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1. Introduction

By an atomic monoid, we mean a commutative cancellative semigroup with unit element such that every non-unit has
a factorization as a finite product of atoms (irreducible elements). The multiplicative monoid consisting of the nonzero
elements from a noetherian domain is such a monoid. Let H be an atomic monoid. Then every non-unit has a unique
factorization into atoms if and only if H is a Krull monoid with trivial class group. The first objective of factorization theory
is to describe the various phenomena related to the non-uniqueness of factorizations. This is done by studying a variety of
arithmetical invariants such as sets of lengths, elasticities and the catenary and tame degrees of the monoids. The second
main objective is to then characterize the finiteness (or even to find the precise values) of these arithmetical invariants in
terms of classical algebraic invariants of the objects under investigation. We illustrate this in the next paragraph. To be able
to do so, recall that the elasticity p (H) of H is the supremum over all k/I for which there is an equation uy . . .-uy = vq-... v,
where uq, ..., U, vy, ..., v; are atoms of H.

The following result by Carlitz (achieved in 1960) is considered as a starting point of factorization theory: the ring of
integers ox of an algebraic number field has elasticity p(ox) = 1 if and only if its class group has at most two elements.
A non-principal order o in an algebraic number field has finite elasticity if and only if, for every prime ideal p containing
the conductor, there is precisely one prime ideal p in the principal order o such that p N o = p. This result (achieved by
Halter-Koch in 1995) has far reaching generalizations (achieved by Kainrath) to finitely generated domains and to various
classes of Mori domains satisfying natural finiteness conditions (see [3,35,39,38]).

This paper is concerned with Krull monoids. Their arithmetic is completely determined by the class group and the
distribution of prime divisors in the classes. We outline this in greater detail. First, recall that an integral domain is a Krull
domain if and only if its multiplicative monoid of nonzero elements is a Krull monoid, and a noetherian domain is Krull if
and only if it is integrally closed. A reduced Krull monoid is uniquely determined by its class group and by the distribution
of prime divisors in the classes (see Lemma 3.3 for a precise statement). Suppose H is a Krull monoid with class group G
and let Gp C G denote the set of classes containing prime divisors. Suppose that Gp = G. In that case, it is comparatively
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easy to show that any of the arithmetical invariants under discussion is finite if and only if G is finite (the precise values
of arithmetical invariants - when G is finite — are studied by methods of Additive and Combinatorial Number Theory; see
[28, Chapter 6] or [25] for a survey on this direction). However, very little is known about the arithmetic of H when G is
infinite and Gp is a proper subset of G.

The present paper provides an in-depth study of the arithmetic of Krull monoids having an infinite cyclic class group.
This situation was studied first by Anderson, Chapman and Smith [1], then by Hassler [37], and the most recent progress
(again due to Chapman et al.) was achieved in [2]. We continue this work, thus studying monoids with class group G = Z
but having the set of classes containing primes Gp being a proper subset. The arithmetical properties under investigation
are discussed in Section 2 and at the beginning of Section 5. The required material on Krull monoids, together with a list of
relevant examples, is summarized in Section 3. Our main results are Theorems 4.2, 5.2 and 6.4 and Corollary 7.4.

In Theorem 4.2, we give a lengthy list of factorization invariants, the finiteness of any one of which is shown to be equiva-
lent to a natural finiteness condition on Gp, thus characterizing when these ‘weak’ invariants, including the local tame degree,
the catenary degree, the set of distances, and several other invariants, are each finite (several previously known equivalences
are included for completeness). Perhaps more importantly, Theorem 4.2 shows these conditions to be equivalent to the elas-
ticity invariant being a rational number, which was an open problem first proposed in 1994 and which is here resolved.

One of the crowning results of early Factorization Theory was the establishment, for a large class of monoids, of a structure
theorem describing the number of atoms possible in a factorization of a given element, often now known as the Structure
Theorem for Sets of Lengths. The Structure Theorem for Sets of Lengths holding for a monoid is a much ‘stronger’ invariant
than those found in Theorem 4.2, as it tells us a great deal more about the structure of possible factorizations. Two other
such ‘stronger’ invariants are the monotone catenary degree and the successive distance (see later sections for full details
and definitions), which concern whether there is always a well-behaved sequence of factorizations slowly transforming one
factorization of a given element into another. In Theorem 5.2, we establish several implications involving these stronger
invariants and, in Theorem 6.4, we characterize when the Structure Theorem for Sets of Lengths holds for class group G = Z
under some additional restrictions on Gp. Counterexamples to these invariants always being finite are also furnished. Finally,
Corollary 7.4 (and the other results of Section 7) show that while the monotone catenary may unfortunately be infinite,
there is nonetheless still a nice chain of factorizations between any two factorizations which are not overly pathological (in
a technical sense made explicit in the section).

Along the way, several new methods are introduced, particularly for the proofs of Proposition 4.8 and Theorem 7.3. More
detailed discussion of the main results is shifted to the relevant sections where we have the required terminology at our
disposal.

2. Preliminaries

Our notation and terminology are consistent with [28]. We briefly gather some key notions. We denote by N the set of
positive integers, and we put Ny = N U {0}. For real numbers a, b € R, we set [a, b] = {x € Z | a < x < b}. For a subset X
of (possibly negative) integers, we use gcd X and lcm X to denote the greatest common divisor and least common multiple
respectively, and their values are always chosen to be nonnegative regardless of the sign of the inputs.

LetL, L' C Z.Weset—L={—a|acl},l" =LNNandL™ =LN (-N). WedenotebyL+L ={a+b|aclL, bel}
their sumset. If § = L C N, we call
m suplL
p(L):sup{—‘m,neL}: - € Q>1 U {oo}
n minL
the elasticity of L, and we set p({0}) = 1. Distinct elements k, | € L are called adjacent if LN [min{k, I}, max{k, l}] = {k, [}. A
positive integer d € Nis called a distance of L if there exist adjacent elements k, [ € L withd = |k — I|. We denote by A(L)
the set of distances of L. Note that A(L) = ¢ if and only if [L| < 1, and that L is an arithmetical progression with difference
d € Nifand only if A(L) C {d}. We need the following generalization of an arithmetical progression.
Letd e N, M € Ny and {0,d} C D C [0, d]. Then L is called an almost arithmetical multiprogression (AAMP for short)
with difference d, period £, and bound M, if

L=y+ (L UL*UL) Cy+D+dz
where
e L* is finite and nonempty with minL* = 0 and L* = (D + dZ) N [0, max L*]

o' C[-M, —1] and L” C maxL* + [1, M]
eycZ.

Note that an AAMP is finite and nonempty. An AAMP with period {0, d} is called an almost arithmetical progression (AAP for
short).

By a monoid, we mean a commutative, cancellative semigroup with unit element; we denote the unit element by 1. Let
H be a monoid and let a, b € H. We call a a divisor of b and write a | b (or, more precisely, a |y b) if b € aH. We calla and b
associated (in symbols, a >~ b) if aH = bH (or, equivalently, if aH* = bH*). An element u € H is called

e invertible if there is an element v € H withuv = 1.
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e irreducible (or an atom) if u is not invertible and, for all a, b € H, u = ab implies a is invertible or b is invertible.
e prime if uis not invertible and, for alla, b € H, u|ab implies u|aoru|b.

We denote by A(H) the set of atoms of H, by H* the group of invertible elements, and by Heg = {aH* | a € H} the
associated reduced monoid of H. We say that H is reduced if [H*| = 1. We denote by q(H) a quotient group of H with
H C q(H), and for a prime element p € H, let v,: q(H) — Z be the p-adic valuation. For a subset H, C H, we denote by
[Ho] C H the submonoid generated by Hy and by (Hp) C q(H) the subgroup generated by Hy.
For a set P, we denote by F (P) the free (abelian) monoid with basis P. Then every a € ¥ (P) has a unique representation
in the form
a= l_[p"l’(“) with vp(a) € Ny and v,(a) = 0 for almostallp € P.
peP
Wecall la] = ), p vp(a) the length of a.
The free monoid Z(H) = ¥ (A(Hred)) is called the factorization monoid of H, and the unique homomorphism
w:Z(H) — Hpq satisfying mw(u) =u foreachu € A(Hpeq)
is called the factorization homomorphism of H.For a € H and k € N, the set
Zu(a) = Z(a) = w~(aH*) C Z(H) is the set of factorizations of a,
Zy(a) ={z € Z(a) | |z| = k} isthe set of factorizations of a of length k, and
Ly(a) = L(a) = {|z| ] z € Z(a)} C Ny isthe set of lengths of a.

By definition, we have Z(a) = {1} and L(a) = {0} for all a € H*. The monoid H is called

e atomic if Z(a) # @ foralla € H,

e a BF-monoid (a bounded factorization monoid) if L(a) is finite and nonempty for alla € H,
e factorial if |Z(a)| = 1foralla € H,

o half-factorial if |L(a)| = 1foralla € H.

We now introduce the arithmetical concepts which are used throughout the whole paper. Some more specific notions
will be recalled at the beginning of Section 5. Let H be atomic and a € H. Then p(a) = ,o(L(a)) is called the elasticity of a,
and the elasticity of H is defined as

p(H) = sup{p(b) | b € H} € R>; U {oo}.

We say that H has accepted elasticity if there exists some b € H with p(b) = p(H).
Letk € N.IfH # H*, then

v = |J ua
keL(a),aeH

is the union of all sets of lengths containing k. When H* = H, we set V,(H) = {k}. In both cases, we define p,(H) =
sup Vix(H) and A, (H) = min V(H). Clearly, we have V,(H) = {1} and k € V\(H). By its definition, H is half-factorial if and
only if Vy(H) = {k} foreach k € N.

We denote by
AH) = Ja(Lb) cN
beH

the set of distances of H, and by L£L(H) = {L(b) | b € H} the system of sets of lengths of H.
Let z, Z/ € Z(H). Then we can write

Z=U ... -UYVi-... Uy and Z =uq-...-ww;-...- Wy,

wherel, m, n € Ngand uq, ..., u, vq,..., Uy, Wi, ..., W, € A(Hyq) are such that
{vi, ..., vm} N{wyq, ..., wy} = 0.

Then gecd(z,z') = uq - ... - u;, and we call

d(z,z') = max{m, n} = max{|z gcd(z,z")"!, |z’ ged(z, ) |} € Ng
the distance between z and z'. If 7 (z) = 7 (2’) and z # Z/, then
2+ Izl — 12]] < d(z,7) (2.1)
by [28, Lemma 1.6.2]. For subsets X, Y C Z(H), we set
d(X,Y) =min{d(x,y) | x € X, y € Y},
and thus X N'Y # @ if and only if d(X, Y) = 0.
We recall the concepts of the (monotone) catenary and tame degrees (see also the beginning of Section 7). The catenary
degree c(a) of the element a is the smallest N € Ny U {oo} such that, for any two factorizations z, z’ of g, there exists a

finite sequence z = zg, 21, ..., 2, = z' of factorizations of a such that d(zi_1,z) <N forall i€ [1,k]. The monotone
catenary degree cmon(a) is defined in the same way with the additional restriction that |zg| < --- < |zx|or |zo| > - - > |zk].
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We say that the two factorizations z and z’ can be concatenated by a (monotone) N-chain if a sequence fulfilling the above
conditions exists. Moreover,

c(H) = supf{c(b) | b € H} € No U {oo} and cmon(H) = sup{cmon(b) | b € H} € No U {00}

denote the catenary degree and the monotone catenary degree of H. Clearly, we have c(a) < cpon(a) forall a € H, as well as
c¢(H) < cmon(H), and (2.1) implies that 2 4+ sup A(H) < c(H).
For x € Z(H), let t(a, x) € Ng U {oo} denote the smallest N € Ny U {oo} with the following property:

If Z(a) N xZ(H) # ¥ and z € Z(a), then there exists z’ € Z(a) N xZ(H) such that d(z, z’) < N.
For subsets H' C H and X C Z(H), we define
t(H', X) = sup {t(b,x) | b € H',x € X} € Ny U {o0}.

H is called locally tame if t(H, u) < oo forallu € 4A(Heq) (see the beginning of Section 4 and Definition 6.1).

3. Krull monoids: basic properties and examples

The theory of Krull monoids is presented in detail in the monographs [36,33,28]. Here we first gather the required
terminology. After that, we recall some facts concerning transfer homomorphisms, since the arithmetic of Krull monoids is
studied via such homomorphisms. In particular, we deal with block homomorphisms (which are transfer homomorphisms;
see Lemma 3.3 and the comment thereafter) from Krull monoids into the associated block monoids. At the end of this section,
we discuss examples of Krull monoids with infinite cyclic class group.

Krull monoids. Let H and D be monoids. A monoid homomorphism ¢: H — D is called

e adivisor homomorphism if ¢ (a) | ¢(b) implies thata|b foralla,b € H

e cofinal if for every a € D there exists some u € H such that a| ¢ (u)

e adivisor theory (for H) if D = ¥ (P) for some set P, ¢ is a divisor homomorphism, and for every p € P (equivalently for
every a € F (P)), there exists a finite subset # # X C H satisfying p = ged(¢(X)).

Note that, by definition, every divisor theory is cofinal. We call C(¢) = q(D)/a(¢(H)) the class group of ¢ and use
additive notation for this group. For a € q(D), we denote by [a] = [a]l, = aaq(¢(H)) € a(D)/a(¢(H)) the class
containing a. We recall that ¢ is cofinal if and only if C(¢) = {[a] | a € D}, and if ¢ is a divisor homomorphism, then
¢oH)={aeD|[a]l =[1]}.1fp: H— F(P) is a cofinal divisor homomorphism, then

Gp = {[p] = pa(p(H)) | p € P} C C(p)

is called the set of classes containing prime divisors, and we have [Gp] = C(¢p) (for a converse, see Lemma 3.4). If H C D is
a submonoid, then H is called cofinal (saturated, resp.) in D if the imbedding H < D is cofinal (a divisor homomorphism,
resp.).

The monoid H is called a Krull monoid if it satisfies one of the following equivalent conditions (|28, Theorem 2.4.8]; see
[41] for recent progress):

e H is v-noetherian and completely integrally closed.
e H has a divisor theory.
e H.q is a saturated submonoid of a free monoid.

In particular, H is a Krull monoid if and only if Heq is a Krull monoid. Let H be a Krull monoid. Then a divisor theory
¢: H — F(P) is unique up to unique isomorphism. In particular, the class group C(¢) defined via a divisor theory of
H and the subset of classes containing prime divisors depend only on H. Thus it is called the class group of H and is denoted
by €(H). If H is a Krull monoid, then £} (H) denotes the monoid of v-invertible v-ideals of H, which is a free monoid with
basis X(H). In such case, themap é : H — {;(H) given by a — aH is a divisor theory, and thus €(H) is the v-class group of
H (up to isomorphism).

Transfer homomorphisms. We recall some of the main properties which are needed in the following sections (details can
be found in [28, Section 3.2]).

Definition 3.1. A monoid homomorphism 6: H — Bis called a transfer homomorphism if it has the following properties:
(T1) B=6(H)B* and 6~ '(B*) = H*.
(T2) IfueH, b, c e B and 0(u) = bc, then there exist v, w € H such that u = vw, 6(v) >~ b and 6(w) =~ c.
Every transfer homomorphism 6 gives rise to a unique extension 6 : Z(H) — Z(B) satisfying
O(uH*) = 8(u)B* foreachu € A(H).
For a € H, we denote by c(a, 8) the smallest N € Ny U {oo} with the following property:
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Ifz, 2 € Zy(a) and 0(z) = 0(2'), then there exist some k € Ny and factorizations z = zp, ...,zx = zZ’ € Zy(a) such
that 6(z) = 6(z) and d(z;_1,z) < Nforalli € [1, k] (thatis, z and z’ can be concatenated by an N-chain in the fiber

Zu@ N0 0@)).
Then
c(H, 0) = sup{c(a, ) | a € H} € Ny U {oo}
denotes the catenary degree in the fibres.

Lemma 3.2. Let6: H — Band 0': B — B’ be transfer homomorphisms of atomic monoids.

1. For every a € H, we have 6(Z;(a)) = Zz(A(a)) and Ly(a) = Lg(6(a)).
2. ¢(B) < ¢(H) < max{c(B), c(H, 0)}, cmon(B) < cmon(H) < max{emon(B), c(H, 0)} and §(B) = §(H).
3. Forevery a € H and all k, | € L(a), we have d(Z(a), Zi(a)) = d(Z(0(a)), Z(6(a))).
4. Forevery a € H, we have c(a, 8’ o 6) < max{c(a, 0), c(8(a), 0")}.
In particular, c(H, 0’ 0 0) < max{c(H, 0), c(B, 0")}.

Proof. 1. This follows from [28, Proposition 3.2.3].

2.The first statement follows from Theorem 3.2.5.4, the second from Lemma 3.2.6 in [28], and the third from [26, Theorem
3.14].

3.leta € Hand k| € L(a). Ifz,zZ € z(a) with |z = kand |Z| = | then |0(z)] = k, |#(z))] = Iand
d(0(2), 6(z')) < d(z,2), which implies that d(z,(6(a)),Z/(6(a))) < d(Zk(a), Zi(a)). To verify the reverse inequality,
let Z1,z, € Z(f(a)) be given. We pick any z; € Z(a) with 6(z1) = Z1. By [28, Proposition 3.2.3.3(c)], there exists a
factorization z; € Z(a) such that 6(z;) = z, and d(z1,2;) = d(z1,z»). Since |z;] = |z;| fori € {1, 2}, it follows that
d(Zk(a), Zi(@)) < d(Z(6(@)). Zi(6(a))).

4. We recall that 6’ o 6 is a transfer homomorphism (see the paragraph after [28, Definition 3.2.1]). Let a € H. Let
2,7 € Zy(a) with 0’ 0 0(z) = 6’ 0 6(2'). LetZ = O(z) and 2/ = 6(z'). We have Z, 2’ € Zz(6(a)) and 6'(z) = 6'(z’). Thus,
by the definition of c(6(a), 6’), there exist some k € Ngandz = Zg, ...,z = z/ € Zz(f(a)) such that 6'(z;)) = 6’(z) and
d(zi_1,z) <c(8(a), 0 foreachi € [1, k]. Let zy = z. Again, by [28, Proposition 3.2.3.3(c)], for each i < k, there exists some
factorization zi41 € Zy(a) such that 0(zi.1) = Zi17 and d(z;, ziy1) = d(Z;, Zigq).

Now, we have §(zk)7= 7z = E(z’). Thus, by the definition of c(a, 0), there exist some | € Ny and zx = yo, ...,y =
Zz' € Zy(a) such that 6(y;) = 6(z') and d(yi_1,y:)) < c(a,d) for eachi € [1,]]. Since 8(y;) = 0(Z’) clearly implies
0’ 0 0(y;)) = 0’ 00(2'), we get that the max{c(f(a), 0'), c(a, 6)}-chainz = zp, ...,z = Yo, ...,y = Z’ has the required
properties. O

Monoids of zero-sum sequences. Let G be an additive abelian group, Go C G a subset and ¥ (Go) the free monoid with
basis Go. According to the tradition of combinatorial number theory, the elements of # (Gp) are called sequences over Go.
Thus a sequence S € F (Gg) will be written in the form

S=gi-....@=]]g"®.
g€Go

and we use all the notions (such as the length) as in general free monoids. Again using traditional language, we refer to v, (S)
as the multiplicity of g in S and refer to a divisor of S as a subsequence. If T|S, then TS denotes the subsequence of S obtained
by removing the terms of T. We call the set supp(S) = {g1, ..., g} C Go the support of S, 6(S) =g1+---+ g € G the
sum of S, and define

E(S):{Zgi|@7é1C[l,l]} C G and,fork € N,
iel

n© =Y alrcnn =k co

iel

Weset —S = (—g1) ... (—g).If G = Z, then we define
St = H g® and S = 1—[ g™,
geGy g€Gy

and thus we have S = STS~0%®), The monoid
B(Go) =1{S € F(Gop) | o(S) =0}

is called the monoid of zero-sum sequences over Gy, and its elements are called zero-sum sequences over Goy. A sequence
S € F(Gp) is zero-sum free if it has no proper, nontrivial zero-sum subsequence (note the trivial/fempty sequence is defined
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to have sum zero). For every arithmetical invariant x(H) defined for a monoid H, we write *(Gp) instead of *(B(Gp)). In
particular, we set A(Gg) = A(B(Gg)). We denote the Davenport constant of Go by

D(Go) = sup{|U| | U € A(Go)} € No U {00},

which is a central invariant in zero-sum theory (see [20], and also [25] for its relevance in factorization theory).

Clearly, 8(Gg) C F (Gp) is saturated, and hence 8B(Gp) is a Krull monoid. We note that 8(Gg) C F (Go) is cofinal if and
only if for each g € Gy there is a B € B(Gp) with vg(B) > 0 (see [28, Proposition 2.5.6]); if this is the case, then the set Gy
is called condensed. For a condensed set G, the class group of B(Gy) < F (Go) is (Gp), and the subset of classes containing
prime divisors is Gg.

For Gy C Z, we have that Gy is condensed if and only if either Gg # ¥and G, # ¥ or Gy C {0}. The latter case, which in
our context can be disregarded (see Lemma 3.3), is frequently automatically excluded by some of the conditions we impose
in our results; if not, we impose the extra condition |Gy| > 2.

Block monoids associated to Krull monoids. We will make substantial use of the following result [28, Section 3.4].

Lemma 3.3. Let H be a Krull monoid, ¢: H — F =_#(P) a cofinal divisor homomorphism, G = C(g) its class group, and
Gp C G the set of classes containing prime divisors. Let B: F — ¥ (Gp) denote the unique homomorphism defined by B(p) = [p]
forallp € P.

1. The homomorphism f = E o@: H— B(Gp) is a transfer homomorphism with c(H, B) < 2. In particular, it has all the
properties mentioned in Lemma 3.2.
2. B(Gp) C F(Gp) is saturated and cofinal. If G is infinite cyclic, then Gp C G is a condensed set and |Gp| > 2.

The homomorphism g in Lemma 3.3 is called the block homomorphism, and 8 (Gp) is called the block monoid associated
to ¢. If ¢ is a divisor theory, then 8(Gp) is called the block monoid associated to H.

A lemma and four examples. The following lemma highlights the strong connection between the algebraic structure of a
Krull monoid and its class group and provides a realization result (see [28, Theorem 2.5.4]). Let G be an abelian group and
(myg)gec afamily of cardinal numbers. We say H has characteristic (G, (mg)gec) if there is a group isomorphism & : G=C(H)
such that card(P N @(g)) = m, for every g € G.

Lemma 3.4. Let G be an abelian group, (mg)gcc a family of cardinal numbers and Gy = {g € G | mg # 0}.

1. The following statements are equivalent:
(a) There exists a Krull monoid H and a group isomorphism & : G — C(H) such that
card(P N @(g)) = mg forevery g € G.
(b) G =[Gol, and G = [Go \ {g}] forevery g € Go withmg = 1.
2. Two Krull monoids H and H’ have the same characteristic if and only if Hreq = H 4.

Apart from the above abstract realization result, there are many concrete and naturally occurring instances of Krull
monoids having infinite cyclic class group. We list a few such specific examples below.

Examples 3.5. 1. Domains. A domain R is a Krull domain if and only if its multiplicative monoid of nonzero elements is a
Krull monoid. As a special case of Claborn’s Realization Theorem, there is the following result: For every subset Gy C Z with
[Go] = Z, there is a Dedekind domain R and an isomorphism @ : G — C(R) such that ®(Gy) = {g € C(R) | g N X(R) # ¥}
([28, Theorem 3.7.8]. More results of this flavor are discussed in [28, Section 3.7] and [27, Section 5].

Let R be a domain and H a monoid such that the monoid domain R[H] is a Krull domain. There are a variety of results on
the class group of R[H], which provide many explicit monoid domains having infinite cyclic class group ([32, Section 16],
see also [40]). Generalized power series domains that are Krull are studied in [42].

2. Zero-sum sequences. Let Gy C Z be a subset such that [Gg \ {g}] = Z for all g € Go. Then the monoid of zero-sum
sequences B(Gp) is a Krull monoid with class group isomorphic to Z, and Gy corresponds to the set of classes containing
prime divisors [28, Proposition 2.5.6].

3. Module theory. Let R be a (not necessarily commutative) ring and € a class of (right) R-modules - closed under finite
direct sums, direct summands and isomorphisms - such that € has a set V(C) of representatives (that is, every module
M € C is isomorphic to a unique [M] € V(€)). Then V(C) becomes a commutative semigroup under the operation
[M]+ [N] = [M & N], which carries detailed information about the direct-sum behavior of modules in G, e.g., whether or
not the Krull-Remak-Azumaya-Schmidt Theorem holds, and, when it does not, how badly it fails. If every module M € €
has a semilocal endomorphism ring, then V(C) is a Krull monoid [10]. For situations where this condition is satisfied and
when the class group of V(C) is cyclic, we refer to recent work of Facchini, Hassler, Wiegand et al. (see, for example,
[46,12,11,13]).

4. Diophantine monoids. A Diophantine monoid is a monoid which consists of the set of solutions in nonnegative
integers to a system of linear Diophantine equations. In more technical terms, if m,n € Nand A € Mpn(Z), then
H = {x € Nj | Ax = 0} is a Diophantine monoid. Moreover, H is a Krull monoid, and if m = 1, then its class group
is cyclic and there is a characterization of when it is infinite ([7, Theorem 1.3], [8, Proposition 4.3]; see also [28, Theorem
2.7.14] and [33, Chapter I1.8]).
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4. Arithmetical properties equivalent to the finiteness of G;“ or G,
Before we formulate our main characterization result, Theorem 4.2, we recall a recent characterization of tameness,

which is in contrast with our present results. Let H be an atomic monoid. For an element b € H, let w(H, b) denote the
smallest N € Ny U {oo} with the following property:

Foralln e Nanday,...,a, € H,ifb|a; - ... - a,, then there exists a subset £2 C [1, n] such that |[£2] < N and
b’ Hau.
ves

Clearly, b € H is a prime if and only if w(H, b) = 1, and so the w(H, -) values measure how far away atoms are from being
primes. The invariant w(H, ) is closely related to the local tame degrees t(H, -). A detailed study of their relationship can
be found in [30, Section 3], but here we mention only two simple facts (to simplify the formulation, we suppose that H is
reduced):

e w(H,u) < t(H,u) forall 1 # u € H which are not prime (this follows from the definition).
e sup{t(H,u) | u € A(H)} < ooifand only if sup{w(H, u) | u € A(H)} < oo [31, Proposition 3.5].

The monoid H is said to be tame if the above suprema are finite. Note that the finiteness in Proposition 4.1.1 holds without
any assumption on Gp. Indeed, it holds for all v-noetherian monoids [30, Theorem 4.2]. In particular, one should compare
Proposition 4.1.1, 4.1.2(c) and Theorem 4.2(b).

Proposition 4.1. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors.

1. w(H,u) < oo forallu € A(H).

2. If p is a divisor theory, then the following statements are equivalent:
(a) Gp is finite.
(b) D(Gp) < oo.
(c) H is tame.

The equivalence of the three properties is a special case of [31, Theorem 4.2]. It is essential that the imbedding is a divisor
theory and not only a cofinal divisor homomorphism. Indeed, if Gg = {—1} U N, then 8(Gg) < F (Gp) is a cofinal divisor
homomorphism and D(Gg) = o0, yet B(Gy) is factorial and hence tame (see also Lemmas 3.4 and 5.3).

Theorem 4.2. Let H be a Krull monoid and ¢ : H — % (P) a cofinal divisor homomorphism into a free monoid such that the class
group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime divisors.
The following statements are equivalent:

(@) G or G, is finite.

b) H is locally tame, i.e., t(H, u) < oo forallu € A(Hyeq).

c) The catenary degree c(H) is finite.

d) The set of distances A(H) is finite.

e) The elasticity p(H) is a rational number.

(f) p2(H) is finite.

(g) There exists some M € N such that, for each k € N, we have py1(H) — pr(H) < M.

(h) There exists some M € N such that, for each k € N, the set Vi (H) is an AAP with difference min A(H) and bound M.

—~ e~ —~

We point out the crucial implications in the above result. Suppose that (a) holds. Then (b), (c), (e), (g) and (h) are strong
statements on the arithmetic of H. The conditions (d) and (f) are very weak arithmetical statements (indeed, the implications
(e) = (f), (g) = (f) and (h) = (f) hold trivially in any atomic monoid). The crucial point is that (d) and (f) both imply (a). In
[1], it was first proved that (in the setting of Krull domains) (a) is equivalent to the finiteness of the elasticity p(H), and the
problem was put forward whether or not p(H) would always be rational; part (e) shows that this is indeed so. In [2], it was
recently shown that (a) is equivalent to (c) as well as to (d) (also in the setting of Krull monoids). We will give a complete
proof of all implications, not only because our setting is slightly more general - being valid for any divisor homomorphism
rather than divisor theory - but also because we need all the required tools regardless (in particular, for the monotone
catenary degree in Section 5), and thus little could be saved by not doing so.

Note, if the equivalent conditions of Theorem 4.2 hold, then [21, Theorem 4.2] implies that

GO IR (

li =
k—oco k min A(H)

TV

Under a certain additional assumption, the sets Vi (H) are even arithmetical progressions and not only AAPs [18, Theorem
3.1]; for more on the sets Vi (H), see [25, Theorem 3.1.3].
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As mentioned in the introduction, there are characterizations of arithmetical properties in various algebraic settings. In
most of them, the finiteness of the elasticity is equivalent to the finiteness of all px(H) (though this does not hold in all
atomic monoids). But in none of these settings is the finiteness of the elasticity equivalent to the finiteness of the catenary
degree. The reader may want to compare Proposition 4.1 and Theorem 4.2 with [28, Corollary 3.7.2], [38, Theorem 4.5] or
[30, Theorem 4.4].

The remainder of this section is devoted to the proof of Theorem 4.2. We start with the necessary preparations.
Lemma 4.3. Let Gy C Z be a condensed subset. Then
|[UT| < |infGy| foreach atom U € 4(Gy).
Ifin particular Gy is finite, then D(Gg) < max Gy + |min Gg|.
Proof. This is due to Lambert (see [43]); for a proof in the present terminology, see [2, Theorem 3.2]. O

Lemma 4.4. Let Gy C Z be a condensed subset such that G; is infinite. For each S € F (Gy), there exists some U € A(Gp) with
S|U.

Proof. Let d = gcd(Gy). Then [G; ] C —dN and there exists some g € N such that —gd — dN C [G; ]. Since Gar is infinite,
letb € GS“ with b > |0 (S)| + gd, and let 8 € [1, d] be minimal such that 8b € dN. By the definition of g, there exists some
S’ € F(Gy) suchthato (S') = —(Bb— [0 (S)|) = —(Bb + o (S)). Thus, o (bSS’) = 0 and, by the minimality of 8, it follows
that b#SS’ is an atom. O

The next lemma uses ideas from the proof of Theorem 3.1 in [2]. It will be used for the investigation of the catenary
degree as well as for the monotone catenary degree (Proposition 5.8).

Lemma 4.5. Let Gy C Z be a condensed subset such that G, is finite and nonempty. Let A € B(Gp) be nontrivial and
z,Z € Z(A) with |z| < |Z|. Then there exists a U € A(Gy) with U|Z and a factorization Z € Z(A) N UZ(Gy) such that
d(z,2) < (Imin Go| + |G, [?) Imin Go|.

Proof. letz =U;-...-Uyandz = V;-...-Vywherel,m € Nand Uy, ..., Uy, Vi, ..., V; € A(Gy). We proceed in two
steps. Note that we may assume 0 { A, else the lemma is trivial taking U = 0 and Z = z.

1. We assert that thereisani € [1, m] and asetI C [1, [] such that

lI] < |minGo| + |Gg|> and U ‘ [Tv.

vel

We assume [ > |G, |, since otherwise the claim is obvious. Since
m m
Vg(Ui) Vg(Ul 1 _
max{ | g €Gy } = (— % (U-)) = |G, |,
; vg(A) 0 Z Z vg (A) Z vg(A) ; e 0
0 0

there exists ani € [1, m] such that
vs(U) _ IGy|
vg(A) T m

(4.1)

Foreachg € Gy, thereisanly C [1, ] with |lj| = |G, | such that
Gy lvg(A
Vg(l_[ ) | Ivg( )
velg

Hence, since | < m, it follows by (4.1) that

|Gy [vg(A) _ mvg(Uy) vg (A)
Vg(HV”)Z A N

> Vg(Ui)-

Vvelg

Since by Lemma 4.3 we have |Ul-+| < | min Gg|, there is an Iy C [1, [] with |Ip] < |min Gg| such that

vg(Up) < vg<1_[ VU) forallg € G;.

vely

Then, for] = IOUUgeG
the argument is complete.

,we getvg (Up) < vg (]_[VE, Vv) foreachg € Go,ie., Ui | ], Vo-Notingthat |I| < |min Go|+|Gy |?,
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2. By part 1, we may suppose without restriction that Uy | ]_[’f}:1 V, with k < (| min Go| + |Gg|2). We consider a
factorization Vy - ... - Vy = WiW, - ... - W, where Uy = Wy, W,, ..., W, € 4A(Gp), and by Lemma 4.3,
n<|Wy-...-Wp)T[=|(Vi-...- V)T
< k|minGo| < (Jmin Go| + |G, |*) Imin Go|.
NowwesetZ =Wy -... - W,Viyq-...-V;and get
d(z,2) < max{k, n} < (IminGo| + |Gy |*) IminGo|. O
Lemma 4.6. Let Gy C Z be a condensed set such that G is finite and nonempty.

1. There exists some M € N such that py+1(G) < 1+ kM for each k € Ny. More precisely,
(a) if G is infinite, then for each k € N,

1 < pr41(Go) — pk(Go) < 2 |min Go|.
(b) if Go is finite, then for each k € N,
1 < pi41(Go) — pk(Go) = D(Go) — 1.
2. Foreachk € N,
—1= M(Go) — Aet1(Go) < (Imin Go| + |Gy |?) Imin Go.

Proof. 1. We recall that p;(Gg) = 1.Letk € Nand Uy, ..., Uy, Vi, ...,V € A(Gy) withU; - ... - U, = V; -...-V.By
Lemma 4.3, it follows that [ < [(U; - ... Uy ™| = ZL] |Ui+| < k- |min Gy |, and thus pi(Go) < k- |minG, | < oo.
1(a) The left inequality is trivial and it remains to verify the right inequality. Let m = |minGg|. Let | € N, and let
A1, ..., A1, Ug, ..., Uy € A(Gy) be such that

Ao A1 =Up - - Uy
We claim that | < py(Gg) + 2m; then we have py11(Go) < pr(Go) + 2m. By Lemma 4.3, we know that |A*| < m for each
A € A(Gy). Thus, we may assume that (AxAi+1)T | Uy - ... - Uyn. Then (]_[]'.:ZmH U™ | [T A Let s = (]_[]'-:ZmH Uj)~.

By Lemma 4.4, there exists some A, € A(Gp) with S | A;. We consider B = (]_[f.;l A)A,, which is a product of k atoms. We
observe that H}:2m+l Uj | B. Thus, max L(B) > | — 2m, establishing the claim.
1(b) This follows from [31, Proposition 3.6] (see also Lemma 4.3 in that paper and note that D(Gy) > 2).

2.The leftinequality is trivial and it remains to verify the right inequality. Lets = Ay+1(Go) andlet Uy, ..., Us, Ay, ..., Ak €
#4(Gp) be such that

Up-...- U =A1 ... Aggr.
After renumbering if necessary, Lemma 4.5 implies that Ay |U; - ... - Ujand U; - ... - Uy = AW, - ... - W; with

Wi, ...,W; € A(Gy) andi < (|mir1 Go| + |Ga|2)|min Go| = M; (note that in order to apply Lemma 4.5, we used that
s < k+ 1). Then

Wy oo Wil oo Usg=Ay - oo A
and hence
A(Go) <minL(Ay ... A1) <minL(Uppq ... - Ug) +minL(W, - ... - W)

<s—j+i—1=t1(Go) + (M —1). O

We continue with a lemma that is used when investigating the sets of distances and local tameness. To simplify the
formulation, we introduce the following notation. Fora € —Nand b € N, let V, ;, denote the unique atom with support
{a, b}, that is V, , = a*b? with & = Icm(a, b)/|a| and B = Icm(a, b)/b.

Lemma4.7. Let Gy C Z and let v € N. Suppose there exist distinct a,a, € G, and b, b; € G(J{ that satisfy by > bla| and
laz| > (vby +b)lal. For agivenz € Z((Vq,p,Va,.0)"), let zy be the (unique) minimal divisor of z such that v, (w (zo_lz)) =0, and
let t(z) = vp, (7 (20)). Then,

b1 b1
zle| —t(z) =D, ——— t(z D where D = v(b + |a|) gcd(a, b).
|z| [lcm(a,b) (2) lem(a. b) (2) + ] v(b + |a|) ged(a, b)
Moreover, ift(z) = 0, thenz = V;bl . Vavz‘b.

Since it is relevant in applications of this lemma, we point out that D depends neither on a, nor on b;.

Proof. To simplify notation without suppressing the information on the origin of certain quantities, we set & = v4(Vgp),
a1 = va(Vgp,), and oy = vg, (Vg p). Likewise, we set B = v (Vy p), B1 = Vb, (Vap,), and B = v (Vy, ).
From the explicit descriptions given or by applying Lemma 4.3, we get 8, 81 € [1, |a|]] and &, a» € [1, b].
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Letz=U;-... Uy whereU,..., U, € A(Gp),and k, | € [1, m] with k < [ be such that

e a, | U, foreachv € [1, k],
e a, 1 U, and by | U, foreachv € [k+ 1, ], and
e a, 1U,and by 1 U, foreachv € [I 4+ 1, m];

in particular,zg = Uy - ... - Uy € Z(Gy). Also note that U, =V, foreachv € [l + 1, m].
For v € [1, k], we have
U, = ag”‘za“‘“bf“‘]bﬂ“vz,

where «, , € Nand «,, 1, 8.1, Bv.2 € No. By the assumption on |a,| and since 8, 1 € [1, |a|], we have |a;| > vB1b; + Bb.
Thus, in view of v, (7 (2)) = Byv, it follows that 8, , > B.Hence «, 1 < o — 1, since otherwise V,;, | U,, which is impossible
(as az|U,).
Let oy = vq( (20)) and By = V(T (20)). In view of @, 1 < @ — 1,k < var and &, & € [1, b], we have 0 < o, < vb?.
We note that o (7 (z0) 7) = vaa, + oha, and thus
t(Z)b1 =+ ﬂéb = UO[2|(12| +O[é|(1|,
ie, ) = b~ (vazlas| + aylal — t(z)by). In particular, note that if t(z) = 0, then, since

(BT =y . o (bVab)y = _y. U(a‘z’az (Vay.b)

)

implies vy ((Vap, Vay p)') = b~ (vaz|ay|), it follows that oy, =0andzy = V;z’b; this establishes the “moreover”-statement.
Consequently,

b~ (vaylay| — t(z)b1) < By < b (vazlaz| + vb*la] — t(z)by). (4.2)

Forv € [k + 1, [], we have
U, = bf"-lbﬁaza"‘&l ,

with 8], € Nand o) , B, € No. We have a} ;|a| > b;. Thus, by the assumption on b; and since @ € [1, b], we get

af]»l > «, and hence /3;/’2 < B — 1(as otherwise U, = V,, with by |U, but b; { V,, a contradiction).

Let B = vb(]_[’vz,prl U,). We note that I — k < vp, (Vgp,Vay,0)") — t(z) = vB1 — t(z) < vl|a| — t(z) < v|al. Thus, we
obtain that

0<py<U-kEB -1 =vldB -1 < vl (4.3)
Let By = vp([Ty—ss1 Uv). We have
B = Vo ((Vap, Va,0)") = By — By = vB2 — By — B3
In combination with (4.2) and (4.3), we get that
vBy — b7 (vazlaz| + vb’la| — t(2)b1) — vlal® < B;' < vB, — b (vazlaz| — t(@)by).

o

Thus, since B = b~ laz|ay| (in view of Vg, , = a52b?2), it follows that
b
;' € 1@+ [~vbla] — vlaf*, 0]. (4.4)

Since U, =V, foreach v € [I+ 1, m], it follows that 8" = (m — ) 8. Since k € [0, vb] and | — k € [0, v|al|], we get that
m e (m —1) + [0, v(b + |a])]. Combining with 8} = (m — ) and (4.4) then yields
vblal + v|a]®* by

me [:;t(z) — ? @t(z) +v(b+ |a|)] ,

and, since 8 < |a|, we have v(b + |a|) < v(b + |a|)|a|/B. Substituting the explicit value of g, the claim follows. O
The following proposition is a major portion of Theorem 4.2.
Proposition 4.8. Let Gy C Z be a condensed set such that Gy is finite and nonempty. Then p(Go) is a rational number.

To prove this result, we need the concept of factorizations with respect to a (not necessarily minimal) generating set.
This idea is also used in the recent paper [6], where a generalized set of distances is studied for numerical monoids.

Let H be amonoid and S C Hyeq \ {1} a subset. We call Z°(H) = % (S) the factorization monoid of H with respect to S.
The homomorphism nf, = 15: Z2(H) = Hyeq defined by 75(z) = [ies u"®@ s called the factorization homomorphism of
H with respect to S. For a € H, we set Z},(a) = Z°(a) = (7°)~'(aH*); we call this the set of factorizations in S of a. The set
L(a) = {|z| | z € Z°(a)} is called the set of lengths of a with respect to S.
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We note that Z5(a) # ¢ for each a € H if and only if S generates H,eq (as a monoid). If S generates Hyeq, then A (Hpeq) C S
by [28, Proposition 1.1.7]. If S = A (Heq), then Z5(a) = Z(a), and all other notions coincide with the usual ones. Suppose
that S C Hq is a generating set. For a € H, let p°(a) = p(L(a)) denote the elasticity of a with respect to S, and
p°(H) = sup{p5(a) | a € H} the elasticity of H with respect to S; note that 0 € L5(a) if and only if L°(a) = {0}, i.e.,
a € H*. We say that the elasticity of H with respect to S is accepted if there exists some a € H with p°(a) = p°(H).

The proof of the following result is a direct modification of the one for the (usual) elasticity of finitely generated monoids
([28, Theorem 3.1.4]) and contains it as the special case S = A (Hyeq).

Lemma 4.9. Let H be amonoid and S C Hieq \ {1} a finite generating set of Hyeq. Then pS (H) is finite, accepted and, in particular,
rational.

Proof. By construction, Z° (H)xZ°(H) is a finitely generated free monoid. Obviously, Z = {(x,y) € Z2(H)xZ°(H) | n5(x) =
75 (y)} is a saturated submonoid, thus finitely generated by [28, Proposition 2.7.5]. Let Z* = Z \ Z*; clearly |Z*| = 1 and,
for each (x, y) € Z°*, we have that both |x| # 0 and |y| # 0. We note that p°(H) = sup{|x|/|y| | (x,y) € Z°*}. We assert that
sup{|x|/|yl | (x,y) € Z°} = sup{|x|/|y| | (x,y) € A(Z)}. Since A(Z) is finite, this implies the result.

Lets = (x;,ys) € Z*and lets =ty - ... - t;with t; = (x;,y;) € A(Z) be a factorization of s in the monoid Z. We have,
using the standard inequality for the mediant,

1
> Il
x| = |Xi]

— = §max{—|ie[1,l]},
[ysl ! yil

> il

i=1

showing that sup{|x|/|y| | (x,y) € Z°} < sup{|x|/ly| | (x,y) € A(Z)}. The other inequality being trivial, the claim
follows. O

For a condensed set Gy C Z with |Gy| > 2, we define
B(Go)" = (B | Be B(Go)} and A(Go)™ = {A" | A € A(Go)}.

Lemma 4.10. Let Gy C Z be a condensed set with |Gy| > 2.
1. B(Go)*t C F(Gy) is a submonoid.
2. A(Go)" is a generating set of B(Gp) ™.
3. |F| < |infGy | foreach F € 4(Go)™.
Proof. The first two claims are immediate, and the last one is a direct consequence of Lemma 4.3. O

Clearly, #4(Go)™ contains A(B(Gp)™), the set of atoms of B(Gy)™, yet it is in general not equal to this set. By definition,
we have that F € 4(Gp)™ if and only if there exists some A € 4(Gp) such that F = AT, yet F € A(B(Gp)™) if and only if we
have B € 4(Gy) for each B € 8(Gy) with F = B™. Moreover, B(Gy)™ is in general not a saturated submonoid of}‘(Gf{).

The following technical result is used to partition 4(Gp) into finitely many classes.
Lemma4.11. Let Gy C Z be a condensed set such that G, is finite and nonempty. Let F € ?(Gj), g € supp(F) with
g > |Gy | IminG, | lem(Gy ), andletg’ = g+klem(Gy) € GO+ wherek € N.Then F € A(Gy)™ ifandonlyif g’ 'F € A(Gy)™.
Proof. Weset T = g'g”'F ¢ ?’(Gf{). Suppose F € A(Go)T.LetR € F(G,) such that FR € A(Gy). Since o(F) > g >
|Gy | | min Gy | lem(Gy), there exists some a € G, such that v(R) > lem(Gy). Let Ry = Ra*'™ /9l Then TR; € B(Go).
Assume to the contrary that TR, is not an atom, say TR; = (T'R})(T"R}), where g’ | T, T = T'T” and R; = R|R]. Let!' € Ny
be maximal such that a' '™ )/1al | R" and let | = min{l’, k}. We note that a~'/1IR" | R, Moreover, since

o (a1 ©)/lMRY | > g — Ilem(Gy) > (k — 1) Iem(Gy) + |G, | Imin Gy | lem(Gy)
lem(Gy
> (k—1-lem(Gy) + > |x|(Cm( 0) _1)’

ol x|
xeGy
there exists a subsequence R, | a~'1™C0 /IR’ such that o (R)) = —(k — I) lem(G; ). We set Ry = R, 'a~'"C0)/l9IR" Then
o (Ro) = o (R)) + klem(Gy). Thus o' (gg'~'T'Ro) = 0, yet gg'~'T'Ry | FR, contradicting that TRy is not an atom.
Suppose T € 4(Go)T. Let R € ¥ (G, ) be such that TR € A(Gy). Since

lem(G,
—o(Ry) = o(T) > g > k-lem(Gy) + |G, | [min Gy | lem(Gy) > k- lem(Gy) + Z Ix| <7( o) _ 1) i
X€Gy |X|
there exists a subsequence R} | R’ with o (R}) = —k - lem(Gy ). Let R = R, 'R’. Then FR is a zero-sum sequence. Assume FR

is not an atom, say FR = (F'R,)(F"R;), where g | ', F = F'F” and R = R,R}. Then g’g~'F'R,R} | TR’ and it is a zero-sum
sequence, contradicting that FR is not an atom. O
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Let Gy C Z \ {0} be a condensed set such that G, is finite and nonempty. In view of Lemma 4.11, we introduce the
following relation on G0+. For g, h € G, we say that g is equivalent to hifg = horifg, h > |Gy | Imin G, | Iem(G, ) and
g = h mod lem(Gy). This relation is an equivalence relation and it partitions G(T into finitely many - namely, less than
|Gy | Imin G | Iem(G,) + lem(Gy ) - equivalence classes; we denote the equivalence class of g by «(g) and also use « to
denote the extension of this map to & (GBL)'

We note that x (4(Gp)™) is a finite set, since it consists of sequences over the finite set K(G(J{) and the length of each
sequence is at most |min G, | by Lemma 4.10. Moreover, it is a generating set of the monoid « (8(Go) ™).

In order to study factorizations, we extend k to Z(Gy) via

KAy A) =KAok AD).

This is an element of F (k (A(Go) 1)), i.e., <€) (k (B(Go)+)); for brevity, we denote this factorization monoid by z*.
Likewise, for F € x (8(Go)+), we denote z<4©) ) (F) by z¢ (F); 7**€0)") by 7¢; and p*4©)") by p¥. The homomorphism
k: Z(Gg) — Z* is epimorphic.

We note that, for B € 8(Gy), we have that « (Z(B)) C (7*)~!(k (B')), and in general, this is a proper inclusion. However,
we have, for each F € 8(Gp)™', by Lemma 4.11,

@) 'wE)y = |J  «@®). (45)

BeB(Gp), BT =F
whenever Gy C Z \ {0} is condensed with G, finite and nonempty.

Lemma 4.12. Let Gy C Z \ {0} be a condensed set such that G is finite and nonempty.

1. For each B € B8(Gy), we have p(B) < p*(k (BT)). In particular, p(Gg) < p*(x (B(Gp)™)).
2. If Gy is infinite, then p(Gg) = p* (k (B(Go)™)).

Proof. 1.Let B € B(Gy) \ {1}, X,y € Z(B) with |x| = max L(B) and |y| = min L(B). Since « (x), k (y) € Z*(x(B")), we have
that p(B) = |x|/ly| = [k ®)|/Ik )| < p*(x (BT)). The additional claim is clear.

2. By part 1, it remains to show that p(Gg) > p* (k (B(Gp)™)).

By Proposition 4.9 and since « (4 (Gg) ™) is finite, we know that p* (k (B(Gp)™)) is accepted. Let B, € x (8B(Gg)™) be such
that p*(B,) = p*(k(B(Go)1)), and let x,,y, € Z¥(B,) be such that |x.|/|y.| = p*“(B). By (4.5), we know that there
exist By, B, € B(Go) with B = Bj, X € Z(By) with k(x) = x.,andy € Z(By) with «(y) = Y., in particular, we have
K (Bf) = k(B)) = By.

Let n € N. Since GBL is infinite, Lemma 4.4 yields some U, € #4(Go) with (B)~ | U,. We set D,, = B}',‘Un and note that,
since (Bt = (B;)+ and (By)~|U, , the sequence By is a proper subsequence of D,. Thus,

minL(D,) < [y'|+1=nly.|+1 and maxL(D,) > |X"| +1=n|x.| + 1.
So we get
nx,| + 1
nlyel+1°
Thus, for eachn € N,

njx.| + 1
nlyel+1’

and letting n — oo, we have

p(Dyp) >
p(Go) >

Xl +
p(Go) = =p (k(B(Go)")). O
[Vl
Proof of Proposition 4.8. Since p(Gp) = p(Go \ {0}), we may assume that 0 ¢ Go.
If Gy is finite, then B(Gy) is finitely generated [28, Theorem 3.4.2.1], and thus the elasticity is rational by Lemma 4.9
(applied with S = A (H.eq)). Suppose Gy is infinite. By Lemma 4.12, we have that p(Gy) = p* (k (8(Go) 1)), and by Lemma 4.9,
we know that p* (k (8(Gp)™)) is rational. O

Proof of Theorem 4.2. (a) = (b) Since 8(Gp) and B(—Gp) are isomorphic, we may without restriction suppose that G, is
finite. Let u € A(Hreq). We have to show that t(H, u) < oo. If u is prime, then t(H, u) = 0. Suppose that u is not prime. Let
ae€ Handd = aH* besuchthatu | a’.Letz = v;-...-v, € Z(a). There is aminimal subset £2 C [1, n],say £2 = [1, k], such
thatu| vy -...-vgand k < |@req(u)|. We consider any factorization of vq - ... - v, containing u,say vy -...-vg = Uy -...- U,
whereu = uq, ..., Uy € A(Hpeq).
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Fori € [1,k]andj € [1,]],wesetV; = ,B(v,) and U; = B(u;). Then Uy, ..., U;, Vi, ..., Vi € A(Gp). Since u is not a prime

and £2 is minimal, it follows that 0 { V; - - V. Hence, for every j € [1, I], Uj contains an element from G,T. and Lemma 4.3
implies that

I<|Up-...- U= |(Vh-...- V)T <k |minGp | < |@rea(w)| IMin Gy |.
Setting z/ = Uy - ... WUkt - ... - Up, we infer that d(z,z’) < max{k,l} < |@ra(u)| |IminG;|, and hence t(H, u) <

|@rea(u)| |min G;|

(a) = (c) Without restriction, we may suppose that G, is finite. By Lemma 3.3, it suffices to show that ¢(Gp) < co. We
set M = (|min Gp| + |G;|2) |min Gp|, and assert that c(A) < M forallA € B(Gp). To do so, we proceed by induction
on maxL(A). If A € B(Gp) with maxL(A) < M, then c(A) < maxL(A) < M.letA € B(Gp), letz,z € Z(A) with
|z| < |z|, and suppose that ¢(B) < M for all B € B(Gp) with maxL(B) < maxL(A). By Lemma 4.5, thereisa U € 4(Gp)
and a factorization Z € Z(A) N UZ(Gp) such that U |Z and d(z,Z) < M,sayz = Uyandz = Uy withy,y € Z(B)
and B = U~'A. Since max L(B) < maxL(A), there is an M-chainy = yo,...,yx = y of factorizations of B, and hence
z,Z = Uyg, Uys, ..., Uy, = Uy = Z is an M-chain of factorizations concatenating z and Z.

(a) = (e)Without restriction, we may suppose that G, is finite. The claim follows by Proposition 4.8 and Lemma 3.3.

(c) = (d) and (e) = (f) hold for all atomic monoids [28, Proposition 1.4.2 and Theorem 1.6.3].

(b) = (a),(d) = (a), and (f) = (a) Assume to the contrary that G,‘: and G, are both infinite. We show that B(Gp) is
not locally tame, which implies that H is not locally tame [28, Theorem 3.4.10.6]. Along the way, we show that p,(Gp) = o0
and that A(Gp) is infinite, which by Lemma 3.3 implies the according statements for H.

We seta = maxG, and b = min G,T. Using the notation of Lemma 4.7, let U = V,, = a®b? € A(Gp). We pick an
arbitrary N € N>, and show that t(Gp, U) > N, which implies the assertion.

We intend to apply Lemma 4.7 with v = 1. Thus, let D = |a|(b + |al) gcd(a, b), let by € G,f be such that

by
lcm(a, b) —
and let a, € G, be such that |a| > (b1 + b)|al|. Let a1, cra, B1, B2 € N be such that V, ,, = a‘)‘lb’f1 and Vg, p = ag‘zbﬂ2 are
elements of A(Gp).
We note that all conditions of Lemma 4.7 with v = 1 are fulfilled. Sincea < b < «a;and 8 < |a|] < B, we have

U | Vg.p, Va, b and therefore Z(Vgp, Vo, ) N UZ(Gp) # O.Letz € Z(Vop,Vay.p) \ {Vap, = Vay,b, ), Which exists in view of
U|Vq,p, Vo, b- By Lemma 4.7, we get that t(z) # 0, and thus that

b
lz|] > ———— —D>N.
Icm(a, b)

This shows that max A(L(Vq,, Va,.0)) = N — 2,1(Gp, U) > N and
02(Gp) > max L(Va,blvaz.b) > N.

>N+D,

(a) = (g) This follows from Lemma 4.6.

(g) = (f) We have p,(H) <M + p1(H) = M + 1, where M is as given by (g).

(a) = (h) If(a) holds, then (d) and (g) hold. Thus all assumptions of [21, Theorem 4.2] are fulfilled, and (h) follows.
(h) = (f) We have p,(H) = sup V,(H) < oco. O

5. Arithmetical Properties stronger than the finiteness of G; or G,

Let H be a Krull monoid and Gp C G as always (see Theorem 5.2). In this section, we discuss arithmetical properties
which are finite if Gp is finite or min{|G,f|, |Gy [} = 1, and whose finiteness implies that G,J,r or G, is finite. However, it will
turn out that none of the implications can be reversed (with the possible exception (c) = (b4), which remains open), and
that the finiteness of these properties cannot be characterized by the size of G,T and G, but also depends on the structure
of these sets. We start with some definitions and then formulate the main result.

Definition 5.1. Let H be an atomic monoid and 77 : Z(H) — H;eq the factorization homomorphism.

1. Forz € Z(H), we denote by §(z) the smallest N € Ny with the following property: if k € N is such that k and |z| are
adjacent lengths of L(7 (2)), then

d(z, Zx(a)) < N.
Globally, we define
d(H) = sup{é(z) | z € Z(H)} € Ng U {oo},

and we call §(H) the successive distance of H.
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2. We say that the Structure Theorem for Sets of Lengths holds (for the monoid H) if H is atomic and there exist some M € Ny
and a finite, nonempty set A* C N such that, for every a € H, the set of lengths L(a) is an AAMP with some difference
d € A* and bound M. In that case, we say more precisely that the Structure Theorem for Sets of Lengths holds with set
A* and bound M.

Theorem 5.2. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(gp) is an infinite cyclic group that we identify with Z. We denote by Gp C G the set of classes containing prime
divisors and consider the following conditions:

(a) Gp is finite or min{|G; |, |G, |} = 1.

(b1) The Structure Theorem for Sets of Lengths holds for H with set A(Gp).

(b2) The successive distance 8 (H) is finite.

(b3) The monotone catenary degree cmon(H) is finite.

(b4) Thereisan M € N such that, for all a € H and for each two adjacent lengths k, | € L(a) N [minL(a) +M, maxL(a) — M],
we have d(Z,(a), Zi(a)) < M.

(c) Gi or G, is finite.
Then we have

1. Condition (a) implies each of the conditions (b1) to (b4).
2. Each of the conditions (b1) to (b4) implies (c).
3. (b2) = (b3) = (b4).

We briefly discuss the newly introduced arithmetical properties and point out the trivial implications in the above result.
The successive distance of H was introduced by Foroutan in [14] in order to study the monotone catenary degree. For Krull
monoids with finite class group, an explicit upper bound for the successive distance was recently given in [19, Theorem
6.5]. Note that, by definition, §(H) < oo implies that A(H) is finite. The significance of the Structure Theorem for Sets of
Lengths will be discussed at the beginning of Section 6. Note that, if it holds for a monoid H, then H is a BF-monoid with
finite set of distances A(H). Moreover, if G = Z, then the Structure Theorem fails badly: indeed, then every finite subset
L C N5, occurs as a set of lengths by Kainrath’s Theorem [28, Theorem 7.4.1]; for recent progress in this direction see
[9]. The implications (b2) = (b4) and (b3) = (b4) follow from the definitions. A condition implying (b1) as well as (b4) is
given in Proposition 6.2. The bound M in (b4) reflects the fact that in many settings, factorizations z of an element a € H
show more unusual phenomena if their length |z| is close either to max L(a) or to min L(a) (the reader may want to consult
[28, Theorem 4.9.2], [ 16, Theorem 3.1], [17, Theorem 3.1] and the associated examples showing the relevance of the bound
M).
In Sections 6 and 7, we obtain results showing that even under the more restrictive assumption that ¢ is a divisor
theory, the Conditions (b1) to (b4) do not imply (a) (Proposition 6.9), and (c) does not imply (b1) to (b3) (Theorem 6.4,
Propositions 6.9, 6.10 and 7.1). Proposition 6.10 shows that (b3) does not imply (b2). Moreover, (b1), (b2) and (b3) may
hold as well as may fail even if min{|G,J§|, |Gy |} = 2. Most of the observed phenomena (around the non-reversibility of
implications) have not been pointed out before in any v-noetherian monoid, and in particular not in any Krull monoid.
Finally, by Theorem 5.2, a Krull monoid H satisfies strong arithmetical properties both when Gp is finite and when
min{|G,’f [, IGp |} = 1. Note that an arithmetical difference between these two cases was pointed out in Proposition 4.1.

The remainder of this section is devoted to the proof of Theorem 5.2, which heavily uses Theorem 4.2. We start
with the necessary preparations. To show that (a) implies each of the Conditions (b1) to (b4), we will construct transfer
homomorphisms to finitely generated monoids.

Lemma 5.3. Let Gy C Z be a condensed set with min{|Gg|, |Gy I} = 1,say Gy = {—n}. The map

. ] B(Go) = F(Go \ {—n})
Y > (—n)~V-—"®p

is a cofinal divisor homomorphism. Its class group C(¢) is isomorphic to a subgroup of Z/nZ, and the set of classes containing
prime divisors corresponds to {b 4+ nZ | b € Gy \ {—n}}. In particular, the class group of the Krull monoid B(Gy) is a finite cyclic
group.
Proof. Clearly, ¢ is a cofinal monoid homomorphism. In order to show that ¢ is a divisor homomorphism, let A, B € 8(Gy)
be such that ¢(A) | ¢(B). We have to verify that A | B, and for that it suffices to check that v_,(A) < v_,(B). For each
C € 8B(Gp), we havev_,(C) = o (CT)/nand o (CT) = o (p(C)). Since p(A) | ¢(B), we have o (¢(A)) < o(¢(B)), and thus
v_n(A) < v_p(B) follows.

Now, we show that, for F;, F, € (G \ {—n}), we have F; € F,q(¢(8(Gp))) if and only if o (F;) = o (F;) mod n. This
establishes the results regarding C(¢) and the set of classes containing prime divisors.

First, suppose that ¢ (F;) = o(F,) mod n. We note that Fil:j”_](—n)("(F"”("*])"(FJ’))/" € B(Go), fori,j € {1,2}. Thus, F/'
and I~'1-I~'j”_1 are elements of ¢(B(Go)) fori,j € {1,2}. Since F; = F,(F,F}~")(F,™), the claim follows. Since o (¢(C)) = 0
mod n for each C € B(Gyp), the converse claim follows.



A. Geroldinger et al. / Journal of Pure and Applied Algebra 214 (2010) 2219-2250 2233

By [28, Theorem 2.4.7], the class group of 8(Gy) is an epimorphic image of a subgroup of €(¢), and thus it is a finite
cyclic group. O

The following example shows that € (¢) can be a proper subgroup of Z/nZ and that C(¢) can be distinct from the class
group of B(Gy). However, if [Gy] = Z, then C(p) = Z/nZ; and, applying [44, Theorem 3.1], there is a simple and explicit
method to determine the class group of B(Gy) from C(¢) as well as the subset of classes containing prime divisors (note
that C(¢) is a torsion group).

Example 5.4. Letd;, d; € N>, n = dqyd; and Gy = {—n, d}. Then Gy fulfils all assumptions of Lemma 5.3, and with ¢ as in
Lemma 5.3, we get that C(¢) = (dy + nZ) ¢ Z/nZ. However, B(Gy) is factorial, and thus its class group is trivial.

Proposition 5.5. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(y) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors. Suppose that Gp is finite or that min{|G,T|, |Gy [} = 1. Then there exists a transfer homomorphism 6 : H — Hy into a
finitely generated monoid Hy such that ¢(H, 8) < 2. Moreover, the following statements hold.

1. L(H) = L(Hp), in particular, the Structure Theorem for Sets of Lengths holds for H with A(H) = A(Hy) and some bound M,
and p(H) = p(Hy) is finite and accepted.

2. 8§(H) = §(Hp) < o0.

3. cmon(H) < max{cmon(Ho), 2} < o0.

Proof. First we show the existence of the required transfer homomorphism. For this, we recall that a monoid of zero-sum
sequences over a finite set is finitely generated ([28, Theorem 3.4.2]). If Gp is finite, then §: H — B(Gp) has the desired
properties by Lemma 3.3. Now suppose that min{lG,Tl, |Gy |} =1,5ay G, = {—n},andsetGy ={b+nZ | b € G,J;} C Z/nZ.
Using Lemmas 3.3 and 5.3, we have block homomorphisms 8: H — B(Gp) and 8': B(Gp) — B(Gp). By Lemma 3.2, the
composition 8 = B’ o B: H — B(Gy) still has the required properties.

Again, by Lemmas 3.2 and 3.3, it suffices to verify the additional statements for finitely generated monoids: we refer to
[28, Theorem 4.4.11] for the Structure Theorem, to [28, Theorem 3.1.4] for the elasticity and the successive distance, and to
[14, Theorem 5.1] for the monotone catenary degree. O

Lemma 5.6. Let H be an atomic monoid,a € Hand z, 2/ € Z(a) and | = ||z| — |z/||. Then there exists some z” € Z(a) such
that || = |'| and d(z,z") < IS(H).

Proof. See [28,Llemma 3.1.3]. O
Lemma 5.7. Let H be an atomic monoid with §(H) < co.Let M € N,a € H, u € #(Heq) and z,Z, Z € Z(a) be such that
lz| < |z|, ulz, u|zZ and d(z,Z) <M.

Then there is a Z' € Z(a) N uz(H) such that |z| < |2'| < |Z| and d(z,2') < M + (M + max A(H))(S(H).

Proof. Let v € H be such that vH* = u. Weseth = v™'aq,Z = uy andZ = uy, where 3,y € Z(b). If |z| < [Z] < |Z|, then
z' =7 fulfills the requirements. If not, then either [Z] < |z| or |Z| < [Z], and we decide these two cases separately.

Case 1: [Z] < |z|.
Since [y| = [Z] — 1 € L(b) and |y| = |Z| — 1 € L(b), thereisa

keLb)N[|z| —1,|z| — 1] withk < |z] — 1+ max A(H).
Lety” € zZ(b) with |y”| = k. Then
W -0 =k—Zl+1=<|z| =1+ max AH) — ] + 1
< d(z,2) + max A(H) < M + max A(H).
Thus, by Lemma 5.6, thereisay’ € z(b) with|y’| = |y”|and d(y,y’) < (M—l—max A(H))(S(H).Then Z =uy € Z(a)Nuz(H)
with |z'| = 1+ k € [|z], |z|] and
d(z,z") < d(z,2) + duy,uy)) <M + (M + maxA(H))S(H).

Case 2: |z| < [Z].
By Lemma 5.6, there isay’ € z(b) with |y’| = |y| and

43.y) = (91— 1)sc) = (21— 121)5H)
< (21— 121)3(H) < 4@ 2)8(H) < Mo(H).

Thenz' = uy’ € Z(a) Nuz(H) with |z’| = |z| and
d(z,7) <d(z,2) + dWy,uy’) <M +MS§H). O
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Proposition 5.8. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid with infinite
cyclic class group C (). If the successive distance 5 (H) is finite, then the monotone catenary degree cmon (H) is finite.

Proof. We set G = C(gp), identify G with Z and denote by Gp C G the set of classes containing prime divisors. Suppose that
8(H) < oo. By Lemma 3.3, 8 is a transfer homomorphism with ¢(H, 8) < 2. Thus Lemma 3.2 implies that §(H) = §(Gp)
and cyen(H) < max{cmon(Gp), c(H, B)} < max{cmon(Gp), 2}. Thus it suffices to verify that ¢y, (Gp) < co. Note that A(Gp)
is finite (since §(Gp) < 00), and thus by Theorem 4.2 we get that (say) G, is finite.

We set M = (|min Gp| + |G, [) Imin Gp|, M* = M + (M + max A(H))S(H), and assert that

Cmon(Gp) < M™.
For this, we have to show that con(A) < M* forall A € 8(Gp), and we proceed by induction on max L(A).
IfA € 8(Gp) with maxL(A) = 1,thenA € A(Gp) and cpon(A) = 0. Now let A € B(Gp) with max L(A) > 1 and suppose
that cpon(B) < M* for all B € B(Gp) with max L(B) < max L(A).
We pick z, Z € Z(A) with |z| < |z| and must find a monotone M*-chain of factorizations from z to z.
By Lemma 4.5 there isa U | Z with U € 4(Gp) and aZ € Z(A) N UZ(Gp) such that d(z,Z) < M. By Lemma 5.7, there is a
Zz' € Z(A) NUZ(Gp) such that |z| < |Z’| < |z|] and d(z, Z) < M*. Now we set
B=U"'A, z=Uy and 7z =Uy,

where y,y € Z(B). Since max L(B) < max L(A), the induction hypothesis gives a monotone M*-chainy’ = yq,...,yx =¥
of factorizations of B from y’ to y. Therefore

2,2 =Uy' =Uy1, Uy, ..., Uy =Uy =2
is a monotone M*-chain of factorizations of A fromztoz. O

Proof of Theorem 5.2. 3. The implication (b3) = (b4) follows since, for a € H and each two adjacent lengths k, | € L(a),
we have, by definition, d(Zk(a), Zl(a)) < Cmon(H). The implication (b2) = (b3) is Proposition 5.8.

1. By Proposition 5.5, we know that (a) implies (b1), (b2), and (b3); and, by part 3, we know that (b3) implies (b4).

2. By definition, each of (b1), (b2) and (b3) implies the finiteness of A(H). Thus, Theorem 4.2 implies the assertion. It
remains to show that (b4) implies (c).

Suppose that (b4) holds with some M € N and assume to the contrary that (c) does not hold, i.e., G}T and G, are both
infinite. We proceed as in the proof of Theorem 4.2, part (b) = (a).

We seta = max G, and b = min Gf,’ and leto € [1, b]and B € [1, |a|] be such that V, , = a“b? € A(Gp). We intend to
apply Lemma 4.7 with v = 3. Thus, let D = 3|a|(b + |a|) gcd(a, b), let by € G} with

b
—L _>24M,
lcm(a, b)
and leta, € G, with |ay| > (3b; + b)|a|. Let &y, @2, B2, B2 € Nbe such that Vp, = a“‘lb’f1 and Vg, p = ag’Zb'32 are elements
OfeAv(Gp).
First, we assert that there exist 2y, z1, 22, z3 € Z((Vyp, Vaz.b)3) with, where t(-) is defined as in Lemma 4.7,

l'(Zo) < t(Zl) < t(Zz) < t(Z3).
We note that Vg, | Vg p, Vo, » (by the same reasoning used in the proof of Theorem 4.2), and thus there exists some y €
Z(Va,p, Vay,») With £(y) # 0.Fori € [0, 3], we set z; = ¥'(Vq b, - Va,,»)> . Then we have t(z;) = it(y), establishing the claim.
Let z),2,, 25,25 € Z((Vap,Vay»)®) be such that t(z5) < t(z;) < t(z;) < t(z}) and such that there exists no
2 € Z((Vap,Vay b)) With £(z}) < t(2) < t(2}).
By Lemma 4.7, we get, fori € [0, 2], that
b
zZ =1z > —
Zial = Izl = lcm(a, b)

Since min L((Vgp, Va,.0)*) < Iz5] < |2}] < |2}| < |25] < max L((Vq,p, Ve, 5)®), We get that

(t(z,1) —t(z))) —2D = M.

12}1, 1z3] € [min L((Va,p, Vap,5)*) + M, max L((Va,p, Ve, 5)*) — M].
Let
k = max (L((V 5 Vay5)?) N |:b] t(z)) — D b t(z}) +D]>
@b ra. lem(a, b) ! lem(a, b) !
and
by

i 3 N o bl ’ 3
| = min (L((Va.blvaz,b) )N [lcm(m 5 t(zy) — D, @b t(zy) + D]) ;
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note that, by Lemma 4.7, |{| is an element from the set used above to define k while |z;| is an element of the set used
above to define I; also note that these two intervals are disjoint. In particular, we have |z;| < k < | < |Z}|. Since there
exists no z € Z((Vgp, Vaz.b)3) with t(z7) < t(z) < t(zy), it follows by Lemma 4.7 that k and [ are adjacent lengths. Since

k—1> 1cmb(7:1b) — 2D > M and by (2.1), we have d(Zk(a), Zl(a)) > M + 2, a contradiction to the assumption that (b4) holds

withM. O
6. The structure theorem for sets of lengths

The Structure Theorem for Sets of Lengths is a central finiteness result in factorization theory. Apart from Krull monoids
- which will be discussed below - the Structure Theorem holds, among others, for weakly Krull domains with finite v-class
group and for Mori domains A with complete integral closure A = R for which the conductor f = (A:R) # {0} and C(R) and
R/f are both finite (see [28, Section 4.7] for an overview, and [26,31] for recent progress). Moreover, it was recently shown
that the Structure Theorem is sharp for Krull monoids with finite class group [45].

Let H be a Krull monoid and Gp C G as always. By Theorem 5.2, it suffices to consider the situation when G,T is finite
and 2 < |G, | < ooc. Essentially, all results so far which establish the Structure Theorem for some class of monoids use
the machinery of pattern ideals and tame generating sets (presented in detail in [28, Section 4.3]). First, we repeat these
concepts and outline their significance for the Structure Theorem. However, Proposition 6.3 shows that in our situation this
approach is not applicable in general. The main result of this section, Theorem 6.4, provides a full characterization of when
the Structure Theorem holds. Although the setting is special, it shows that, in Theorem 5.2, condition (b1) does not imply
condition (a) and provides, together with Proposition 6.3, the first example of any Krull monoid for which the Structure
Theorem holds without tame generation of pattern ideals. Furthermore, note by Lemma 3.4 that, for the sets Gp considered
in Theorem 5.2, there actually exists a Krull monoid such that Gp is the set of classes containing prime divisors with respect
to a divisor theory of H.

Likewise, all previous examples of monoids H with finite monotone catenary degree ¢y, (H) have been achieved by using
that 6 (H) is finite. However, in Proposition 6.10, we give the first example of a monoid H with cpon(H) < cobut §(H) = oo.

Definition 6.1. Let H be an atomic monoid, let a« C H and let A C Z be a finite nonempty subset.

1. We say that a subset L C Z contains the pattern A if there exists some y € Z such thaty + A C L. We denote by
@ (A) = &y (A) the setof all a € H for which L(a) contains the pattern A.

2. Now ais called a pattern ideal if a = @ (B) for some finite nonempty subset B C Z.

3. Asubset E C H is called a tame generating set of a if E C a and there exists some N € N with the following property:
for every a € a, there exists some e € E such that

ela, supL(e) <N and t(a,Z(e)) <N.
In this case, we call E a tame generating set with bound N, and we say that a is tamely generated.
The significance of tamely generated pattern ideals stems from the following result.

Proposition 6.2. Let H be a BF-monoid with finite nonempty set of distances A(H) and suppose that all pattern ideals of H are
tamely generated. Then there exists a constant M € Ny such that the following properties are satisfied:

(a) The Structure Theorem for Sets of Lengths holds with A(H) and bound M.
(b) Foralla € H and for each two adjacent lengths k, | € L(a) N[min L(a) + M, maxL(a) —M], we have d(Zk(a), Z,(a)) <M.

Proof. The first statement follows from [28, Theorem 4.3.11] and the second from [31, Proposition 5.4]. O
Proposition 6.3. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(yp) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors. Suppose that
e G is infinite and
e thereare a;, ay € G, and b € G,f such that
ged(ap,b) ged(ay, b) ged(az, b) ged(as, b)

a; =a mod b but a; a, .
gcd(ay, az, b) gcd(ay, az, b) gcd(ay, az, b) gcd(ay, az, b)

Then both H and B(Gp) have a pattern ideal which is not tamely generated.

Proof. By [26, Proposition 3.14], it suffices to show that 8(Gp) has a pattern ideal which is not tamely generated.

First we show that 8({a,, a, b}) is half-factorial. By Lemma 5.3, it suffices to show that 8({a; + bZ, a, + bZ}) is half-
factorial. By [22, Proposition 5], this follows by (indeed, it is equivalent to) the assumed congruence on ay, d,, and b.

We set @y = b/gcd(ay, b), B1 = l|ai|/ gcd(aq, b), «a = b/ gcd(az, b), B2 = l|az|/ gcd(az, b) and observe that our
assumption algcg;(‘:](ﬁza'zb’)b) #+ a gf;fa(ﬁz’;)b) implies d = aja; — aya; # 0, say d > 0. Noting that «qa; = Icm(a, b) and
20, = lem(a,, b), we can consider the two atoms

Uy =a{'b"' and U, = a,2b"2 € A(Gp).
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Since G]f is infinite, it contains arbitrarily large elements. Let N € G;," \ {b}. We define

y = min{vy(U) | U € 4({ay, az, b, N}) with N | U}.
Since N‘“l‘a’l\’ € B(Gp), it follows that y € [1, |as|]. Now we pick an atom Uy € A({aj, az, b, N}) with y = vy(Uy) for
which v, (Uy) is minimal, say

Uy = NVb'Sa’]V“az’V’2 € A(Gp), where 8, y, My, M; € Ny dependon N.

If My > |ay], then Uy, = U,\,a‘laz‘az"1 has sum zero, and by the minimality of vy (Uy) and v, (Uy), it is an atom (as each atom
must have at least one positive element). Thus, we may additionally choose Uy such that M, < |a;|, which implies (recall
a < O)
1 1 N
M; = —(yN+/3b+a2M2) > —(yNJrazla]I) > — +a. (6.1)
lai] ai] ai]

In view of this inequality, we may suppose that N is sufficiently large to guarantee that M; > |a;|o1a. Note that, since Uy
is an atom and M; > |a;|aj0p > «q, we have 8 < 1. We consider the element

Ay = UNUle € £(Gp)
Letk € [O LJ].Then we have

> Llazlagay

Uy = Nybﬂall\/ll+(02061062)’<a2M2+(\a1\a1a2)k € B(Gp),
and by the minimality of y and j, it follows that Uy x € #4(Gp). Clearly, we get

Nk = UNY’(U;azaku2M1+a1a1k € Z(Ay).
This shows that

M
o> v efo| 2 ]) 62
|az]aqary

Thus, we have Ay € @ ({0, d}) for each sufficiently large N € G,f.

Let Ey € @ ({0, d}) with Ey | Ay. Since {ay, a,, b}, is half-factorial, it follows that N | Ey. By the definition of y, there is a
Uy € A(Gp) with N¥ | U}, | Ey. Note that [28, Lemma 1.6.5.6] shows that t(Ay, Uy) < t(An, Z(Ey)).

Let Ay = UyWy with Wy € B(Gp). Then supp(Wy) = {ay, a, b} and hence [L(Wy)| = 1. Thus all factorizations in
Z(An) N UK Z(Gp) have the same length. We pick some factorization zy € Z(Ay) N Uy Z(Gp). Clearly, there is a factorization
zy € Z(Ay) such that (in view of (6.2))
max L(Ay) — min L(Ay) - d M,

2 T2 [ elaien |

llzw] — Izy1| =

This implies that
t(An, Z(En)) = t(An, Uy) > min{d(z}, yn) | yn € Z(Ay) NUKZ(Gp)}
> min{|lz5] — lynl| | yn € Z(Av) NU{Z(Gp)}
M
> Jlanl = 1251] = § [,az,agazj.

Since N can be arbitrarily large and by (6.1), we get that @ ({0, d}) is not tamely generated. O

We will frequently make use of the following simple observation. Let G be an abelian group and G; C Gy C G subsets.
Then B(Gy) C B(Gy) is a divisor-closed submonoid (this means if A € B(G;) and B € B(Gp) with B| A, then B € B(Gy)),
and hence £(G) C £(Gp). Therefore, if the Structure Theorem holds for B(Gyp), then it holds for 8(G,). In particular,
if condition (b) holds, then the Structure Theorem holds for all 8(Gy) with Gg C Gp, and if (b) fails, then the Structure
Theorem fails for all 8(Gp) with Gp C Gp—where Gp is as in Theorem 6.4.

Theorem 6.4. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the class
group G = C(g) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime divisors.
Suppose that 1 € GIT and G, = {—d, —1} for some d € N. Then the following statements are equivalent:

(a) The Structure Theorem for Sets of Lengths holds for H.
(b) G4 \ dZ is finite or a subset of 1+ dZ.

The remainder of this section is devoted to the proof of Theorem 6.4.

Lemma 6.5. Let H be an atomic monoid. Suppose that there exists some e € N such that, foreach N € N, there exists somea € H
such that L(a) N [min L(a), minL(a) + N] C minL(a) + eZ, yet L(a) ¢ minL(a) + eZ. Then the Structure Theorem does not
hold for H.
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Proof. We assume to the contrary that there exists some finite nonempty set A* C N and some M € N such that, for each
b € H, the set L(b) is an AAMP with difference d € A* and bound M.

LetD = 2 lcm(A*).Let N > 2M+D and let a € H with the properties from the statement of the lemma. Let [; = min L(a)
and [, = max L(a). Note that I, > I; + N (by the property assumed for a). By assumption, we get that L(a) is an AAMP, i.e.,

L@ =y+ T UL*UL") C y+D+dzZ

whered € A*,{0,d} C D C [0, d], L* is finite nonempty with min L* = O and L* = (D +dZ) N[0, max L*],L’ C [-M, —1]
and L” C maxL* 4+ [1,M],andy € N.
Since

L>L+N>L+2M+D>1; —minl' + M + D,
it follows that [l; — minL’, l; — minL’ + D — 1] N L(a) C L*, and thus
[l —minL,l; —minLl' +D—1]NL(@) =[l; —minL’,[; — minl’ +D — 1] N (y + D + dZ).
On the other hand, by the property assumed for a, and since N > 2M + D > — minL’ + D, we have
[li —minl,l; —minL +D — 11N L(a) C l; + eZ.
Thus
A=[—-minl', —minl’ +D - 11Ny -l + D +dZ) C eZ.

Since D > 2d, it follows that for each d’ € D there exists some k € Zande € {—1, 1} suchthaty —l; +d +kd,y—1; +d +
(k+ €)d € A. Thus e | d and, furthermore, e | y — I; 4+ d'. Consequently, y + D + dZ C I, + eZ. This yields a contradiction,
sinceL(a) Cy + D + dZ,yet L(a) ¢ |; + eZ by hypothesis. O

Lemma 6.6. Letd € N,e € [2,d — 1] with gcd(e,d) > 1and Gy C Z.If{—d, —1, 1} C Gp and G(T N (e + dZ) is infinite, then
the Structure Theorem does not hold for B(Gy).

Proof. We may assume d > 4, since otherwise there exists no e € [2,d — 1] with gcd(e,d) > 1. Let k € N such that
e + dk € Go; by assumption, we know that arbitrarily large k with this property exist, and we thus may impose that k > 10.
Let f € N be minimal such that ef € dN, say ef = du. Since gcd(e, d) > 1, we see thatf € [2,d/2]andu <e/2 < d/2.We
consider the sequence

B=(e+ dk)f(_d)u+ﬂ<(_1)d(u+ﬂ<) 1d(u+ﬂ<)'

Since ef = du, we have B € B(Gy). First, we consider two specific factorizations of B. Then, we investigate the length of all
factorizations of B of small length. Let

2z = ((e + dkf (=a)**) - (=) 1)*H0
and
2y = ((e + d) (=) - ((=d)19)* .
We note that z;, z, € Z(B) and that |z;] = 14+ d(u + fk) and |z;| = f + (u + fk). Sincef — 1 ¢ (d — 1)Z (asf € [2,d/2]),
we have |z1]| — |z3] ¢ (d — 1)Z.
We claim that there exists an absolute positive constant c such that, for each z € Z(B) with
lz| < |z2| + c(d — Dk,
we have
|z| — |z2| € (d — 1)No.
By Lemma 6.5 and since k can be arbitrarily large, this implies that the Structure Theorem does not hold. Thus, it suffices to
establish this claim. For definiteness, we set ¢ = 1/6 (it is apparent from the subsequent argument that it only has to be
less than 1/2). Let
z=A1-...-AU;-... - U; GZ(B)
with A;, U; € A(Go), and (e + dk) | A; and (e + dk) t U for all i, j. We proceed to show that ve,q(A;) = 1 for each i, i.e.,
s = f. Clearly, v(_1y1(z) < |z|, and thus we have
voi(T(Ar - Ag) = d(u+ fk) — |z
>du+fk)— (f+u+fk+cld—1)k)
= —-2)(e+dk)+2(e+dk)— (f+u+fk+c(d— 1)k)
> (f —2)(e+dk) + dk — (d/2 + d + dk/2 + cdk)
> (f —2)(e+dk) +dk —3/2 —k/2 — ck).
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Since c = 1/6 and k > 10, we have k(1/2 — c) — 3/2 > 1. So we have
vy - - A) = (f —2)(e+dk) +d. (6.3)

Ifs < f — 1, then, since v_1(A;) < e + dk for each i, we conclude from (6.3) that v_;(A;) > d for each i, implying (since
supp(A;) C {—1, —d}) that ve, 4 (A;) = 1for each i, contradictings < f — 1. Thus s = f. We have U; € {(—=1)1, ((—d)19)}
for each j. Thus

z2=Ar ... A (= DD ((—d)1D)°
wherea=du+fk) —v_i(w(A;-...-Ap))andb=u+fk —v_q(w (A - ... - Ar)). We have
Zl=f+@U+MA+1) — (v (@A - ... - Ap) +v_g(T(Ag - ... - Af)))
and, since
d-v_g@@i-...-Ap) +v_i (@A - ... - Afp)) = (u+ fk)d,
this implies
zl=f+u+fk+d—Dv_g@@@ ... Ap)),
establishing |z| — |z;] € (d — 1)Ny. O

Lemma6.7. Letd € N,e € [1,d — 1] with gcd(e,d) = 1 and Gy C Z. If {—d, —1, 1} C Gy, Gar N (e + dz) is infinite and
Gg \ ((e + dZ) U dZ) is nonempty, then the Structure Theorem does not hold for B(Gy).

Proof. We may assume d > 3, as the hypotheses are null otherwise. Since Gf{ \ ((e 4+ dzZ) U dz) is nonempty, let
fe[l,d— 1]\ {e}and £ € Ny be such that f + d¢ € G(J{. Since {—d, —1, 1} C Gy, G(J{ N (e 4 dZ) is infinite, let k € N be
such thate + dk € G(J{ and e + dk > f + d¢. Since gcd(e, d) = 1,letx € [1, d — 1] be the integer such that f + xe € dZ, say
f+xe=ud.Sincef € [1,d — 1]\ {e}, wehavex #d — 1andu <d — 1.

We proceed similarly to Lemma 6.7. We consider the following element of 8(Gg):

B = (f 4 d)(e + dk)* (—d)"H¥kt (1) d@Hxkt0) qdautxk+)
Again, we first consider two specific factorizations of B, namely

21 = ((f + dO) (e + di)* (=) ) - (=1 1o
and

z, = ((F +dO D) - (e + di) (= DY - (=) 1)

The respective lengths of these factorizations are 1 + d(u + xk 4+ ¢) and 1 + x 4+ (u + xk + £). Thus, |z1| — |z2| ¢ (d — 1)Z.
As in Lemma 6.6, we show that there exists a positive ¢, now depending on d (but not on k), such that, for each z € Z(B)
with

|z| < lz| +c(d — Dk,
we have
|z| — |z2| € (d — )N,
which again completes the proof by Lemma 6.5. We set c = 1/(d — 1) (this choice is not optimal). Let
Z2=A;...-A((=1D)1D(=d)1%)?®
where A; ¢ {(—1)1, (—d)1%}. We proceed to show that |Ai+| = 1 for each i. From the definition of B, we have s < x + 1.
Again, v(_1)1(2) < |z|, and thus
v_i(m@Ar-...-As) >du+xk+£) — |z|
>dlu+xk+€) —(1+x+ Ww+xk+¢€) +c(d— 1)k)
=Kx-—1De+dk)+ (¢ +db)+ (e+dk) — (1+x+ (u+xk+€) +c(d— 1k)
>x—1D+dk)y+(f+do)+(e+dk)y—(d—1+{d—14+(d—2k+£)+c(d— 1Dk)
> x—1(e+dk)+d+ 2k —3d —c(d — k.
Since c = 1/(d — 1), we have, for k > 3d,
v (@A ... Ag) > (x— (e +dk) +d.

If s = x + 1, the claim is obvious. Thus, assume s < x. Since v_1(A;) < e + dk for each i (recall that e + dk > f + d¢), we get
that v_1(A;) > d for each i, establishing the claim (since supp(4; ) C {—1, —d}).
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Thus

Z=A; ... - A((=DD((—=d)19)°P,

wherea=d(u+xk+4€) —v_1(m(Ay-...-A)))andb = (u+xk+£€) —v_g(@ (A - ... As)). We have
zZl=s+d+Dw+xk+£€) — (Vo1 (T - ... - A) +v_g(@(Ar - ... - A)))).

We note that if f 4+ £d # 1,thens = 1+ x, and if f + £d = 1, then s = x. Moreover, if the former holds true, then
d-v_g(m@@i ... Ap) +v_i(@(@ - ... - Ap)) = du+xk 4 £),

whereas if the latter holds true, then
d-v_g(@(@Ar ... A) +v_ (@A - ...-Ap)) =du+xk+0) — 1.

In both cases, this implies
zZl=14+x+W+xk+ )+ (d—Dv_g(TA ... As)

establishing |z| — |z;| € (d — 1)Np, as claimed. O

Proposition 6.8. Let {—1, 1} C Gy C Z with G finite such that the Structure Theorem holds for 8(Go). For each —d € G, at

least one of the following statements holds:

(a) IG4 \ dz| < oo.

(b) Gy \ dZ C 1+ dZ.

Proof. The claim is trivial for d < 2. Supposed > 3.Let E C [0,d — 1] be such that cg N (e + dZ) is infinite for each
e € E. If there exists some e € E \ {0} with gcd(e, d) > 1, Lemma 6.6 yields a contradiction. Thus, gcd(e, d) = 1 for each
e € E \ {0}. By Lemma 6.7 we get that if gcd(e, d) = 1,thene = 1 (note that 1 € G(T), and moreover, in this case we have
G C (1+dz)udz). O

Now, we show that the Structure Theorem indeed holds for monoids of zero-sum sequences over sets of the form
considered in Theorem 6.4 not covered by Lemma 6.5 - Proposition 6.8. Moreover, we investigate the finiteness of the
successive distance for these sets. Again, note that the set Fy U dN in the result below does not fulfil condition (a) of
Theorem 5.2, yet by Lemma 3.4 it can occur as the subset of classes containing prime divisors of a Krull monoid, even with
respect to a divisor theory, showing that the conditions (b1), (b2), and (b3) do not imply (a), not even combined.

Proposition 6.9. Letd € N>, and Fy C Z withF; = {—d, —1}.

1. The Structure Theorem holds for B(Fy U dN) if and only if it holds for B(Fy U {d}). More precisely, for each L € £(Fy U dN),

there exists somey € Ng such thaty 4+ L € £L(Fo U {d}).

2. 8(Fo UdN) = §(Fp U {d}).
3. There is a map vy : B(Fp U dN) — B(Fy U {d}) such that, for each B € B(Fy U dN) and adjacent lengths k and | of L(B),
we have d(Zx(B), Z/(B)) < d(Zy (¥ (B)), Zy (v (B))) with k', I' adjacent lengths of L(v (B)). More precisely, we can choose

k' =k+yand!l =1+ ywithy such thaty + L(B) = L(y (B)).

In particular, if Fy is finite, then the Structure Theorem holds for B(Fy U dN), and both §(Fo U dN) and cmon(Fo U dN) are finite.
Proof. Let Gy = Fy U dN and G; = Fy U {d}.

1. Since G; C Gy, one implication is clear and it remains to show that if the Structure Theorem holds for $B(G;), then
it holds for B8(Gp). Indeed, the more precise assertion we establish shows that the Structure Theorem holds with the same
bound and the same set of differences.

Let ¥ : F(Gy) — F(G;) denote the monoid homomorphism defined via ¢ (g) = g forg ¢ dN and v (kd) = d* for
kd € dN. We note that o (S) = o (¥ (S)) for each S € F(Gp); thus ¥ yields a homomorphism, and indeed an epimorphism,
from B(Gy) to B(Gy).

Moreover, we observe that if A € A(Gp) with kd | A, for some k € N, then AT = kd. This implies that, for such an
atom, ¥ (A) = d*(—1D)%(—d)** and (d(—1)9)* - (d(—d))** € Z(¥(A)) is the unique factorization of y(A). We denote
this factorization by v (A) and we note that | (A)| = o (AT)/d. Setting ¥/ (A) = A for each atom not of this form, i.e.,
A € A(Gp) with supp(A) N dN = §, and extending this map to Z(Go), we get a homomorphism, indeed an epimorphism,
1//2 Z(Go) —)ﬁZ(Gl) .

Since w (Y (2)) = ¥ (7w (2)), we see that ¥ (Z(B)) C Z(y(B)) for each B € 8(Gp). Moreover, for B € 8(Go) and z € Z(B),
we have, denoting F = [, 4 g"¢®, that [{/(2)| = |z| 4 (o' (F)/d — |F|). In particular, the value of [/ (2)| — |z| is the same
for each z € Z(B). o

Thus, to establish our claim on sets of lengths, it suffices to show that ¥(Z(B)) = Z(y(B)) for each B € B(Gy). Let

B € B8(Gp) and againletF = ]_[gedN ge® = Hli'l (k;d),wherek; € N.Letz’ € Z(y(B)). There exists a unique decomposition

7z = 7,2z, such that z} is minimal with d°®/¢ | 7 (z}) (note that v4(¥(B)) = o (F)/d). We have |z;| = o (F)/d. Write
z; = H!i'l y; such that each factor y; € Z(y(B)) contains exactly |y; | = ki atoms. Then letting A; = (kid)d~%im (y}), we have
Ai € A(Gp),and soz = A; - ... - Az, is a factorization of Bwith ¢ (z) = ¥(Ay) - ... - VA, =y, - ... - yizb = 7/,
establishing our claim.
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2. Since 8(G1) < 8(Go) is obvious, we only have to show that §(Go) < §(G;). We show the following slightly stronger
result. Let B € B(Gp) and z € Z(B). Then §(z) < §(Y (2)).

Let F and z = z;z, be defined as above, and let z; = ,‘i'l A; and let Ai* = kid, where k; € N. Moreover, let 2/ = ¥ (z)

and let 2/ = 7}z, with z; = ¥/ (z1) and z, = ¥ (z,) = z,. Additionally, lety, = v (A;) for each i. Let j € Z be such that |z| and
|z| +j are adjacent lengths of L(B). By the already established result for sets of lengths, it follows that |1/ (z)| and ()| +j
are adjacent lengths of L(v(B)). Thus, by definition, there exists some factorization X' € Z(y(B)) with |x'| = [/ (z)| +j and
d(x, ¥ (2)) < 8(¥(2)). Let X' = x}x, with x;, minimal such that d°®/4 | 7 (x;). We note that

d(Z', x) = d(z}, X)) + d(z3, x5). (6.4)
Thus, by re-indexing appropriately, we find a
t < d(Z. %) (6.5)

such that [T/ T Yilx. 1
Let x| = x| (]_[EIH yj) . As we argued at the end of part 1, there exists, for i < t, factorizations y/ € Z(y (B)), each

containing exactly |y;| = k; atoms, such that ]_[f:1 y/ = x|.Fori < t,let A = d % (kd)m(y/), and fori € [t + 1, |F|],

let A' = A Then, with x; = []I, A/ and x, = x,, we have that x = x;x, is a factorization of B, and since ¥ (x) =
x/l’(]_[lgtﬁy;)x/z = X,x,, we get that |x| — |z| = [ (X)| — [¥(2)| = [¥| — [¥(z)| = j. Finally, using (6.4) and (6.5), we
have

d(z,x) < d(z1,x1) +d(z2, %) <t +d(z2, %) < d(z7, X)) + d(z5, x5) = d(Z', ),

establishing the claim.

3. We assert that the already defined map i has the claimed properties. Let B € B(Gp) and let k,I € L(B) be
adjacent lengths. By the proof of 1, we know that there exists some y such thaty + L(B) = L(y¥(B)). Letk’ = k+y
and I' = [ + y; in particular, k' and I’ are adjacent lengths of L(1/(B)). Let z/ € Zy (¥ (B)) and X' € Zy (¥ (B)) with
d(Z’,x) < d(Zy((B)), Zy(¥(B))). Similarly to the argument in 2, we can construct z € Zi(B) and x € Z;(B) with
d(z,x) <d(Z, x).

We now address the additional statements. Suppose that F is finite. By Proposition 5.5, we know that the Structure
Theorem holds for B (Fg U {d}) and that §(Fy U {d}) is finite. Thus, by parts 1 and 2, we get that the Structure Theorem holds
for B (Fy U dN) and that 6 (Fp U dN) is finite. Since § (Fy U dN) is finite, Proposition 5.8 implies that ¢y (Fo U dN) is finite. O

The systems of sets of lengths of B (Fy UdN) and 8B (Fo U {d}) are very closely related, but they are different in general. For
finite Fy, the elasticity of 8 (Fy U {d}) is accepted (Proposition 5.5), yet we will see in Corollary 6.11 that this is, in general,
not the case for B (Fy U dN).

Proposition 6.10. Let d € N>, and Gy = {—d, —1} U (1 4 dNp) U dNj.

1. The Structure Theorem holds for B(Gy). More precisely, each L € L£(Gy) is an arithmetical progression with difference d — 1.
2. For each B € B(Gy) and adjacent lengths k and [ of L(B), we have d(Z,(B), Zi(B)) =d + 1.
3. 8(Gg) = oo.
4. cmon(Go) =d + 1.
Proof. Before we start the argument for the individual parts, we start with some general remarks. We begin by investigating
4(Gg). Let A € A(Gy). If kd | A for some k € Ny, then A = (kd)(—1)%(—d)*! for some | € [0, k]. In particular, we have
+

two atoms containing d, namely U; = d(—1)? and Uy = d(—d). Suppose supp(A) N dNy = @. Then AT = ]_[,‘-ill(l + kid)
with k; € N. It follows that |[AT| € {1, d}. Moreover, if |JAt| = d, then —1 f A and therefore A = A*(—d)°“"/4, Thus,
either |At| = 1orelse |JAt| = dand A = A*(—d)°“")/d. Conversely, each zero-sum sequence B € B(Go \ {0}) with
Bt = ]_[?=1(1 + kid), k; € Ng and —1 ¢ supp(B™) is an atom.

Let B € B(Gp \ {0}) and let z € Z(B). In view of the considerations just made, there exists a unique decomposition
z = z3z4 such that, whenever A | z;, we have |AT| = 1 and, whenever A | z4, we have |AT| = d. We denote |z4| by t;(2).
Since |BT| = |z1| + d|zq|, it follows that

|z = 21| + |zal = |BT| = (d = D|za] = [B| = (d — Dta(2), (6.6)
i.e., |z| is determined by B* and t4(z).

By Proposition 6.9, and since 0 is a prime, it suffices to consider the set G; = {—d, —1} U (1 + dNy) U {d} for the proofs
of parts 1 and 3.

1.Let B € B(G;). Letz € Z(B) and let z = z;z; be defined as above. Since v_;(A) > 1 for each A that neither fulfils
|AT| = d nor equals Uy, it follows that

(IBY| = va(B)) — v_1(B)

ta(z) > 1

(6.7)




A. Geroldinger et al. / Journal of Pure and Applied Algebra 214 (2010) 2219-2250 2241

By (6.6), we get that L(B) is contained in an arithmetical progression with difference (d — 1). In view of this, it suffices to
establish the following claim.
Claim 1: If |z] < max L(B), then there exists some z’ € Z(B) with |z'| = |z] + (d — 1) and d(z, z’) = d + 1; in particular,
ts(z') = ty(z) — 1. Moreover, d(z,z') <d+ 1.

To prove this, we first investigate the case |z| = max L(B).
Claim 2: If t;(z) = 0orv_ (A) < 1foreachA | z, then |z| = max L(B).
Proof of Claim 2.1f t;(z) = 0, the claim is clear by (6.6). Thus, assume v_;(A) < 1foreachA | z.Inview of the characterization
of atoms, it follows that z; = z; U;'d(B) and v_;(A) = 1 for each atom A | z;. In particular, we have |z;| = v_;(B) + v4(B). In
view of d - t4(z) = |BT| — |z;], this implies

(IB*| —va(B)) —v_1(B)
F :

Thus equality holds in (6.7), which by (6.6) implies that |z| is maximal.

Proof of Claim 1. Suppose |z| < max L(B). By Claim 2, we know that t;(z) > 0 and that there exists some atom C | z such
that v_;(C) > 1.In view of the characterization of atoms given above, we have v_{(C) > d and |C*| = 1. Since t4(z) > 0,
there exists some atom Ay | z with |A;r| = d.Let z = A4Cz. We consider the zero-sum sequences B; = (—d)~'Aq(—1)¢ and
By = (—1)79C(—d). Clearly, 77 (B1B22o) = B. We note that B, is an atom as |B} | = 1. Yet, since |B| = d butv_;(B;) > 1,
we get that By is not an atom; more precisely, max L(B;) = d. Thus, replacing the two atoms Ay and C in z by the atom B,
and any factorization of length d of B; completes the claim.

ta(z) =

2. By Proposition 6.9.3 and since 0 is a prime, it suffices to consider G; for finding an upper bound on d(Z,(B), Z;(B)).
Thus, by Claim 2, we get that d(Z,(B), Z;(B)) < d + 1. The reverse inequality follows by (2.1) in view of Proposition 6.9.3
and part 1.

3. We consider B = (1 + kd)?d"™*(—d)'+*4(—1)40+k)_ We note that L(B) = {2 + kd, 1+ d + kd}andz = ((1 +

kd)?(—d)'*).(d(—1)?) """ is its only factorization of length 2+kd. The factorization z' = ((1+kd) (—1)1+"d)d- (d(—d)) 1kd
haslength 1 +d + kd and d(Z’, z) = |Z’| = 1 + d + kd, implying that §(B) > 1+ d + kd, and the claim follows by letting
k — oc.

4. By part 2 and since 0 is prime, it is sufficient to show that, for any two factorizations z, y € Z(Go\{0}) withw (z) = 7 (y),
we have that: if |z] = |y|, then z and y can be concatenated by a monotone 2-chain. Clearly, in this case monotone means
that each factorization in this chain has length |z|, i.e., we claim that z and y can be concatenated by a 2-chain in Z; (7 (2)).
We proceed by induction on |z|. Let z, y € Z(Gp) with 7w (z) = 7 (y) and suppose that |z| = |y|. If |z] = 1, the statement is
trivial. Thus, assume |z| > 2 and that the statement is true for factorizations of length at most |z| — 1. We make the following
claim.

Claim 3: There exist z/, y' € Z(w (z)) with |Z'| = |y/| = |z| such that z and Z/, as well as y and y/, can be concatenated by a
2-chainin Zp,(7 (z)) and gcd{z’, y'} # 1.

We assume this claim is true and complete the argument. Let z’ and y’ be factorizations with the claimed properties and
let U € A(Gp) with U | ged{z,y'}. We set z/ = U~!z' and y” = U~'y’. By induction hypothesis, there exists a 2-chain
2" =1z),7{,....2/ = y"inZ,(x(U"'Z)). We note that U - z/' € Z,/(w(2)) for each i € [0, s]. Thus, z’ and y’ can be
concatenated by a 2-chain in Z;| (7t (z)). Combining these three chains, the result follows.

Proof of Claim 3.1f O | z, then 0 | y and the claim is trivial. Thus, assume 0 { z.

Letz = z1z5andy = y1y4 be as defined at the beginning of the proof and recall that |z| = |y|is equivalent to t;(z) = t;(y).

Before starting the actual argument, we make three subclaims.

Claim 3.1: Leth | m(zy) and g | 7w (z4) with g, h € 14 dNg and h < g. Then there exists a factorization x of 7 (z) such that,
with x = x;x4 as above, 7 (x;)* = m(z;)Tgh™' and 7 (xs) ™ = m(z)hg ™! and d(z, x) < 2; in particular, |x| = |z|.

To see this, let A, | z; and Ag | zg with h | Ay and g | Ag. We set A = hAgg ™' (—d)~¢~"/? and A, = gAyh™' (—d)&~"/4,
Note that this process is well-defined and that Aé and Aj are atoms by the above characterization of atoms. Let x =
ZALALA; A" Noting that x; = AjA; 'z) and x4 = AjA; 'z4, the claim is established.

Claim 3.2: Suppose that t;(z) = 0. Then z and y can be concatenated by a 2-chain in Z;| (7 (2)).

Informally, each atom in z and y contains exactly one positive element, hence distinct atoms containing the same positive
element can only differ in the negative part. Successively exchanging (—1)¢ for —d and vice versa, for suitable pairs of atoms,
we can construct such a chain.

To give a formal argument, we use the independent material of Section 7 which follows. Note that, in this case, |z| = |y| =
|7 (z)*| and A(&(Gp)) = {(—d, —d), (—1,—1), (- D%, —d), (—d, (—1)%)}. Thus ¢’ = Z with G; = {0, 1, —1}, where G’
and Gj are as defined before Theorem 7.3, whence D($(G; ), (G )) = 2 by (7.14). Hence Theorem 7.3 shows that there is
a 2-chain concatenating z and y.

Claim 3.3: Suppose that t;(z) = |z|. Then z and y can be concatenated by a 2-chain in Z;| (7 (2)).

Informally, since in this case supp(w(z)) = {—d}, we can apply an argument similar to the one in Claim 3.1, without
additional condition on the relative size of g and h.

To get a formal argument, note that in this case 7(z) € B(Gy \ {—1}). By Lemma 5.3, we get that the block monoid
associated to B(Gg \ {—1}) is B({0 + dZ, 1 + dz}) C B(Z/dZ). However, B({0 4 dZ, 1 + dZ}) is factorial, and thus its
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catenary degree is 0; also note that the former monoid is thus half-factorial. Since the catenary degree in the fibers of the
block homomorphism is 2 (see Lemma 3.3), the claim follows.

Now, we give the actual proof of Claim 3. In view of Claim 3.2, we may assume that t;(z) > 0. Hence, letS | 7 (z) be a
subsequence with supp(S) C 1+ dNg and |S| = d. Moreover, assume that ¢ (S) is minimal among all such subsequences of
7 (z). We assert that there exists some X' € Z;(7 (z)) such that S | 7 (x;) and z and x’ can be concatenated by a 2-chain in
Z;;((2)). Let X' € Z;(7w (2)) be a factorization such that z and ¥’ can be concatenated by a 2-chain in Z;;(;r (z)) and such
that S’ = ged{m (x}), S} is maximal. We show that S’ = S. Assume to the contrary that S’ # S. Let h | 7 (x}) with hS" | S. We
observe that there exists some g | 5/*]71()(2,) withg € 1+ dNg and g > h; otherwise, the sequence gh~'S would contradict
the minimality of o (S).

We apply Claim 3.1 to ¥’ (with these elements g and h) and denote the resulting factorization by x”. Since it can be
concatenated to z by a 2-chain in Z;|(77 (z)) and yet hS’ | ged{m (x), S}, its existence contradicts the maximality of S’ for x'.
Thus S’ =S.

Since S | 7 (x}), we have that U = S(—d)*®/? | 7 (x)). Let 2, € Z(r (x,)) with U | z},. Since t4(r (x})) = |x}], Claim 3.3

!

applied to x; yields that x; and z; can be concatenated by a 2-chain in Z,y (7 (x;)). We set 2" = zx; and observe that x’ and

Z',and thus z and Z’, can be concatenated by a 2-chain in Z;|(7 (z)) and U | Z’
In the same way, noting that S depends only on 77 (z) and not on z, we get a factorization y’ € Z,/ (s (z)) with U | " such
thaty and ¥’ can be concatenated by a 2-chain in Z,| (7 (z)). Since U | gcd{z’, y'}, the claim is established. O

Proof of Theorem 6.4. By Lemma 3.3, it suffices to consider B(Gp). The case d = 1 is trivial. Suppose d > 2. The implication
from (a) to (b) is merely Proposition 6.8. The other one follows, when G;L \ dZ is finite, by Proposition 6.9, and when G;L isa
subset of 1 + dZ, by Proposition 6.10. O

By [1],itis known that Krull monoids with infinite cyclic class group can have finite, non-accepted elasticity. The following
result shows that, even if the Structure Theorem holds, the elasticity is not necessarily accepted.

Corollary 6.11. Let H be a Krull monoid and ¢ : H — % (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(¢) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors. Suppose that 1 € G;r and G, = {—d, —1} for some d € N. Suppose that the Structure Theorem holds for H. Then exactly
one of the following two statements holds:

(a) H is half-factorial or Gp is finite.
(b) p(H) = d and the elasticity is not accepted.

Proof. Half-factorial monoids obviously have accepted elasticity and monoids with Gp finite also have accepted elasticity
(Proposition 5.5). Thus, we assume that H is not half-factorial and that Gp is infinite, and show that under these assumptions
p(H) = d and the elasticity is not accepted. Note that since H is not half-factorial, we have d > 2.

We recall that if A € 4 (Gp) with (—1) | A, then |JAT| = 1 (as explained in the proof of Proposition 6.10).

Let B € B(Gp). We show that p(B) < d. Assume to the contrary po(B) > d. That is, there exist z, z” € Z(B) such that
|Z’|/|z| > d.By Lemma 4.3, we know that |A*| < d for each A € A(Gp). Thus, we get |z| > vo(z) + |B*|/d, whereas clearly
2’| < vo(2) + |B*].

Consequently, we have p(B) < d, and p(B) = dis equivalent to the following: |A*| = d for eachatomA | zand |[A""| = 1
for each atom A’ | Z'. It follows that v_1(B) = 0, i.e.,, B € 8(Gp \ {—1}).By[1], or Lemma 5.3 and [28, Proposition 6.3.1], we
get that p(B(Gp \ {—1})) < p(Z/dZ) = d/2 < d, a contradiction.

It remains to show that p(Gp) > d. We may assume that 0 ¢ Gp. We note the existence of the two atoms 1(—1) and
19(—d) in A(Gp). Thus, 1 and 1¢ are elements of 4(Gp)™. Thus, p*(1%) > d, and the claim follows by Lemma 4.12. O

Our proofs that the Structure Theorem does not hold rely on the existence of a single exceptional factorization, yet the
following example illustrates that sets of lengths can deviate by more than a single element (or a globally bounded number
of elements) from being an AAMP.

Example 6.12. Letd, k,l e Nande € [1,d — 1],and set B = (e + kd)(—e + £d) 1%+ (—1)*+0d(_d)k+¢ Then

LB) ={1+k+L+k+0d—1} U{ld+e+k+E+id—1)|ie[kk+Et—1]
UR—e+k+e+id—1)]iell, ¢+k]}
UR+k+L+id—1)iel0k+¢—1]).

7. Chains of factorizations

In a large class of monoids and domains satisfying natural (algebraic) finiteness conditions, the catenary degree is
finite (see [28] for an overview and [5,29,4,38] for some recent work). However, the understanding of the structure of the
concatenating chains is still very limited. Whereas, on the one hand, the finiteness of the monotone catenary degree is a rare
phenomenon (inside the class of objects having finite catenary degree), the following two positive phenomena have been
observed. First, in a large class of monoids, all problems with the monotonicity of concatenating chains occur only at the
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beginning and the end of concatenating chains ([ 15, Theorem 1.1], [ 16, Theorem 3.1]). Second, in various settings, there is a
large subset consisting of ‘big’ elements having extremely nice concatenating chains (see [23, Theorem 4.3], [28, Theorems
7.6.9 and 9.4.11]).

Let H be a Krull monoid with infinite cyclic class group and Gp C G as always. By Theorem 5.2, it suffices to consider
the situation where G,f is infinite and 2 < |G, | < oc. Our first result points out that, in general, the monotone catenary
degree is infinite. In contrast to this, the main result (Corollary 7.4) shows that there is a constant M* such that, for a large
class of elements a, any two factorizations z and y of a with y having maximal length can be concatenated by a monotone
M*-chain of factorizations and thus, for those factorizations z and y of a neither of which need be of maximal length, there
is an M*-chain between z and y which ‘changes direction’ at most once.

Proposition 7.1. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors. Suppose that —d;, —d,, did, € Gp, where 3 < dy < dy, gcd(dy,dy) = 1anddy — 1t dy — 1, and that Gp contains
infinitely many positive integers congruent to dy + d, modulo dd,. Let d = gcd(d, — 1, d; — 1). Then, for every M, N > 0,
there exists a € H and z, z' € Z(a) such that

Iz =lz| +d < |z| +d; — 2, (7.1)
|z| € [minL(a) + N, maxL(a) — N], and

1Z|+d; —2
d(z, U z@\ {z}) > M. (7.3)

i=1
In particular, cyon(H) = 0o and §(H) = oo

Proof. That cyon(H) = §(H) = oo follows from (7.1) and (7.3), so we need only show (7.1), (7.2) and (7.3) hold. By
Lemma 3.3, it suffices to prove the assertions for 8(Gp). We may also assume without loss of generality that

NZdz—l and MZd],

as the theorem holding for large values of M and N implies it holding for all smaller values.
In view of the hypotheses, there exists L € Gp with

L> dzM > d]dz, (74)
L=d; modd, and L=d, mod d;. (7.5)

Let B € B8({ddy, —d1, —d3, L}) C B(Gp) be the sequence
B = LZd]dzN(_dz)ZdlLN (_dl)zdzLN (d]dz)ZLN .

Let
Ay =19 (=d))! and A, = L%(—dy)".

Since gcd(dy, d;) = 1, it follows, in view of (7.5) and by reducing modulo d; and d,, respectively, that A; and A, are both
atoms. Also define

By = (didy)(—d)® and B, = (didy)(—dp)™,

which, since they both contain exactly one positive integer, must also be atoms. In view of (7.5), define

-
Ag = L(—=dy) 2 (—dy),

which is also an atom for similar reasons.
Let z € Z(B) be given by

z = APV AJNBIVBLY,

Since d = gcd(d; — 1, d; — 1), it follows that there exists an integer [ € [1, d; — 1] such that
I(dy —dy) =—d modd, — 1.

Let

_ ldy —dy) +d
dy—1

Then, since d = ged(d; — 1,d, — 1) < d; — 1,itfollows that 1 <!’ < I < d, — 1. Note that we have the identities

r €N. (7.6)

d;

7(A%BY) = w(AY'B) and 7 (AB) = 7 (ALB,).
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Thus, by considering the definition of z and recalling that N > d, — 1 > [ > I, we see that

dyN—Idy ,diN-+ldy—I' ,I'd - —IL+l
v :Alz 2A21 +ldq AO ZBgNJrIL IBliN L+

is another factorization z’ € Z(B) besides z.
Note that |z'| — |z| = —I(d; — d1) +I'(d, — 1) = d. Moreover, sinced; — 1{d, — 1,dy < dy andged(d; —1,d, — 1) = d,
it follows that d < d; — 1. Thus (7.1) holds. Also, the factorizations

AXNBAN ¢ z(B) and AZ2VBEN € z(B)
show that
minL(B) + N < minL(B) + (d — d{)N < |z] < maxL(B) — (d; — d;)N < maxL(B) — N,

whence (7.2) holds. It remains to establish (7.3). We begin with the following claim.

Claim 1: If A|B is an atom with did, € supp(A), then d1d, is the only positive element dividing A and vg,q, (A) = 1.
Suppose instead thata | A(d;d,) ~! witha € {L, d1d,}. Then we must have v_g,(A) < djandv_g, < dy,else (d; dy)(—d;)%

or (d1d;)(—d,)% would be a proper, nontrivial zero-sum subsequence dividing A, contradicting that A is an atom. But now

(in view of (7.4))

2d1d2 > —O’(Ai) = O’(A+) >a-+ d]dz > min{L, d]dz} + d1d2 = Zd]dz,

a contradiction. So Claim 1 is established.

In view of Claim 1, we see that, in any factorization y of B, there will always be 2LN atoms A having A(dd;) ™' consisting
entirely of negative terms. Thus the length of any factorization of B is determined entirely by the number of atoms containing
an L. Moreover, by considering sums modulo d;, we find (in view of (7.5) and gcd(d;, d;) = 1) that (dydy)(—d;)% and
(d1dy)(—d5)“1 are the only atoms dividing B which contain d;ds. As a result, we in fact have the factorization of B completely
determined by how the 2d,d,N terms equal to L are factored (that is, if y; |y is the subfactorization consisting of all atoms
containing an L, then n(y[l y) has a unique factorization, which will always have length 2LN). We continue with the next
claim.

Claim 2: If A|B is an atom with L, —d;, —d, € supp(A), then v;(A) = 1.
Suppose instead that L?|A. In view of (7.5) and (7.4), both % and % are positive integers. Consequently, we must
L—dy

L—dq
have v_4, (A) < a0 andv_g, < 5 else

L(=d) "=/ (—dy) o L(=dp) /% (~dy)
would be a proper, nontrivial zero-sum subsequence dividing A, contradicting that A is an atom. But now
2L—dy—dy, > —0 (A7) =0 (A") > 2L,

a contradiction. So Claim 2 is established.

In view of (7.5), gcd(dq, d;) = 1 and Claim 1 and 2, we see that if A|B is an atom with L € supp(A), then either

(a) A=Ajandv_4(A) =0,
(b) A=Ay andv_4,(A) =0, 0r
(c) vi(A) = Tand vg,q, (A) = 0.

Lety € Z(B) be afactorization withd(z, y) < M and lety, |y and z|z be the corresponding sub-factorizations consisting of
all atoms which contain an L. In view of the definition of z, since d(z, y) < M and L > d,M (by (7.4)), and since (d1d>)(—d;)4
is the only atom containing a —d; in ZL_]z, it follows that

Vg, (T (V1)) < vy, (T (21)) + Mdy = dNL + Md, < doNL + L;
thus the multiplicity m; of the atom A; iny is at most d; N (since each such atom A; requires L terms equal to —d1 ). Likewise,
V_d, (7T (y[_)) < V_d, (7T (ZL)) + Md] = d]NL + Md] < d]NL + L,

whence the multiplicity m; of the atom A, in y is at most d;N.
Let mg be the number of atoms dividing y containing exactly one term L. Since all atoms containing an L must be of one
of the three previously described forms, it follows that

d1m1 + dzmz +my = VL(B) = 2d]d2N. (7.7)

Let mg, m} and m), be analogously defined for z instead of y. Then my = 0, m} = d,N and m, = d;N.In view of (7.7) and the
comments after Claim 1, and since m; < d;N = m} and m; < d;N = mj, it follows that

Wl = Izl + (M} —my)(dy — 1) + (M) —myp)(d2 — 1) = |z].
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Moreover, unless m; = m} and m, = mj, then |y| > |z|+d; —1.On the other hand, if my = m| = d,N and m, = m, = d;N,
then my = 0 (in view of (7.7)), whence z; = y; (recalling that all atoms containing an L must be of one of the three previously
described forms), from which z = y follows by the comments after the proof of Claim 1. Consequently, we conclude that
d(z,y) < M implies eithery = z or |y| > |z| + d; — 1, which establishes (7.3), completing the proof. O

The following lemma helps describe when an atom can contain more than one positive term.

Lemma 7.2. Let Gy C Z be a condensed set such that G is finite and nonempty. Let M = |minGo|, let U € A(Go) and
let R|U~ be the subsequence consisting of all negative integers with multiplicity at least M — 1 in U. Suppose there is some
Le X(U™)\ {o(U")}such that

U*=2, L=M-17% and oU") =L+ M—1)7> (7.8)
Then the following statements hold:
1. There is some a € supp(U) N G, withv,(U) > M — 1, i.e, Ris nontrivial.
2. For any such a € supp(R), we have (—L+azZ) N X (U~) = 0.

3. There exists a subsequence R'|U~ with R|R' such that L ¢ (supp(R)) = nZ and |[R™'U~| < n — 2; in particular,
supp(R) C supp(R’) C nZ does not generate Z.

Proof. 1. Let U;|U™ be a proper subsequence with sum equal to L. Note that |G, | < M.Thuso(U") > L > (M — 1) >
(M — 2)|G, |, whence the pigeonhole principle implies that there is some a € supp(U) N G, withv,(U) > M — 1.

2. Let a|lU~ with vg(U) > M — 1 and let ¢,: Z — 7Z/aZ denote the natural homomorphism. We say that a sequence
T is a zero-sum sequence (zero-sum free, resp.) modulo a if ¢,(T) € F(Z/aZ) has the respective property. Suppose
(—L+azZ)N X (U™) is nonempty and let S be a zero-sum free modulo a subsequence S|U~ (possibly trivial) with o (S) = —L
mod a. Note that any zero-sum free modulo a subsequence T|U~ has length at most D(Z/aZ) — 1 = |a|] — 1[28, Theorem
5.1.10], and thus

lo(T)| < (la] — 1) - [min((supp(U) N Gy) \ {ah)| < M — 1)> < L; (7.9)

in particular, |0 (S)| < (M — 1) < L.
Now factor S1U™ = SoS; - ... - S;a"eW ™) where Sy is zero-sum free modulo a and each S;, fori > 1, is an atom modulo
a.In view of |6 (Sp)| < (M — 1)? (from (7.9)) and the hypothesis o (U") > L + (M — 1), we have

|o0(SSy-...-SaV ) =|o(S;'UT)| > L. (7.10)
If |o(SS1-...-St)| < L, thenit follows, in view of (7.10) and the definitions of S and the S;, that we can append on to SS;-. . .-S;
a sufficient number of terms equal to a so as to obtain a subsequence B; |SO_1 U~ withSS;-...-S|B,and o (B;) = —L, and now
U;B;|U is a proper, nontrivial zero-sum subsequence, contradicting that U is an atom. Therefore |0 (SS1-...-S;)| > L, and let
t' < t be the maximal non-negative integer such that |o(SS; - ... - S¢)| < L, which exists in view of |o(S)| < (M — 1)2 < L.
By its maximality, we have

loS1-...- S > L—=10S)|—loSri1)| = L—|o(S)] — [alM, (7.11)

where the second inequality follows by recalling that S, is an atom modulo a and thus has length at most D(Z/aZ) = |a|.
From the definitions of all respective quantities, both the left and right hand side of (7.11) is divisible by a, whence

loS1-...- S =L—1o(S)] — lal(M —1).
But now we see, in view of v,(U) > M — 1 and the definition of t’, that we can append on to SS; - . . . - S a sufficient number
of terms equal to a so as to obtain a subsequence BL|SO_1U* with SS; - ... - Sy|B, and o (B;) = —L, once again contradicting

that U is an atom. So we conclude that (—L + aZ) N X' (U™) is empty.
3. In view of part 2, we see that
—L ¢ (a)+2U). (7.12)

Now, if [a™*W ) U~| < |a| — 2, then supp(R) = {a} (recall |a] < M and vg(R) > M — 1forall g € supp(R)) and the final

part of the lemma holds with R = R in view of (7.12). Therefore we may assume y = |a~¥* U U~| > |a| — 1. Note that
(7.12) implies that

Pa(—L1) & Zy(pa(a™V UT)O) = Z(¢(U7)) # Z/aL.

As aresult, applying the Partition Theorem (see [34, Theorem 3]) to ¢z (@~ ) U~)0, now yields part 3. To be more precise,
we apply that result with sequences S = S’ = ¢,(a¥*Y )U~)0” and number of summands n = y; also note that the
resulting coset from the Partition Theorem must be a subgroup in view of the high multiplicity of 0 and that R|R’ since
Vg(R) > M — 1> |a| — 2forallg € supp(R). O
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Before stating the next result, we need to first introduce some notions. Let Gy C Z \ {0} be a condensed set such that G,
is finite and nonempty, and let B € B(Gp).Ifz = Ay - ... - A; € Z(B), with A; € A(Gp), then we let

zF=Af .. AT € F(AGH))
and Z(B)™ = {z* | z € Z(B)}. We can then define a partial order on Z(B)™ by declaring, for z*, y* € z(B)*, thatz* < y*
whenzt =Af -...-AF € Z(B)T, where A; € A(Go),
y=@Bi1-...-Big) - Boi-...-Bagy) ... Bua-.. - Bugy)
with Bj; € A(Go) and Af =B -...- Bﬁj for j € [1,n]andi € [1, k].

We then define 7" (B) to be all those factorizations z € Z(B) for which z* € z(B)™ is maximal with respect to this partial
order.

Note that, if z, y € Z(B) withz* < y™, then |z| < |y|. Thus Y (B) includes all factorizations z € Z(B) of maximal length
|z| = max L(B), and equality holds, namely

T (B) = {z € Z(B) | Iz| = B}, (7.13)
when max L(B) = |B*|.If H is a Krull monoid, ¢ : H — F (P) a cofinal divisor homomorphism and a € H, then we define

Y(a) = {z € Z(a) | B(2) € T(B(a))}.

For a pair of monoids H C D, we recall the definition of the relative Davenport constant, originally introduced in [24] and
denoted D(H, D), which is the minimum N € N U {oo} such that ifz € Z(D) = F (4(D)) with 7 (z) € H, then there exists
Z'|zwith(z") € Hand |Z/| < N.

Next, we introduce two new monoids associated to F (Gp). We assume that  # Gy C Z\ {0}, yet here we do not assume
that Gy is condensed. Consider the free monoid % (Gg) X ¥ (Gp) and let

&(Go) = {(51, S2) € F(Go) X F(Go) | 0(S1) =0 (52)} C F(Go) x F(Go)
the subset of pairs of sequences with equal sum and
8(Go) = {(S1,52) € F(Go) x F(Go) | S1 = S2} C &(Go) C F(Go) x F(Go)

the subset of symmetric pairs. Note both &(Gp) and §(Gg) are monoids; furthermore, $(Gy) is saturated and cofinal in & (Gy),
and &(Gp) is saturated and cofinal in F (Gg) x F (Gp). Thus, if we let G’ denote the class group of the inclusion 8(Gg) <~ &(Gp)
and let

Gy ={lul € G | ue 4(&(Gy))} C G,

then [24, Lemma 4.4] shows that (recall that, due to the cofinality, the definition of the class group in that paper is equivalent
to the present one)

D(8(Go), €(Go)) = D(Gy). (7.14)

Note that, if (S1, S;) € A(8(Gp)), then S;(—S,) € A(GoU—Gg), whence |S1]|+|S2| < D(GoU —Gp); by [28, Theorem 3.4.2.1],
we know that, for a finite subset P of an abelian group, we have both D(P) and 4 (P) finite. Consequently, if Gy is finite, then
D(Go U —Gy) is finite, whence 4 (&(Gy)) is finite, which in turn implies Gy, and hence also D(Gy), is finite. Therefore, in view
of (7.14), we conclude that

D(8(Go), €(Go)) < 0 (7.15)
for Gy finite.

Theorem 7.3. Let H be a Krull monoid and ¢ : H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the class
group G = C(¢) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime divisors,
and suppose that G, is finite. Let a € H and M = |min(supp(B(a)))|.

1. For any factorization z € Z(a), there exists a factorization y € 7 (a) and a chain of factorizations z = zy,...,z, = y of a
such that

|z] = |zo] < --- < |z:| = |yl and d(z;,zi11) < max{M - D(8(Gy), (Gp)), 2} < 00
foralli € [0, r — 1]; in fact B(z0)" < B(z1)* < ... < B(z,)", where < is the partial order from the definition of T (B(a)).

2. For any two factorizations z, y € Y (a) with B(z)™ = B(y)*, there exists a chain of factorizations z = zy, ...,z = y of a
such that

Bt =B@)T =BWT and d(z,zi1) < max{D(8(G;), (Gp)), 2} < 00

foralli € [0, r — 1]; in particular, |z| = |z;| = |y| foralli € [0, r].
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Proof. We set B = B(a). By Lemma 3.3, it suffices to prove the assertion for 8(Gp) and B. As 0 is a prime divisor of B(Gp),
we may w.l.o.g. assume 0 ¢ supp(B).

Note D(8(G; ), (G, )) < oo follows from (7.15). Also, for z;, ziy1 € Z(S), we have |z;| < |zj41] wheneverz < zlﬂ,and
|zi] = |zi+1]| whenever zl = Z,_H (where < is the partial order from the definition of 7°(B)). Letz € Z(B) and lety € T°(B)
with z™ < y™. We will construct a chain of factorizations z = zo, ..., z of Bsuch that z;" < z{ |, eitherz. = yorz* <z,
and

d(zi, zis1) <M -D(8(Gy), €(Gy)) < oo (whenz <z )) (7.16)

d(z;, ziy1) < D(Gp), 6(Gp)) < 0 (whenz 1“) (7.17)
fori € [0,r — 1]. Since both parts of the proposition follow by repeated application of this statement, the proof will be
complete once we show the existences of such a chain of factorizationsz = zy, ...,z = y.

Since zt < y*, we have

zZ= A] et An

y=@B11-..."Biiy) - Bo1-...-Bagy) - .. - Bu1- ... Bugy)
with A;, B;; € A(Go) andAj+ = Bj’; el jk ,forj € [1,n]andi € [1, k. ThenAJr “ ...-Bfkj and o (4)) = o (B;;) =0,
for allj and i. Thus, forj € [1, n], let

Ti= (A7, (B, .. B) € EGp).
For eachj € [1, n], let

T Ty € 2(8(Gp))

be a factorization of T; with each Tj; € A(€(G,)). Now let

n

=[]]17i€zEG). (7.18)

j=1i=1
However, since z, y € Z(B) both factor the same element B, we in fact have
w(T) € $(Gp).

Let T = T'T” where T'|T is the maximal length sub-factorization with all atoms dividing T” from $(G, ).

IfT” = 1,then A = Hf’:] B;; for every j € [1, n]. In view of A;, B;; € 4(Gp), we get k; = 1 for every j € [1, n], thatis
z =y, and so there is nothing to show. Therefore we may assume T” is nontrivial and proceed by induction on |z| and then
|T”|, assuming (7.16) and (7.17) hold for z” € Z(B) when zt < z’* orwhen zt = 2/t and |R”| < |T”|, where R” is defined
for z/ as T” was for z.

Let W = ]_[jej ]_[ie,j T be a nontrivial subsequence of T”, where ] C [1,n]and ; C [1,]] forj € J, such that
7 (W) € $(Gp). Note, since n(T’) € $(G;) (by definition) and since 7 (T) € 8(G,) (by (7.18)), we have 7 (T") € $(Gp),
whence we may w.l.o.g. assume |W| < D($(G,), §(G)) (in view of the definition of the relative Davenport constant).
Write W = [[;, Wj with each Wj = [T, T.i € Z(€(Gp)). Moreover, forj € ], let 7 (W) = (X;, Y)) € €(G,).

Define a new factorizationz; =z - ... - z, € Z(G,) by letting zj = Ajforj ¢ J and letting zj € Z(AX] Y) forj € J—by
construction X; is a subsequence of A;, and since (X;, Y;) € (G, ), we have o (X;) = o (Y;), and thus J(Aij_Wj) =0(A) =0
for allj € J, so z; is well defined. Also, since 7 (W) = 7w ([ [,.; W)) € $(G,), it follows (by definition of (G, )) that

je]
[[%=T1v
je] jel
and thus z; € Z(B). Moreover, by construction, we have zt < ZT , and by Lemma 4.3, we have |B;| < M for all j. Thus
d(z,z1) <= M|J| = M|W| <M - D($(Gp), €(Gp)). (7.19)

Additionally, ifz € 7°(B), then z* < z{ implies that z" = z;” = y*, whence |z| = |z;| and |z{| = 1 for all j, in which case
the estimate (7.19) improves to

d(z,z1) < J| = W] = D($(Gp), €(Gp)).
Finally, if z© = z;/, then, by construction, the sequence R = R'R"—whose role for z; is analogous to the role of T = T'T” for

z—can be defined so that R’ = T”W~!, in which case |R”| < |T”|. Consequently, applying the induction hypothesis to z;
completes the proof. O
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Corollary 7.4. Let H be a Krull monoid and ¢: H — ¥ (P) a cofinal divisor homomorphism into a free monoid such that the
class group G = C(y) is an infinite cyclic group that we identify with Z. Let Gp C G denote the set of classes containing prime
divisors, and suppose that G, is finite.

Let a € H with maxL(a) = |B(a)"| + vo(ﬂ(a)) and let M = |min(supp(B(a)))|. Then, for any factorization z € Z(a)
and any factorization y € Z(a) with |y| = |max L(a)|, there exists a chain of factorizations z = zy, ...,z = y of a such that
lz| = |zo| <--- <l|z| = |yl and

d(zi, zip1) < max{M - D(8(G;)., €(G;)), 2} < max{|minGp| - D(8(Gy), £(G;)). 2} < 00
foralli e [0, —1].
Proof. This follows directly from Theorem 7.3 in view of (7.13). O

We end this section with a result showing that the assumption max L(a) = |8(a)™| + vo (/3 (a)) holds for a large class of
a € H. We formulate the result in the setting of zero-sum sequences. Since B(Gp) is factorial when M = |min Gp| < 1, the
assumption M > 2 below is purely for avoiding distracting technical points in the statement and proof.

Proposition 7.5. Let Gy C Z \ {0} be a condensed set with |Gg| > 2. Let B € 8(Gy) be such that, for M = |min(supp(B))|, we
have M > 2 and min(supp(B)*) > M(M? — 1). Then, at least one of the following statements holds:

(a) There exists a subset A C supp(B™) and a factorization z € Z(B) such that (supp(B™)) ¢ (A) (in particular, {A) # Z) and
every atom U|z has

vx(U) <2M — 2 forall x € supp(B) \ A. (7.20)
(b) (i) maxL(B) = |B*|, and
(ii) for any factorization z € Z(B), there exists a chain of factorizations z = zy, . . ., z; of B such that

2l =zl <--- < |z| = |BY| and d(z,z41) < M°
foralli e [0, —1].
Proof. We assume (a) fails and show that (b) follows. Note, by Lemma 4.3, that v,(U) < M < 2M — 2 holds for any atom
U € A(Go) andx > 0, whence (7.20) can only fail for some x € G . To establish (i) and (ii), we need only show that, given an
arbitrary factorization z € Z(B) with |z| < |BT|, there is another factorization z’ € Z(B) with |z| < |Z/| and d(z, z') < M?.
We proceed to do so.

Let z € Z(B) with |z| < |BT|. Then there must exists some atom Up|z such that |Ugr| > 2.Let A C supp(B) be all those a
for which there exists some atom V|z with v4(V) > 2M — 1. We must have

(supp(B¥)) C (A), (7.21)

else (a) holds. Let ay, ..., a; € Abe those elements such that v,(Up) < M — 2,let as41, ..., aj4 be the remaining element
of Aand, for alli € [1, t], let U]z be an atom with v, (U;) > 2M — 1. Note that U; # U, for i < t since otherwise

2M — 1 < vg(Up) = vg;(Up) <M — 2 <2M — 2,
a contradiction. Also, t < |A| < M since otherwise
2M(M? — 1) < 2min(supp(B")) < o (Uf) = —o(Uy) < M(2M — 2),

a contradiction.

We proceed to describe a procedure to swap only negative integers between the U; which results in new blocks
Up, Uj, ..., Ul € B(Go) with UpU; - ... - Ul = UpUy - ... U, with U/ = U;* for all i, and with U} not an atom. Once
this is done, then, letting z; € Z(U/), we can define z’ to be

—17,—1 -1
Z'=zpz1-...-zUy Uy - .- U] 'z,
Then |z| > |z| in view of Uj not being an atom, while, in view of t < |A| — 1 <M — 1 and Lemma 4.3, we have

t
dz.2) < Y U < (t+ DM < M2,
i=0
Thus the proof of (i) and (ii) will be complete once we show that such a process exists.

Observe, for i € [1,t], that we can exchange a,-c"’ |U; for cf}|U0 provided there is some term ¢;; € supp(U;) with
Vi (Ug) = a;and v, (U;) > c;j, and this will result in two new zero-sum subsequences obtained by only exchanging negative
terms. The idea in general is to repeatedly and simultaneously perform such swaps for the ag; using disjoint sequences
t

(cely o) ’ Uoa, - ™! (7.22)
=1

1
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with
ri—1

Z|c,]| <M-1 butZ|cu| >M -1 (7.23)

foralli e [1,t], and let Ug, Uf, ..., U; be the resulting zero-sum sequences. Then v, (Uj) > M — 1fori > t + 1by

construction, and vq, (Up) > Z}izl cijl = M —1fori < t; consequently, in view of min(supp(B*)) > MM?—-1) > (M—1)?

and |U6+| = |US| > 2, we see that we can apply Lemma 7.2 to U}, whence (7.21) and vo(U;) > M — 1fora € A imply
that Uy cannot be an atom, and hence the U] have the desired properties. Thus it remains to show that a sequence satisfying
(7.22) and (7.23) exists and that each q;, for all i € [1, t], has sufficient multiplicity in U;.

Note that (7.23) and the definition of a; € A imply

ri—1
Z|Cz,]| <Z|Clj|+|ctr,| <M—2+M<Va Uy
j=1 j=1

foralli € [1, t]. Thus the multiplicity of each a; in U; is large enough to perform such simultaneous swaps. Also,

t
l_[(q]c,z i) £ M = 2)al. (7.24)
i=1

We turn our attention now to showing (7.22) and (7. 23) hold
We can continue to remove subsequences c; ;|an[ AR aIA‘ ! until the multiplicity of every term is less than M.
But this means a sequence satisfying (7.22) and (7.23) can be found in view of the estimate (7.24), provided

1Al

o (Ug)l = (M —=1) Y |ai| = M(M — 1)| supp(B™)| > Z(zM—2>|a,|

i=t+1

However, if this fails, then we have (since |U"| > 2)

2M(M?* — 1) < 2min(supp(B")) < o (Uy) = —o (Uy) = |o(Uy)|

|A]
< Z(zm—2>|a1|+<M— 1) ) lail + MM — 1)| supp(B)|
i=1 i=t+1
1Al
< (2M — Z)Zla,l—f—M(Mz—l)<(2M—2)Zl+M(M2 1)
i=1 i=1
=2MM? - 1),

a contradiction, completing the proof. O
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