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One of the particularities of information encoded as DNA strands is that a string u contains
basically the same information as its Watson-Crick complement, denoted here as 6 (u).
Thus, any expression consisting of repetitions of u and 6 (u) can be considered in some sense
periodic. In this paper, we give a generalization of Lyndon and Schiitzenberger’s classical
result about equations of the form u! = v"w™, to cases where both sides involve repetitions
of words as well as their complements. Our main results show that, for such extended
equations, if | > 5, n, m > 3, then all three words involved can be expressed in terms of a
common word t and its complement 6 (t). Moreover, if| > 5, thenn = m = 3 is an optimal
bound. These results are established based on a complete characterization of all possible

Non-trivial overlap overlaps between two expressions that involve only some word u and its complement 6 (u),

which is also obtained in this paper.
Crown Copyright © 2011 Published by Elsevier Inc. All rights reserved.

1. Introduction

Periodicity and primitiveness of words are fundamental properties in combinatorics on words and formal language theory.
Their wide-ranging applications include pattern-matching algorithms (see, e.g.,[1,2]) and data-compression algorithms (see,
e.g., [3]). Sometimes motivated by their applications, these classical notions have been modified or generalized in various
ways. A representative example is the “weak periodicity” of [4] whereby a word is called weakly periodic if it consists of
repetitions of words with the same Parikh vector. This type of period was also called abelian period in [5]. Carpi and de Luca
extended the notion of periodic words into that of periodic-like words according to the extendability of factors of a word
[6]. Czeizler et al. have proposed the notion of pseudo-primitiveness (and pseudoperiodicity) of words in [7], motivated by
the properties of information encoded as DNA strands.

DNA stores genetic information primarily in its single-stranded form as an oriented chain made up of four kinds of
nucleotides: adenine (&), cytosine (C), guanine (G), and thymine (T). Thus, a single-stranded DNA can be viewed as a word over
the four-letter alphabet {a, ¢, G, T}. Due to the Watson-Crick complementarity of DNA strands, whereby A is complementary
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to T, and C is complementary to G, single-stranded DNA molecules interact with each other. Indeed, two Watson-Crick
complementary DNA single strands with opposite orientation will bind to each other by weak hydrogen bonds between
their individual bases and form the well-known DNA double helix structure. In the process of DNA replication, a DNA double
strand is separated into its two constituent single strands, each of which serves as a template for the enzyme called DNA
polymerase. Starting from one end of a DNA single strand, DNA polymerase has the ability to build up, one nucleotide at a
time, a new DNA strand that is perfectly complementary to the template, resulting in two copies of the DNA double strand.
Thus, two DNA strands which are Watson-Crick complementary to each other can be considered “equivalent” in terms of
the information they encode.

The fact that one can consider a DNA strand and its Watson-Crick complement “equivalent” led to natural and theo-
retically interesting extensions of various notions in combinatorics of words and formal language theory such as pseudo-
palindrome [8], pseudo-commutativity [9], as well as hairpin-free and bond-free languages (e.g., [10-12]). Watson-Crick
complementarity has been modeled mathematically by an antimorphic involution 0, i.e., a function that is an antimorphism
(6 (uv) = 6(v)@(u) for any words u, v), and an involution (62 is the identity function). The aforementioned new concepts
and notions are based on extending the notion of identity between words to that of “equivalence” between words u and
6 (u), in the sense that an occurrence of 6 (u) will be treated as another occurrence of u, albeit disguised by the application
of 6.

In [7], a word w is said to be 8-primitive if we cannot find any word x that is strictly shorter than w such that w can be
written as a combination of x and 6 (x). For instance, if € is the Watson-Crick complementarity then ATCG is O-primitive,
whereas TCGA is not because TcGa = TcH(Tc). The periodicity theorem of Fine and Wilf - one of the fundamental results
on periodicity of words, see, e.g., [13,14] — was also extended as follows “For given words u and v, how long does a common
prefix of aword in {u, 6 (u)}™ and aword in {v, 6 (v)}* have to be, in order to imply thatu, v € {t, 8(t)}* for some word t?”.

In this paper, we continue the theoretical study of f-primitive words by extending another central periodicity result, due
to Lyndon and Schiitzenberger [ 15]. The original result states that, if the concatenation of two periodic words v and w™ can be
expressed in terms of a third period u, i.e., ut = v"w™ for some £, m,n > 2,thenall three words u, v,and w can be expressed
in terms of a common word t, i.e., u, v, w € {t}* (see also [16] and Chapter 5 from [14] for some of its shorter proofs and
[17,18] for some other generalizations). Replacing identity of words by the weaker notion of “equivalence” between words
u and 6 (u), for a given antimorphic involution 6, we define an extended Lyndon and Schiitzenberger equation as

Up -« Ug = Vi VpWyp - Wy, (M

where uq, ..., up € {u,0W)}, vy, ..., vy € {v,0(v)},and wy, ..., wp € {w, 0(w)} with £, n, m > 2. For this extended
Lyndon and Schiitzenberger equation we ask the following question: “What conditions on £, n, m imply that all three words
u, v, w can be written as a combination of a word and its image under 0, i.e., u, v, w € {t, 8(t)}* for some word t?”

This paper gives a partial answer to the question that whenever £ > 5,n, m > 3, Eq. (1) implies u, v, w € {t, 6(t)}" for
some word t (Theorem 27), and that once either n or m becomes 2, we can construct u, v, w which satisfy Eq. (1), but such
a word t does not exist (Examples 1 and 2). Therefore, for any ¢ > 5,n = m = 3 is an optimal bound. In the case when
£ = 3 or £ = 4, the problem of finding optimal bounds remains open, though Examples 1 and 2 work even in these cases.
Our proofs are not generalizations of the methods used in the classical case, since one of the main properties used therein,
i.e., the fact that the conjugate of a primitive word is still primitive, does not hold for #-primitiveness any more.

Prior to the proof of the positive result, we characterize all non-trivial overlaps between two expressions « (v, 8(v)),
B, 0(v)) € {v,O(v)}T forah-primitive word v. Formally speaking, we show that the equality (v, 8 (v)) -x = y-B(v, (v))
with x and y shorter than v is possible, and we provide all possible representations of the involved words v, x, y (Theorem 14).
Note that this result is in contrast to the classical case (where the two expressions involve only a word v, but not its image
under 9).

The paper is organized as follows. In Section 2, we fix our terminology and recall some known results. In Section 3, we
provide the characterization of all possible overlaps of the form (v, 0 (v)) -x = y- B(v, 8 (v)) witha (v, 8(v)), B(v, O (v)) €
{v, 8(v)}* and x, y shorter than v. Finally, in Section 4 we provide our extension of Lyndon and Schiitzenberger’s result.

2. Preliminaries

Here we introduce notions and notation used in the following sections. For details of each, readers are referred to [13,14].

Let ¥ be a finite alphabet. We denote by ©* the set of all finite words over %, by A the empty word, and by =7 the set
of all nonempty finite words. The catenation of two words u, v € X* is denoted by either uv or u - v. The length of a word
w € T* is denoted by |w|. We say that u is a factor (a prefix, a suffix) of v if v = tyuty (resp. v = uty, v = tqu) for some
ty, ty € *. We denote by Pref (v) (resp. Suff (v)) the set of all prefixes (resp. suffixes) of the word v. We say that two words
u and v overlap if ux = yv for some x,y € ¥* with |x| < |v|. An integer p > 1 is a period of a word w = ay . .. a,, with
ai € Xforalll <i<n,ifag=ajpforalll <i<n—p.

Awordw € 7 is called primitive if it cannot be written as a power of another word; that is, if w = u", thenn = 1 and
w = u.Foraword w € =T, the shortest u € =7 such that w = u" for some n > 1 is called the primitive root of the word
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w and is denoted by p(w). It is well-known that two words u, v commute, i.e., uv = vu if and only if u, v have the same
primitive root. This is rephrased as the following proposition.

Proposition 1. Letu € X be a primitive word. If u> = xuy, then either x = A ory = A.

A mapping 6 : ¥* — ¥* is called an antimorphism if for any words u,v € ¥*, 6(uv) = 6(v)6(u). A mapping
0 : £* — ¥*is called an involution if 82 is the identity. As mentioned in Section 1, an antimorphic involution is a
mathematical formalization and extension of the Watson—-Crick complementarity. Throughout this paper we will assume
that 6 is an antimorphic involution on a given alphabet . Aword w € X* is called a 8-palindrome if w = 6 (w) (see [8,19]).
A word is called a pseudo-palindrome if it is a @-palindrome for some antimorphic involution 6.

The notions of periodic and primitive words were extended in [7] in the following way. A word w € =7 is §-periodic if
W = wj...w for some k > 2 and words t, wq, ..., w, € = such thatw; € {t, 8(t)} forall 1 < i < k. Following [8], in
less precise terms, a word which is 8-periodic with respect to some antimorphic involution 6 is also called pseudoperiodic.
The word t in the definition of a #-periodic word w is called a §-period of w. We call a word w € £+ @-primitive if it is not
0-periodic. The set of 0-primitive words is strictly included in the set of primitive ones, see [7]; for instance, if we take a # b
and 6 (a) = b, 8(b) = a, then the word ab is primitive, but not 6-primitive. We define the 6-primitive root of w, denoted by
po (W), as the shortest word t such that w € t{t, 6(t)}*. Note that if w is O-primitive, then pg (w) = w.

The Fine and Wilf theorem, originally formulated for sequences of real numbers in [20], illustrates another fundamental
periodicity property in its form for words [ 13, 14]. It states that for two words u, v € ¥*, if a power of u and a power of v have
a common prefix of length at least |u| + |v| — gcd(|u], |v]), then u and v are powers of a common word, where gcd(nq, ny)
denotes the greatest common divisor of two integers ny, ny. Moreover, the bound |u| + |v| — gcd(|u], |v|) is optimal.

This theorem was extended in [7] for the case when instead of powers of two words u and v, we look at expressions over
{u, 6(u)} and {v, 6(v)}, respectively. The extended theorem consists of the following two variants.

Theorem 2 ([7]). Letu,v € 7T be two distinct words with |u| > |v|. If there exist two expressions c(u, 0(u)) € u{u, 6 (u)}*
and B(v,0(v)) € v{v,0(v)}* having a common prefix of length at least 2|u| + |v| — gcd(|ul, |v|), then pg(u) = py(Vv).
Moreover, the bound 2|u| + |v| — gecd(|ul, |v|) is optimal.

Theorem 3 ([7]). Foru,v € 7, ifaword is in both u{u, 8 (u)}* and v{v, 6 (v)}*, then pg (u) = po (v).
In the following, we present several results on word equations which involve the antimorphic involution 6.
Lemma4 ([7]). Foru,v € % ifuv = 6 (uv) and vu = 0 (vu), thenu, v € {t, O(t)}* for some word t € £+,

When considering word equations that involve the antimorphic involution like those in the previous lemmas, one often
encounters the 6-commutativity of words. For two words u, v, u 8-commutes with v if uv = 6(v)u [9]. This is a special
case of the conjugacy of words xz = zy. The solution to this conjugacy equation is well-known: x = (pg)’, y = (gp), and
z = (pq)'p forsomei > 0,j > 1and p, ¢ € X* such that pq is primitive (we can assume j = 1 if we give up the primitivity
of pq). Thus, the solution to the 6#-commutativity of words is characterized as follows:

Proposition 5 ([9]). Forwordsu, v € £ and an antimorphic involution 6, if uv = 6 (v)u holds, then u = (rt)irand v = (tr)yf
forsomei > 0,j > 1, and O-palindromes r, t € ¥* such that rt is primitive.

Using the characterizations of commutativity and #-commutativity, we prove several results of use.
Lemma6. Letx,y,z € ST withx = 0(x) andy = 0(y). If xz = zy holds, then x, y, z € {t, 6(t)}* forsomet € £T.

Proof. As mentioned above, the conjugacy implies that x = pq,y = qp,andz = (pq)/p for some p, ¢ € £* andj > 0. Since
x =0 (x) andy = O(y), we have pq = 0 (pq) and gp = 6(qp). Then, Lemma 4 implies that there exists aword t € = such
thatp, g € {t,0(¢t)}*. O

Lemma?7. Letx,y,z € =t withx = 6(x) and z = 6(z), and let v be a primitive word. If v = xz = zy holds, then x = r(tr)iH,
y = (trYr(tr), and z = r(tr)" forsomei > 0,j > 1, and two non-empty 6-palindromes r, t such that rt is primitive.

Proof. Let v = xz = zy. This conjugacy equation can be solved as x = pq, y = qp, and z = (pq)*p for some words p, q
and k > 0. We claim that neither p nor q is empty. Indeed, if g = A, thenv = pk+2, but this contradicts the primitivity of
v.If p = A, then we reach the same contradiction when k > 1; and if k = 0, then z would be empty, which is against the
non-emptiness assumption on z. Thus, p # A and q # A.

The assumption z = 6(z) implies p = 0(p), which derives pq = 6(q)p from x = 6 (x). Moreover, k must be 0 because
otherwise z = 0(z) implies ¢ = 6(q), and this turns the above 6-commutativity equation into the commutativity equation
pq = qp. Since both p and q are non-empty, this equation implies that p and q are powers of the same word, and hence,
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v would not be primitive. As seen in Proposition 5, the solution to the #-commutativity pqg = 6(q)p is characterized as
p = r(tr)'and g = (tr) for somei > 0,j > 1, and 6-palindromes r, t such that rt is primitive. Thus, x = r(tr)'*J,
y=(tryr(tr),andz=p =r(tr)'. O

Lemma 8. Lety € ST be a nonempty -palindrome and z € X be a nonempty word with |y| < |z|. If 20 (2) is a prefix of
y0(2)yz, then p(y) = p(2).

Proof. The conclusion is trivial if |y| = |z| so that let us assume that |y| < |z|. Due to z6(z) € Pref(y0(z)yz), it is clear that
y € Pref(2), thatis, y € Suff(6(z)). Combining this with the prefix relation gives the #-commutativity

zy = y0(2). (2)

Using this, we can rewrite the prefix relation as z6(z) € Pref(zyyz), that is, 6(z) € Pref(yyz). Due to this and |y| < |z|, we
can let 8(z) = yz; for some z; € Pref(yz).

If%|z| < |yl < |z|,then |z1] < %|z|,and hence, z; € Pref(yz) means z; € Pref(y). This actually means that z; € Pref(z)
because y € Pref(z) and the prefix relation is transitive. Thus, 6(z;) € Suff(6(z)). Combining this with 6(z) = yz;, we
have z; = 6(z;). Now substituting #(z) = yz; into Eq. (2) gives z1y> = y?z;, and hence, p(z1) = p(y), which means
py) = p(2).

Ifly| < %|z|, thenz; € Pref(yz) meansy € Pref(z;) so that let z; = yz, for some z,. We can easily see that z, € Pref(z).
In addition, z, € Suff(z;) C Suff(0(z)) holds, and hence, 6(z,) € Pref(z). As a result, z, = 0(z2). Hence, 0(z) = y*z, and
this derives z,y> = y3z, from Eq. (2). The commutativity implies p(z2) = p(y), which means p(y) = p(z). O

3. Overlaps between #-primitive words

As mentioned in Proposition 1, a primitive word v cannot occur nontrivially inside v2. Thus, two expressions viand v/,
with i, j > 1, cannot overlap nontrivially on a sequence longer than |v|. A natural question is whether we can have some
nontrivial overlaps between two expressions (v, 8(v)), B(v, 8(v)) € {v,8(v)}" whenv € =7 is a 6-primitive word. In
this section, we completely characterize all such nontrivial overlaps, and, moreover, in each case we also give the set of all
solutions of the corresponding equation.

We begin our analysis by giving two lemmas and a proposition of use.

Lemma 9 ([7]). Letv € =7 be a 6-primitive word. Then, 6 (v)vx = yvO(v) for some words x,y € =* with |x|, |y| < |v|, if
and only ifv = 6 (v) and x = y = A. Similarly, vO (v)v = xv?y for some x,y € $* ifand only if v = 0(v) and either x = X or
y=A

Lemma 10. Let v be a 0-primitive word and let v1, vo € {v, 0(v)}. For nonempty words x, y with |x| = |y| < |v|, the equation
vl (V)X = yviv, implies vi = v.

Proof. If vi = 6(v), then, in light of Proposition 1 and Lemma 9, v, can be neither v nor 8 (v). O
Proposition 11. Letv € % be a 6-primitive word. Neither v (v) nor 0 (v)v can be a proper factor of any word in {v, 6 (v)}>.

Proof. Let v, vy, v3 € {v,68(v)}, and let vivav3 = xv6(v)y for some x,y € . If we apply Lemma 10 to the overlap
between v;v; and v (v), then we obtain that v, = 6(v). If we do so to the overlap between v,v3 and vO(v), then v, = v.
Thus, v = 6(v) must hold, but then v?> would be a proper factor of v3. However, this contradicts the assumption that v is
primitive and thus also 8-primitive. [J

Next, we provide two intermediate results on the nontrivial overlaps between « (v, 6(v)) and B(v, 8(v)) of the form

a(v,0(v)) -x=y-p(v,0(v)).

Theorem 12. Letv € X7 be a §-primitive word, m > 1, and vy, vo, ..., v € {v, 8(v)}. For B(v, 8(v)) € {v,0(v)}", if
Vivy - - vpx = yB (v, 0(v)) for somex, y with 0 < |x| = |y| < |v|, then there do not exist two indices 1 < i,j < m such that
Vi = Vi1 = vand vj = Vi = 0(v).

Proof. Suppose that such indices i, j existed. Note that m has to be at least 2 if v = 6(v), or has to be at least 4 if v # 6 (v).
Ifv = 6(v), then we have v"x = yv™ withm > 2, but this obviously contradicts Proposition 1 due to0 < |x| = |y| < |v|
and the primitivity of v.
Let us consider the other case v 7 6 (v). As mentioned above, m > 4 in this case. Since 6 is an involution, we can assume
thati < j. This implies the existence of an index 2 < k < m — 2 such that vgvg41 = v8(v). However, if so, then v could not
be 6-primitive in light of Proposition 11 because vy Vi1 is a proper factor of 5. 0J
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Table 1

Characterization of possible proper overlaps of the form « (v, 8(v)) - x = y - B(v, 8(v)). For the second and third
equations, p and q are nonempty words. For the last three equations,i > 0,j > 1,r,t € £* such that r = 6(r),
t = 6(t), and rt is primitive. Note that the 4th and 5th equations are the same up to the antimorphic involution 6.

Equation Solution
Vx =yoWF k> 1 v=yp,x=0(),p=0(p),
and wheneverk > 2,y = 0(y)
VX = yv v=(pg) " p,.x = qp,y = pq, withi >0
VO (v)x = yvo (v), v=(pg)Tp,x =0(pg),y = pq, withi >0, qp = 6(gp)
VT = yo (v, k > 1 v =r()Hrr), x = (eryren’y = r(tr)™
vO(W)Fx = Mk > 1 v= )y y = (0)'rrty, x = (rey tr
VO (v)kx = ko (v), k > 2 v= )ty y = )@ty x = (tryr(tr)

v v . v v X
!J’i‘/lEJ’iVlT TY{"]EY{‘HT ‘
L6 e | o) 10Q) | {

Yy 0(v) cee 6(v) Vor6(V)

Fig. 1. The case when (v, 8(v)) = vk.

Theorem 13. Fora@-primitivewordv € £, leta (v, 0(v)), B(v, O(V)) € {v, 6’(\/)}Jr suchthata (v, 0(v))-x =y-B(v,0(v))
forsomex,y € £ with |x|, |y| < |v|. Then, for any i > 1, neither v (v)'v nor @ (v)v0 (v) can occur either in (v, 0 (v)) or in

Bv.0(v)).

Proof. Suppose that v (v)iv occurs in a(v, 6(v)) for some i > 1. We assumed that x,y € >+ and |x|, ly] < |v| so
that the factor v@ (v)'v contains as a proper factor y (v, 8(v)) € {v,8(v)}'*!, ie. there exist some p,q € T such that
vO(v)lv = py (v, 6(v))q. Due to Lemma 9 and 6 (v) being primitive, y (v, 6(v)) = viT1. Now we have vO (v)'v = pvit'gand
hence v8 (v)v = pv?q. However, this contradicts Lemma 9. The other cases can be proved similarly. [

Asanimmediate consequence of the previous two theorems, for a given #-primitive word v, ifa (v, 8 (v))-x = y-B(v, 8 (v))
withx,y € 7, x|, [y| < |v|, then a(v, 8(v)) and B(v, 6(v)) can be only of the following types vk VKO (v), vO (v)K, B (v)K,
6 (v)¥v, or O (v)v¥ for some k > 1. The next result refines this characterization further.

Theorem 14. Letv € ¥ be a§-primitive word. Then, the only possible proper overlaps of the forma (v, 6 (v))-x = y- B(v, 6 (v))
with a(v, 8(v)), B(v,0(v)) € {v,0(W)} T, x,y € ST and |x|, ly| < |v| are given in Table 1 (modulo a substitution of v by
6 (v)) together with the characterization of their sets of solutions.

Proof. Since 6 is an involution, we can assume without loss of generality that « starts with v. Then the equation ax = yf
enables us to let v = yv; for some non-empty word v; € X7. Due to the previous observation we know that o €
(v, vkO (v), vO (¥ | k > 1).

Case 1. First we consider the case when « = v¥ for some k > 1. Since v is @-primitive, vx = = yB,and |y|, |x| < |v|,
the border between any two consecutive v’s falls inside a 0(v), see Fig. 1; otherwise v would occur inside v* which would
contradict its primitivity. Thus, 8 € {9(v)¥, O(v)*~1v}.

The first subcase we investigate is when f = 0 (v)*. Then, we immediately obtain v; = 6(v1) and in addition, if k > 2
then y = 6(y). Moreover, if we look at the end of the two sides of the equation v¥x = y8 (v)¥, we also obtain that x = ().
Thus, a proper overlap of the form vkx = y6 (v)* with v being 8-primitive is possible, and, moreover, the set of all solutions of
this equation is characterized by the following formulas: v = yv; and x = 6(y), where vi = 6(vy) and y = 6(y) whenever
k> 2.

The second subcase is when 8 = O(v)* 1. If k = 1, then we have vx = yv, and this conjugacy equation is solved
asv = (pq)'Tlp,x = gp,andy = pq for some words p, q and an integer i > 0. Note that both p and g must be non-
empty because ¢ = A implies v = pt2, which contradicts the primitivity of v; the emptiness of p with i > 1 lead us
to the same contradiction. If p = A andi = O, then v = x = ¢ and contradicts the length condition |x| < |v|. When
k > 2, substituting v = yv; into vx = y0 (v)¥~1v results in yv1y(v1y)*2vix = y(0 (v1)0 (¥))0 (v)*~2v, which implies that
vi =0(v1),y = 6(y),and v = vix. Now we have v = yv; = vqx, and to this equation we can apply Lemma 7 to obtain the
characterizationy = r(tr)"™, vy = r(tr)!, and x = (trYr(tr)' for some i > 0,j > 1, and two non-empty 6-palindromes r, t
such that rt is primitive. Based on this characterization, v = r(tr)Hr(tr)'.

Case 2. Suppose now that « = vk0(v) for some k > 1.1f k > 2, then B has to start with 8 (v)*"! because otherwise it
would contradict the primitivity of v. This @ (v)*~! has to be followed by v in light of Lemma 10. However, then, vé (v) would
overlap with 6 (v)v with the overlap properly longer than v. This contradicts Lemma 9.

Thus, k has to be 1. Lemma 10 implies that g is either v? or v6 (v). Firstly, we consider the case when 8 = v, that s,

we have vO (v)x = yv? (see Fig. 2 left). Note that for any x,y € =T with |x|, [y| < |v|, vd(v)x = yv? holds if and only
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Fig. 2. The equations: v8 (v)x = yv? and v@ (v)x = yvO (v).
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Fig. 3. The case when (v, 6(v)) = v0 (v)* and B(v, 6(v)) starts with v.

if v0 (v)¥x = yvk*1 holds for any k > 1. Furthermore, the latter equation is the same as the equation v¥*1x’ = y'0 (v)kv,
which was considered in Case 1, up to the antimorphic involution 6. Using the result obtained in Case 1, we have that the
set of all solutions of v (v)kx = yv¥*1 is characterized by the formulae v = (rt)r (rty*ir, x = (rt)Tir, and y = (rt)ir (rt).
The remaining case for« = vO(v) is when 8 = v (v), see Fig. 2 right. Then, we can write v = yv; = v;v; and we obtain
immediately x = 6(y) and v; = 6(v3). Thus, a proper overlap of the form v (v)x = yvf(v), with v being 6-primitive, is
possible. Furthermore, the set of all solutions of this equation is characterized by the following formulas: v = (pq)'*'p,
¥y = pq,x = 60(pq) forsomei > 0and p, g € * such that gp = 6(gp). We can easily check that p, g have to be non-empty
as done previously.
Case 3. Finally we consider the case when o« = v (v)" for some k > 2; the case when k = 1 was already considered in
Case 2. Since 6 (v) is primitive, the border between any two 8 (v)’s falls inside v. According to Lemma 10, 8 has to begin with
v, or more strongly, 8 € vK{v, @(v)}, see Fig. 3. Since the equation vO (v)*x = yv**! has been already characterized in Case 2,
it suffices to consider the case when = VKO (v), that is, we have the equation vO (v)*x = yv¥@(v). This equation implies
that we can let v = v;v; for some non-empty word v, € ¥ as illustrated in Fig. 3. By substituting v = yv; = vV, into this
equation, we can easily obtain vi = 0(v1), vo = 6(v2), and x = 6(y). Now Lemma 7 is applicable to 0 (v) = vovi = v10(y)
and result in the characterization that x = 6(y) = (¢r) (rt)'r, v; = (rt)r, and vo = (rt)"Hr for some i > 0,j > 1, and two
nonempty 6-palindromes r, t such that rt is primitive. [

4. An extension of Lyndon and Schiitzenberger’s result

As an application of the obtained characterization of non-trivial overlaps, now we consider the extended Lyndon-
Schiitzenberger equation. Let us recall first the original result by Lyndon and Schiitzenberger [15].

Theorem 15. If words u, v, w satisfy the relation ut = viwm for some positive integers £, n, m > 2, then they are all powers of
a common word, i.e., there exists a word t such that u, v, w € {t}*.

Let us extend the equation as follows: foru, v, w € ¥ and £, n, m > 2,
Up---Ug = Vi VaWi - Wi, (3)

where uy, ..., up € {u, (W)}, vi, ..., vy € {v,0(v)},and wy, ..., wy € {w, 0(w)}. We call Eq. (3) the extended Lyndon-
Schiitzenberger equation (abbreviated as exLS equation).

In light of Theorem 15, we ask the question of under what conditions on £, n, m, the exLS equation implies thatu, v, w €
{t, 6(t)}T for some word t € X 7. If such t exists, we say that the triple (¢, n, m) imposes 8-periodicity on u, v, w, (or shortly,
imposes 0-periodicity). Furthermore, we say that the triple (¢, n, m) imposes 6-periodicity if it imposes 6-periodicity on all
u, v, w. Note that, if (£, n, m) imposes 6-periodicity, then so does (£, m, n), and vice versa. Indeed, assume that uy - - - uy =
vy -+ VmWq - - - Wy holds. Applying 6 to both of its sides, we obtain 6 (uy) - - - 0 (uy) = 0(wp) - - - O(w1)0(vpy) - - - 6(v1), and
if (¢, n, m) is assumed to impose #-periodicity, then this equation gives u, v, w € {t, 8(t)}™ for some t € £*. Note also
that the fact that a certain triple (¢, n, m) imposes #-periodicity does not imply that (¢’, n’, m") imposes #-periodicity for
¢ >forn’ >norm > m.

The results of this section are summarized in Table 2. Overall, combining all the results from this section we obtain that
£ > 5,n > 3, m > 3 imposes 0-periodicity on u, v, and w (Theorem 27). In contrast, for £ > 3, once eithern = 2 orm = 2,
(¢, n, m) does not always impose 6-periodicity, see Examples 1 and 2. Therefore, when ¢ > 5, (£, 3, 3) is the optimal bound.
In the case when £ = 2, £ = 3, or £ = 4, the problem of finding optimal bounds is still open.

Example 1. Let ¥ = {a,b} and 0 : ©* — X* be the mirror image defined as 6(a) = a,0(b) = b, and 6 (w . wn) =
Wy ... wy, where w; € {a, b} forall 1 < i < n.Take now u = a*b?a®*, v = 6 (u)!a®b?® = (a*b%a*)'a®b?, and w = @2, for
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Table 2

Result summary for the extended Lyndon-Schiitzenberger equation. As mentioned in the main text, if
(£, n, m) imposes 6-periodicity, then so does (¢, m, n). Hence, Theorems 25 and 26 prove that (5, > 4, 4)
and (5, > 3, 3) also impose 6-periodicity, respectively.

14 n m 6-periodicity
>6 >3 >3 Yes Theorem 16
5 >5 >5 Yes Theorem 17
5 4 >4 Yes Theorem 25
5 3 >3 Yes Theorem 26
[ >3 2 >1 ] No [ Examples 1and 2|

some k, [ > 1.Then, although 6 (1)t 1u'*! = v2wk, thereisnowordt € =1 withu, v, w € {t, 0(¢t)}*, i.e., foranyk, [ > 1,
the triple of numerical parameters (21 + 2, 2, k) is not enough to impose 6-periodicity.

Example 2. Consider again ¥ = {a, b} and 6 : ©* — X* be the mirror image defined in the previous example and take
u = b*(aba)*, v = u'b = (b*(aba)¥)'b, and w = aba for some k, | > 1. Then, although u?*1 = vO (v)w¥, there is no word
t e ot withu,v,w e {t,0(t)}) ", ie, forany k, I > 1, (21 + 1, 2, k) is not enough to impose §-periodicity.

In the rest of this section, we handle the cases when (£, n, m) imposes #-periodicity. Among them, we firstly consider
some cases where enough amount of repetition is available for us to apply the extended Fine and Wilf's theorem (Theorem 2).
The next two results analyze the cases when we have triples (£, n, m) with £ > 6 and n, m > 3 and, respectively (5, n, m)
withn, m > 5.

Theorem 16. Letu,v,w € ST, n,m > 3,€ > 6,u; € {u,0w)} for1 <i < ¥, vi € {v,0(v)} for1 <j < nandwy €
(w,0(w)} for1 <k <mIfuj...up =Vi...VyWy...Wn, then there exists aword t € X7 such thatu, v, w € {t, 6(t)}".

Proof. Let us suppose that |vi...vy| = |wq...wpy|; the other case is symmetric and can be solved similarly. Then,
[vi...vp| = %|u1 ...yl = 3|u|, since £ > 6. Since n > 3, this means that uy ...up and vy ...v, share a common
prefix of length larger than both 3|u| and 3|v|. Thus, we can apply Theorem 2 to obtain that u, v € {t, 6(t)}* for some
@-primitive word t € 1. Moreover, since uy ...uy = Vi...Vy Wy ... Wy, this implies wy ... wy, € {t, 0(t)}*. Since t is
@-primitive, Theorem 3 implies that alsow € {t, 6(t)}". O

This proof clarifies one important point: in order to prove that (¢, n, m) imposes 6-periodicity, it suffices to prove that
two of u, v, w arein {t, ()} for some t.

Theorem 17. Letu,v,w € £+, n,m > 5u; € {u,0(u)} for1 < i <5, vi e {v,0(v)} for1 < j < n andwy € {w, 8(w)}
for1 < k < m. Ifujuaustiglls = vy ...Vq Wy ... W, then there exists aword t € £ such thatu, v, w € {t, 0(t)}*.

Proof. Since ujuyuslqlis = vy ...V Wy ... Wy andn, m > 5, we immediately obtain that |u| > |v| and |u| > |w|. Assume
now that n|v| > m|w|; the other case is symmetric. Thus, n|v| > 2|u| + %|u| and we take n|v| = 2|u| 4 I for some | > %|u|.
We claim now that [ > |v|. If [ > |u|, then we are done since we already know that |u| > |v|. So, let %|u| < I < ul.
Ifn > 6, then n|v| = 2|u| + | < 3|u| and thus |v| < %|u| < L Thus, the only case remaining now is when n = 5. Then,
S5\v| =2ul +1 = 2|ul + %lu , which implies |v| > %|u|. But then we have that 4|v| > 2|u| while 5|v| = 2|u| + I. Hence,
also in this case we obtain |v| < L
Thus, uquyusugus and vy . . . v, have a common prefix of length n|v| = 2|u| 41 > 2|u| 4 |v|. This means, due to Theorem

2, that there exists a §-primitive word t € X7 such that u, v € {t, 8(t)}T. As mentioned previously, now we can also say
thatw e {t,0(H)}*. O

The triple (5, n, m) also turns out to impose &-periodicity foranyn > 4and m > 7.

Theorem 18. Letu,v,w € 2T,n > 4,m > 7,u; € {u, O(u)} for1 <i < 5v; € {v,0(v)}for1 <j < nandwy € {w, 6(w)}
for1 < k < m. Ifujusustiglis = vy ...Vq Wy ... W, then there exists aword t € =% such thatu, v, w € {t, 0(t)}*.

Proof. Unless the border between v,, and w; falls inside u3, Theorem 2 concludes the existence of such t. So, assume that
the border falls inside u3. Even under this assumption, if the border between u; and ujs falls inside some v; except vy, then
Theorem 2 leads us to the same conclusion. Otherwise, we have that (n — 1)|v| < 2|u|, which means |v| < % lu] < %|u|.

Similarly, if the border between u3 and u4 does not fall inside wy, we reach the existence of such t; otherwise |w| < % lul <

%|u|. Under the condition that v,, and wy straddle these respective borders, the equation cannot hold because v and w are
too short. [J
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Fig. 4. The basic problem setting of Proposition 20.

We already know from Example 2 that for any m > 1, the triple (5, 2, m) is not enough to impose 6-periodicity. So, we
investigate next what would be the optimal bound for the extension of the Lyndon and Schiitzenberger result when the
first parameter is 5. Note that, without loss of generality, we can assume n < m. Then, due to Theorem 17, all we have to
investigate are the cases (5, 3, m) form > 3 and (5, 4, m) for m > 4. The next intermediate lemma will be useful in the
analysis of these cases.

Lemma 19. Let u € X7 such thatu = xy and y € Pref(u) for some 0-palindrome words x,y € S7T.If [y| > |x|, then
p(x)=py) =p).

Proof. We have u = xy = yz for somez € £ of the same length as x. The length condition implies that x € Pref(y). Since
x = 0(x) andy = 6(y), this means that x € Suff(y) and hence z = x. So we have u = xy = yx, and hence x, y, and u share
their primitive root. O

Unlike in the case of the original Lyndon-Schiitzenberger equation, the investigation of our extension entails the consid-
eration of an enormous amount of cases since for each variable u;, vj, wy we have two possible values. However, in almost all
cases, it is enough to consider the common prefix between u; ... uy and vq ... v, or the common suffix between uy .. . ug
and wq ... wy, to prove that either the equation imposes 6-periodicity or the equation cannot hold.

Note that for the (5, 3, m) or (5, 4, m) extensions of the Lyndon-Schiitzenberger equation, we only have to consider the
case when the border between v, and wy is inside u3 because otherwise Theorem 2 immediately implies that u, v, w €
{t,6(t)}T for some word t € X 7T. In addition, even if the border is inside u3, as long as m|w| > 2|u| + |w/|, we reach the
same conclusion. Moreover, we can assume that w is #-primitive since otherwise we would just increase the value of the
parameter m. These observations justify the assumptions which will be made in the following propositions.

Proposition 20. Let u, v € 71 such that v is a @-primitive word, uy, uz, u3 € {u, 0(u)}, and vq, ..., Vomt1 € {v, 0(v)} for
somem = 1.Ifvy ... Vapyq iSaproper prefix of ujupus and 2mlv| < 2|u| < (2m—+1)|v|, thenuy # uyandvy =+ -+ = Va1
Moreover, vi = z0(z)p and ujuy = (20 (2)p)*"z0 (z) for some non-empty word z and non-empty 0-palindrome p.

Proof. Since 0 is an involution, we may assume without loss of generality that u; = u and v; = v. Note that |v| < |u| and,
due to the length condition, the border between u; and u; falls inside v;;,+1 while the one between u; and u3 falls inside
Vom+1- Hence, we let

Uy =Vvi---VpZ (4)

U2 =YVm+2 - - VamX (5)

for some non-empty words w, X, y, z € £ such that vy, 11 = zy, Vamy1 = xw, and w € Pref(us). As such,
Uity = VqVy - - VomX. (6)

These areillustrated in Fig. 4. Due to the assumption 2|u| < (2m+1)|v|and Eq.(4), we have2|z| = 2|u|—2m|v| = |x| < |v],
i.e., |y| = |v| — |z] > |z|. Now, we have two cases depending on whether u, is equal to u;.

Case 1. Let us consider the case when uy # uq, i.e., uy = 6(u), first. In this case, ujuy is the #-palindrome u6 (1), and hence,
Eq. (6) implies

ud (u) = viva - - - Va—1vamx = 6(X)0 (vam) - - - 0 (v2)6 (v1). (7)
Applying Theorem 14 to this equation leaves two subcases to be considered: (a)vi = --- = vy = v,and (b) vy = v, vy, =
s = Vo = 0(V).

By catenating w to the right of both sides of Eq. (7), we can easily observe that vsvy,Vvamt1 = 6(v2)6(v1)w for some
vs € Suff(vym—1). Substituting the values of vy, . . ., va;; being specified as (b) into this equation results in vs6 (V)vom41 =

v6 (v)w. Lemma 10, however, denies that this equation holds so that the subcase (b) is impossible. It is worth noting, in
passing, that this impossibility of (b) does not rely on the parity of the index of vy on which the border between u, and u3
lies (in our current proof, k is assumed to be odd). This fact will free us from repeating the argument of this paragraph in the
context of k being even, which will be the case in Proposition 21.

Let us consider (a) next. Applying Theorem 14 to Eq. (7) provides us with the characterizationx = 6 (x) and v = xp for some
f-palindrome p. In turn, by replacing Eq. (6) with v = xp and Eq. (4), we can obtain uf (1) = (xp)*"x = v"z0(2)0 (v)™, from
whichx = z0(z). We claim that vy;,41 must be v. To verify this claim, suppose Vo1 = 6 (v), and we will prove that us can be
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neither u nor 6 (u). If us = u, then vy - - - vopVam+1 € Pref(ujupus) implies vy - - - voVam41 € Pref(0(x)0 (vap) - - - 0 (v1)v)
because of v € Pref(u) and Eq. (7). This prefix relation means that vy vom+1 = v@(v) overlaps with 6 (v)v; = 6 (v)vinaway
contradicting Lemma 10. For the case u3 = 0(u), note that 6(v) = px = pz6(z) and recall that x = z0(z) € Pref (vam+1).
If |z0(2)| > |p|, then Lemma 19 implies that p(z6(z)) = p(p), which contradicts the primitivity of v. To consider the case
|z6(z)| < |p|, we need the fact that u = vz, i.e., 6 (u) = 0(z)(pz6(z))™. The fact that vy, is a prefix of xuz = z6(2)6 (u)
can be rewritten as pz6 (z) € Pref(z0(z)0 (z)p). In fact, now we have pz (z)> = z0(z)*p because this prefix condition and
|z0(2)| < |p| imply 6(z) € Suff(p). This commutativity brings p(p) = p(z0(2)?), and hence, p, z € {t, 6(t)}* for some
word t. However, this contradicts the 6-primitivity of v.

In conclusion, if u; % uy, thenvy = - - - = vy, must hold. Furthermore, vi = v = z6(z)pand uyu, = (26 (2)p)*™z6 (2).
Case 2. Here we consider the other case u; = u; = u, and will see that we cannot avoid a contradiction, that is, the
assumption u, = uy = uisinvalid. In this case, replacing the formulas given by Eqs. (4) and (5) within the equation uy = uy
gives

Vi VmZ = YVmy2 - - VamX, (8)
and hence, we can let vi = v = yz’ for some z' € Pref (v,,42). By catenating w to the right of both sides of Eq. (8), we obtain
Vi VmZW =Yg - VomVam41- 9)

Moreover, by catenating z to the left of both sides of this equation, we obtain

ZV1 - VmZW = Vmy1Ving2 ©  VamVoam+1- (10)
This means that vy - - - v, is a proper factor of V4 1Ving2 - - - VamVam+1. Thus, vi = -+ = v = v must hold due to
Proposition 11, and hence, v;42 = -+ = vy, = 6(v) must hold due to Proposition 1. Recall that |x| = 2|z|; hence

substituting v, = v = yZ’ into Eq. (8) gives x = zz. Furthermore, Vi 11Vomt1 # v2: indeed, otherwise, Eq. (10) implies
zvzw = v? (if m = 1) or zv™zw = v8 (v)™ v (if m > 2), and hence, zv*w = v6 (v)v. The first contradictions Proposition 1
and the latter contradicts Lemma 9.

To begin, we consider the case when vy, 11 = v. As just mentioned, in this case, vy;;+1 must be 6 (v). Then, substituting
v = yZ into Eq. (10) gives z/ = 6(Z'), and if further m > 2, theny = A (y). Hence, if m > 2, then these §-palindromic
properties, withv = zy = yz’ and |y| > |Z/|,imply that p(y) = p(Z) inlight of Lemma 19, which contradicts the primitivity
of v.If m = 1, then we have v{ = v, vy = vppy1 = v, and v3 = vy 1 = 0(v). Combining v = yz',y € Suff(vjy11), and
ly| > |Z'| together, we have z/ € Suff(y). This means that z? e Suff(v), and hence, z> € Pref (vy;,41), which is actually
equal to x because x € Pref (vap41) and |x| = 2|2|. Now Eq. (6) becomes u? = v?z’>, which implies u, v, z’ € {t}* for some
word t € T due to Theorem 15. However, this contradicts the primitivity of v because |v| > |Z/|.

Next, we consider the case when vy = 0(v);ie, vy = --- = vy = vand vpgp1 = -+ = Vo = 6(v). Since
we have let v;;11 = zy, in this case we have 8(v) = zy, and this implies with v = yz’ thaty = 0(y) and Z/ = 0(2).
Thus, x = 0(2)z = Z0(Z’). Moreover, if either m > 2 or vypp1 = 0(v), then z/ = 0(Z’), and hence z = 0(Z) is also a
0-palindrome. At any rate, we have to consider the following three subcases depending on the values of u3 and vy;;41.

The first subcase is when u3 = u; then ujuy = upus. From vy - - - vipvpg1 € Pref(uquy) and yvom42 - - - VomVam+1 €
Pref (u,u3), we have

YOW) ™ Wymyq € Pref (VO (v)). (11)

Due to Lemma 10, vp,11 has to be 6 (v). So, substituting v = yz’ into Eq. (11) gives z/ = 6(z’) and y € Pref(z'y). From these
and |y| > |Z|, p(y) = p(Z') follows due to Lemma 19, but this contradicts the primitivity of v.

The second subcase is when uz = 6(u) and vy+1 = v. In this case, using x = 6(z)z, we have v = y0(z) = 6(z)zw.
Since |y| > |z|, this means that 6(z) € Pref(y), i.e., z € Suff(y). Note that x = 6(z)z € Suff(uy) so that when us = 6(u),
6(z)z € Pref(us), and by definition w € Pref(us3). Hence, if |[w| < 2|z|, then w € Pref(6(z)z), which implies w € Pref(y)
because y6(z) = 0(z)zw and |w| = |y| — |z|. Thus, y = wz, and hence, we have v = wz0(z) = 6(z)zw. Since z6(z) and
0(z)z are O-palindromes, Lemma 6 implies that w, z8(z) € {t, 8(t)}T, which contradicts the §-primitivity of v. If |w| > 2|z|,
then 6(z)z, w € Pref(u3) enables us to let w = 6 (z)zw’ for some w’ € 7. Since w € Pref(u3), 8 (W)6(2)z € Suff(uy) =
Suff (Y2 - - - Vam (2)z). From this we can observe that 6 (w') € Suff(vap), that is, w' € Pref(v). Actually, this means
that w e Pref(y) because |w'| = |w| — 2|z|] = |y| — 3|z|. Due to this length condition and v = y8(z) = (8(2)z)*w/,
0(2)z0(z) € Pref(y), that is, z0(z)z € Suff(y). Now we have y = w'z0(z)z so that v = w'(z0 (2))? = (0(z)z)>w’, but this
causes a contradiction using Lemma 6 as done for the case |w| < 2|z|.

The last subcase is when u3 = 6(u) and vo;1 = 0(v). As mentioned previously, in this case z = 0(z) = 2/ = 0(Z)).
Hence, we have v = yz = z?w. Recall that w € Pref(us) and u3 = 0(u) = z(zy)™. Thus, yz € Pref(z2z(zy)™). Applying
Theorem 4 in [7] to this prefix relation gives p(z) = p(y), but this contradicts the primitivity of v. O

Proposition 21. Letu, v € X7 such thatvis 6-primitive, uy, uy, us € {u, O(u)},and vy, ..., vam € {v, O(v)} forsomem > 2.
Ifvy - - - vom € Pref(uqupus) and 2m — 1)|v| < 2|u| < 2m|v|, then one of the following two statements is true:
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Fig. 5. When uz = 0 (u), v, = 0(v) = xy overlaps with y0 (z)v because 6 (z)v € Pref(0(u)).
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Fig. 6. If u; = u, we can regard that vy ... vy overlaps with vy, . . . vo;,—1 not depending on the value of us.

1 up #Fuyandvy = -+ = vy, With vy = xz0(z) and uquy = (xz@(z))zm’leorsomex, ze >+ such thatx =0(x),
2.up = U Vp = - =V, and Vi = 00 = Vo = 0(vy), with u; = [r(er) (rt)Hr]™ r(tr) (rty and vi =
r(tr) (rt)"™r for somei > 0,j > 1,andr, t € £* such thatr = 6(r), t = 6(t), and rt is primitive.

Proof. Just as in the proof of Proposition 20, we can assume without loss of generality that uy = u and v; = v. Then, we
analyze two cases depending on whether u; = u;.
Case 1. Let us first look at the case when uy # uy, i.e., up = 6(u). Eq. (7) with 2m being replaced by 2m — 1, i.e,,

ub(u) =vivy - - Vo—1x = 0(x)0 (vam—1) - - - 6 (v2)6 (v1) (12)

holds for some x € Pref(vy;,) so that we have 2 subcases (a) vy = -+ = vy—1 =vand (b)vi =v,vo = -+ = vy =
6(v). As remarked in Case 1 of the proof of Proposition 20, (b) cannot hold. Moreover, the proof of Proposition 20 showed
that under the condition of subcase (a), if u3 = u, then vy,; has to be v. Hence, it suffices to prove that vo;, = v under the
condition of (a) with u3 = 6 (u). Recall that in this case we have x = 6(x) and v = xy for some nonempty #-palindrome y.
Due to Eq. (12), Ju| = (m — 1)|v] + |x] + %Iyl, and this means that the #-palindrome y must be of even length; so one can

lety = z0(z) for some z € 1. Hence, u = (xy)™~!xz. From this 0 (z)x € Pref(u3) and combining this with Eq. (12) gives
Vom € Pref(x0 (2)xy). (13)

Let us suppose for now that vo;; = 6(v) (see Fig. 5). Since x was defined to be a prefix of v,,,,, we have x € Pref(6(v)), and
note that 6 (v) = yx = z0(2)x.If |x| > |y| = 2|z|, then Lemma 19 implies that p (x) = p(y), which is a contradiction with 6-
primitivity of v. If |z| < |x| < 2|z|, then Eq. (13), i.e., z0 (z)x € Pref(x0(z)xy), gives z € Pref(x) and z6 (z)x € Pref(x0(z)x),
which imply z6(z)x = x6(z)z. However, this equation implies x,z € {t,0(t)}" for some t € £ due to Lemma 6,
contradicting the O-primitivity of v. If |[y|] < |z|, then we can apply Lemma 8 to z6(z) € Pref(x0(z)xz), which is from
Eq. (13), to obtain p(x) = p(z), the same contradiction as above.

Consequently, if u; # uy, then we must have vi = --- = vy, = v. Substituting v = xz0(z) into Eq. (12) gives us
U = u = (x20(2))" Ixz.
Case 2. Let us look next at the case when u; = uy; = u, illustrated in Fig. 6 and let v = xy with x € Suff(v;;) and
y € Pref(vp41). Note that
UX = V1V -+ - Vi (14)
holds. Moreover, note that |x| < |y| since |x| = m|v| — |u] and (2m — 1)|v| < 2]|u|. Now, if we look at the overlap between
Vi---Vpand vy, - - - Voy—1, then, due to Theorem 14, we get the following two subcases: (a) vi = --+- = vjp—1 = vand
Vm =Vmy1 = = Vo1 = 0(V);(D)vi =+ =V =V, Vg1 = -+ = Va1 = O (V).

First, let us consider the subcase (a). If u3 = u, then v;y,_1vy, = vO(v) overlaps with vy, 1o = 6(v)va, and thus,
due to Theorem 14, vy, cannot be either v or 8(v). Otherwise, u3 = 6(u) and note that x = 6(x) and y = 6(y) since
Vm = Vm4+1 = 0(v). Then, since the overlapped part between vop,,—1 and vy, is X, we obtain x € Pref(6(v)). Since 6 (v) = yx
and |x| < |y|, we have x € Pref(y), i.e., x € Suff(y). By the way, Eq. (14) can be rewritten in this case as ux = (xy)™ 'yx
so that y € Suff(u). Due to the transitivity of suffix relation, x € Suff(u), that is, x € Pref(6(u)). Since u3 = 6(u) and
vm = 0(v) = yx, we can say that v, 1V, overlaps with vo;,—1Vv2m, which results in the same conclusion as above. Thus, the
subcase (a) is not possible.

For the subcase (b), we prove that vo,;, = 0(v). Let us start our analysis by supposing that v,,,, = v. First, since v, = vends
with x, let v = zwx for some z, w € 7 with |w| = |x|. If u3 = 6(u), since v,,, = v = zwx, we obtain that w € Pref (u3),
i.e., 8(w) € Suff(u). But this means that w = 6(w), since the right end of the first u cuts v,, = v = zwx after exactly |zw|
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characters. Since the overlap between vy,—1 and vy, is x, we have xz = zw with x = 6(x) and w = 6(w). Then Lemma 6
implies that x, z, w € {t, (t)}" for some t € £, a contradiction with the #-primitivity of v = zwx. If u3 = u, note that
ViV = (xy)™ € Pref(xVpy1 -+ - Vam—1vam). Hence, y is a prefix of vy, = v. With |x| < |y| and v = xy, this prefix
relation would lead us to the same contradiction due to Lemma 19.

In conclusion, for this case, i.e.,, when u, = uj, we obtainthat vy = -+ = vy, = vandvpgpq = -+ = von = 0(v).
By applying Theorem 14 to the overlap between vy ... vy and vy, ... vom—1, We get the representations of u and v by two
6-palindromes rand t. O

From the presentations of u and v obtained in Propositions 20 and 21, the next corollary is obtained.

Corollary 22. Letu,v € 7 such that v is O-primitive, uy, up, u3 € {u, O(w)}, and vy, ..., vy € {v, 8(v)} for somen > 3.If
vy .-V = UquUyz for some z € Pref(us) and (n — 1)|v| < 2|u|, then z is a O-palindrome.

These propositions show that if we suppose v to be 6-primitive, then the values of uy, uy, u4, and us determine the values
ofvi,...,vpandwy, ..., wy uniquely, modulo a substitution of v by 8 (v), or of w by 8 (w). Thus, they significantly decrease
the number of cases to be considered. Furthermore, the value of u3 may put an additional useful restriction on v or w.

Lemma 23. Letu,v € =7 such that v is a @-primitive word, uy, u, u3 € {u, 0(u)}, and vi, ..., v, € {v, (v)} for some

n > 3.Ifvy vy € Pref(uquaus), uy # up, uqg = us, and (n — 1)|v| < 2|u| < nl|v|, then |v| < 2n4_1 |ul.

Proof. Without loss of generality, we can assume that u; = uand v; = v because 6 is an involution. Due to Propositions 20
and 21,v; = --- = v, = v = xy for some @-palindromes x, y and u (u) = v"~'x. Since v € Pref (u6 (u)u), this equation
implies that y € Pref(u), but in fact this means that y € Pref(v) because v € Pref(u). Then Lemma 19 and the primitivity
of v imply that |y| < |x|, which is equivalent to |y| < %|v|.This means that |v| < ﬁ|u| because |y| = n|v| — 2|ul. O

All we did so far in studying the extended Lyndon-Schiitzenberger equation uq...uUs = Vq...Vy, Wy ... Wy Was to
consider either the common prefix of vy ... v, and u; ... us, or the common suffix of wy ...wy, and uy ... us. Next, we
combine them together and consider the whole equation. The following lemma proves to be useful for our considerations.

Lemma 24. Let u,v € X7 such that v is a @-primitive word, uy, uz, u3 € {u, @(w)} and vq, ..., v, € {v, 8(v)} for some
n > 3.0fvy--- vy = ujuyz for some z € Pref(uz), uy = uy, and (n — 1)|v| < 2|ul, then vi = xyx and z = x* for some
x,y € =1 such that x = 6(x) and yx = 6 (yx).

Proof. Just as before, we assume that u; = u and v; = v. Propositions 20 and 21 imply that n = 2m for some m > 2,
u = {r(er)' (r)™r}™1r(er)!(rty, and v = r(tr)'(rt)r for some r, t € £* such thatr = 6(r), t = 6(t),i > 0,andj > 1.
By taking x = r(tr)' and y = (rt), we complete the proof. [

Next, we prove that the triple (5, 4, m) imposes 0-periodicity for any m > 4.
Theorem 25. Letu,v,w € X7, uq, Uy, us, ug, us € {u, B}, vi, vo, v3,v4 € {v,0(v)}, and wq, ..., wn € {w, §(w)} for

some m > 4. If these words satisfy ujusuzlialls = V1VaV3Vg Wy - - - W, then u is not O-primitive and u, v, w € {t, 0(t)}* for
somet € ¥,

Proof. First note that we can assume that w is #-primitive, since otherwise we would just increase the numerical parameter
m. If u is not O-primitive, that is, u € {p, 8(p)}* for some &-primitive word p € =T and k > 2, then the equation can
be rewritten as p1py - - - Psk = V1VaV3VaWq ... Wy, Where p; € {p,0(p)} for 1 < i < 5k. But then, due to Theorem
16, we obtain that v, w € {p, 6(p)}T. Furthermore, we can assume that also v is &-primitive. Indeed, if it is not, then
v € {q,0(q)y for some 6-primitive word q and j > 2. Then, the equation becomes uy...us = qi...q4WiW2 ... Wn,
where q; € {q,0(q)} for 1 < i < 4j. But this implies that u, w € {q, #(q)}" due to Theorem 18. Since u and w are assumed
to be O-primitive, u, w € {q, #(q)} and we have 5|q| < 4j|q| + m|q|, which contradicts the fact that u, v, and w satisfy
the equation uy ... us = qq ...q4Wiw; ... Wp. Even when v is 6-primitive, if m > 7 then the same argument leads to the
same contradiction.

Now we will show that if u, v, and w are 6-primitive, then the equation cannot hold for m < 6. Since 6 is an involution,
we can assume that u; = u, v{ = v, and w; = w. Let us start by supposing that u, v, and w satisfy ujuyusuyus =
V1VV3V4 Wq - - - Wp. Now, we have several cases depending on where the border between v4 and wy is located. If it is left to
or on the border between u and u3, then Theorem 2 implies thatu, w € {t, 6(t)}* for some -primitive wordt € £+, which
further implies that also v € {t, (t)}*. In fact, u, v, w € {t, 8(t)} because they are §-primitive. Then |u; ...us| = 5]t|,
while [vivavzvawy ... wy| = (4 + m)|t| with m > 4, which is a contradiction. The case when the border between v4 and
wy is right to or on the border between u3 and u4 will lead the contradiction along the same argument.

Let us suppose that |ujuy| < |vivav3ve| < |ujupus|. Note that under this supposition, |v|, |w| < |ul. If mlw| >
2|u|l 4+ |w| — 1, then usuqus and wy ... wy, share a suffix long enough to impose the 6-periodicity onto u and w due to
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Theorem 2. However, as explained before, this leads to a contradiction. This argument also applies to ujuyus and vivav3vy.
As a result, it is enough to consider the case when 3|v| < 2|u| < 4|v| and (m — 1)|w| < 2|u| < m|w]|.
We start our case analysis with the case when us # us. Let

UqUZ = V{VaV3Va (15)
for some z € Pref(us3). This means
Uglglls = ZW7q - - - Wpy. (16)

Actually, z is a#-palindrome because of Corollary 22.From z € Pref(u3), we canobtainz € Suff (us) due to this #-palindromic
property of z and u3 # us. This means that either wy, € Suff(z) or z € Suff(wp,). In both cases, Eq. (16) implies that usugus
and wp,wiw; - - - Wy, share a common prefix of length at least 2|u| 4+ |w| — 1, but then Theorem 2 would lead us to the
contradiction. This technique works also in the case when u; # us by changing the roles of v; - - - v4 and wy - - - wp, in the
above argument.

The cases to be investigated now are when u; = u3 = us. Note that |v| < %|u| because 3|v| < 2Ju| < 4|v|.Ifuy # 1y

or ug # us, then Lemma 23 implies that |w| < 2m¢71|u|. Then 5|u| — (4|v|] + m|w|) > 0 which contradicts the fact that
u, v, and w satisfy the given equation.
Let us close our analysis by considering the case when uy = u; = u3 = uy4 = us = u. Applying Propositions 20 and 21,

we have that m = 2k forsomek > 2,w; = --- = Wy = W, Wyy1 = -+ - = Wy = (W), vy = vy = v,and vz = vq4 = O(v).
Then, Lemma 24 implies that u = xyxxy = (Y'x'x)*"1y'x', v = xyx, and 6(w) = x'y’x’ for some x,y,x’,y’ € T with
x = 0(x), yx = 0(yx), ¥ = 6(x), and X'y’ = 0(x'y). Furthermore, u?x* = vivov3v4 and X?u® = wy - - - wy, so that

u = x*x’?. Note that k € {2, 3} since4 < m < 6.

When k = 2, i.e., xyxxy = y'x'x'y’x’, we have three subcases depending on the lengths of xy and y'x’. If |xy| < |y'X|,
then by looking at the two sides of the equality xyxxy = y'x'x'y’x’, we obtain y’x’ = xyz = 0(z)xy and x = zx'6(z) for some
z € ©T. Substituting x = zx'6(z) into xyz = 6(z)xy we get z = 6(z), and hence, y'x' = xyz = zxy. Thus, y'x’, xy,z € p*+
for some primitive word p. Let z = p' and y’x’ = p/ for somei, j > 1.Theny’x’ = zxy and x = zx'z imply that p/ = p?x'p'y.
Since p is primitive, p cannot be a proper factor of p so that this equation implies that ' € p*. However, this contradicts
the primitivity of & (w) = x’y’x’. The case when |xy| > |y’x’| is symmetric to the previous case after reversing variables and
sides of the equation. Finally, if |xy| = |y’x’|, then x = X, which is a contradiction with the primitivity of u since u = xxx'x’.

When k = 3,ie,u = xyxxy = (y'x'x')?y'’x’, we first note that [xy| > [y'x| and |xyx| > |y'x'x|. If |xy| > |y'x'X/|,
then, by the Fine and Wilf theorem, p (xyx) = p(y'x'x"). Since xyx is strictly longer than y’x'x’, this means that v = xyx is
not primitive, which is a contradiction. Otherwise, i.e., [y'x'| < |xy| < |y'x'X|, let xy = y'x'z for some z € Pref(x’). Since
X = 0(x), the equation xyxxy = (y'x'x")?y'x’ also implies that xy = 0(z)y’x’. Moreover, since xy = y'x'z = 0(2)y'x’
and 6(z) e Suff(x’), we obtain z = 6(z). Thus xy, y'x’, z € {q}™ for some primitive word ¢ € £, which, just as above,
contradicts the primitivity of 8 (w).

In summary, we have proved the following:

. the O-primitivity of w can be assumed without loss of generality;

. if either u or v is not A-primitive, ujuu3liglis = V1VaV3VaWy - - - Wy, implies u, v, w € {t, 8(t)}" for somet € ©;
. under the assumption that u, v, w be 8-primitive, if m > 7, then we reach the same conclusion as above;

. under the same assumption, if m < 6, the equation cannot hold.

A WN -~

Therefore, we can conclude that if the equation holds, then u, v, w € {t, 8(t)}* forsomet € . O

The next result shows that the triple (5, 3, m) also imposes 6-periodicity for any m > 3.

Theorem 26. Letu,v,w € T, uy, up, us, ug, us € {u, O(w)}, vy, vo, vz € {v,0()}, and wy, ..., wn € {w, 8(w)} with
m > 3. If these words verify the equation ujuyuslizlls = ViVaV3 Wy - - - Wy, then u is not O-primitive and u, v, w € {t, 8(t)}*
forsomet € =T

Proof. As in the proof of Theorem 25, we can assume that w is 6-primitive. Also if u is not #-primitive, then, just as before,
Theorem 16 results in u, v, w € {t,0(t)}" for somet € £%. So let us assume that u is 6-primitive. Moreover, we can
assume that v is O-primitive. Indeed, if it is not, then v € {p, 6(p)} for some f-primitive word p and j > 2. Then the
equation becomes ujuau3lglis = pi...p3WiW3 ... Wy, Where p; € {p, 6(p)} for 1 < i < 3j. For the case m > 5 and the
case m = 4, Theorems 17 and 25 lead us to the contradiction, respectively. If m = 3, we can change the roles of v and w, and
reduce it to the case when v is #-primitive. In the following, we assume that u, v, and w are #-primitive and prove that the
equation cannot hold.

Now, since 6 is an involution, we can assume that u; = u, vy = v,and w; = w. As in the proof of Theorem 25, in all cases
except when the border between v3 and wy falls inside u3, we get a contradiction. Furthermore, using the same arguments as
in the previous proof, we can assume that 2|v| < 2|u| < 3|v|and (m — 1)|w| < 2|u| < m|w|. Moreover, due to Proposition
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Fig. 7. uquyusugls = v{vov3wy - - - Wy, for Theorem 26.
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Fig. 8. The suffix of u3 can be written in two ways as y1y»2y3 and z1z,.
u 0 (u) o(u) o(u) o (u)

' ' ‘ :&’1‘}/23’33
¢ o)

Wk 0 (W) k

Fig. 9. The suffix of u3 = 6 (u) can be written in two ways as y1y,y3 and z16(z1).

20,u; = O(u) and v{ = v; = v3 = v, see Fig. 7. Then uf (u)x = v> for some x € =T, which satisfies x = 6(x) due to
Corollary 22. Since x € Pref(u3), if us # us, then x € Suff(us) which implies that either wy,, € Suff(x) or x € Suff(wy,). In
both cases, we obtain that usu4us and wy,wyws - - - wp, share acommon suffix of length at least 2|u|4-|w|—1.Hence, Theorem
2 implies that u, w € {t, 8(t)}" for some t € ¥ and thus also v € {t, (t)}" which leads to the same contradiction as
above. Otherwise, u3 = us and we have the following four cases left:

. uf(w)ub(u)u = vwwwy - - - wp,

. uf (W)l (wub (u) = vvwwy - - - wpy,

. uf (W)uuu = vwwy - - - Wiy,

L uf (W)l (W) (u)d(u) = vvwvwy - - - wp.

A WN

Let us start by considering the first equation. Since v is 8-primitive, using Lemma 23, we have |v| < %|u| and |w| <

4 12 4 6m—13
5m—7 |Ul. However, then 5[u| — (3|v| + m|w|) > 5Ju| — Z|u| — 2m”11 S(me_]) |u| > 0 because m > 3. Hence, 5|u| >

3|v| + m|w| contradicting our supposition that the words u, v, and w satisfy the equation uf (u)ué (u)u = vvvwy - - - wp,.

For the second equation, Propositions 20 and 21 imply that wy = wy, = -+ = w,;, = w. Since uf(u) = vzvp
for some v, € Pref(v) and uf)(u) is a 0-palindrome, we have uf (u) = 9(vp)9(v)2. Note that 6(vy) € Suff(6(v)). Also
uf (u) = wsw™ ! for some wg € Suff(w). Since m > 3, the Fine and Wilf theorem implies that p (9(v)) = p(w) and thus
we obtain again the same contradiction as above.

Next we consider the third equation. Since uqy = us, Propositions 20 and 21 imply that m = 2k for some k > 2
andwy = -+ = Wy = wand Wy = --- = Wy = O(w). Let WkQ(W)k = z12ou° for some 21,2, € £ with
|z1| = |z2| = k|w| — |u|, as illustrated in Fig. 8.

Then, z1z; € Suff(u), which due to length conditions means that z; € Suff(wX). Thus, 8(z;) € Pref(6(w)*) which
implies immediately that zy = 6(z;). Similarly, we can let u (u)u = v3y,y,y3 for some y1, y2, y3 € =1 with |y1] = |y2] =
lys| = |u| — |v|.Theny1y,y3 = z16(z1), which implies y3 = 6(y1) and y, = 6(y2).Recall that (2k —1)|w| < 2|u| < 2k|w|
was assumed. So we have |y y2y3] < |w| and |w| < ﬁ|u| < %|u|. Thus, |y1y2y3] < %|u|. This further implies that
x| = |u] — |y1y2y3| > |y1l. If we look at the second v, since y3 € Suff(u), using length arguments, we obtain that
y3 € Pref(v), and hence y3 € Pref(u). Since |y3| < |x|, this means that y3 € Pref(x) and hence 6(y3) € Suff(x), which
further implies 6 (y3) € Suff(v). Thus y, = 6(y3) because y, € Suff(v), which results iny; = y, = y3 and, moreover, they
are all @-palindromes. Hence y1y> = 6(y2)68(y1) = 0(y1y2), which is a prefix of 6 (v). This means that u6 (u)u and v36 (v)
share a prefix of length at least 2|u| + |v| — 1. Consequently pg (1) = pg (v) which leads to the same contradiction as before.

Lastly, we consider the fourth equation, illustrated in Fig. 9. Just as in the case of the third equation, y3 = 6(y1) and
y2 = 6(y3). Since y,y3 € Suff (8 (u)), these equalities give 0 (y3)0(y2) = y1y2 € Pref(u) C Pref(v?). Thus, we can see that
u6 (u)? and v° share their prefix of length at least 2|u| + |v|. The rest is as same as for the third equation.

In conclusion, if u is 8-primitive, then, using length arguments, we always reach a contradiction. On the other hand, if u
is not @-primitive, then we proved that there exists a word t € =T such thatu, v, w € {t, 6(t)}". O

|ul =
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Combining Theorems 16, 17, 25, and 26 and Examples 1 and 2 all together, now we conclude our analysis on the extended
Lyndon-Schiitzenberger equation with the summarizing theorem.

Theorem 27. Foru,v,w € 7, letuy,...,up € {u, 0w}, vi,...,vp € {v,0(W)}, and wy, ..., wn € {w, O(w))}. If
Up...Ug =Vi...VgWi...Wnpand £ > 5n,m > 3, thenu,v,w € {t,0(t)}" forsome t € . Furthermore, n = 3 and
m = 3 are optimal.

5. Conclusion

This paper continues the investigation of an extended notion of primitiveness of words, based on replacing the identity
between words by a weaker notion of “equivalence” between a word u and 6 (u), where 0 is a given antimorphic involution.
Firstly, we completely characterize all non-trivial overlaps between two words in {v, 8(v)}™ of the form a (v, 8(v)) - x =
y - B(v,0(v)). As an application of this characterization, we extend the Lyndon-Schiitzenberger equation to the equation
Up---Up = V5---VyWy-- Wy, Whereuq,...,up € {u,0W)},vi,...,vy, € {v,0(v)},and wq, ..., wy, € {w, 8(w)}. The
strongest result obtained states that for £ > 5andn, m > 3,u, v, w € {t, 6(t)} for some word t, while once n or m become
2, the existence of such t is not guaranteed any more.
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