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Let R=#£[x,, .., x,] be a polynomial ring in n variables over a field £.
We view R as a graded algebra, where deg(x,)=1.

A graded R-module V has an essentially unique minimal graded free
resolution

d d
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which is characterized, among free graded resolutions, by the condition
dL,)cM-L,

for all ¢g>=>1, where M=(x,,..,x,) is the augmentation ideal in
Alx),y 0w x,]

A particularly simple sort of graded modules is provided by the monomial
ideals, i.e., the ideals generated by monomials. However, even in this case,
it is still an open problem to describe explicitly the minimal resolution. (See
[CEP, p.291].)

In this paper, we give an explicit minimal resolution for a family of
monomial ideals, which we call stable ideals, comprising in particular the
“Borel fixed ideals” considered for instance by D. Bayer and M. Stillman
in [BS, Proposition (2.7)]. See also [G].

We are grateful to L. Robbiano for drawing our attention to the class of
Borel fixed ideals. The interest for these ideals motivated a revision of the
paper. The preliminary version was concerned with a somewhat more
restricted family.
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2 ELIAHOU AND KERVAIRE

DEerINITION.  If w is a monomial in a polynomial ring R=4[x,, .., x, 1,
let max(w) denote the largest index of the variables dividing w. A
monomial ideal 7 in R will be said to be stable if for every monomial we /
and index i <m=max(w), the monomial x,w/x,, again belongs to I

Stable ideals are studied in Section 1. We also recall the definition of
Borel fixed ideals at the end of Section 1. The resolution is constructed in
Section 2 and provided with a structure of differential algebra. In Section 3
we have collected a few remarks on Betti numbers and Poincaré series.

1. CANONICAL DECOMPOSITIONS IN STABLE IDEALS

We start with some remarks on monomial ideals in a polynomial ring
R=4£[x,, .. x,], £ being now an arbitrary unitary ring.

Suppose that /< R is the ideal generated by a set S of monomials. If
wel is any monomial in 7, then w is a multiple of one of the generators
in S. Assume moreover that none of the monomials u € S is a (proper) mul-
tiple of any other ve S. Then, S is a minimal system of generators of 1. This
minimal system of generators is uniquely determined by 1. It is the set of
all monomials in I which are not proper multiples of any monomial in 1.
We shall denote this generator system by G(I) and call it the canonical
generator system of I. Of course, G([) is a finite set.

We will require a lemma stating that if a monomial w belongs to the
stable ideal /, there is a canonical way of pinpointing a minimal generator
ue G(I) of which w is a multiple.

First some notations. Recall that we denote by max(a} the largest
index of the variables actually occuring in a. Thus, if a=x{---xy",
then max(a)=max{i|a,>0}. Similarly, min(a)=min{i|a,>0}. For
convenience, we define min(1)= + oo, larger than any integer.

Recall that a monomial ideal 7 is stable if for every monomial we I and
index i < m=max(w), we have x,w/x,, el

LemMMa 1.1. Let I = R be a stable monomial ideal with canonical generat-
ing set G(I). For every monomial we I, there is a unique decomposition

W=1u- })
with ue G(I) and max(u) < min(y).
Proof. If wel is a monomial, then w is a multiple of some element
ve G(I). Suppose that w=yv-z and by misfortune max(v)>min(z).

Then we can find an index i < m = max(v) such that x, divides z. We can
write

w=(x;0/x,,) - (x,,2/X,).
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By the stability hypothesis, x,;v/x,, €1, and thus x;v/x,, is a multiple of
some other generating monomial v' e G(I). Hence, w=v"-z' for some
suitable monomial z'.

Clearly, after finitely may such mistreatments of the decomposition of w,
we reach a situation w=u-y, where ue G(I) and max(u) <min(y). (On
passage from o= x§'...x% to v', the function f(v)=3"_, ib,, for instance,
is strictly decreasing.)

What about uniqueness? If w = u -y = u' -y, where u, v’ e G(I),
max(u) <min(y) and max(u')<min(y’), then u, u’ are both initial
segments of w and therefore one of them must divide the other. But for u,
u' € G(I), this is only possible if u=u'".

This unique decomposition w=u -y, with u e G(I) and max(u) < min( ),
of a monomial we I will be called the canonical decomposition of w, or the
canonical [-decomposition if we wish to emphasize the dependence on the
ideal I.

Remark. Note that conversely, if 7 is a monomial ideal in which every
monomial has a canonical decomposition, then I must be stable. Indeed, if
wel is a monomial, m = max(w), and i < m, let

x;w=u-y, ue G(I), max(u) < min( y)

be the canonical decomposition of x;w. Then y # 1 because u € G(I) cannot
be a multiple of w, and therefore x,, actually divides y. (m=max(w)=
max(x,w).) Setting y= y'x,,, we have x,w/x,,=uy’ el and therefore I is
stable.

We shall need some properties of the canonical decomposition which are
perhaps best expressed by introducing a decomposition function: If 7 is a
stable ideal, let M () be the set of all monomials in /. Define the decomposition
Jfunction

g M(I) - G(I)

by g(w)=u if w=u-y is the unique canonical I-decomposition of w, i.c.
ue G(I), max(u) < min(y).

LEMMA 1.2. Let I be a stable ideal and let g: M(I) - G(I) be its decom-
position function. Then for all we M(I), and all monomials y, the equation
g(wy) = g(w) holds if and only if max(g(w))<min(y).

Proof. Suppose g(wy)= g(w). Then the canonical decomposition of wy
reads

wy=g(wy)-z=g(w)-z,

where max(g(w)) = max(g(wy)) < min(z).
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Since g(w) divides w, the monomial y divides z and thus
min(z) <min(y). It follows that

max(g(w)) < min(y).

Conversely, if max{g(w))<min(y), consider the canonical decomposi-
tion of w:w=g(w)- -z, max(g(w))<min(z’'). Then, wy=g(w)-z'y is the
canonical decomposition of wy, ie, max(g(w))<min(z'y). Therefore,
glwy) = g(w).

Remark. 1t is interesting to note that Lemma 1.2 actually characterizes
stable ideals. More precisely, let / be a monomial ideal (not known to be
stable). Assume that I possesses a decomposition function

g M) - G(I)
such that for all monomials w, y with we M(I), we have the axioms
DF1. g(w) divides w,
DF2. g(wy)= g(w) if and only if max(g(w)) < min(y).
Claim. Then I is a stable ideal.

By the remark following Lemma 1.1 above, it suffices to prove that /
admits canonical decompositions.

For this purpose, note first that we must have g(u)=u for all ue G(J),
because g(u) e G(I) divides ue G(I) by DF1.

Now, let wel be a monomial in I and set y=w/g(w). Applying g to
both sides of the equation w = g(w)-y, we get

g(w)=g(g(w)-y).
Setting u = g(w), this implies
gluy)=g(g(w) y)=g(w)=u= glu),
and thus, by DF2,
max(g(w)) =max(g(u)) <min(y).

Hence, w=g(w)-y is a canonical decomposition and / is a stable ideal
with g as a decomposition function.

We continue to list the properties of the decomposition function
g: M(I) - G(I) of a stable ideal which will be needed in Section 2.

LemMma 1.3. Let I be a stable monomial ideal with decomposition function
g: M(I) = G(I). Then, for any monomial a and any we M(I),
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(1) glag(w))= g(aw),
(2) max(g(aw)) < max(g(w)).

Proof of (1). Assume first that a = x;. We want to show that
g(x:g(w)) =glxw).
Case 1. If iz max(g(w)), then

g(x,w)= g(w), by Lemma 1.2, and
g(x,g(w))= g(g(w))= g(w), by Lemma 1.2 again, applied to g(w).
Thus, g(x,g(w)) =g(x,w) as desired.

Case 2. I i <max(g(w)), then start from the canonical decomposition
w=g(w)-y, with max(g(w)) < min{y).

Multiplying this by x, and applying g, we get

glx;w)=g(x; g(w)-y).
We have, since g(x; g(w)) divides x; g(w),

max g(x;g(w)) < max(x, g(w)) = max(g(w)) < min(y);
hence, by Lemma 1.2,
g((x;g(w)) - y) = glx, g(w)),

and thus g(x,w)= g(x, g(w)).
The equation g(aw)= g(ag(w)) for an arbitrary monomial a follows by
induction on deg(a).

Proof of (2). Again, as in the proof of (1), it suffices to prove that the
assertion holds for a = x;, i.e., max(g(x,w)) < max(g(w)).

If i > max(g(w)), then g(x;,w)= g(w) by Lemma 1.2, and
max(g(x;w)) = max(g(w)).
If i < max(g(w}), then
max g(x; g(w)) < max(x, g(w)) < max(g(w)),

and therefore max(g(x,w)) <max(g(w)) since g(x,w)= g(x, g(w)) by (1).

We still need one more lemma which involves an ordering on the set of
monomials in £[x, ..., x,]. We will use the graded reversed lexicographical
order, ie.

by
n

u=xJ x"<y=xh...x
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if and only if

deg(u) < deg(v), or

deg(u)=deg(rv) and the last non-vanishing difference a, —b,, ...,
a, — b, is negative.

LEmMmA 14. Let we M(I) be a monomial in I and let a-w be some
monomial multiple of w. Then

gla-w)< glw)
in the graded reversed lexicographical order.

Proof. Suppose first that a = x;,.

If max(g(w)) <i, then g(x,w)= g(w) by Lemma 1.2 and there is nothing
to prove.

If i <max(g(w)), let

x; gw)=glx;g(w))-y=glx,w)-y,

with max(g(x,w))<min(y), be the canonical decomposition of x,g(w).
(Here, the second equality is by Lemma 1.3 (1).)

Since g(x;w)e G(I) is not a multiple of g(w), we must have deg(y)>0,
and thus deg(g(x,w)) <deg(g(w)).

Again, if deg(g(x,w)) <deg(g(w)), we are finished:

glx;w) < g(w).

If however deg(g(x,w))=deg(g(w)), then deg(y)=1 and y is a variable:
y=x;.

Since i < max(g(w)), and max(g(x,w)) <, it follows that j— max(g(w)).
The exponent of x; in g(w), or equivalently in x, g(w) = g(x;w) x;, is strictly
larger than the exponent of x; in g(x,w), and thus g(x,w) < g(w) as desired.

The general case, g(aw) < g(w), where a is arbitrary follows by induction
on deg(a).

Remark. 1In their paper [BS], D. Bayer and M. Stililman consider what
they call “Borel fixed ideals”. A monomial ideal 7 is Borel fixed if whenever
we M(I) is a monomial in [ and x, is a variable dividing w, and i < j, then

xwix el

(It is not required here that j=max(w) as in the definition of a stable
ideal.)

Of course, every Borel fixed ideal is stable. The converse is not true as
seen from the example

2 2
I=(x7, x,X5, X3, X2X;3)
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in the polynomial ring #[ x,, x,, x;]. This ideal is stable but it is not Borel
fixed since x,x;=x, - (x,x;)/x, does not belong to I.

As an exercise for the reader, we propose the following: Show that if /
is Borel fixed, then /< j implies the inequality max(g(x;u)) < max(g(x;u))
for all ue G(I). The example

2 2 2 3 2 2
I=(x7, X X5, X5, X3 X3, X; X3, X{ X3X4, X3, X3X4, X3X5, X3X4X5)

shows that this fails in general for stable ideals. (Take i=1, j=2,
U=X3X4X5.)

More exampies of stable ideals, some not Borel fixed, will be given at the
end of Section 3.

2. MINIMAL RESOLUTIONS OF STABLE IDEALS

We now proceed to describe the minimal graded free resolution
(L,(I), d) of an arbitrary stable monomial ideal /c R=£[x,, .., x,].

We get a free graded resolution if # is a unitary ring. The resolution is
minimal if £ is a field.

Throughout this section, 7 is a stable monomial ideal and

g M(1) - G(I)

is its decomposition function as defined in Section 1, such that g(w)=u if
the canonical decomposition of w reads w=u-y, with ueG(I) and
max(«) < min( y).

The properties of g that we need have been listed in Lemmas 1.2 to 1.4
in the previous section.

Here is the definition of the free R-modules L, (/), ¢ >0. First define a
symbol e(i,, ..., i,; u) to be admissible if the following three conditions are
satisfied:

(1) ueG() is a monomial from the canonical, minimal set of
monomial generators of /,
(2) 1i,.., 1, are integers such that

I<ij<ip<---<i,<n,

(3) i,<m=max(u).

In this definition, ¢ may be 0. If ¢ =0, we consider that (2) and (3) are
satisfied as void conditions.

Now, let L,= L (I) be the free R-module on the set of all admissible
symbols e(i,, ..., i,; u) for fixed ¢ > 0.
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In particular, Ly(/) is the free R-module with set of generators e(u) in
bijection with ue G(J).
We define the map of R-modules

o Log—1

by a(e(u)) = u.
In order to define 4 L =L
as follows: Let e(iy, ...,

.1 for ¢>1, we need some more notations

i,;u) be an admissible symbol. We shall often write

o for the sequence (iy, .., i,) and thus abbreviate e(i,, ..., i,; u) to e(o; u).
Occasionally, if o=(i,..i,), we writt ¢, for the sequence
0,=(i(, . I,y .., I,) in which i, has been deleted.

For every r=1, .., g, the monomial x, u€ I has a canonical decomposi-
tion

X, U= U, -y,

where u, = g(x;, u)e G(I) and max(u,)<min(y,), which is unique by
Lemma 1.1 above.

We write m,=max(u,) and denote by A(c;u)<{l,.., g} the set of
values of r for which max{i,, ..., .., i,} <m,.

Thus, A(o; u) is the set of re {1, .., ¢} such that

(ys o By iy 11,

is a strictly increasing sequence, or equivalently, such that e(s,; u,) is an
admissible symbol.

We can now state the definition of d: L, — L, . It is the R-module map
determined by

deiu)=Y (=1 xeloiu)— ¥ (—1)pelo,u),

r=1 re A(o; u)

where 6= (iy, ., i,), 0, =(if, 0r by or i) and u, = g(x, u), and y,=x, ufu,
as above.

Remarks. Observe that since x,u is not a minimal generator of /, it
follows that deg(y,)>1, and thus d(L,)c M -L,_,. In many examples,
one actually has deg(y,)>1. For instance, if I=(x,, x3) < £[x,, x,],
de(1; x3) = — x,e(x3) + x3e(x,).

Note also that the set A(o;u) always contains at least the index g.
Indeed, x,u=u,-y, and x, cannot divide y,, otherwise we would have
u=u, and i, <max( u) =max(u,) <min(y,) =i, a contradiction. Hence,
x; d1v1des u, and so i, <m,=max(u,). It follows that (iy, .., i, _;, m,) is
strlctly mcreasmg In other words, qu(a u). For re {1, .., g—1}, the
condition re A(og; u) boils down to i, <m,
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The module L (/) is endowed with a natural (monomial valued) multi-
grading defined by

DEG{z-e(iy, ..., i,;u)} =zx; -+ X, U,

1 Iy

for ¢> 1, and of course DEG{z -e(u)} = zu.
Note that the maps d:L, — L as well as a: Ly — I, preserve the multi-
grading.

g—19

THEOREM 2.1. Let R=4[x,, .., x,,]| be the polynomial ring in n variables
over the unitary ring £. Let I be a stable monomial ideal in R. Then,
(L, (1), d) as described above is a free graded resolution of I over R. If £ is
a field, then (L (1), d) is the minimal resolution.

Proof. In two parts.

(1) We first have to check that (L,([), d) is indeed a complex. The
direct verification requires some painstaking calculations. So we prefer to
exhibit (L,(I), d) as the quotient of another complex as follows.

Let C, be the free R-module on all symbols e(iy, ..., i,; u) satisfying only
the two conditions

(1) ueG(I), and
(2) I<ij<- - <i <n,

q’

i.e., we drop the condition (3) in the definition of an admissible symbol and
do not require i, < max(u).

In C,=®,C,, define D:C,—» C, | to be the R-module map deter-
mined by

]
Z "x,elo, u)— ) (—1) y.elo,;u,),
= r=1
where, as in the formula for d, u, = g(x, u) and y, = x, u/u,.
We claim that (C,, D) is a complex. (Not a resolution!)

For the proof, it is convenient to cut in two the operator D: Let
D=D,-D,, where

q
De(o;u)= Z (—1) x,el(o,;u),

Dye(oiu) =Y (—1Y y,e(0,: u,)

r=1

It is well-known and easy to verify that D% =0.
Also, the formula D, D,+ D,D =0 is a simple and straightforward
calculation which does not require any of the lemmas in Section 1.
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Finally, in order to calculate D,D,e(c; u), let
u, = g(xi,xiﬂ)'
By Lemma 1.3, (1), we have

ur,,\' = g(xiA g(xi,u))a

and thus
DZDle(a; u)= Z (—1)r+syry5.re(o-.\‘.r;u&r)

+ Y (=D y v elon,;u,),

I<r<s<n

where y, ,=x, g(x,u)/g(x, x, u). Note that u,

Interchanging the summation indices r, s in the ﬁrst sum, we see that the
symbols e(g, ,;u,,) in the two sums are the same. By homogeneity, the
monomial coefficients y, y, , and y, y_‘.., must also agree: All terms have the
same multidegree x,u, where x, = x; X,

Of course, one can also verify dlrectly that y, vy, ., =y, »,,.

It follows that D3=0, and thus D*>=0.

Now, let N, < C , be the submodule generated by the symbols
e(iy, .., i,; u) with max(u)<i,. It is easily verified that N, < C, is a sub-
complex, ie., DN,c N, _,.

Indeed, if max(u)<i,, then by Lemma 1.2, g(x;u)=u, and thus y = x, .

So the last term (—1)?y, e(a,;u,) in D,e(a; u) coincides with the last
term (—1)? x; e(a,; u) of D,e(o; u).

It follows that if max(u)<i,, then

g—1 g—1

De(o;u)=Y, (—1) x,el0,;u)= ¥ (~1) y,elo,;u,)

r=1 r=1

Since, by Lemma 1.3 (2),

max(u,) = max g(x, u) < max(u) <i,,

and i, is the last index in o, for r=1,.,9—1, it follows that
De(a;u)e N, .

Clearly, L, —C «/N, with L_ being the free R-module on admissible
symbols e(z,,. »Ig;u), such that i, <max(u). The boundary operator
d:L,— L, ,isinduced by the boundary operator D on C,. Hence, d*=0.

The vanishing of the composition aod: L, - L, — I is easily verified by
direct computation.

Thus, (L (1), d) is a complex.
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(2) In order to prove
Ker{d:L,—»L, }cIm{d,,:L,.,—L,},

we shall define a “normal form” to which every element of L, may be
reduced modulo Im(d,, ), and show that Ker(d,), respectively Ker(x),
contains no normal element except 0.

This program will prove the required inclusion, since we already know
by (1) that Im(d, , ,) = Ker(d,).

Consider the natural #-basis for L,

B={z-e|zis amonomial in x,, ..., x, and

e = e(0; u) is an admissible symbol in L, },

whose elements will be called terms.

DEFINITION. A term z-e(iy, ..., i,; u) will be called normal if z =1, or if
min(z) = i, when g > 1,
min(z) = max(u), when ¢ =0.

An element f'e L, is normal if it is a linear combination of normal terms.
The element 0 is normal.

Let < denote, as in Section 1, the graded reversed lexicographical order
on the set of monomials.

Thus, x{' ---x% < x% ... x% if and only if either ¥ ,a;,<3 b, or 3,a,=
>.;b; and the last non-zero coordinate of (a,—b,, .., a,—b,) is negative.
Observe that the order relation is compatible with the product; that is, for
all monomials, the inequalities z <z’ and zx < z'x are equivalent.

By abuse of notation, we will let < also denote an ordering on sequen-
ces and on terms defined as follows:

Given two sequences ¢ = (i, ..., i,), 6’ = (jy, ..., j,) of the same length g,
define ¢ <o’ if and only if x; ---x;, <x; ---x;. Given two terms z -e(q; u),
z'-e(o’;u’) in L, define z-e(o; u)<z'-e(o’;u') if and only if either u </,
oru=u and o <o’, or e(o;u)=e(d';4') and z < z".

Recall that on each L, we have the monomial valued multigrading
defined by

DEG{z-e(i|, ., i,ju)}=z-x; - X, -u

Iy

For the first part of the proof of Ker(d,)cIm(d,, ) we need two
lemmas.
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LEMMA 22. Let a=eliy, iy, ..., i,;u) be a term in L,,,, g=0. Then
x;e(iy, .., I,;u)is the biggest term in d(a).

i st

Proof. Let 6= {(iy, i, ..,i,). We have

de(ou=i Y xeonu = Y (=17 ye(o; )

re Ao u)

where u,= g(x,u). Since i, <max(u) for all r=0,.,q, we have, by
Lemma 1.2, g(x; u) # g(u) =u. Hence, by Lemma 1.4. g(x, ) <u. Thus all
terms in the second sum are strictly smaller than x; e(g,; u). The terms of
the first kind in de(o; u) satisfy o, <a, for all r> 1.

It follows that x, e(o,; u) is indeed the biggest term in d(a).

As an easy consequence, we get our next lemma.

LeMMA 2.3. Let b=ze(iy, .., i,;u) be a non-normal term in L, q>0.
Then b is congruent modulo Im(d,, ) to an element whose terms are all

strictly smaller than b.

Proof. Let i=max(z). We have i <i, (respectively i < max(u) for g =0),
since b is assumed to be non-normal.

Consider the term a=(z/x;)-e(i, iy, .., i,;u) in L,,,. By Lemma 2.2,
b is the biggest term in d(a). Thus all terms in b+ d(a), in which sum b
cancels out, are strictly smaller than 4.

We can now complete the first step in our program for proving that
Ker(d,) = Im(d,. ).

PROPOSITION 2.4.  Any element in L,, 4 =0, is congruent to some normal
element modulo Im(d,, , ;).

Proof. Let felL, We may assume that f is multihomogeneous and
non-normal. By Lemma 2.3, we can replace any non-normal term in f by
a combination of strictly smaller terms, not changing the class of f modulo
Im(d, , ,). When iterated, this process must end up with a normal element
in finitely many steps. Indeed, 4 preserves the multigrading, and there are
only finitely many terms with a given multidegree.

Let us now turn to the second step of our program, namely showing that
0 is the only normal element in Ker(d,) and Ker(a).
The crucial point for this is contained in the following lemma.

LEMMA 2.5. Let b be a normal term in L, ¢=0. Let b’ be any term in
L, and assume that the biggest term in d(b) actually appears among the
terms in d(b'). Then b< b’
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Proof. We will treat separately the cases =0 and g > 1.
Assume first ¢ =0. Then b and b’ have the form b=y .e(u), b’ =1z e(v).
Since a(b) =uy, a(b’) = vz, the hypotheses amount to

uy =vz, and
max(u) < min(y), by normality of b.

Thus, u-y is the canonical decomposition of vz, and so u= g(vz). By
Lemma 1.4, we conclude u= g(vz) < g(v)=v, and so b <P

Assume now ¢ > 1. Let us write b=y -e(i, .., i,; u), b’ =z-e(j,, .., j,; v).
By hypothesis, c = x; y -e(is, .., i,; u), the biggest term in d(bh) according to
Lemma 2.2, appears as a term in d(b’).

If it appears as a term of the second kind, ie.,

Xi ye(iz, ooy lq, u)=z,z 'e(jla -"’jr’ ""jq;g(xj,v))’

where z, = x; v/g(x; v), then u= g(x;v) <v by Lemma 1.4, and so b < b’.
If ¢ is equal to a term in d(b') of the first kind, i.e.,

X;, yeliy, o 1,5 0) =X, Z€(fys s Jrs o g3 V),

then u=v. We compare the sequences: If r> 1, then we have i,=j, for
r+1<s<qgandi,=j _, </, Hence,

(il 1y lq) < (jls msjq)

and thus b<b’. lf r=1, we have (i, .., i,)=(j;,...J,) and x, y=1x; z.

By normality of b, we have i;=min(x, y), so i{;=min(x;z). Hence,
i, <j,. lfi,=j,, this implies b=4". If i, < j,, then we conclude again that
b<bd'.

It is now easy to complete the second and last step of our program.

PROPOSITION 2.6. Let f be a non-zero, normal element in L,,, 4= 0. Then
d(f), respectively a( f), is non-zero.

Proof. Let b be the biggest term in f and ¢ the biggest term in d(b),
resp. a(b). By Lemma 2.5, ¢ cannot cancel against any other term in d(f),
resp. a(f). Hence d(f'), resp. a( ), is non-zero.

This finishes the proof of the theorem. If £ is a field (L (1), d) is the
minimal free graded resolution of I over R since d(L,)c M -L, , for all
qg=1.

Remark. 1. The requirement that £ be a field in Theorem 2.1 is only
needed to make sense of the assertion that (L (I), d) is the minimal resolu-
tion of I over R.
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For £=17, (L(I), d) is a “generic” resolution in the sense of the follow-
ing theorem due to I. Kaplansky and to J. Eagon and M. Hochster (see
[EH, p. 70]).

THEOREM. Let J be a monomial ideal in A=27[X,, .., X,], and let
L, —J be a resolution of J over A. Let R be a unitary commutative ring,
let xy,..x,eR, and let ®:A—R be the map determined by
D(X,)=x;,i=1,..,n Denote by I < R the ideal generated by ®(J).

If x|, .., x, is an R-sequence in every order, then L, ® ; R — I is a resolu-
tion of I over R.

Hence, we obtain the following corollary:

Let R be a unitary commutative ring and let x,,.., x,€R be an
R-sequence in every order. Let A=7[X,, .., X,] and let &: 4 —» R be the
obvious map determined by &(X;)=x, for i=1, .., n. Let I« R be the ideal
generated by the @-image of a stable monomial ideal J < A.

Let L, — J be the Z[ X, .., X, ]-resolution described in our Theorem 2.1
for #=17.

Then L,®;R— 1 is a resolution for I over R. Its localization at any
prime P of R containing [ is the minimal resolution over R, of the
localized ideal 1p.

Remark 2. The reader may perhaps prefer the following alternate
notation for our resolution.

Still with R=#4[x,,.., x,], let V be the free R-module on the set
€y s €y

If I is a stable ideal in R, define the complex (C,(I),D) by
C,=AV® gLy, where Ly = Ly(I), as above, is the free R-module on the
set of symbols e(u) in bijection with G(I), and where A9V is the gth
exterior power of V over R. The boundary operator D:C,—»C,_, is
defined by

q

DE®e(u))= Y, (—1) & ® {x,e(u)— y,e(glx,u)},

r=1

where y, =x u/g(x;u), {=e, A --- Ae,, and {,=e; A - AE A -
Aeg,.

Let N,cC, be the submodule generated by the clements
ey A -+ A e, ®e(u), with max(u) <max{i, .., i,}. Then N, = C, is a sub-

complex and our resolution is isomorphic to L, (/)=C,/N,.
As a byproduct of this description, observe that the multiplication

LoxLy— L,
given by
e(u) - e(v) = (uv/g(uv)) - e(g(uv))
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turns C, into a differential algebra with the product
(E®e(u)-(n®e(v)) = (L A n)®e(u)-ev).

The associativity of the product is guaranteed by Lemma 1.3, clause (1),
which implies that

g(g(uv) w) = glug(vw)).

Also, the formula d(a-b)=da-b+(—1)"a-db, for ae C,, relies again
on Lemma 1.3, (1).

The subcomplex N, is easily seen to be an ideal in C,. (Use Lemma 1.3,
clause (2).) Hence, L, (I) inherits the structure of a (graded-commutative)
graded differential algebra.

We do not pursue this here.

The referee has suggested that our admissible symbols e(i,, ..., i,; u) with
ueG(Il), 1<iy<---<i,<n, and i ,<max(u) could be pictured by a
“hook”, a notion arising in the representation theory of permutation
groups.

The hook corresponding to e(i,, ..., i,; u) with m = max(u) would be

AmEEEIEnn]

where m-m---m—1---1-1 represents the sequence determined by the
monomial u=x{'---x/ as

T e B m— g
a,-times a,, . ,-times a,-times

The above hook is a column-strict, row-non-strict decreasing standard
Young tableau.

For more details on Young tableaux in this connection, the reader is
referred to the thesis of Hema Srinivasan [Sr, Chap. 2].

3. SOME REMARKS ON BETTI NUMBERS AND POINCARE SERIES

Let 7 be a stable ideal in the polynomial ring R=#[x,, .., x,] over a
field £ and let G([/) be its canonical generator system. The above descrip-

A81/129/1-2



16 ELIAHOU AND KERVAIRE

tion of the minimal resolution (L, (/) d) of I over R provides, of course, a
formula for the Betti numbers

B (1) =dim, Tor (I, #)=rank L,(I)

in terms of the elements of G(J).

Namely, if ueG(I), let m(u)=max(u). Then the basis elements
e(iy, ... i,; u) € L(I) with fixed u are in bijection with the strictly increasing
sequences

I<iy<iy< - <i,<m(u)—1,
and therefore are (™*“)~') in number. Thus,
m(u)—1
pan= 3 (")
ue G(I) q

In particular, we can read off directly the projective dimension of a stable
ideal from its minimal generator system as

proj. dim /= max{m(u) — 1|ue G(I)}.

We can also easily read off the Poincaré series of a stable monomial ideal
from the minimal resolution.
By exactness of the resolution, we have

A

P(I, 1) =Z (—1)* P(L,, 1),

where P denotes the Poincaré series.

We have
_ miu)— 1\ g4+ des)
PLeon= X ( )(1—0”’

ue G(I) q

since  degl(e(iy, .., i,;u)) = deg(x; ---x,u) = q + deg(u), and B (J) =
Yueom (")) is the rank of L (I) as an R-module. Thus,

q

mu)— 1Y) )\ 15
Pho= % (ZH< a )’)(1—0"’

ue G(I)

and therefore

tdeg(u)
P(I’ t)= z (1 _ t)ngm(u)+l

ue G(I)
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In [BS], it is shown (as a corollary of a more general result) that every
homogeneous ideal has the same Poincaré series as some Borel fixed ideal.
Since Borel fixed ideals are stable, the above formula gives the outlook of
the Poincaré series of an arbitrary homogeneous ideal.

The above formula for the Betti numbers of a stable ideal yields similarly

P(Tor{(1, £), t)= i B D)t

= ¥ (L4t

ue G)

There also exists a formula due to M. Hochster and R. Stanley that
expresses the Betti numbers of an arbitrary monomial ideal in terms of the
homology of some finite simplicial complexes associated with the ideal.
(See [St, p.49] and [H, Section 5].)

We now describe a situation in which the Betti numbers of a monomial
ideal are expressible in terms of those of simpler components.

Let U, V be monomial ideals, and let W=UnV. Then W is again a
monomial ideal and its canonical system of generators G(W) satisfies

G(W) < lem(G(U), G(V)) = {lem(u, v)|ue G(U), ve G(V)}.

Of course, the inclusion can be strict, and a given w in G(W) may in
general be written in several ways as w=/cm(u, v), with ue G(U) and
veG(V).

Now, let I be a monomial ideal, not necessarily stable.

DEefFINITION. We say that [ is splittable if I is the sum of two non-zero
monomial ideals U and V such that

(1) G(I) is the disjoint union of G(U) and G(V),
(2) There is a splitting function
GUNV)>GUYxG(Y)
w = ($(w), Y(w))
satisfying the following properties:

(S1) w=lem(¢(w), y(w)) for all we GIWY=G(Un V),

(S2) For every subset G' = G(W), both Icm ¢(G’) and lem i (G')
strictly divide lem G'.

A pair U, V satisfying the above condition will be called a splitting of 1.
The condition (1), ie, G(I)LL G(V), is in fact a consequence of the
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axioms (S1), (82} for the splitting function. The argument is easy and left
to the reader. Alternatively, observe that the proof of Proposition 3.1
below never wuses (1). Thus (1) also follows from the formula

Bo(I) = Bo(U) + Bo(V).

PrROPOSITION 3.1.  Let I be a splittable monomial ideal with splitting U, V.
Then, for all =0,

B D =B(U)+B,(V)+ B, (U V),

where B_, =0 as usual.

Let us recall D. Taylor’s resolution of monomial ideals [T], which will
be used in the proof of the proposition.

Let Uc R=4£[x,, .., x,] be a monomial ideal with G(U)= {u,, ..., u,}.
Let L be the free R-module of rank r with basis ¢, .., e,. Set T,=A44"'L,
the (g + 1)-st exterior power of L over R, and define 4: T, — T, , by the
formula

plios - i,)

q
de(iy, .., i,)= (—1)y —
0 ¢ E:O Plios ooy Tgy oy 1)

'e(io, vesy l‘s, aeey ll])

where e(ig, .., i,) stands for e, Ae, A --- ne, and plig,..i,)=
lem(ug, uy,, ooy ;).

In low degree, Ty =L and let a: Ty — U be given by a(e;) = u;.

A simple calculation shows that

0-T7T,_,»T, ,» - >T 5T;>U->0

is a complex, and it is easy to produce a £-linear contracting homotopy
hT,-» T, (ie, di+ hd=1), showing that (T,, d) is in fact a resolution
of U as an R-module.

One possible choice for the (#-linear) map #4 is provided by the formula

) . u-pliy, i) o .
h . 5 ceey 2_—_(]— " ) 3 reey )
{u-eliy, ...i,)} Plios 1) (i, iyy . iy)

where u is a monomial in R, and i, is the smallest index ie {1, .., r} such
that u; divides u - p(i,, ..., i,).
Of course iy < iy, and if i{;=1i,, then simply e(i, i, ..., i,) =0.

Digression. Recently G. Lyubeznik [L] has exhibited a subcomplex
L, < T, which provides a “smaller” resolution of U (if still not minimal, in
general). Lyubeznik’s L, is the R-subcomplex of T, generated by the
vectors e(iy, iy, ..., i,) with io<i < --- <i, such that for all j (0<j<q)
and all i<i, the monomial u;, does not divide Ilem(u,,u;, ,...u;)=
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plisy iy 1y o i,). Now, if e(iy, .., i,) satisfies Lyubeznik’s condition and u
is some monomial, then e(i,i,,..,i,), where io=min{iju, divides
u-pliy, ... i,)}, also satisfies Lyubeznik’s condition. Indeed, if u; divides
plio, iys .y i), then it divides u - p(iy, .., i,) and thus i>i,. It follows that
the above homotopy contraction h: 7, - T,,, maps L, into L,,; and
hence is a contracting homotopy for Lyubeznik’s resolution as well.

Proof of the Proposition. Consider the exact sequence
00— WUV [— 0,

where n(u, v) =u—v and @(w)=(w, w).
We shall prove that the map

&, : Tor*(W, F) - Tor (U, F)® TorX(V, F)

induced by @ is O for all ¢ > 0. The proposition then follows from the long
homology sequence

25 Tor®(U, £) ® TorX(V, £) — Tor™(I, £) — Tor®_ (W, £) = ...

Let 4,,B,,C, be the Taylor resolutions for U, ¥, W respectively.
Denote by G(4,), similarly G(B,), G(C,) mutatis mutandis, the R-basis of
A, mapping bijectively to G(U) under a: 4, — U.

Our splitting function G(W) - G(U) x G(V) can be lifted in an obvious
way to a function

G(Cy) = G(Ap) x G(B,)
¢~ (4(c), ¥(c))
A lifting of @: W— U@ V to a map of resolutions
®:C, >A,®B,

is then determined by the formula

lem ac lemac
Pler A - ney)= (Icm agic) +#(c), lem ayr(c) W ))’
where ¢y, .., ¢,€ G(Cy), c=¢c, A --- A c,, and
plc)=¢(c) A -+ A dlc,), lem ac = lem(oc, ..., ac,), etc.

An easy calculation shows that @ commutes with Taylor’s boundary
operators. The fact that @ induces O in homology follows from axiom
(S2) of splitting functions, implying here that (lem ac)/(lcm ag(c)) and
{lem oc)/(lem afr(c)) both belong to the augmentation ideal M.
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Remark 1. In the case where I is stable, there is a natural splitting
U,V of I, where U is generated by the subset G(U)< G(I) comprising
the generators divisible by x,, and V is the ideal generated by G(V)=
G(I)— G(U).

Obviously, U is stable. If R'=4£[x,, .., x,] and V' is the R’-ideal
generated by G(V), then V' is stable as an R’-ideal. (Equivalently, one
could shift G(V) to tG(V)<=£[x,, .. x,_,]1 by t(x;))=x,_, for i=2,..,n
and take the ideal V| in £[x, .., x,,_,] generated by G(V,)=1tG(V). Then
V', is stable.)

It is easy to see that W= Un V is equal to x, V.

Clearly, W< x, V. Conversely, if ve G(V), let x,v=uy be the canonical
decomposition of x,v relative to I Since max(u) < min(y), x,; must divide
u, i.e., u€ G(U). Therefore x, v e W. Note that this argument actually shows
that G(W)=x,G(V).

One can then define

GUNV)-> GUYxG(V),

w > (u, W/x,),

where u is determined by the canonical /~decomposition w=u -y, ue G(I),
max(u) < min(y). (Again, u€ G(U), since w is divisible by x,.)

An easy argument shows that this map is a splitting function for L.

Now, note that the ideal V in £[x,, .., x,] has the same Betti numbers
as the ideal V' in R'=4#[x,, .., x,]. In fact, if L, is a minimal resolution
of V' over R, then R®xL, is a minimal resolution of V=R®@z V"
over R.

It follows that (V)= f,(V') for all > 0. Also, 8, ,(UnV)=§, (V).
Hence,

B ) =B U)+B,(V)+ B, (V).

Of course, this formula could be obtained, more simply actually, from
the explicit formula B (1) =3, 6 ("))

q

Remark 2. Not every (non-principal) monomial ideal is splittable. For
instance, in £[x,, .., x5] there is no splitting of the ideal

I=(X{X3X3, X{ X3Xs5, X X4X5, X3X3X4, X3X4X5),

as can easily be verified by inspection.

This ideal is associated with the triangulation of the Mobius strip shown
in the Fig. 1. (See [H] and [R].)

Note also that the stable monomial ideals have a minimal resolution
which is completely determined by the divisibility properties of the
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FIGURE 1

monomials in / and G(I), and in particular is independent of the charac-
teristic of the ground field 4.
This is not the case in general, as shown by the example

T=(Xx1X3X3, X1 X3X5, X[ X4 X5, X3X3Xg, X3 X4 X5, X X, Xg,

X1 X4Xg, X9 X5Xg, X3X4Xg, X3X5Xg)

in £[x, .., x¢], associated with the triangulation of the projective plane
shown in Fig. 2.
The Betti numbers of this ideal are

Bo=10,8,=15,8,=6,8,=0 for ¢=3, if char(£)+#2
and
Bo=10,8,=158,=7,8:=1,,=0 for g=4, if char(£)=2.

We conclude with some examples.

ExaMPLE 1. Let M? be the dth power of the augmentation ideal
M, =(x,..,x,)in £[x, .., x,].
Clearly, this ideal is stable and thus our Theorem 2.1 provides the

minimal resolution for M¥¢.
We can use Proposition 3.1 to calculate the Betti numbers B, (MZ). The

result is
d+n—1\/d+q—1
M) = .
BM:) <d+q >< q )
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FIGURE 2

Since M¢ is stable, the splitting described in Remark 1 above applies.
Here, U=x,M? " '=M?~' and V has the same Betti numbers as M¢ |
(by shifting). Hence

Bq(Mz):ﬁq(MZ7l)+ﬁ(/(M;{71)+ﬁqwl(Mj—])‘

An easy calculation then shows that the desired expression yields the
correct values of ﬁq(Mff) for small 4 or n and satisfies the induction
formula.

Of course, B(M )= (%", ")(“* %" ") can also be proved by counting the
number of monomials « in G(M*) with a given m = max(u). This number
is (“*™?), because division by x,, provides a bijection between this set
and the set of monomials in x,, .., x,, of degree d— 1.

The result follows then from the easily verified identity

i’: <d+m—2)(m—l>_<d+n~l)<d+q——l>

o\ o m—1 g ) \ d+gq q '
We are grateful to M. Hochster for pointing out to us that a minimal
resolution for the powers M? of the augmentation ideal has been known
for some time: It can be extracted from the Eagon-Northcott complex

[EN, p.201], as noted by D. Buchsbaum and D.S.Rim in [BR,
Lemma 3.9, p. 215].
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ExaMpLE 2. Let S,<#[x,,.. x,] be the ideal generated by the set of
monomials w with deg(w) = max(w), ie.,

{xa...xla, + - +a,=mform=1, .., n}.
With a mild abuse of notation,
S, =M, +Mi+ .-+ M

This ideal is Borel fixed, hence stable.

It is not difficult to count the number g,, of generators ue G(S,) with
prescribed m = max(u).

Note that g, is the cardinality of the set of monomials x{'x%? --- x; such
that a, + a, + --- +a,, =m, and such that moreover, for all j=1, .., m—1,
the exponents satisfy the inequality

j
Y oa,<j—1.

i=1

(For instance, this implies a, =0, a, is at most 1, a, + a5 is at most 2, etc..
Also, a,,=2.)

This number is equal to the number of weakly increasing paths joining
(1,0) to (m,m—1) in the (1, s) plane, not running above the diagonal
A={s=1—1}, and progressing along the sides of unit squares with
integral coordinates. (See Fig. 3.)

Such a path can perhaps best be described by a monotone step function

f[l,m]->Z<R

with jumps at integral values of 1€ [1, m], such that f(1)=0, f(m)=m— 1,
and f(r)<t—1 for all ¢

The step function associated with a monomial x{'x5* ---x% in G(S,) is
flty=%!1 a,, where [¢] denotes the integral part of ¢.

Thus g,, is the well-known Catalan number

1 <2m—2>
Em=_
m\ m—1

i 5 2N

m=1

and we have

ExaMpPLE 3. If w=x{"..-x% is a monomial, there is a well defined
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FIGURE 3

stable ideal (w)> whose canonical generator system consists of the
monomials u# obtained from w by a finite sequence

W=Wq, Wy, ., W, =U

of transformations of the kind

Wigy =xk,wi/xm,>

where m; = max(w,) and k,<m,.
If T,(ay,..,a, is the number of such transforms u of the given
monomial w, with max(u)=m, then

a,+ - +a,+m—2
T.{ag, . a,,)=< 1 )

To prove this, observe that each transform u of w with max(u)=m is in
fact a transform of w,,=x9' .- -x%-\x where s, =a,+ --- +a, The
number of transforms x? ---x’" of w,, with b, =5, —i is equal to the
number (™*/?) of monomials x'' ---x»-' of degree i, + --- +1i,,_, =1L

Therefore, if w=x{" .- x%

n

" _9 _
B((w)= Z <a,,+ +a,,+m )(m 1>.

e m—1 q
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We do not know whether this can in general be written without summa-
tion sign.
Ifa,=-- =a,=1, we get

—1
ﬁ,,<<x1---xn>)=(” )z
q

as follows from the calculation

3 Bcxex = 3 (7 Jasor =@
q=0 m=1
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