perhaps possible to somehow ‘reconstruct’ Si, from the quantum group SO, (3).

3.4. Existence of QISO™ (D)

For the above spectral triple, we have been unable to settle the issue of the existence of

QISO™ (D) which is the universal object (if it exists) in the category Q'(D) mentioned in Sec-
tion 1. Nevertheless, we shall show that if a universal object in Q'(D) exists, then QISO™ (D)
must coincide with SO, (3).

Lemma 3.35. If QISO™ (D) exists, its induced action on SM o say o, must preserve the state h

on the subspace spanned by {1, A, B, B*, AB, AB*, A2, B2, B* 1

Proof. Let Wy =C.1, W% =Span{l, A, B, B*},

W; =Span(1, A, B B*, AB, AB*, A%, B, B**}.

We note that the proof of Proposition 3.10 and the lemmas preceding it do not use the assump-
tion that the action is R-twisted volume preserving, so the proof of Proposition 3.10 goes through
verbatim implying that g keeps invariant the subspace spanned by {1, A, B, B*} and hence it
preserves W% as well. Let W% =W 1 @ W' be the orthogonal decomposition with respect to the
Haar state (say ho) of QISO" (D). Since §0,,(3) is a sub-object of QOISO (D), there is a CQG
morphism 7 from QISO™ (D) onto S0, (3) satistying (id ® m)ag = A, where A is the SO, (3)
action on Sﬁy .- 1t follows from this that any QISO™ (D)-invariant subspace (in particular W') is
also SO, (3)-invariant. On the other hand, it is easily seen that on W% , the SO, (3)-action de-
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composes as Wi @ W’ (orthogonality with respect to &, the Haar state of $0,,(3)), where w"
2

is a five-dimensional irreducible subspace.
We claim that YW’ = W, which will prove that the QISO™ (D)-action «q has the same -
orthogonal decomposition as the SO, (3)-action on W3, so preserves C.1 and its /-orthogonal

complements. This will prove that o preserves the Haar state 4 on W3 .
2

We now prove the claim. Observe that V := )WV N W’ is invariant under the SO, (3)-action
but due to the irreducibility of A on the vector space W or W, it has to be zero or W' = W".
Now, dim(V) = 0 implies dim(’) +dim(W") = 5+5 > 9 = dim(W3) which is a contradiction

2

unless W =W". 0O

Theorem 3.36. If QISO™ (D) exists, then we must have that QISO™ (D) = S0, (3).

Proof. In the proof of Lemma 3.35, it was noted that Proposition 3.10 follows under the assump-
tion of the present theorem. To complete the proof of the theorem, we just need to observe that
the other lemmas used for proving Theorem 3.33 require the conclusion of Lemma 3.35 as the
only extra ingredient. O

Let us conclude the article with brief explanation of the technical difficulties regarding the

issue of existence of QISOT (D). Let R’ be a positive, invertible operator commuting with D
such that Tp # 7 and let ¢’ denote the action of QISO™, (D) on Sﬁ’ - The problem of existence

of QISO™ (D) is closely related to the question whether it is possible to identify QIS O;/(D) as
a quantum subgroup of SO,,(3) for a general R’. By Theorem 3.36, a negative answer of this
question will prove that Q' (D) does not have a universal object.

Now, as has been noted in Remark 3.5, ¢’ is linear, that is, it keeps the span of {1, A, B, B*}
invariant and hence it is given by an expression similar to Egs. (5) and (6) with T;, S; replaced
by some T/, S which generate QISO}, (D) as a C*-algebra. We can in principle write down
all the relations satisfied by these generators, proceeding as in Section 3.3. These relations will
be analogous to Eqgs. (7)—(34), and in fact, the relations which make use of the homomorphism
property only remain unchanged. However, the ones making use of the fact that ¢’ preserves
g will change, since tgs is in general different from tz. In particular, the expression of the
antipode will change, which will affect all the relations starting from (23). We need to have a
deeper and systematic understanding of the relations satisfied by 7/, S/ for a general R’, and
possibly study their representations in concrete Hilbert spaces, to decide whether QISO7, (D) is
a quantum subgroup of SO, (3) or not. We are not yet able to do this.

Moreover, even if QISOT (D) exists, although we can identify QISO™ (D) with the well-
known quantum group SO, (3), it is not so easy to explicitly compute QISO™ (D). If U denotes

the unitary representation corresponding to QISO™ (D), the fact that U commutes with D implies

that U must preserve each of the two-dimensional eigenspaces span{v’ | + v’ cm =41
m, % m ! 2

T2
and span{vﬁn = vﬁn im= :I:%} of D. Suppose that (g;;); j=1,2 and (r;;); j=1,2 are the ma-
>§ -

trices (with entries in QISO™" (D)) of U corresponding to these two spaces respectively. Then it

is clear that as a C* algebra QISO™ (D) will be generated by g; j»7ij’s as well as the generators
T;, S; of SO, (3). However, the mutual relations among these generating elements have to be
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determined from the fact that U preserves each of the eigenspaces of D. In principle one gets
infinitely many such relations which are quite complicated and it is not clear how to simplify
them.
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