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Abstract

We study a supersymmetric field theory in six dimensions compactified on the orbifold T2 /Z> with two
Wilson lines. After supersymmetry breaking, the Casimir energy fixes the shape moduli at fixed points in
field space where the symmetry of the torus lattice is enhanced. Localized Fayet—Iliopoulos terms stabilize
the volume modulus at a size much smaller than the inverse supersymmetry breaking scale. All moduli
masses are smaller than the gravitino mass.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Higher-dimensional theories provide a natural framework for extensions of the supersymmet-
ric standard model which unify gauge interactions with gravity [1]. In recent years, phenomeno-
logically attractive examples have been constructed in five and six dimensions compactified on
orbifolds, and it has become clear how to embed such orbifold GUTs into the heterotic string [2].

An important problem in orbifold compactifications is the stabilization of moduli. In the fol-
lowing we study this question for an SO(10) model in six dimensions (6D) [3,4] which, compared
to models derived from the heterotic string [5,6], has considerably simpler field content. The pa-
per extends previous work which demonstrated that the compact dimensions can be stabilized at
small radii, R ~ 1/Mgut, much smaller than the inverse supersymmetry breaking scale 1/u [7].
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A crucial ingredient for the stabilization of compact dimensions is the Casimir energy of
bulk fields [8]. Various aspects of the Casimir energy for 6D orbifolds have already been stud-
ied in [9-11]. Stabilization of the volume modulus can be achieved by means of massive bulk
fields, brane localized kinetic terms or bulk and brane cosmological terms [9]. Alternatively,
the interplay of one- and two-loop contributions to the Casimir energy can lead to a stabiliza-
tion at the length scale of higher-dimensional couplings [12]. Furthermore, fluxes and gaugino
condensates play an important role [13,14]. The mechanism studied in this paper is based on
expectation values O(Mgur) of bulk fields, induced by local Fayet-Iliopoulos (FI) terms, and
localized supersymmetry breaking leading to gaugino mediation [15,16]. In the framework of
moduli mediation this mechanism is discussed in [17].

For a rectangular torus it has been shown in [7] that the interplay of ‘classical’ and one-
loop contributions to the vacuum energy density can stabilize the compact dimensions at
R ~ 1/Mgut. Here we study the stabilization of all three shape and volume moduli of the torus.
Remarkably, it turns out that the minimum occurs at a point with ‘enhanced symmetry’, where
the torus lattice corresponds to the root lattice of SO(5). Tori defined by Lie lattices are the
starting point for orbifold compactifications in string theory, which lead to large discrete sym-
metries [18]. These restrict Yukawa couplings and can forbid or strongly suppress the p-term of
the supersymmetric standard model [6,19]. Enhanced discrete symmetries have previously been
discussed in connection with string vacua [20].

The paper is organized as follows. In Section 2 we discuss symmetries of the compact space
and the associated moduli fields, whereas the relevant features of the considered 6D orbifold
GUT model are briefly described in Section 3. The Casimir energies of scalar fields with dif-
ferent boundary conditions are analyzed in Section 4. These results are the basis for the moduli
stabilization discussed in Section 5. Appendix A deals with the evaluation of Casimir sums.

2. Modular symmetries of orbifolds

In this section we briefly discuss the geometry of the compact space and the associated three
moduli fields. The torus 72, and also the T2 /Z, orbifold, can be parameterized by the volume
parameter A and the complex shape parameter T = t; + i 72. Following [9], we choose the fol-
lowing metric for M* x T2,

ds? :Aflg,w dx"dx" + Ayij dy' dy’, (1)
where yi € [0, L], and the metric y;; on the torus is given by
1 1 T1
= — . 2
Yij rz (Tl |T|2> @

4D Minkowski space corresponds to g, = 1y, and the induced metric at the orbifold fixed
points is g, = .A7!5,,. The kinetic terms of the moduli fields are obtained by dimensional
reduction from the 6D Einstein—Hilbert action,

4
S= %/d%«/ER(G)

M3L? mva,A0,A mvo, 1o, t*
6 4 87 0 Ady 87 ouTohT
=—— | dx R(g) + + .

Here t* = 11 — i1, and the Ricci scalar R is evaluated with the metric indicated in parenthesis.
Note, that M62L is not the 4D Planck mass, since g,,, does not determine the physical distance

3)
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Fig. 1. Fundamental domain for the modular groups SL(2, Z) and I"(2).

in the non-compact dimensions, cf. (1). Once the area modulus .A is stabilized at A, a constant
Weyl rescaling g,,, = Aoguv yields the physical Planck mass M4 = \/A0L2M62, with AgL?2
being the area of the torus.

In this paper we extend previous work [7], where only a rectangular torus lattice was consid-
ered. Note, that the torus can alternatively be described by the two radii Rj > of the torus lattice
and the angle 6 between them. The relation between the two sets of parameters is given by

A A T
2rRy =L,/ —, 2n Ry =|t|L | —, 0 = arccos —. )
1%) 1) 7]

The rectangular torus in [7] has been parameterized in terms of the two radii R; », corresponding
tory =0and o = Ry/R;.
The group SL(2, Z) of modular transformations
at+b
ct+d’
relates modular parameters of diffeomorphic tori. Distinct tori have modular parameters t taking

values in the fundamental region |7| > 1, —1/2 < 71 < 1/2 and 75 > O (cf. Fig. 1).
The Kaluza—Klein mode expansion of bulk fields on the torus can be written as

T —>

a,b,c,de?, ad—bc=1, 5)

1
P(x,y)=—= of (x)eXp{ m(T2y1 — T1y2) +ny2 } (6)
T, 2 peeren| |
with the corresponding Kaluza—Klein (KK) masses
(2n)*
M= Zpag; me =l (7)

Note that the sum over all KK modes is modular invariant: the transformations associated with
the two SL(2, Z) generators, T — v + 1 and T — —1/7, correspond to the relabeling of terms
(m,n) - (m,n —m) and (m, n) - (—n, m), respectively.

In the case of non-zero Wilson lines the KK masses take the values [11]
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(2m)?
AL%1,
where («, ) are real numbers. For a T2 /7, orbifold, @ and B are restricted, «, 8 € {0, 1/2}. The

modular transformation (5), with o — 12/(|cT + d|?), now corresponds to the relabeling of KK
modes

Mr2n,n: |n+,8—r(m+a) 27

®)

m+oa—>am+a)—chn+p), n+pB—->dn+pB)—bm+a). ©)]

Depending on the values of the discrete Wilson lines, the sum over KK modes is invariant under
the full modular group SL(2, Z) or some subgroup [21]. For « = 8 = 0, the Wilson lines are zero
and SL(2, Z) remains unbroken. In the case « = 0 and 8 = 1/2, modular invariance yields the
additional restriction ¢ = O0mod?2 and d = 1 mod 2. Correspondingly, for « = 1/2 and 8 =0 one
finds the restriction @ = 1 mod 2 and » = O0mod 2, while fora = = 1/2 one has a,d = 1 mod 2,
b,c=0mod2 ora,d =0mod2 and b, c = 1 mod 2. The largest common subgroup corresponds
to a,d = 1mod?2 and b, c = 0mod 2, which corresponds to I'(2) [22]. The fundamental domain
of the groups I'(2) and SL(2, Z) are compared in Fig. 1.

We are interested in fixed points of the modular group in the upper half plane, because the
effective potential V (t1, 72) has extrema at these fixed points. To this end notice that a matrix
M € SL(2,Z), M # %1, has a fixed point in the upper half plane if and only if Tr M < 2. This
can be seen from the fixed point equation Mz = z which implies

c?+(d—a)z—b=0. (10)

Using the property ad — bc = 1, one obtains for the solutions of this equation

a—d++(a+d?—-4
z= .
2c

Y

We see that only for (a +d)? < 4 we have complex solutions in the upper half plane, whereas for
(a + d)* > 4 there are only real solutions. Clearly, only points on the edge of the fundamental
domain can be fixed points, because points within the fundamental domain are inequivalent and
therefore cannot be mapped onto each other by a modular transformation.

It is well known that SL(2,Z) has two fixed points at (t1,72) = (0,1) and (71, 2) =
(1/2,~/3/2), respectively. For the case ¢ = 0mod2 and d = 1 mod2 there is a fixed point at
(11, ) = (1/2,1/2), while for a = I mod?2 and b = O0mod?2 there is a fixed point at (71, 7o) =
(1, 1). Finally, in the case a,d = 0mod?2 and b, c = 1 mod?2 there is a fixed point at (0, 1). The
subgroup I'(2) has no fixed points in the upper half plane.

3. An orbifold GUT model

As an example, we consider a 6D N =1 SO(10) gauge theory compactified on an orbifold
T2/73, corresponding to T2 /Z, with two Wilson lines [3]. The model has four inequivalent fixed
points (‘branes’) with the unbroken gauge groups SO(10), the Pati—Salam group Gps = SU(4) x
SU(2) x SU(2), the extended Georgi—Glashow group Ggg = SU(5) x U(1)x and flipped SU(5),
Gy = SU(5)’ x U(l), respectively. The intersection of these GUT groups yields the standard
model group with an additional U(1) factor, G/SM =SUQB)c x SUQR)r x U(l)y x U(l)y, as
unbroken gauge symmetry below the compactification scale.

The model has three 16-plets of matter fields, localized at the Pati—Salam, the Georgi—
Glashow, and the flipped SU(5) branes. Further, there are two 16-plets, ¢ and ¢¢, and two
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10-plets, Hs and Hg, of bulk matter fields. Their mixing with the brane fields yields the charac-
teristic flavor structure of the model [3].

The Higgs sector consists of two 16-plets, @ and @€, and four 10-plets, Hi, ..., Hy, of bulk
hypermultiplets. The hypermultiplets H; and H; contain the two Higgs doublets of the supersym-
metric standard model as zero modes, whereas the zero modes of H3 and Hj are color triplets.
The zero modes of the 16-plets are singlets and color triplets,

®: N¢ DS,  @° N, D. (12)

The color triplets D¢ and D, together with the zero modes of H3 and Hy, acquire masses through
brane couplings.
Equal vacuum expectation values of @ and @€ form a flat direction of the classical potential,

(@) =(N)=(N) = (D). (13)

Non-zero expectation values can be enforced by a brane superpotential term or by an Fl-term
localized at the GG-brane where the U(1) factor commutes with the standard model gauge group.

The expectation values (13) break SO(10) to SU(5), and therefore also the additional U(1) x
symmetry, leading to bulk masses'

M2 =~ g2oc), (14)

where g¢ is the 6D gauge coupling, which is related to the 4D gauge coupling by a volume factor,
g4 =g86/VAL2.

Supersymmetry breaking is naturally incorporated via gaugino mediation [4]. The non-
vanishing F-term of a brane field S generates mass terms for vector- and hypermultiplets. In
the considered model, S is localized at the SO(10) preserving brane, which yields the same mass
for all members of an SO(10) multiplet. For the 45 vector multiplet and the 10 and 16 hypermul-
tiplets of the Higgs sector one has

h
As:/d“x dzy\/g:sz(y){/dzémSTr[W“Wa] +he.
do( 2 sts(HTH + HIH) + 2 StS(H 4 HIH
+ F(11+22)+F (Hs Hs + Hy Ha)
Moot t
C C

+-5S S(e"d+ @))}. (15)
Here g, is the metric induced at the fixed point, and W*(V), Hy, ..., Hy, @, @€ are the 4D
N =1 multiplets contained in the 6D A = 1 multiplets, which have positive parity at y = 0;

A is the UV cutoff of the model, which is much larger than the inverse size of the compact
dimensions. For the zero modes, the corresponding gaugino and scalar masses are given by

I o
7 AL2AY Ha™ AL2A%
)»/Mz )V//M2
2 _ .~ 2 _ M
My, = AL2 A2’ me = AL2A2° (16)

' For more details concerning the parity assignments and gauge symmetry breaking, see [7].
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where AL? is the volume of the compact dimensions and 1 = Fg/A. Note that the gaugino
mass is stronger volume suppressed than the scalar masses. This implies that the contribution
of the vector multiplet to the Casimir energy relative to the one of the hypermultiplets is also
suppressed, as shown in Appendix A.

. . 2 3
4. Casimir energy on 7°/Z;

The Casimir energy of a real scalar field on the given orbifold background can be written as

1 d*kg M, M2
Vi = _[ ] / —— log| k2 17
M ZZm,n Qryd B\ ET T TS (a7
with [>_1,y.» shorthand for the double sum and Mi ,, denoting the Kaluza—Klein masses, which
are given by (8) except for a factor of four due to the two additional Z, symmetries, which have
been modded out. The mass M stands for bulk and brane mass terms.

The expression (17) for the Casimir energy is divergent. Following [9], we extract a finite
piece using zeta function regularization,

_dgs)
V=-—— N (18)
where
1 o [ dkE (5 4Q2m)? ), M*\7*
£(s) = E[Z]m,n“f G (kE+—A2L2Q|n+ﬂ—r(m+a)| +7) . (19

Note that, as in dimensional regularization, a mass scale p, is introduced. The momentum inte-
gration can be performed, which yields

11 ,T(s—2) 4(27)? M2\?>~*
¢ =3 T TTw) [Z]mn“ <A2L2 ntp =+l + 7)
M%s42—s (271_)—25].[2
DA LA (5 = 2) (s — 1)

Lz 2—s
X [Z]m . |:(n +B8—(m+ a)rl)2 + (m + a)2122 + AL M2j| . (20)

4(27m)?
Carrying out the summations (cf. Appendix A) we find for the Casimir energy

w.p MOL? T11 M
V' =33l log| ——
307273 A1 12 VAu,

3o )
—_——— [Ep— 0 — o
6an2 A2 (4 S\ A, ) |0

M3r§/2 icos(anot)K VALM
s 3 O\PTa g

cosmrp(B — (m +a)ty))
.A4L4‘Ez Z Z 2(Sa08m0 5/2

2 p=1m=0

ALz‘EzMZ 3 ALty M?
x <122(m +a)’+ W) Ks)2 <2np\/1:22(m +a)? + G ) Q1)
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Fig. 2. The different contributions to the Casimir energy for the different boundary conditions. Note that the potential is
periodic in 7| with period 1 for « = 0 and period 2 for @ = 1/2.

The different contributions to the Casimir energy are displayed in Fig. 2 as function of the shape
moduli 7] and 1, for fixed volume modulus A.

In supersymmetric theories there is a cancellation between bosonic and fermionic contribu-
tions, and the expression for the Casimir energy is given by

V= AR VAT + BV v
+ C(anl/},o _ Vﬂl/z,o) n D(Vﬂl/,z,l/z _ Vﬂl/z,uz)’ o

where M’ = +/M? 4+ m?, with supersymmetric mass M and supersymmetry breaking mass m;
the coefficients A, B, C, D depend on the field content of the model. Note that even in the
supersymmetric framework there are divergent bulk and brane terms, which are proportional
to the supersymmetry breaking mass m?, unlike the case in Scherk—Schwarz breaking. These
divergencies have to be subtracted from the unrenormalized Casimir energy to obtain a finite
result, and to tune the four-dimensional cosmological constant to zero.

5. Stabilization
5.1. Shape moduli

Before discussing moduli stabilization for our particular orbifold GUT model, it is instructive
to consider the shape moduli potential for varying field content, i.e., for different coefficients
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Table 1

Modular symmetries (cf. (5)) of different contributions to the Casimir energy and the fixed points under those symmetries.
For general coefficients A, B, C, D in (22), the symmetry corresponds to the largest common subgroup, which is known
as I'(2). However, if the coefficients fulfill certain relations, the modular symmetry can be enhanced as shown in the last
two lines.

a b c d Fixed points (71, 2)
y0.0 Omod 1 0Omod 1 Omod 1 Omod 1 0, 1), (1/2,+/3/2)
y0.1/2 Omod 1 Omod 1 Omod?2 1mod?2 1/2,1/2)
y1/2.0 1 mod?2 Omod?2 Omod 1 Omod 1 an
v1/z1/2 1 mod?2 0mod?2 Omod?2 1 mod?2

Omod?2 1mod?2 1 mod?2 Omod?2 0,1
re) 1mod?2 Omod?2 Omod 2 1mod?2 -
y0.0 4 y0.1/2 0Omod 1 Omod1/2 Omod?2 Omod 1 (0,1/2), (1/4,/3/4)
Veasimir Omod 1 Omod 1 Omod2 1mod2 (1/2,1/2)

A, B, C, D. The modular symmetries (5) of the four different contributions are given in Table 1.
They are obtained by requiring invariance of the Kaluza—Klein sums under the corresponding
modular transformation, as discussed in Section 2. Naively, one would expect that adding two
different contributions with different symmetries would lead to the largest common subgroup,
which is given by I'(2). However, for certain relations between the coefficients A, B, C, D
there can be non-trivial cancellations, which lead to a larger modular symmetry. For example,
if the field content is such that A = B and D = C = 0, the parameters of the modular group
are restricted to b = 0mod 1/2 and ¢ = O0mod 2. Surprisingly, the resulting symmetry is not only
larger than the symmetry of V%1/2 it is not even a subgroup of SL(2, Z).

The effective potential for the shape moduli t; and 7, for different cases is illustrated in Fig. 3.

Fixed points under the modular symmetry are extrema of the effective potential, assuming that
the volume is stabilized. Hence, minima of the effective potential may correspond to such fixed
points. For fields with boundary condition (+, +), this is indeed the case. The Casimir energy
then has a minimum at (71, 72) = (1/2, \/3/2) and a saddle point at (t1, 72) = (0, 1) [9]. This
implies that the shape moduli are stabilized at a torus lattice with R = R, and 6 = /3, which
corresponds to the root lattice of the Lie algebras SU(3) or G,. For our example with A = B and
D = C =0 on the other hand, there is a minimum at (1, 72) = (1/4, V3 /4) and a saddle point
at (11, 2) = (0, 1/2). The minimum corresponds to the lattice with Ry =2R; and 6 = /3.

Let us now turn to our model. The wanted repulsive behavior of the Casimir energy at small
volume can be obtained if the contribution of particular bulk hypermultiplets dominates [7],

Veasimir = 12(Vm0*[? — VO,O) + 12(‘/’2}11/2 _ Vo,l/z)
8Vt = VI20) g (v — v, o3

with m3, = —A'u?/(AL?A?) and A’ <0, [A'| > |A],|A"| (cf. (16)). Remarkably, the potential
has an enhanced modular symmetry compared to I"(2). The allowed transformations have ¢ =
Omod2 and d = 1 mod 2, with a and b € Z.

Solving the fixed point equation (11), one finds a fixed point in the upper half-plane: (z1, 72) =
(1/2,1/2) with a = —b = —d =1 and ¢ = 2. It corresponds to a minimum in the effective
potential. There is also a saddle point at (71, 72) = (0, 1/ «/5). For the minimum, the torus lattice
again has an enhanced symmetry: R| = +/2R; and = 7 /4, which corresponds to the root lattice
of SO(5). Its discrete symmetry is Zg4.
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Fig. 3. Effective potential for the shape moduli 7| and ;. In the upper left (right) panel we plot the potential for VI?,I’O

(VI?/I’0+V1?4’1/ 2). In the lower panels we show the potential for the shape moduli in the given model. Note that the scaling
in the 7, direction is different. The different periodicities of the potential in the 7{ direction correspond to different values
of the parameter b in the modular transformations. For the given model there is a local minimum of the full potential at
(71, 72) = (1/2,1/2) and a saddle point at (], 77) = (0, 1/4/2).

5.2. Volume modulus

In [7] it has been shown that spontaneous gauge symmetry breaking by bulk Higgs fields
together with supersymmetry breaking can stabilize the compact dimensions at the GUT scale.
The detailed mechanism of supersymmetry breaking is discussed in [17]. Consider the breaking
of U(1)x as discussed in Section 3. In orbifold compactifications of the heterotic string a vacuum
expectation value (@¢) can be induced by localized Fayet—Iliopoulos (FI) terms. Vanishing of the
D-terms then implies

2 CA?
() = ViR (24)
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Fig. 4. Effective potential for the volume modulus (full line). The different contributions to the potential are also shown
separately; Viane represents the brane counterterm.

where C « 1 is a loop factor and A is the string scale or, more generally, the UV cutoff of
the model. The expectation value is volume suppressed because @€ is a bulk field and the FI-
terms are localized at fixed points. In terms of the bulk Higgs mass (14) one obtains, using
8¢/ (AL = g5 =172,
) 1
M2~ g2 (@) ~ ECAz. (25)

For orbifold compactifications of the heterotic string one finds M ~ Mgyr.

Supersymmetry breaking by a brane field S, with © = Fg/A, leads to a ‘classical’ contribution
to the vacuum energy density,

Ve = / dy / d*e @52<y)<s*s(1 - %(@*@ + @”@“)>>

— F_g — M + 26
= pra T (26)
where the first term is a tree level potential [17], and g,,, = A1 Ny is the induced metric at the
fixed point y = 0. The first term proportional to F 52 will be absorbed into the brane tension.
In the vicinity of 71 = 1/2, the Casimir energy is to a good approximation given by

& =il )

M 30723 A 12 VA,

Mk (L 508

647r2A2[4 o8 mM,)} 20560
3/2 oo

M31—2 Z cosRmpa) K VALM
A3 ASI2L ~ i 3\ P Nz
M3r;3/2 >, cos(2mpar)

323 AS2L Z p3

K3(pv AnLM)
p=1
oo

M* cos(2mpa) < 1)2
+ K A LMt —= | , 27
647T3r23A2 1; P2 4(p 2 ) 175 27
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where we have performed a Taylor expansion around t; = 1/2. This approximation is valid for

B

small 17, and we have dropped additional terms in Ve , which cancel in the sum of VA(EI’O and

0,1/2
Vi '

Expanding the Bessel functions for small arguments and performing the summations over p,
we obtain for the four different contributions

167373 73 73(1 — 1/2)?
R ]
945A4L*  3780A%L473  1260A%L47)
M3} T M? TM?*(t — 1/2)?
+ + - (28)
18043L2 ~ 2880A43L%17  5760A3L2t3
1673¢} 73 73(t —1/2)?
945A4LY  3780A%L473  1260A%L47;
TM?7? TM? TM? (1) —1/2)?
TR - = 29)
180A3L2 ~ 2880A%L2t7  5760A3L2t;
317373 3173 3173 (1) — 1/2)?
1/2,0 2 1
Vv A 11, 12) =+ + -
v AT ) = e L 120960A4L475  40320A%L*7)
T M*t} Tn M? T M* (1) — 1/2)* 30)
1440A3L2  23040A43L%77  46080A43L2%75
31ney 3173 3173 (1 — 1/2)2
1/2,1/2 5 1
Vv A 11, 1) =+ + -
A T VO E 120960A4L4c)  40320A%L4<3
T Mt} T M? T M? (1) — 1/2)? a1

1440A3L% 23040431272 | 46080A3L272

The total effective potential is now given by the sum of the Casimir energy (23), the classical
energy density (26) and a brane tension,

Vtot(Av 71, ‘CZ) = Vcasimir(Av 71, TZ) + VCI(A) + Vbrane(A)' (32)

Inserting the expansions (28)—(31) into the expression for the Casimir energy, one finally obtains

TN u? s 2 =122\ 2P M? ok
V‘°‘(““”“’2>:‘m(16%+% B )— i T B
(33)
where
36)\//2M2M4
== ﬂ)»/AZ > 0. (34)

The brane tension « has been adjusted such that the potential Vo vanishes at the local minimum.
The different contributions to the effective potential are shown in Fig. 4.

As discussed in the previous section, the Casimir energy, and therefore Vi, has a local mini-
mum at 71 = 7o = 1/2. The volume modulus is then fixed at

) 1

Apl? =12
0 361" M2

(35)
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For |A/| > A", as required by a repulsive Casimir energy at small volume, one then obtains stabi-
lization of the compact dimensions at the inverse GUT scale, v ALz ~ 1/M ~ 1/Mgur.

5.3. Moduli masses

The moduli fields A, 7| and 7, have masses much smaller than the inverse size of the com-
pact dimensions. Their Lagrangian is obtained by dimensional reduction (cf. [9]) and from the
effective potential (32),

MAL? g, A A ghvo,Td, T
L= 6 R + us1% wut O
J?{ 5 ( (8) Ve 22

> = Viot(A, 71, 12) } (36)

After a constant Weyl rescaling, g,,, = Ao&.v (cf. (35)), the Lagrangian for the moduli depends
on Ay and the 4D Planck mass My = \/AoLzMﬁz,

_(M? ("8, A0, A g3, Td,T*
LM=\/§{7“(’" Lty S )—Aévmm,n,rz)}. (37)
215
Expanding the moduli fields around the minimum,
Aoy - 1 1 _
A=Ap+—A, Tl2==+ 71,2, (38)
M, 2 V2My
yields the Lagrangian for the canonically normalized fluctuations,
|1 Y 1 1 SUVq = = SHY A = =
L =\/§ E(g 9, A, A+ g9, T10,T1 + 8 SMrzavfz)
A (A% Vi o 19V | 1 azvmfz> } (39)
Y AW Y 4 9.2 1T g2 2 B
M;\ 2 A 4 9t 4 915

where the hat denotes that the second derivatives of Vio are evaluated at the minimum. Together
with Egs. (33) and (35) we now obtain the moduli masses

A_gaz‘/tol _ )\(// 2M2/¢L2

2
m = = , 40
AT M2 9A2 T AL A2M? 40
A 2V
2 0 tot 2
my, = —5——— =4m?, 41
2T oM2 o2 A 0
m%l ~ mé, (42)

which depend on the scale of supersymmetry breaking u, the cutoff A and the size of the compact
dimensions /AgL? ~ 1/M > 1/A. The mass m, has been obtained numerically, based on the
complete expression (23) for Vasimir, since the analytical result (33) away from 71 = 1/2 only
holds for small 7o and not at the minimum 7; =7, = 1/2.

The moduli masses can be related to the gravitino mass using u = Fs/A and m3;; =
Fs/(x/3My), which yields

2
,  6IME

=——""_m3,. 43
my A0L2A4m3/2 (43)
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For a compactification scale v/ AgL2 ~ 1 /M, one obtains
6)\(//
2 2

myy = ————m3 ), 44
AT LA (44)

i.e., the moduli masses are volume suppressed compared to the gravitino mass [17].

An upper bound on the coupling A” of the brane field S(x) to the bulk field @ (x, y), and
therefore on the moduli masses, can be obtained by naive dimensional analysis (NDA) [23]. For
this purpose, one rewrites the relevant part of the 6D Lagrangian

L = Zouk(P(x, ) +87(y — y5) L5 (@ (x, ), S(x)) (45)
in terms of dimensionless fields <f>(x, y) and S (x), and the cutoff A,
A 2 A .
== @ 82(y — ys) —— Ly (& 4
Edcfbulk( (x, ) +8°(y ys)&/cfs( (x, ), 8$(x)), (46)

where £ = 12873 and €4 = 1672; the factor C accounts for the multiplicity of fields in loop
diagrams, with C = 8 in the present model (cf. [4]). The rescaling of chiral bulk and brane
superfields reads

A . A 4
P(x,y) = mfp(x,y), S(x) = WS(X). (47)

The ratio C/£p gives the typical suppression of loop diagrams. This suppression is canceled by
the factors €¢/C and ¢4/ C in front of the Lagrangians . in Eq. (46). Consequently, all loops
will be of the same order of magnitude, provided that all couplings are O(1). Thus, according
to the NDA recipe the effective 6D theory remains weakly coupled up to the cutoff A, if the
dimensionless couplings in Eq. (46) are smaller than one.

Let us now apply the NDA recipe to the coupling A”. Using Eq. (47), we obtain

AY [ AONC o e s s

>—— | ———8'8(d7d + &To). 48

L4/ C A2 g ( + ) (“48)
The NDA requirement that all couplings be smaller than one implies A" < £¢/C = 167>, This
translates into

Ls

%63,
—m
AZLAAS T

However, this bound cannot be saturated, since the same bound holds for |A’| > A”. Further, one
has A >~ Mg >~ 10Mgyrt in the model under consideration [4]. This, together with the bound on
2", leads to the estimate

m S 0.1m3 . (50)

Hence, all moduli masses are smaller than the gravitino mass.

It is instructive to compare the upper bound on the moduli masses with the upper bound on
the gaugino mass (16),

hu V3h
e AL2A2 A0L2Am3/2 D

Compared to the moduli masses (44), the gaugino mass is weaker volume suppressed. Corre-
spondingly, the NDA analysis allows the gaugino mass to be larger or smaller than the gravitino
mass [24].

my S (49)
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6. Conclusions

We have studied a 6-dimensional orbifold GUT model, compactified on a T2 /7 orbifold with
two Wilson lines. The Casimir energy depends on the boundary conditions of the various bulk
fields and is a function of the shape moduli. It is remarkable that the minimum of the effective
potential occurs at a point in field space where the torus lattice has an ‘enhanced symmetry’
corresponding to the root lattice of SO(5).

The SO(5) lattice has a discrete Z4 symmetry which is larger than the Z, symmetry of a
generic torus. Vacua with unbroken discrete symmetries are phenomenologically desirable since
they can explain certain features of the supersymmetric standard model, in particular the differ-
ence between Higgs and matter fields. Our analysis suggests that such discrete symmetries may
arise dynamically in the compactification of higher-dimensional field and string theories.

The interplay of a repulsive Casimir force at small volume and an attractive interaction gener-
ated by the coupling of a bulk Higgs field to a supersymmetry breaking brane field stabilizes the
volume modulus at the GUT scale, which is determined by the size of localized Fayet-Iliopoulos
terms. The masses of shape and volume moduli are smaller than the gravitino mass.

A full supergravity treatment of the described stabilization mechanism still remains to be
worked out. Also the phenomenological and cosmological consequences of moduli fields lighter
than the gravitino require further investigations.
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Appendix A. Evaluation of Casimir sums

Our evaluation of the Casimir double sums requires two single sums which we shall now
consider. The first sum reads

o0

- 1
F(s;a,c) = Z ——. (52)
= [m+a)* +c?)

This is a series of the generalized Epstein—Hurwitz zeta type. The result can be found in [25] and
is given by

5 —2s —1ymr + B )
F(S;a’c)zi(s)z( ) m('m s)c M (=2m, a) + /7 2[‘()2 -2
+i7(7) 1/2- Vzps V2 cos(2 pa) Ky 122 pe), (53)
p=1

where ¢g (s, a) is the Hurwitz zeta-function. Note that this is not a convergent series but an
asymptotic one. In the following it will be important that ¢ (—2m, 0) = (g (—2n,1/2) =0 for
m € N and n € Ny. In our case, the first sum in F(s; a, ¢) thus reduces to a single term. For
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a = 1/2 the sum vanishes, and for a = 0 only the first term contributes; with ¢z (0, 0) = 1/2 one
obtains ¢~ /2.
The second, related sum is given by

e¢]

1
F(S;a,C)E Z m (54)

m=—0o0
Using the two identities (m € N)
CH(—2m,a)=—¢{p(—2m,1 —a), (55)
F(s:a,c)=F(s;a,c)+ F(s; 1 —a,c), (56)

one easily obtains, in agreement with [9],

F(s;a,c) = 1:/(—)| 1= |:F(s— %) +4Zcos(ana)(nmd)x—%Ks

p=1

N\»—

(ZWPICI)}

(57)

These two sums provide the basis for our evaluation of the Casimir sums.
A.l. Casimir sum (I) on Tz/Z%

We first consider the summation

[Z]m,n - i i : (58)

m=0n=—00

In this case the Casimir energy is obtained from

Z Z [(2+ 8~ (m +“)TI)2 + (m+a)’t3 + 2], (59)

m=0n=—0o0

_ AL’p

o M?. Using the expression for F(s; a, c)

where we have shifted s — s + 2 and defined «2 =

we can perform the sum over 7,

Z Z [(”"‘/3_(m+0l)11)2+(m+a)2.[22+1(2]7s

m=0n=—00

F(S - % - 1/2—s

=T —" th(m—i—a)z—}—/cz)

1

Zcos 2np — (m +a)7:1)) Z(np)s—%<\/m)z—s
F( ) —
X Ks_%<2npm>

= [i(s) + o(s). (60)

Let us consider fi(s) first. The sum over m can be performed with the help of F(s:a,c),
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I'Gs—3) & s
fl(s>=ﬁ(lfT)2)Z(r§(m+a>2+x2)”2
m=0
—1/2) 1o T K
—_ 0 -
G o L Tror

271 —S —S S—
F() T, 1= Zp 1cos(2rrpot)KC 1<2np< 2>> (61)

p=I

Recalling the shift in s, we can now write £(s) as

2s+4 4—s —2s—4_2 2-2s
W4T (2m) T —-1/2) T K
() = e e 0,0+ s
2ABL=21, s(s + 1) F() 26—-1)
_ K
F(s) T, Sk Zp T eos2mpa) Ky (27l’p<5>)
o0 . %_S
F( ) Zcos (27p(B (m—}—ot)rl))Z(np)“§<‘/t22(m+a)2+/c2)
m=0
x K, 1(2np\/rz(m+a)2+x2)}. (62)
s—3 2
Now we have to differentiate with respect to s and set s = —2. Since I'(—2) = oo, the derivative

has only to act on I'(s) if the corresponding term is inversely proportional to I'(s). Performing
the differentiation, using

d 1 I (s)
—— =— =42, (63)
ds T'(s) |,__» [(s)?|,_
_ P s «/AT
as well as K,(z) = K_,(z) and substituting again k = L we finally obtain for the Casimir
energy,
472 167 AS2L5¢ 5/2M5
vab® - T 2 T 0.
AL |15 @)
+HA3L6T22M6[ 114121 < M )]
36(4m)° JAu,
N 4 AP M 2 cos(2rpa) . (2 («/—LM))
w2 (4m)3 et p3 4r /T2
cos2rp(B — (m—l—a)rl)) AL M2\ 1
nzZ p5/2 ( +o)+ (47r)2
m=| 0

212
><K5/2<2np\/r (m+a)? + AIE4T2)12\4 )} (64)
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A.2. Casimir sum (Il) on TZ/Z%
The second relevant summation is
o0 o0 o
P35 3o o

For the corresponding boundary conditions one has o = 0. The Casimir sum can then be written
as

m,n

[som2+z > —bmo Z } [(n+B—mr)* +mPz5 +7] ", (66)

m=0n=—00 n=—oo

where we again shifted s — s + 2. The double sum is the sum (I) which we have already calcu-
lated. Using

-1 o]
S [+ = [+ 12+ (67)
n=-—00 n=0
one easily finds for the remaining piece?
o
A== [+1-p7+*]"
n=0
L =3 1o
—2s 27 1-2s
=— 0,1—p8)— 27
k= Cu( B) -7 )
20 123 12 cos(2mp(1 — B)) K12, 68)
“Te)" ~ sl
Differentiating the corresponding contribution to ¢ (s), setting s = —2, and substituting « yields

the Casimir energy,

@ B _ a0
VM - VM

an? | APLATIMAT3 M
S 0,1-
+A4L4r22{ (4r)? [2 °g<ﬂﬂr>}§H( 2

8 A5/2L5r25/2M5

15 (4n)S
4 ((At)'PLMN\Y? & cos@rp(l — B)) JAGLLM
- —— —K5/2 27‘[[)7 .
72 4m) ot p5/2 A

(69)

2 Note that ¢ (0, 1) = —1/2 and ¢y (=2m, 1) = 0.
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A.3. Result

Putting everything together the Casimir energy can be written as

wp . MOL? 11 M
Vi =+s=r—7 —log| ——
30724 VAu,

_L[§_10g<L>}g ;

64 A% | 4 Ap, )]
M3r23/2 > cos(2rpa) VALM

_4713A5/2L2_: PE K3<p 2@)

cosrp(B — (m +a)11))
A4L4T2 Z Z 25a03m0 5/2
2 p=1m=0

AL M2\ AL21, M2
2 2 2 2
X <12 (m+oa) + 7(47”2 ) Kspp| 2mp, [Ty (m + )= + @n) (70)

or in terms of the moduli Ry, R, and 6 (and in the frame used in [7])

MOR| R, 11 M
W= g O <12 °g<ur>)

5 s M* (3 | M
J— — [Ep— 0 —
o0 ﬁ064 2\ 2 g i,

1 M3R2 sin Zcos(ana)
84

K3(wpMRy)

21 1 1 cosQnp[B — (m+a)Ry/Rjcosb))
- _F sin* 0 Z Z 28208m0 p5/2

=0
5/2

Ry . 9\/( n )2+M2R12 /
x | == sin

Rls m-+a 2

Ry . M2R?
x K52 27tpR—s1n0 (m+a)?+ 2 . (71)
1

For 6 = 7 this agrees with the expression for a rectangular torus [7], as expected.

Appendix B. Contributions from vector- and hypermultiplets

In this appendix we compare the leading contributions to the Casimir energy from vector
and hypermultiplets, respectively. We will see that the contribution of the vector multiplets is
generically suppressed compared to the one of the hypermultiplets, and hence it was justified to
neglect this contribution in Eq. (23).

The relative suppression can be seen by an explicit investigation of the mass matrices of the
gauginos and the hyperscalars, respectively. For simplicity we only focus on one single scalar @
and one gaugino . For the present discussion, the relevant part of the 4D Lagrangian reads
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quwgp* Zw,MfX,+—Zq>c%*—me, Wi ()

where for the mode expansion we used the notation
2w =Y awam. [ EramE0 =5, 3)
i

with Kaluza—Klein mass Mf and

CH =&(0)%(0). (74)

In the fermionic case the notation is analogous. Here y is the Weyl fermion which, together
with the gaugino, forms the four-component spinor of the six-dimensional vector multiplet. For
simplicity we did not consider any mass terms coming from gauge symmetry breaking, although
to include also these terms would be straightforward. The first two terms in Eq. (72) follow
directly from the KK mode expansion and dimensional reduction, whereas the last two terms
come from supersymmetry breaking with p the supersymmetry breaking mass. From Eq. (72)
one can read off the scalar as well as the fermionic mass matrix squared. The fermionic mass
matrix squared reads explicitly (in the basis (¥, x))

2
M2 = (Mf ik + ( Az)zz C Jkﬂ 2A2C¢kl/«Mf>

(75)
2
b clnmi VERT

242

Both, the scalars and the gauginos give a contribution to the Casimir energy which is propor-
tional to the Trace-Log operator Trlog(k” +.M?). One can decompose the matrix M? as the sum
of two terms M? = ./\/l2 + AM? (diagonal plus corrections). In the fermionic case this reads

Ml M/%s 0
0 = 12 ’
0 M; Sik

2 v f
AMI2 = ( =) Z],,C Clu® sl ) . (76)
Shcl M 0
Expanding the Trace-Log operator in powers of AM?/ (k> + M3 o) leads to the expression
1
Trlog(k* + M?) = Trlog(k* + M§) + Tr( Ve M2>
1 1 ’ 1 ’
— LTy SAM SAM? ) 4 -, (77)
2 \K24+ Mj k% + Mg

which in the fermionic case reads

. 2
Telog 4+ %) =Telog €+ M) + (55 ) T

Vel
Y chel
242 k2+Mf2

_‘Z 1 <2A2> chcw 2m/ M }f_}_“__

k2+Mf2k2+Mf2

(78)
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Performing the analogous steps in the scalar case we obtain

A 1
Trlog(k® + M*?) = Trlog(k* + My*) + —5 ) ———5Cu’
A4 k> + M;
! 1 1 2% DD 4
_52k2+M.S2 K2+ M2 (F) 2CRCEut 4 (9
ij l J k

Since C¥? ~ 1/ AL?, we see that the leading contribution to the Casimir energy from the vector
multiplet is generically volume and cutoff suppressed compared to the one from the hypermulti-
plets.
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