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Abstract

We consider an operator AT+ A (x) - D 4 ¢q(x) with the Navier boundary conditions on a bounded domain
inR", n > 3. We show that a first order perturbation A(x) - D + ¢ can be determined uniquely by measuring
the Dirichlet-to-Neumann map on possibly very small subsets of the boundary of the domain. Notice that
the corresponding result does not hold in general for a first order perturbation of the Laplacian.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction and statement of results

Let 2 C R", n > 3, be a bounded simply connected domain with C° connected boundary,
and let us consider the following equation

Lagx,Dyu=0 in§2,
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where

Lag(x, D)=A+Y" A;(0)D;j +q(x) = A+ A®) - D +q(x),
j=1

D=i"'V, A= (Aj)i<j<n € C*(£2,C"), and q € L>(£2, C). The operator L4 4, equipped
with the domain

D(Lag) = {ue H'(R): ulse = (Au)lse =0}, (1.1)

is an unbounded closed operator on L?(§2) with purely discrete spectrum, see [14]. The boundary
conditions in (1.1) are called the Navier boundary conditions. Physically, the operator L4 , with
the domain D(L,4 4) arises when considering the equilibrium configuration of an elastic plate
which is hinged along the boundary, see [9]. Let us make the following assumption:

(A) 0is not an eigenvalue of L4 4(x, D):D(La,q) — L2(£2).

Under the assumption (A), for any (fo, f1) € H 712(382) x H3/%(3$2), the boundary value prob-
lem

Laqu=0 ing,
u=fy onas2,
Au=f| ondf2, (1.2)

has a unique solution u € H*(£2). Let v be the unit outer normal to the boundary 352. We then
define the Dirichlet-to-Neumann map Ny 4 by

Nag:H?02) x H?02) — H?02) x H/*(3%2),
Nag(fo. f1) = (Bulag, 0 (Aw)lse)

where u € H*(£2) is the solution to the problem (1.2). Let us also introduce the set of the Cauchy
data Cy4 4 for the operator L4 , defined as follows:

Cag = {(ulse, (AW sg, dulye, d(Aw)lse): ue H*(2), Laqu=0in2}.

When the assumption (A) holds, the set C4 4 is the graph of the Dirichlet-to-Neumann map Ny 4.

It was shown in [23] that the first order perturbation A(x) - D + g(x) of the polyharmonic
operator (—A)™, m > 2, can be recovered from the knowledge of the set of the Cauchy data C Ag
on the boundary of £2. Notice that for the corresponding problem for a first order perturbation
of the Laplacian, this is no longer true, due to the gauge invariance of boundary measurements,
see [19,30,37]. In this case, the first order perturbation can be recovered only modulo a gauge
transformation [30,37].

In this paper we are concerned with the inverse problem of determining the first order per-
turbation A(x) - D + g(x) of the biharmonic operator from the knowledge of the Dirichlet-to-
Neumann map Ny 4, given only on a part of the boundary 952.
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In many applications, say, arising in geophysics, performing measurements on the entire
boundary could be either impossible or too cost consuming. One is therefore naturally led to an
inverse boundary value problem with partial measurements. Substantial progress has been made
recently on the partial data problems in the context of electrical impedance tomography as well as
the Schrodinger equation. Specifically, in the paper [4] it was shown that an unknown conductiv-
ity is determined uniquely by performing voltage-to-current measurements on, roughly speaking,
a half of the boundary. The main technical tool was a boundary Carleman estimate with a linear
weight. The Carleman estimates approach to the partial data problem was very much advanced
in the work [20]. Here, rather than working with linear weights, a broader class of limiting Car-
leman weights was introduced and employed. The work [20] contains a global uniqueness result
for the conductivity equation, assuming that the voltage-to-current map is measured on a pos-
sibly very small subset of the boundary, with the precise shape depending on the geometry of
the boundary. The limiting Carleman weights approach of [20] has led to subsequent important
developments in the partial data problem for the magnetic Schrodinger operator [7,21] and the
Dirac system [36]. To the best of our knowledge, applications of this approach to partial data
problems for other important equations and systems of mathematical physics have not yet been
explored. The purpose of this paper is to apply the techniques of Carleman estimates to the partial
data problem for the perturbed biharmonic operator.

We should also mention another approach to the partial data problems for the conductivity
equation, which is due to [18], and which is based on reflection arguments. In this approach, the
subset of the boundary, where the measurements are performed is such that the inaccessible part
of the boundary is a subset of a hyperplane or a sphere. The work [6] gives a partial data result
analogous to [18] for the Maxwell equations.

Let us now proceed to describe the precise assumptions and results. Let xg € R” \ ch(£2),
where ch(§2) is the convex hull of £2. Following [20], we define the front face of 92 with
respect to xo by

F(xo) = {x € 982: (x — x0) - v(x) <0}, (1.3)

and let F be an open neighborhood of F(xp) in d£2. The main result of this paper is as fol-
lows.

Theorem 1.1. Let 2 CR", n > 3, be a bounded simply connected domain with C * connected
boundary, and let AV, A® e C*(2,C") and ¢V, q® e L®(82, C), be such that the assump-
tion (A) is satisfied for both operators. If

Naw g0 (fo, O =Nyo g (fo, fOIF forall (fo, fi) € H?(02) x H*(5),
then AV = A® and ¢V = ¢ in 2.
Following [20], we say that an open set £2 C R” with smooth boundary is strongly star shaped
with respect to a point x; € 952, if every line through x; which is not contained in the tangent
hyperplane cuts the boundary 92 at precisely two distinct points x| and x;, with transversal

intersection at x,. We have the following corollary of Theorem 1.1.

Corollary 1.2. Let 2 C R", n > 3, be a bounded simply connected domain with C*° connected
boundary, and let x| € 082 be such that the tangent hyperplane of 952 at x| only intersects 052
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at x1 and 2 is strongly star shaped with respect to x1. Furthermore, let AV, A® e C*(2,C")
and gV, q® e L>®(82, C), be such that the assumption (A) is satisfied for both operators. If for
a neighborhood U of x1 in 052, we have

Naw g0 (fo, fDlu =Nye g0 (fo, flu - forall (fo, fi) € H?(082) x H/?(082),
then AY = A® and gV = ¢ in 2.

Notice that if £2 is strictly convex, then the assumptions on £2 of Corollary 1.2 are satisfied
for any x| € 042, and therefore, measuring the Dirichlet-to-Neumann map on an arbitrarily small
open subset of the boundary determines the first order perturbation uniquely.

Let F be an open neighborhood of the front face of 9£2 with respect to x¢, defined
in (1.3). Associated to F, consider the set of the Cauchy data for the first order perturba-
tion of the biharmonic operator, which is based on the Dirichlet boundary conditions (u|yg,
hulse),

5F 2 3 . 4 .
CA<./>,q(j) ={(ulpe. dvulse, dyulye, 0yulF): ue H*(£2), Lai gpu=0in 2},

J =1, 2. Notice that the Dirichlet boundary conditions correspond to the clamped plate equation.
We have the following partial data result.

Corollary 1.3. Let 2 CR", n > 3, be a bounded simply connected domain with C> connected
boundary, and let AV, A® e C*(2,C") and ¢V, ¢ e L>®(2,C). IfC/I:(,))qm = Cj(z)’q@,
then AY = A® and ¢V = ¢® in 2.

Corollary 1.3 follows from Theorem 1.1 and the explicit description for the Laplacian in the
boundary normal coordinates, see [26].

Finally, let us mention that the study of inverse boundary value problems has a long and distin-
guished tradition, in particular, in the context of electrical impedance tomography, see [1,2,29,38]
for the two-dimensional case, and [5,12,28,32,39] for the case of higher dimensions, as well as
in inverse boundary value problems and inverse scattering problems for the Schrédinger equa-
tion [3,8,12,17,30,31,34,37], and in elliptic inverse problems on Riemannian manifolds [15,16,
19,24-26]. For sufficiently non-regular coefficients, the inverse problems are not uniquely solv-
able, see [12,13], even when the measurements are performed on the whole boundary. These
counterexamples are closely related to the so-called invisibility cloaking, see e.g. [10,11,22,
27,33].

The paper is organized as follows. In Section 2 we construct complex geometric optics so-
lutions for the perturbed biharmonic operator, using the methods of Carleman estimates with
limiting Carleman weights. Section 3 is devoted to Carleman estimates with boundary terms for
the perturbed biharmonic operator. These estimates are crucial when estimating away the bound-
ary terms in the derivation of the main integral identity, which is carried out in Section 4. The
final Section 5 is concerned with the determination of the first order perturbation, relying upon
the main integral identity. We notice that the unique identifiability of the vector field part of
the perturbation becomes possible thanks to special properties of the amplitudes in the complex
geometric optics solutions.
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2. Construction of complex geometric optics solutions

Let 2 C R", n > 3, be a bounded domain with C°°-boundary. Following [7,20], we shall
use the method of Carleman estimates to construct complex geometric optics solutions for the
equation £4 4u =0in £, with A € C*(£2,C") and ¢ € L®(£2, C).

First we shall derive a Carleman estimate for the semiclassical biharmonic operator (—h>A)?,
where 4 > 0 is a small parameter, by iterating the corresponding Carleman estimate for the
semiclassical Laplacian —h2 A, which we now proceed to recall following [20,35]. Let 2 be an
open set in R” such that 2 € 2 and pelC (£, R). Consider the conjugated operator

Py = e% (—th)ef%
and its semiclassical principal symbol
Py(x.£) =& +2iVp-& — |[VoI’, xe2 §eR". 2.1

Following [20], we say that ¢ is a limiting Carleman weight for —h%A in 2,if Vo #0in £ and
the Poisson bracket of Re p, and Im p,, satisfies

{Re py, Im py}(x,6) =0 when py(x,8) =0, (x,8) € 2 xR,

Here we may notice that dp, 7# 0 on 2 x R", so that the operator Py is of principal type.
Examples of limiting Carleman weights are linear weights ¢(x) =« - x, @ € R", |¢| =1, and
logarithmic weights ¢(x) =log|x — xp|, with xo ¢ 2. In this paper we shall use the logarithmic
weights.
In what follows we shall equip the standard Sobolev space H*(R"), s € R, with the semiclas-
sical norm ”””Hﬁa = |[{(hD)*ul|;2. Here (¢§) = (1 + 1£1%)1/2. We shall need the following result,
obtained in [35], generalizing the Carleman estimate with a gain of one derivative, proven in [20].

Proposition 2.1. Let ¢ be a limiting Carleman weight for the semiclassical Laplacian on Q.
Then the Carleman estimate

0 v h
le® (=n2A)e ‘ﬁuuH:d > Gl Coo> 0, (2.2)

holds for allu € Cg°(82), s € R and all h > 0 small enough.

Iterating the Carleman estimate (2.2) two times, we get the following Carleman estimate for
the biharmonic operator,

2
0 \2 @ h
h h s 2 s+4, .
”e (h A) e u”H;cu Cio ||u||HSCJ1r4 (2.3)
forall u € C3°(£2), s € R and & > 0 small.
Let A e Wh®(2,C") and ¢ € L>(£2,C). Then to add the perturbation h*g to the esti-
mate (2.3), we assume that —4 < s < 0 and use that

lgull, < lqullrz < lglizellullzz < lgllzeellull g
SC!
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To add the perturbation
W3k (A-hD)e % =h3(A-hD +iA - Vo)

to the estimate (2.3), assuming that —4 < s < 0, we need the following estimates

[A- Vol s <NA- Vel llull s,

n
14 -hDuly, < 31D (A0, + O | (@iv A e
j:1

n
SOM Y NAjull s + O llull ysss < OW ull s ss.
]=1 S SCI SC.

When obtaining the last inequality, we notice that the operator, given by multiplication by A},
maps H:CT4 — H:CTI . To see this by complex interpolation it suffices to consider the cases s =0
and s = —4.

Let
) _e
Ly=eh h4£A,qe i

Thus, we obtain the following Carleman estimate for a first order perturbation of the biharmonic
operator.

Proposition 2.2. Let A € W°(2 ,C"), q € L>(£2,C), and ¢ be a limiting Carleman weight
for the semiclassical Laplacian on $2. If —4 < s < 0, then for h > 0 small enough, one has

2

h
Il o1, 24)

Lol s, >
7 C2,Aq

forall u € C3°(£2).

The formal L2-adjoint of L, is given by

L, = e (h4£/§,rlv+§+q)e% .
Notice that if ¢ is a limiting Carleman weight, then so is —¢. We would like to emphasize
that this is the key property of such weights, which implies in particular that the Carleman
estimate (2.4) holds also for the formal adjoint Ef;. We shall exploit this observation in Sec-
tion 4 below, when constructing complex geometric optics solutions, corresponding to both +¢,
see (4.4) and (4.5).

To construct complex geometric optics solution we need the following solvability result, sim-
ilar to [7]. The proof is essentially well known, and is included here for the convenience of the
reader.
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Proposition 2.3. Let A €¢ W1 (2, Ch.q¢€ L*>®(£2,C), and let ¢ be a limiting Carleman weight
for the semiclassical Laplacian on Q. If h > 0 is small enough, then for any v € L*(R2), there is
a solutionu € H 4(.{2) of the equation

which satisfies

C
lull g, < 52
Proof. Consider the following complex linear functional
L:L;C(C)’O(Q) — C, E:’;w > (w,v),2.

By the Carleman estimate (2.4) for the formal adjoint L:';,, the map L is well defined.
Let w € C3°(£2). We have

C
[L(£gw)] = || < Twlzlvle < 5 le5w] vl

showing that L is bounded in the H ’4—nclgm. Thus, by the Hahn—Banach theorem, we may
extend L to a linear continuous functional L on H ~*(R") without increasing the norm. By the
Riesz representation theorem, there exists u € H*(R") such that for all g € H—*(R"),

~ C
L(g)=(g. u) g4 p+, and ”u”chl < ﬁ”U”Lz'

Here (-,-) (-4 p+) stands for the usual L2-duality. It follows that L,u = v in £2. This completes
the proof. O

Our next goal is to construct complex geometric optics solutions of the equation
Lagu=0 in$2, (2.5)

with A € C*(£2, C*) and q € L*°(£2, C), i.e. solutions of the following form
P+iY
u(x;h)y=e¢ n_ (ao(x) + hay(x) + r(x; h)) (2.6)
Here ¢ € C ©(2,R) is a limiting Carleman weight for the semiclassical Laplacian on 2,
Y € C*(£2,R) is a solution to the eikonal equation p,(x, Vi/) =0 in £2, where p, is given
by (2.1), i.e.
VY > = Ve,  Vg-Vy=0, in2, 2.7)

the amplitudes ag € C () and a; € C4(S_2) are solutions of the first and second transport
equations, and r is a correction term, satisfying ”rI|H41(~Q) = O(h?).
SC]
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Following [7,20], we fix a point xg € R" \ ch(£2) and let the limiting Carleman weight be

1 2
p(x) = 3 log|x — xol°, (2.8)
and
T - (x — x0) . X — X0
=5 = d n— P —— , 29
Y(x) > arctan \/(x R CI ey —— iStgu—1 <|x ol w) 2.9)

where w € S*~! is chosen so that v is smooth near £2. Thus, given ¢, the function v satisfies
the eikonal equation (2.7) near £2.
Consider the conjugated operator

oty

e TN L g T = (RPA + 20TV + W3A - hD + WA - (Dg +iDy) +h*q,  (2.10)

where
T:(V<p+iV1//)-V+%(A(p+iAw). 2.11)

Substituting (2.6) into (2.5) and collecting powers of &, we get the first transport equation

T?ayp=0 in 2, (2.12)
the second transport equation
T2(l1Z—%(AOT—G—TOA)(I()—%A~(D(p+l'Dl//)ao in £2, (2.13)
and
eiw)THw) h4£A,q (e et r) = —ewiﬁﬁmq (6% (aop + hal))

=—h*A%(ag+ hay) —2h* (Ao T + T o A)a; —h*A - Dag
—h’A-Day —h*A - (Do +iDy)a; — h*q(ag + hay). (2.14)

Let us now discuss the solvability of the Egs. (2.12), (2.13_) and (2.14). To this end we fol-

low [7] and choose coordinates in R” so that xop = 0 and QcC {x, > 0}. We set o = ¢ =
(1, Ogn—1), and introduce also the cylindrical coordinates (x1, 76) on R” withr > Oand 6 € Sn2.
Consider the change of coordinates x — (z, 8), where z = x1 + ir is a complex variable. Notice
that Imz > 0 near £2. Then in these coordinates, we have

b4 Rez
¢ =log|z| =Relogz, Y = — — arctan — = Imlog z,
2 Imz

when Im z > 0. Hence,

¢ +iy =logz.
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Moreover, we have
. 1 :
Vip+iy)=—(e1 +ier), (2.15)
e

where e, = (0,0), 0 € S"2, and

2n —2)

V(fﬂ-i‘il/f)'V:%az, Ap+iYy)=———. (2.16)
z 2(z—2)

In the cylindrical coordinates, the operator 7', defined in (2.11), has the form

T:%(az— (n—2_)>
Z 2(z—12)

Thus, it follows that (2.12) has the form

(a (”_2))2 0 in®
7 — ap = .
T2z-n) "

In particular, one can take ag € C* (£2) satisfying (0; — %)ao = 0. The general solution of

the latter equation is given by ag = (z — 7)>/?go with gg € C*®(£2) satisfying 9:go = 0.
In the cylindrical coordinates, the second transport equation (2.13) has the form

<a (n =2 )2 f oing 2.17)
s — a) = .
Z Z(Z—Z) 1 £

where f is given. Notice that a; will have in general the same regularity as f, which is the same
as the regularity of A. It follows from (2.14) that we need four derivatives of a;, which explains
our regularity assumptions on A, i.e. A € C*(£2,C").

In order to solve (2.17), given f € C*(£2), one can find v € C*(£2), which satisfies

(a—— (”_2)) —f ing (2.18)
T e-p)'T ’ ‘

and then solve

<8z— (n—2_) >a1 =v inf2.
2(z—12)
n—2

We look for a solution of (2.18) in the form v = e8vy with g € C*°(£2) satisfying d:g = =

Thus, vg € C*(£2) can be obtained by solving dzvg = e ™% f, applying the Cauchy transform, i.e.

1/X(Z‘5’9)e_g(z_§’9)f(z‘§’9)dRe;dlmg

vo(z,0) = - ¢
C
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where x € Cgo (R™) is such that x = 1 near £2. Hence, the second transport equation (2.13) is
solvable globally near £2 with a solution a; € CH(2). B
Having chosen the amplitudes ag € C*°(£2) and a; € C*(£2), we obtain from (2.14) that

e_Twh“EA,qe% (e%r) = O(h4),

in L2(£2). Thanks to Proposition 2.3, for # > 0 small enough, there exists a solution r € H* ()
of(2J4)suchthatHrHH41=:CKh2)
Summing up, we have the following result.

Proposition 2.4. Let A € C4(S_2, C™"), g € L*®°(82,C). Then for all h > 0 small enough, there
exist solutions u(x; h) € H*(§2) to the equation La,qu=0in $2, of the form

u(x;h)=e%(ao(x)+ha1(x)+r(x;h)), (2.19)

where ¢ € C°°(§, R) is a limiting Carleman weight for the semiclassical Laplacian on 2, cho-
sen as in (2.8), ¥ € C* (5, R) is given by (2.9), ag € C>®(2) and a; € C*(2) are solutions
of the first and second transport equations (2.12) and (2.13), respectively, and r is a correction
term, satisfying ||r||HS4d(Q) = Oh?).

Remark 2.1. We would like to emphasize that the precise estimate for the remainder », obtained
in Proposition 2.4, will be crucial in Section 4, when obtaining the main integral identity for
the unknown first order perturbation. In order to get the required decay property of r as h — 0,
we have found it convenient to introduce explicitly the next order term ha; in the semiclassical
expansion of the amplitude of the solution (2.19).

Remark 2.2. Notice that in order to construct complex geometric optics solutions for the equa-
tion £ 4u =0, we use a limiting Carleman weight for the semiclassical Laplacian. This is due
to the fact that the concept of a Carleman weight is irrelevant for the biharmonic operator. Indeed,
the semiclassical principal symbol of the conjugated operator e?/" (h* A%)e=#/" is given by p%,
with p, introduced in (2.1), and therefore, the conjugated operator is not of principal type. On
the other hand, it would be interesting to investigate the notion of a limiting Carleman weight for
some other elliptic operators of higher order, e.g. Z?:l (hDy; ).

3. Boundary Carleman estimates

Following [7,20], in order to prove that some boundary integrals tend to zero as h — 0, we
shall use Carleman estimates, involving the boundary terms.

Let 2 C R*, n > 3, be a bounded domain with C*°-boundary, and Q2 CR" be an open set
such that 2 € £2, and pelC ©(2,R)bea limiting Carleman weight for the semiclassical Lapla-
cian. We define

02+ = {x €092: £3,0(x) >0}

We shall need the following result from [20].
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Proposition 3.1. Let ¢ be a limiting Carleman weight for the semiclassical Laplacian on Q.
Then there exists C > 0 such that the following Carleman estimate

e (=AY 2 + 172 | =dvpe ™ Fdu] 12 g
1 _
> LleTuly, +121awe Fol o, ). a1
holds for all u € H2(.Q), ulage =0, and all h > 0 small enough.

Iterating (3.1) two times and adding a first order perturbation, we get the following boundary
Carleman estimate for the first order perturbation of the biharmonic operator.

Proposition 3.2. Let A € W1’°°(.Q,~(C”), q € L*(£2,C), and ¢ be a limiting Carleman weight
for the semiclassical Laplacian on 2. Then the following estimate

” Tgﬂ(h EA,q)“”U +1? ”V _av‘/’e_%“’V(_th”) ”Lz(ag,) + 12 ”V _av‘Pe_%&vM”LZ(am)

1
E(hzne h u” 1 +h3/2H\/ pe hav( thu)”Lz(BQ ) h5/2”‘/ pe I 8"””L2(3.Q+))
(3.2)
holds, for all u € H* (), ulage = (Au)lse =0, and all h > 0 small enough.

Here we use that

n

le=Fh*A - Dul 2 < Z(HhD( b o+ oD (AjeF))ull2)

n
<n’y (2| (hDjApe hul,+ | AaD; (e Fu)|
j=1
+[Aj(Djpreul,2)
<O() e Ful 1

Notice that when ¢ is given by (2.8), we have 9,¢(x) = % and therefore,
32 = F(xo).

4. Integral identity, needed to recover the first order perturbation

We shall need the following Green’s formula, see [14],

/(EA,qu)ﬁdx—/uﬁ* vdx——i/v(x)-uAﬁdS—/Bv(—Au)t_)dS+/(—Au)8v_vdS
2

2 982 082 982

—/8vu(—Av)dS+/u(au(—Av))dS, 4.1)

a2 82
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valid for all u, v € H*(£2). Here LY = ﬁ/i,i—'v./ﬂq is the adjoint of L4 4, v is the unit outer
normal to the boundary 92, and d S is the surface measure on 9£2.
Let (fo, f1) € H/*(382) x H¥?(3£2) and u; € H*(£2) be such that

Laigiuj=0 ing2, j=12, utlpe =uz2lse = fo, (Auplse = (Auz)lae = f1.

Then by assumption of Theorem 1.1, there exists an open neighborhood F of F(xq) = 052_
in 952, such that

duilg = duzly, Oy (Aup)|g = d(Au)| 7.
We have
;CA(I)’q(I)(Ltl —uy) = (A(z) — A(l>) - Duy + (q(z) — q(l))uz in 2. “4.2)

Let v e H*(£2) satisfy L%, v =0in 2. Using (4.1), we get

/((A(Z) - A(l)) . Duz)ﬁdx + /(C](z) — q(l))uzﬁdx
2 2

= / (A1 —u2))vdS — / 3y (u1 — u2)(—Av)ds. (4.3)

I\F I\F

To show the equalities AV = A® and gV = ¢®, the idea is to use the identity (4.3) with us
and v being complex geometric optics solutions and to use the boundary Carleman estimate (3.2)
to show that the boundary integrals in (4.3), multiplied by some power of /4, tend to zero as
h— 0.

To construct the appropriate complex geometric optics solutions, let ¢ and i be defined
by (2.8) and (2.9), respectively. Then thanks to Proposition 2.4, we can take

(e h) = e (@ () + ha? () +r @ (x: b)), (4.4)
k) =e 7 (@l () + halP () + O x: ), (4.5)

where a(()'/) € C®(2) and a%j) € C*(R2), j =1, 2, are such that

A +iAY\?
((V<P+iV1//)~V+4¢+21 w) al =0,
) —Ag+iAy\? )
<(—V¢+lv¢)-v+f> ay’ =0, (4.6)

and

|77 i = O(h?). 4.7)
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Substituting u#» and v, given by (4.4) and (4.5), in (4.3), we get
- p+i +hal? +r®)(al” + ha!” +rD)dx
A® _ Ay, (D DY) (a +hal® +r®)(al" +hal" +rD)d

+ A(z) A(l) (Da(()z) + hDal(z) + Dr(z))(a(()l) + hafl) + m) dx

2
+/ @ _ (1) (2) + hal(z) + r(z))(a(()l) + hafl) + }m) dx
2

=— / av(—A(ul - uz))ﬁdS — [ oy (u; —up)(—Av)dsSs. (4.8)
AQ\F A\ F

Let us now show that

h / (A —u2))vdS — 0, ash— +0, 4.9)
A\ F
and
h / oy,(u1 —up)(—Av)dS — 0, ash— +0, (4.10)
AR\ F

where 1, and v, given by (4.4) and (4.5). To this end, notice that (4.7) implies that ¥/ ) =0(1),
j=1,2,in the standard (h =1) H 2(.Q)-norm. Hence,

r), ,=0() inL*(32), 4.11)
and
VD] ,=0() inL*(9). (4.12)

Moreover, it follows from (4.7) that r) = O(1/h), j =1,2, in the standard H 3(.Q)—norm.
Thus,

ArD] =0O(1/h) inL*(382). (4.13)
Furthermore, by the definition of F(xo) and F , there exists ¢ > 0 fixed such that

02_=F(x0) C Fe:={x€982: 9,90 < S}CF
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Using the Cauchy—Schwarz inequality and (4.11), we have

‘h / 3 (—Aug — uz))ﬁdS'

IR\F

_ . £ (1) 1) 1)
X v
<h / |0y (= A1 —up))|e |ag’ + hay”’ +rV|dS

AR\ Fe
2 X v (1) (D 1
<(9(h)< / ey (A1 —up))| e dS) lag” +hay” +r V| 1250
IR\ Fe
<O |[Vavpe d, (A —u)| 125g, (4.14)

By the boundary Carleman estimate (3.2) and (4.2), we get

O |Varpe ™ dy(= A1 —u2) | 250,
<O(h*?) ||e_Tw/$A<1>,q(1> (u1 —u2) HLZ(_Q)

=0(*?) e 7 (AP = AD) - Duz +¢7 (4P — ¢ V)] g

<o) (AD = AD) . L(Dg +iDy) (a2 +ha® +r®)
n 12(@)
+O0(R?) (A — AM) - (Da +hDai” + Dr®)| s o,
+0(*?)(@® = a)(ag” +hai? + )| g
o) (4.15)

Thus, (4.9) follows.
To establish (4.10), we first notice that thanks to (2.7), we have

e (220
h

Vo +iVy
h

(a(()l) + hafl) + r(l))
+2 (Vas” +hval” + vrV) + Aal + haa” + Ar(1)>.
This together with (4.11), (4.12) and (4.13) imply that

Avlgo =e ¥, T=0O(/h) inL2@0).

This and the Cauchy—Schwarz inequality yield that
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‘h f 0y — u2)(=A0) dS| <OM)|Vaupe ™ (1 = u2)| 1250,
AR\ F

<O(r*?) ||e_’_;pEA<1),q<1> (u1 —uz) “LZ(Q)

<O(h'?). (4.16)

Here we use the boundary Carleman estimate (3.2) and proceed similarly to (4.15). Hence,
(4.10) follows.

5. Determining the first order perturbation

Multiplying (4.8) by % and letting 2 — 40, and using (4.9) and (4.10), we get

/(Aa) — ADY. (Vo +ivy)aPall dx =0, (5.1)
2

where a(()l), a(()z) € C®(N2) satisfy the transport equations (4.6).

Consider now (5.1) with a(()l) =¢® and a(()z) = ¢®2 such that

A | A
(Vo +iVy) -V, + %"” o0,
_ A WAN
(Vo +iVy) -V, + %"/’ 0, (52)

and @; € C®(£2), j = 1,2. In the coordinates (z, ), introduced in Section 2, Egs. (5.2) have
the following form

o =2 _ PN
S TC T S T S
Hence,
— n—2
0z (P2 + &) — —— =0. (5.3)
72—z
Notice that ge®? with g € C°°(£2) such that
(Vo +iVy)-Vg=0 in, (5.4)

also satisfies the transport equation (4.6). In the coordinates (z, ), the condition (5.4) reads
;g =01n £2.

Substituting a(()z) = ge®2 and ac()l) — ¢®

in (5.1), we get

/(A<2> —AD) (Vo + iVy)ge® P dx =0. (5.5
2
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In the cylindrical coordinates (z, 6), by (2.15), the identity (5.5) has the form
/(A(Z) —AW) (e +iey) 8o ®24P1 12 4146 dxy = 0.
Z

2

Let Py be the two-dimensional plane consisting of points (x1, r6) for 6 fixed, and write 2y =
£2 N Py. We also use the complex variable z = x| 4 ir, which identifies Py with C.

Taking g = g1(2) ® g2(9) € C®(£2), where g; is holomorphic and varying g, we obtain as
in [7], for almost all § € S"~2,

f(AQ) — AD) - (er + i) Le® P (o — 2" dz A dz =0,
4
$2¢

and hence, for all 8 € "2, by continuity. Since Imz > 0 in £2, the function g /z is an arbitrary
holomorphic function and therefore, we can drop the factor 1/z. We get

/ (AD — AD) (e +ie,)g1e®7 P (2 — )" 2dz AdZ =0.
$2¢9

By (5.3), we conclude that
3:(e” P (z - 2" 2) =0. (5.6)

Since Imz > 0 in £2, the holomorphic function e¢2+a'(z — 7)"2 is nowhere vanishing, and we
can choose g| = (e®27®1(z — 2)"2)"l g, where d:go = 0 in £2. We get

/(Aa) — AM) . (ey +ie,)godz AdZ =0, (5.7)
29

Choosing complex geometric optics solutions #, and v as in (4.4) and (4.5), where ¢ is
replaced by —, we conclude, by repeating the arguments above, that also

/(Aa) — AD) . (ey —ie)Fodz AdZ =0, (5.8)
$2¢
where 9,80 =0 in £2.

Thus, since any & € Py is a linear combination of e; and e,, choosing go = go = 1 in (5.7)
and (5.8), we get

/(Aa) — AW gdz AdZ=0 forall £ € Py.
£29

At this point we are exactly in the same situation as the one, described in [7, Section 5], see
formula (5.7) there. Repeating the arguments given in that paper, following this formula, we
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obtain that d(A® — AM) =01in £2. Here A1) and A® are viewed as 1-forms. We may notice
that the arguments of [7, Section 5] are based upon the microlocal Helgason support theorem
combined with the microlocal Holmgren theorem.

Since §2 is simply connected, we may write

A® — AW = vy, (5.9)

with ¥ € C3(2). B
Our next step is to prove that ¥ = 0 on £2. Writing (5.7) and (5.8) in the Euclidean coordinates
and using (5.9) and (2.15), we have

/ (1 + P (Ve + V) - (VW) godaxi dr =0,
$29

/(xl —ir) (Vo —iVY) - (V¥)godx 1 dr =0.
£29

Thus, by (2.16) we get

/(azdl)godz/\dZ:O, /(aztp)godmdzzo,
20 $2¢9

for all 0 € "2, go, 3o € C*®(82y) such that d:go = 0 in §24, and 9,50 = 0. By Sard’s theorem,
the boundary of £2y is smooth for almost all 6, see [7,21] for more details. Thus, by Stokes’
theorem, we get

/ Ygodz =0, / ¥gydz=0,
0829 9829
for almost all @ € S*~2. Hence, taking 3o = g0, we obtain that
/ Wgodz =0,
0829
and therefore,
/(Re‘l’)godz=0, /(ImW)godz=0,
3829 0829
for any go € C™(£2y) such that 3; go = 0 and for almost all §. At this point we are precisely in the
same situation as the one, described in the beginning of [7, Section 6]. Repeating the arguments

of that paper, we conclude that ¥ is constant along the connected set 92, and we may and shall
assume that ¥ =0 along 952.
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Going back to (5.1), we get

[(Vl[/) (Vo +iviaPald dx =0, (5.10)
2

where a(()l), a(()z) € C™(£2) satisfy the transport equations (4.6). Integrating by parts in (5.10) and

using the fact that ¥ = 0 along 952, we obtain that

/ W ((Ap+iAY) + (Vo +iVy) - V)aiPal dx =0.
2

This implies that

/ w((Ta)al" +aPTa") dx =0, (5.11)
2

where the operator 7 is given by (2.11). We choose now a(()l) € C>(£) being a solution of the

equation Ta(()]) = 0 of the form a(()l) =e®1. As for a(()z) € C™(£2), we require that Ta(()z) =eP2g,

where @, € C®(£2) is such that Te®2 =0 and g € C*®(£2) is such that (Vg +iVy) - Vg =0.

It is clear that Tza(()z) = 0. The existence of such a(()l) and a(()z) is explained in Section 2. Thus, it
follows from (5.11) that
/We¢2+¢_'gdx —0. (5.12)
2
In the coordinates (z, 0), (5.12) reads
/ Wge® T (z — 7" 2dz Ad7 AdO =0. (5.13)

2

As before, the function e‘iﬁg‘(z —7)"2 is nowhere vanishing holomorphic in z, see (5.6), and
we shall take g = (e®27®1(z — 2)"2)~! ® g2(0), where g» is smooth. Hence, (5.13) implies
that

f Y(x1,r,0)g20)dx1drdd =0,
2

for any smooth function g»(6). We arrive exactly at the formula (6.2) of the paper [7], and arguing
as in [7], appealing, as before, to results of analytic microlocal analysis, we obtain that ¥ =0
in £2. Hence, we conclude that A = A®@ in 2.

The final step in proving Theorem 1.1 is to show that ¢(1) = ¢® in £2. To that end we shall
need to establish the following estimates
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/ d(—Aw — uz))l_)dS' <o(n'?),
AR\ F

f 3y (uy —ug)(—Av)dS' <O(h'/?), (5.14)

I\F

where u, and v are given by (4.4) and (4.5). First, similarly to (4.14), we obtain that

f (=A@ — uz))l_)dS‘ <OM|Vape ™ d(=Aw1 —12) | 1240, -

IR\F
Using the boundary Carleman estimate (3.2), and (4.2) with A1) = A® | we get
v 8V¢6%W8V(_A(“1 —u3)) ||L2(8f2+) < O(hl/z) ”e%pﬁA(“,q“)(”l —u2) ||L2(.Q)
=OR'?)]e7 (¢ = qV)uz] 2, < O(n"?),

which shows the first estimate in (5.14). To show the second estimate in (5.14), we follow (4.16)
and write

f 3y —uz)(=Av)dS| < O(h™) [Varge T 8, (1 — 1) 2y
IR\F

< O(hl/2)||e%wﬁA(1),q(1) (uy — u2)”L2(.Q) < O(hl/z).

Here we have also used the boundary Carleman estimate (3.2), and the fact that AD = D,
Now substituting AV = A in (4.8), letting & — +0, and using (5.14), we get

/(qm —qM)a?aV dx =0. (5.15)
2

We choose a(()l), a(()z) € C*®(£2) to be such that a(()l) = e®! and aéz) = ed’zg, where @1, ®, €
C>®(£2) are such that Te®' =0, Te®2 =0, and g € C*°(£2) is such that (Vo +iVy) - Vg =0.
Thus, (5.15) yields that

/(q@) _ q(l))e‘pfragdx —0.
2

Arguing in the same way as after (5.12), we conclude that g/ = ¢®. This completes the proof
of Theorem 1.1.
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