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Abstract

We provide a systematic approach to obtain formulas for characters and Kostant u-homology groups
of the oscillator modules of the finite-dimensional general linear and ortho-symplectic superalgebras, via
Howe dualities for infinite-dimensional Lie algebras. Specializing these Lie superalgebras to Lie algebras,
we recover, in a new way, formulas for Kostant homology groups of unitarizable highest weight representa-
tions of Hermitian symmetric pairs. In addition, two new reductive dual pairs related to the above-mentioned
u-homology computation are worked out.
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1. Introduction

1.1. Inspired by the Borel-Weil-Bott theorem, in a classical work [25] Kostant computed the
u-(co)homology groups for finite-dimensional simple modules of a semisimple Lie algebra, re-
covering the celebrated Weyl character formula in a purely algebraic way. Since then Kostant’s
calculation has been generalized in nontrivial ways to various setups, e.g. to integrable modules
of Kac—Moody algebras [16], to unitarizable highest weight modules of Hermitian symmetric
pairs [14], to finite-dimensional modules of general linear superalgebras [29] (and in a different
way to polynomial representations [10]), and more recently to modules of infinite-dimensional
Lie superalgebras [4].

On the other hand, Howe’s theory of reductive dual pairs [17,18] has played important roles
in the representation theory of real and p-adic Lie groups, and there have been generalizations
in different directions. Dual pairs (g, G) have been formulated systematically by the third author
[31] between infinite rank affine Kac-Moody algebras g [12,22] and finite-dimensional reductive
Lie groups G. More recently, dual pairs between finite-dimensional Lie superalgebras g and
Lie groups G have been studied in depth with application to irreducible characters of g in a
number of papers [7,11,6]. A priori, no direct link between different dual pairs (g, G) and (g, G)
was expected to exist, except that the g-modules {L(g, A(A))} and g-modules {L(g, A ()}
appearing in these Howe dualities can both be parameterized by (part of) the same index set that
parameterizes the finite-dimensional simple G-modules {Vé}. Below in Table 1 is a list of the
reductive dual pairs used in this paper which share the same G.

1.2. The main goal of this paper is to develop a conceptual approach to computing Kostant u-
homology groups with coefficients in the so-called oscillator g-modules, i.e. those appearing
in the Howe duality (g, G) (see column I in Table 1). Remarkably, our results show that the
u-homology groups of these oscillator g-modules are dictated by those of the corresponding
integrable g-modules, where g is the infinite-dimensional classical “counterpart” (see column II)
of g. The Howe dualities (spo(2m|2n + 1), Pin(d)) and (b3, Pin(d)) appear to be new and are
worked out in Appendix A.

Table 1

Reductive dual pairs.

Dual pairs I (g, G) Dual pairs II (g, G) Dual pairs III (g*, G)
(gl(p +mlq +n), GL(d)) (ac0, GL(d)) (aco, GL(d))
(spo(2m|2n + 1), Pin(d)) (bo, Pin(d)) (63, Pin(d))
(0sp(2m|2n), Sp(d)) (00, Sp(d)) (900, Sp(d))

(spo(2m|2n), O(d)) (00, 0(d)) (00, O(d))
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The results in this paper provided the first supporting evidence for a super duality between
categories O of g-modules and certain categories O  of g r-modules [5] (generalizing the super
duality [9] for type A), where g denotes certain finite-dimensional reductive Lie algebras cor-
responding to g. As classical Kazhdan—-Lusztig polynomials allow an interpretation in terms of
u-homology [32], the main results here may be reformulated as an equality of certain Kazhdan—
Lusztig polynomials for categories O and Oy.

In spite of the infinite-dimensionality, the g-modules above are integrable and hence there is
a standard approach to compute their Kostant homology groups (cf. [16,20,27]). On the other
hand, the structures of the infinite-dimensional oscillator modules of the finite-dimensional Lie
superalgebras g are not so well understood. In the approach of this paper, we use essentially
only the Howe dualities (g, G) and (g, G) for the same G (see columns I and II in Table 1)
together with some simple combinatorial manipulations with the characters of the integrable g-
modules to derive first a character formula of the oscillator g-modules in a suitable form. Then
from a comparison of the Casimir eigenvalues of the corresponding g-module and g-module,
we obtain formulas of the corresponding u-homology groups with coefficients in L(g, /T F(A)),
which are expressed in terms of the infinite Weyl group of g, from the corresponding formulas
for Hy(u, L(g, A(X))).

1.3. In the paper [4], the Howe duality (g, G) was used together with another Howe duality
(g°, G) (due to [8] for types A, B and [26] for types C, D) to derive a u-homology formula
for modules over infinite-dimensional Lie superalgebras g° from a corresponding u-homology
formula for modules of g. However, the connection between integrable modules over infinite
rank affine Kac—-Moody algebras and oscillator representations of finite-dimensional Lie (su-
per)algebras were not suspected back then.

On the other hand, character formulas for g-modules above were obtained in different ways
and in different forms in earlier works [11,6]. In [11] a key role was played by a difficult theorem
of Enright on u-homology for unitarizable highest weight modules of real reductive Lie algebras
established by intricate arguments involving equivalences of categories and nontrivial combina-
torics on Weyl groups [14]. Our present approach bypasses Enright’s theorem. Indeed, in the
special case when the Lie superalgebras specialize to Lie algebras (i.e. ¢ =n = 0 in column I
and rows 1, 3, and 4 of Table 1), we recover Kostant homology formulas for unitarizable highest
weight modules of three Hermitian symmetric pairs of classical types (which can be shown by
some combinatorial argument to be equivalent to Enright’s formula).

1.4. The paper is organized as follows. In Section 2, we review and set up notations for various
Howe dualities involving the infinite-dimensional Lie algebras g and finite-dimensional Lie su-
peralgebras g. In Section 3, we compute the character formulas of the oscillator g-modules from
Howe dualities. In Section 4, the Casimir eigenvalues of modules of g and g are computed and
compared, and they are used in Section 5 to obtain formulas for Kostant homology groups for
the oscillator g-modules.

Generalizing the type A case in [4], we compute in Section 6 the character formulas and
Kostant homology formulas for non-integrable g*-modules at negative integral levels appearing
in the Howe dualities (g*, G) listed in column III of Table 1. The dualities (g*, G) with G =
GL(d), Sp(d) and O(d) were treated in [23] and [31]. The new case involving Pin(d) is worked
out in Appendix A, where one can also find an additional Howe duality (spo(2m|2n+ 1), Pin(d)).
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1.5. Notations

Denote by P the set of partitions. For A € P+ we denote by £(A) the length of A, and by |A|
the size of A. Given d € N, a non-increasing sequence A = (A1, A2, ..., Ag) of d integers will be
called a generalized partition of depth d. For a generalized partition A of depth d, we define

AT = (), (M), AT = (A (22a),

where here and further we set (a) = max{a, 0} for a € Z. Then A" is a partition and A~ is a
non-decreasing sequence of non-negative integers.

For a sequence of non-negative integers u = (i, u2,...) we let u' = (u/l, ;/2, ...) be the
partition with u’/ = {i | ui = j}|. Let Z, N, and Z stand for the set of all, positive, and non-
negative integers, respectively.

All vector spaces, algebras, etc. are over the complex field C.

2. Howe dualities for Lie algebras g and Lie superalgebras g

In this section we review various Howe dualities involving infinite-dimensional Lie algebras
g and finite-dimensional Lie superalgebras g.

2.1. Infinite rank affine Lie algebras

The infinite-dimensional Lie algebra 3[00 and its subalgebras boo, €0, 000 Of types B, C, D
[12,22] are well known. Our notations regarding these Lie algebras in this paper will be the
same as those in [4, Section 2.2], and we refer to [4] for explicit cas.i:—by-case description of the
following standard terminologies based on matrix elements E;; for gl., E,, for other types, and
weights ¢;, etc.

g Ef[oo = (o0, boos Coo OF D0, With triangular decomposition g=g & h b g_,
h: a Cartan subalgebra of g,

I: an index set for simple roots for g,

[: the Levi subalgebra of g with simple roots indexed by S =1 \ {0},

uy: the nilradicals withg=uy @ [Du_, u_:=u,

IT ={o; | i € I}: a set of simple roots for g,

ITY ={a; | i € I'}: a set of simple coroots for g,

AT (resp. A7): a set of positive (resp. negative) roots for g,

A;r (resp. Ay): a set of positive (resp. negative) roots for I,

AE(S): the subset of roots for 14,

Af: the fundamental weights for ro, withi € [ and ¢ € {a, b, ¢, 0},

P “half sum” of the positive roots in AT,

W (resp. Wp): Weyl group of g (resp. [),

W,? = W,? (r): the set of the minimal length representatives of the right coset space Wy \ W
of length k for r with ¢ € {a, b, ¢, 0},

e L(g, A): the irreducible highest weight g-module of highest weight A € h*.
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2.2. Reductive dual pairs on Fock spaces

2.2.1. Fermionic Fock spaces _
We fix a positive integer £ > 1 and consider £ pairs of free fermions 1/fi" () withi =1, ..., L.
That is, we have

T D e N R 3 et

rey+z rey+z

with nontrivial anti-commutation relations [1//,+ ’i, vy 1 =8 i6r4s,0. Let 5t denote the corre-
sponding Fock space generated by the vacuum vector |0), which is annihilated by Yt g for
r,s > 0.

. .. =1 . .. .
We introduce a neutral fermionic field ¢(z) = Y ¢rz~"72 with nontrivial anti-

re % +7Z

commutation relations [@,, ¢5] = §,45,0. Denote by § 2 the Fock space of ¢(z) generated by

a vacuum vector that is annihilated by ¢, for » > 0. We denote by SH% the tensor product of F*
1

and §2.

2.2.2. The (aoo, GL(d))-duality

We denote by ¢;; (1 <1i, j <d) the elementary d x d matrix with 1 in the ith row and jth
column and O elsewhere. Then H = Zi Ce;j; is a Cartan subalgebra of gl(d), while Zl< j Ce;;
is a Borel subalgebra of gl(d) containing H. An irreducible rational representation of gl(d)
(or GL(d)) is determined by its highest weight A € H* with (A, ¢;;) =A; € Z (1 <i <d) and
Al = -+ 2 Ag. Identifying A with (A, ..., A4) as usual, we denote by VéL( ) the irreducible
GL(d)-module of highest weight A. These irreducible modules are parameterized by the set of
generalized partitions of depth d:

P(GL@)) :={r=1,.... %) | \i €Z, A1 >+ = dal.

Proposition 2.1. (See [15], [31, Theorem 3.1].) There exists a commuting action of QT[OO and
GL(d) on Sd. Furthermore, under this joint action, we have

12

F= P L(ale AD) ® ViLw), @1

1eP(GL(d))

where A®(L) :=d A§ + Zj>l(k+);.ej — Z.iZO()‘_)/j—HE*f = Zflzl A?

We assume below that x,, (n € Z) and z; (i € N) are formal indeterminates. Computing the
trace of the operator [ [, ., X ]—Ld 1 z;"" on both sides of (2.1), we obtain the following identity:

d
[TI]O +xz(1+x7) = > chL(gle. A%(W)ch Vi ). (2.2)

i=1neN reP(GL(d))
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2.2.3. The (tx0, Sp(d))-duality
Let d be even and Sp(d) denote the symplectic group, which may be viewed as the subgroup
of GL(d) preserving the non-degenerate skew-symmetric bilinear form on C? given by

0 Ja
2
—Ja 0]
2

Here Jy, is the following k& x k matrix:

0 0 0 1
00 -+ 10

=1 o o ) (2.3)
0 1 0 0
10 00

Let sp(d) be the Lie algebra of Sp(d). We take as a Borel subalgebra of sp(d) the subal-
gebra of upper triangular matrices, and as a Cartan subalgebra H the subalgebra spanned by
e =¢e;j; —egyi—id+1—i (1 <i< %). A finite-dimensional irreducible representation of sp(d) is
determined by its highest weight A € H* with (A, ¢;) =1; € Z4 (1 <i < %) and A1 >--- > k%.
Furthermore each such a representation lifts to an irreducible representation of Sp(d), which is

denoted by V¢ ;). Put

P(Sp(@)) = {A=(h1..... hg) [ M €Zg, A1 >0 > g,

which is the set of partitions of length no more than %

Proposition 2.2. (See [31, Theorem 3.4].) There exists a commuting action of ¢ and Sp(d) on

d Lo .
§2. Furthermore, under this joint action, we have

d
2

572 P Lo AN) ® Vi), (2.4)

LeP(Sp(d))
d
where AS(A) 1= A+ Y g5 Mk =D 7, A5,

E 4 e
Computing the trace of [ [, X [12, 2" on both sides of (2.4), we have

1

2
TTITO +xzd(1+xz7) = Y. chL(coo, A“(V))ch Vi) (2.5)

i=lneN LeP(Sp(d))
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2.2.4. The (000, O(d))-duality

Write d e N as d =2¢ or d =2¢ + 1 with £ € N. Let O(d) denote the orthogonal group
which is the subgroup of GL(d) preserving the non-degenerate symmetric bilinear form on C¢
determined by J; of (2.3). Let so(d) be the Lie algebra of O(d). We take as a Cartan subalgebra
H of so(d) the subalgebra spanned by ¢; := e;; — eg+1-i.d+1—i (1 <i <£), while we take as the
Borel subalgebra the subalgebra of upper triangular matrices.

For L € H* let A; = (A, ¢;), for 1 <i < £. Then a finite-dimensional irreducible module of
50(2¢) is determined by its highest weight A satisfying the condition A1 > --- > Ap—1 > |A¢| with
either A; € Z or else A; € % + Z, for all 1 < i < £. Furthermore it lifts to a module of SO(2¢) if
and only if A; € Z for 1 <i < £. Also a finite-dimensional irreducible module of so(2¢ + 1) is
determined by its highest weight A satisfying the conditions A; > --- > A, with either A; € Z
orelse A; € % + Z4, for all 1 <i < £. Furthermore it lifts to a module of SO(2¢ + 1) if and only
if \; € Z4, for 1 <i < /. Put

POW):={A=01,....2) | Ai €Z4, Ay =+ 2 hg, M+ 15 <d}.

For A € P(O(d)), let A be the partition obtained from A by replacing its first column with d — Al

Suppose thatd =2€ andlet A = (A1, ..., A¢,0,...,0) € P(O(20)). For Ay > 0, the irreducible
O(2¢)-module Vc/}(ze)’ viewed as an so(2¢)-module, is isomorphic to the direct sum of irre-
ducible modules of highest weights (A1, ..., A¢) and (A, ..., —Xi¢). If Ay =0, the O(2¢)-module
VS(ZK)’ viewed as an so(2¢)-module, is isomorphic to the irreducible module of highest weight
(A, ..., Ae—1,0), on which the element T = Zi#,Hl eii +epov1 + eo+1.0 € O20) \ SO(2¢)
transforms trivially on highest weight vectors. Set Vé\(%) = VS(ZZ) ® det, where det is the one-
dimensional nontrivial module of O(2¢).

Suppose that d =2¢ + 1 and let A = (A1, ...,A¢,0,...,0) € P(O(2¢ + 1)). Let V3(26+1)
be the irreducible O(2¢ 4 1)-module isomorphic to the irreducible module of highest weight
(M, .-, Ag) as an SO(2¢ + 1)-module, on which —1; acts trivially. Here I; is the d x d identity
matrix. Also, we let V3(26+1) = V3(2£+1) ® det (cf. e.g. [3,17]).

Proposition 2.3. (See [31, Theorems 3.2 and 4.1].) There exists a commuting action of 0o and
Od)on§ % Furthermore, under this joint action, we have

d
31 P L A°W) @ Vi), (2.6)
LeP(0(d))

where A°(\) :=d A + D k1 M€k

Suppose that d = 2¢. Computing the trace of [ [, o xf g ]_[f: 1 zfi on (2.6) gives us

£
TTITO +xzd(t+xz7) = > chL(00, A1) ch Vi) 2.7

i=1neN AeP(0(2¢))

Suppose that d = 2¢ + 1. Let € be the eigenvalue of —1; on O(2¢ 4 1)-modules satisfying

€2 = 1. From the computation of the trace of [ [, . x,f” ]_[f?:1 zf" (—14) on both sides of (2.6), we

obtain
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12
TTITC A+ exazd(1+ exaz; )1+ exa)

i=lneN
= Z ch L (9o, A°(M)) ch V{201 1)- (2.8)
AP (0(2¢+1))
Note that ch Vg(%) is a Laurent polynomial in zj,...,z¢ and ch Vé(%) =ch Vé(ﬂ)’ while
ch V3(25+1) is the Laurent polynomial in z1, ..., z¢, € and ch V3(22+1) =ech V3(25+1)'

2.2.5. The (boo, Pin(d))-duality

Let d be even. The Lie group Pin(d) is a double cover of O(d), with Spin(d) as the inverse
image of SO(d) under the covering map (see e.g. [3]). An irreducible representation of Spin(d)
that does not factor through SO(d) is an irreducible representation of so(d) of highest weight of
the form

A

(ST

1
2 2’

1
()\1+—,...,,\%_1+ 5

! A ! A ! A L 2.9
+§ , or 1+§,---, %_14'— ¢4=5) (2.9)
wherek]>-~>A4WithkieZ+for1<i<%.Weput

2

P(Pin(d)) :={%=(k1..... ¢) | Mi €Ly, My = 22

).

ST

For X € P(Pin(d)), let us denote by Vlf‘in( ) the irreducible representation of Pin(d) induced
from the irreducible representation of Spin(d) whose highest weight is given by either of the
two weights in (2.9). When restricted to Spin(d), Vlf‘in( ) decomposes into a direct sum of two

irreducible representations of highest weights given by those in (2.9). The modules in { Vlfin( Q|
A € P(Pin(d))} are precisely those finite-dimensional irreducible representations of Pin(d) that
do not factor through O(d).

Proposition 2.4. (See [31, Theorem 3.3].) There exists a commuting action of bs, and Pin(d) on
5 %. Furthermore, under this joint action, we have

d
2

12

3 P L(bs. A°M) @ Viinia)- (2.10)

A€P(Pin(d))

where A®()) := dAg + Zk>1 A€k

~ d )
Computing the trace of the operator [ [, 5 xf Tl zie’ on both sides of (2.10) gives

=

2 T |
[TTI1G +2 )0 +xzd(l+xz7) = Y. chL(boo, A°(W)ch V). (2.11)
i=1neN reP(Pin(d))
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2.3. Formulas for u_-homology groups of g-modules

Recall that the Weyl group W can be written as W = WoW? with W0 = |_|k20 W,? . For € h*
and w e W weset wo u:=w(u+ pe) — Pe-

Since we have (w o A*(}), a/Y) € Z4, for w e W9 and j €S, it follows that we may find

partitions AX = ((AE)1, (AE)a,...) and Ay = ((Aw)1, (Ay)2, ...) such that w o AF(L) can be
written as

d A+ Y iso i€ =2 is0y)jrie—j, ifr=a,
wo/\x()»)z dA(§+Zj>O()‘W)j€j’ ifr="0,0,
AT+ Y o0 jej, ifr=c.

The following is obtained by applying the Kostant homology formula for integrable (= standard)
modules over Kac—Moody algebra g (cf. e.g. [20, Theorem 3.13]) and the Euler—Poincaré prin-
ciple to the complex for the corresponding Lie algebra homology (see [4, Section 2.4, (2.18)]).

Proposition 2.5. We have the following character formula:

1 o0
chL(g, A¥(A)) = o Z(—l)k ch Hi(u_; L(g, A*(V))),
k=0

where chHy (u_; L(g, A*(X))) is given by

1 e
ZwEWkO(}:)S)»$(x]’x2’"’)sku_)(xo ’x—l"")’ le—Ch

. 2.12)
2 wewde) Sk (¥ %2, ), fr=>b,¢0,
and
[T, - x:il+1xj)’ ifr=a,
DY — Hi(l_xi)]_[i<j(1_xixj)’ fr=>, i,jeN
[Tig; (= xix)), ifr=c,
l_[l<](1 _xl-xj)7 lfxzaa

Here, for a partition y, s,, denotes the corresponding Schur function. Observe that 4s; (y, §) =
hsy (&, y).

2.4. The general linear and ortho-symplectic superalgebras

Let p,q,m,n € Z,. We briefly recall the general linear superalgebra gl(p + m|g + n) and
ortho-symplectic superalgebras spo(2m|2n + 1), osp(2m|2n), spo(2m|2n) (see e.g. [21]), which
will be called of type a, b, ¢, and 9, respectively, for reasons of Howe dualities appearing later
on. The following notations associated with these Lie superalgebras will be assumed throughout
the paper.

e g: gl(p+mlg +n), spoCm|2n + 1), 0sp(2m|2n), spo(2m|2n), or their central extensions
in Section 3.1,
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a Cartan subalgebra of g,

an index set for simple roots for g,

IT = {B; | i € I}: a set of simple roots for g,

ITY ={B | i € I}: aset of simple coroots for g,

At:asetof positive roots for g,

L(g, 1) the irreducible highest weight g-module of highest weight A € b*.

| ==

2.4.1. Denote by CP™4+" the complex superspace of dimension (p + m|g + n) with ba-
sis {v_p, ..., V1, W—g, ..., W_1, V], ..., Uy, W1, ..., Wy}, Where degv; :=0 and degw; = 1.
With respect to this basis the general linear superalgebra gl(p + m|q + n) may be regarded
as the Lie superalgebra of complex matrices (a;;), with i, j € Ip1mg+n, Where Ipymigin =
{—=p,....,—1,1,....m}U{—q,..., -1,1, ..., n}. For notational convenience we declare a lin-
ear ordering of I, |44 by setting

—p<-<—-l<—g<--<—-l<l<--.<m<l<---<n.

Fori € Ipimig+n \ {n}, 7 + 1 means the minimum of those j € I s)g+n With j > i.In a similar
way one defines i — 1, fori € Ip g0 \ {—pP).
Denote by E;j, i, j € Ipym|q+n, the elementary matrix with 1 at the ith row and the jth col-
umn, and zero elsewhere. Then b is spanned by Ej, k € Ipimig+n-Letg and 65, withi € {—p,
,—1,1,...,m}and j € {—q,...,—1,1,...,n}, form the basis of 6* dual to E;; and Ejj’
respectively. We choose our Borel subalgebra to be the subalgebra spanned by E;; with i < j
With respect to this Borel subalgebra, we have

TY =B =Ei1i-1—Ei (ie{-p+1,....,-1)\ {-q}),
BY =Eii—Eiy1in1 (i€{l,...,n—1}\ {m}),
ﬁ!(?:E—l,—l +E_3 3, ﬁ0v=E_L_I+E11» B =Emm+ET,T}’
O={i=ci-1—¢eii=—p+1,...,=1), fi=e—ep1=1....m—1),
Bi=38j—1—8; j=—q+1....,=1, B5=8j =841 j=1....,n=1),
B-g=e-1—06_g, Po=06_1—¢1, Bu=26m — 51},
At =lei—ej, 61— 8j, 8 —ej, 8 —8; (i < ).

The associated Dynkin diagram is as follows () denotes an odd isotropic root):

O—+—0-®-0-—0-® 0 —0-®0——

B-p+1 B-1 B-g B-g+1 Bo Bm—1 Bm Bt ﬁnj

2.4.2. The ortho-symplectic Lie superalgebra osp(2m|2n) is a subalgebra of gl(2m|2n) consist-
ing of the linear transformations that preserve a non-degenerate even supersymmetric bilinear
form (-|-), namely, 0sp(2m|2n) = osp(2m|2n)5 @ 0sp(2m|2n)7 with 0sp(2m|2n), equal to

{A € gl(2m|2n), | (Av|w) = (= 1)1 deev () Aw) for homogeneous v, w € (szlzn}.
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Below let (-|-) be the supersymmetric bilinear form corresponding to the matrix (see (2.3) for Ji)

Jom 0 0
(0 0 Jn).
o —-J, 0
The Cartan subalgebra E of osp(2m|2n) is spanned by E; := E;; — Eom+1—i2m+1—i and E/- =

Ejr H Es—— FES i=1,...,m,and j =1,...,n. We use the same notation for the re-
strictions of &; and §; to the Cartan subalgebra of osp(2m|2n). Let

MY =By =—E\— Ez2, B =Ei — Eix1 (i € Injn \ {m,71}), By, = En + E7},

O={Bp=—e1—¢e, Bi=¢i—giy1 (i=1,....m—1),
= {:l:Si —€&j, :|:8i —5]', —25i, :E(Si —(Sj (l < ])}

The associated Dynkin diagram is as follows:

Bo

O —O0—8—0——0

ﬂ2 63 ﬂm 1 ﬁ'm dn 1
B

2.4.3. Taking the skew-supersymmetric bilinear form corresponding to the matrix

0 Jn O
(—Jm o o )
0 0  Jyy

we can construct similarly the Lie superalgebra spo(2m|2n), which is isomorphic to 0sp(2n|2m).
Similarly we define the Cartan subalgebra f), ¢;, and §;. Let
MY =gy =—E1, B’ = Ei — Eis1 (i € Lyjn \ (m, 7)), By = Em + Eg},
O={po=—2¢1, Bi=ei—cip1 (i=1,....m—1),
Bn=tm =381, B5=08; =811 (j=1,....n =1},
AT ={-2¢;, £&; —gj, £&; —8;, 8 =8, (i < j)}.

The associated Dynkin diagram is as follows:

O0=0—0——0—®—0—+—0

Bo B Bm—1 Bm /3T ﬂﬁ
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2.4.4. The skew-supersymmetric bilinear form corresponding to the matrix

0 I 0
<—Jm 0 0 )
0 0 Joug
gives rise to spo(2m|2n + 1). The Cartan subalgebra b of 5p0(2m|2n + 1) is spanned by E; =

E,l—EzmngmH,andE-_E — E5—— i=1,...,m,and j=1,...,n. We
define &; and §; analogously. Let

2n—j+2.2n—j+2>

V=|{By =E1, B =Ei—Eis1 (i € Inyja \ {m.1}), B, = Em + E1},
O={po=—¢1, Bi=ei—ciq1 (i=1,....m—1),
Bn=em =81, B;=8; =8j11 (j=1,....n =1},
AT ={—¢, —2¢;, ke —ej, £ — 8, —8;, £8; —8; (i < )}

The associated Dynkin diagram is as follows (@ denotes an odd non-isotropic simple root)

=0 0O —0O—Q® O —0

Bo B1 Ba Bm—1 Brm Bt Ba=t

2.5. Reductive dual pairs (g, G)

Below we recall Howe dualities involving the Lie superalgebras gl(p + ml|q + n),
spo(2m|2n + 1), 0sp(2m|2n) and spo(2m|2n).

Letd € N. Suppose that A is a generalized partition of depth d with 4,11 <nandAg_, > —q.
Then A+, <n,and Ay < g (recall A* from Section 1.5). Define A;- (1) € b* to be

m+1

-1

A;'()‘) = Z (()‘;+i+l - ‘1)+d)8i

i=—p
—Z 6+ZA e,+Z (AFY" . —m)s
j=—q

The following Howe duality was built on the special case when p = g = 0 obtained in [7,
Theorem 3.2] (also cf. [30]). According to [6] S(CPla* @ C¥* @ C"I" @ C?) carries a natural
commuting action of gl(p 4+ m|q + n) and GL(d), which form a reductive dual pair in the sense
of [17].

Proposition 2.6. (See [6, Theorem 3.3].) As a gl(p + m|q + n) x GL(d)-module we have

s(crr @ ot @ C) =@ L(gl(p +mlg +n). A$(0) ® Vi)
A

where the summation is over all A € P(GL(d)), subject to the conditions A1 <n and hg—p >
—q.
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Let d be even. On the superspace S(C"1" @ C9) we have natural actions of osp(2m|2n) and
Sp(d), which form a reductive dual pair [17, Section 3].

Proposition 2.7. (See [11, Theorem 5.2].) As an osp(2m|2n) x Sp(d)-module we have
S(C" @) = @) L(osp2m[2n), AG (W) ® Vi)
A
where the summation is over all A € P(Sp(d)) with Ay+1 < n, and
= 1 - 1
A%Q() = Z(’\i + zd>ai + Z((A/j —m)— E¢11)¢s,-.
j=1

i=1

Let d be even or odd. On the superspace S(C”" @ C?) we have a natural action of spo(2m|2n)
and O(d), which form a reductive dual pair [17, Section 3].

Proposition 2.8. (See [11, Theorem 5.1].) As an spo(2m|2n) x O(d)-module we have

s(cmr @ cd) = EB L(spo2m|2n), AS(1)) ® Vi 4,
A

where the sum is over all . € P(O(d)) with Ay+1 < n, and

m

AF() = Z()‘i + %d)e,- + Z((xj —m)— %d)a,.

i=1 j=I
The following new Howe duality is worked out in Appendix A.1.

Proposition 2.9. (See Theorem A.1.) Let d be even. As an spo(2m|2n + 1) x Pin(d)-module we
have

S+ @ ) = @D L(spo@m[2n + 1), AL (M) ® Viinwa)s
A

where the summation is over all ). € P(Pin(d)) with Ay,u4+1 < n, and

m

1 - 1
AY() = Z(/\i + Ed)ai + Z((k’j —m)— Ed)aj.
j=1

i=1

The simple g-modules constructed in this section will be referred to as oscillator modules
of g.

From now on, we mean by (g, G) and (ﬁ,_G) one of the dual pairs of type ¢ € {a, b, ¢, 0}
in Sections 2.2 and 2.5, respectively. We let P8(G) be the subset of (generalized) partitions in
‘P(G) that appear in the (g, G)-duality decomposition.
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3. Character formulas of oscillator modules of Lie superalgebras

In this section we derive character formulas for the oscillator modules of g, essentially only
using the character formulas of the integrable modules of infinite-dimensional Lie algebra g. To
that end, we introduce (trivial) central extensions of g.

3.1. Central extensions

Given J € gl(p + m|q + n), we define
B3(A, B) :=Str([J, A1B), A,Begl(p+mlg+n),

where Str(c;;) = Zi_:l—p Cii — Zle_é cjj + Z;’Ll Cii — Z;{:I cjj- It follows that By is a 2-co-
cycle which defines a central extension of gl(p + m|q + n). We note that this cocycle is a
coboundary, since we can construct this extension on the Lie superalgebra gl(p+m|q +n) DCK,
with a central element K, as follows. Define for A € gl(p + m|q + n)

A=A —Sur(JAK.

Then [A, B] =[A, Bl + B3(A, B)K.
From now on we let

p

(3.1)

0
o 1,
J= 0
0

(=Nl e)
(=Nl e)

-1
0
0
0

We denote by a[(p + m|q + n) the resulting central extension of gl(p + m|q + n) by the one-
dimensional center CK . The simple roots of the derived algebra of E[( p +m|q + n) are the same
as those of the derived algebra of gl(p 4+ m|g + n). The simple coroots are also the same except
that By = E_j _i+ E1 is replaced by E—L—T +E; +K.

Consider the (2m + 2n) x (2m + 2n) matrix of the form

I, 0 0 0
i{o 1, 0 o
~ L m
V=351 0 o0 -1, 0 3.2)
0o 0 0 I

The cocycle By gives rise to a central extension of gl(2m|2n) by a one-dimensional center CK .
The induced central extensions of 0sp(2m|2n) and spo(2m|2n) by a one-dimensional center CK
are denoted by 0s5p(2m|2n) and spo(2m|2n), respectively.

Similarly we let spo(2m|2n + 1) stand for the central extension of spo(2m|2n + 1) by the
one-dimensional center CK, induced from the central extension of gl(2m|2n 4 1) associated
with B3», where J” is the following (2m + 2n + 1) X (2m + 2n + 1) matrix
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-1,
3.3)

0 0
Ip 0
0 -1,
0 0
0 0

coo oo
Soooco

0
0
2l o
0

3.2. gl(p+mlq +n)

For later convenience of comparing with infinite-dimensional Lie algebras, we introduce an
additional element K, which commutes with gl(p + m|q +n) and GL(d), and regard S(CP* @
C* @ C™" @ C) as a module over (gl(p + mlg +n) & CK) x GL(d), where we declare that
K acts as the scalar d. For J as in (3.1) set

Eij = E,’j - Str(jEij)K. 3.4

Then Z (CE” @ CK gives rise to the central extension g (p +m|q+n). Now g (p +m|q+n)
and GL(d) form a reductive dual pair on S(CPl9* @ C?* @ C™I" @ CY).

Define Z(C)‘ € E* by (A%, K) =1 and (Zg, Eyi) =0for all k € I ymjg+n. For A € P(GL(d))
with Ay 1 <nand Ay, > —q, we define

-1

B30y =d B = Y (s~
i=—p

-1 m n
= 2 ()8 D oA+ () = m),
i=1 j=1

j=—q

-1 -1
where ACl A“ Zl__p & + Z]__q
Recall that a partition A € PT is called an (m|n)- hook partition, if A,4+1 < n [2]. For an
(m|n)-hook partition A, we let A% := > | A;e; + Z]: ] m)8; € bmln'

Let & :={&1, ..., &}, Y= (Vs ee s Ym) 01 1= {n:},...,n:;}, and x™° = {x_ ,...,x:},}
be indeterminates. The character of L(gl(m|n), A7), i.e. the trace of the operator ITL, yiE“ X

E--
]_[;'.: 3 ; 7 is given by the hook Schur polynomial [2,29]
hsy(v.8) = Y Su e ym)Swyw Er . E). (3.5)

1Ch
Theorem 3.1. For A € P(GL(d)) with A1 <nand Ag—p > —q, we have
ch L(gl(p + mlq +n), Z}(k))

YR D X w0 syt 6. ) hsys (17 x T
[ =X )27 ) A+ )~ (=718
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Proof. Computing the trace of the operator [, ; ZE Big E” ]_[k 1 20 on both sides

E
of the isomorphism in Proposition 2.6, where —p < i < 1 —q g J<—1,1<s<m, and
1 <t < n, we obtain

L7z HA + &z

Hl_[(l_x

k=1i,j,s,t

- =Y chL(gl(p +mlqg +n), A3(1))ch Vi ). (3.6)
I (O S M

where the summation is over all A € P(GL(d)) with Amt1 S0 and Ag_p > —q.
Recall the identity (2.2) which results from the (gl,,, GL(d))-duality. Now (2.2) and Propo-
sition 2.5 imply that

d
[TITa+xzo(+xz"

k=1neN
= > chL(gly. A®(R) ch Vi
1eP(GL())

11
Y r (=D Zwewo §5 (X1, X2, . )8, (xg X)L

= Z x ch Vé‘L(d).
AeP(GL(d)) [ G- —z+1x/)
Weseté :=x, (t=1,....,n), ys :=xp15 s €N), nj 1 :=x; (j=0,...,—g + 1), and x; :=
X—g+1+i (i € —=N), and rewrite the above as
d
[TTTO+x") (0 +n' ) A+ v +&z0= > chViy,
k=1i,j,5,t 2€P(GL(d))

Zk o(— 1k Zwewosﬁ(él’“' é,,,yl,...)sm(n:},...,n q,x:},...)
[l (d—x7 yr)(l_x &)1 — ys)(l—r]l- '&)

Let w be the standard involution of symmetric functions that interchanges elementary sym-
metric functions and complete symmetric functions (e.g. [28, (2.7)]). Note that w sends s;, t0 s,/

and recall (3.5). Applying w twice to the above identity, once on the variables x:ll, x:zl, ...and
another on the variables y1, y2, ..., we obtain

d
l_[ l_[ Z ch VéL(d)

1_-1
imtijse (L= Ysz) (=X 2,70) reP(GL(d))
Z,‘j‘;o(—l)kzwewkohsm(gl,...,g,,,yl,...)hsm(n:},...,n:;,xj,...)
[ s (=57 ) (57 8D 1A+ 7 y) =1 =78

(I+&z0(+n07 ')

Finally setting x_} pei = Ym+i = 0 for i € N, we get an identity which shares the same left-hand
side as (3.6). The theorem now follows from comparison of the right-hand sides and the linear

independence of the characters {ch VéL( ) |» e P(GL())}. O
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Remark 3.2. The character here, which is the trace of the corresponding operators with hats
from gl(p + m|q + n), differs from the usual one from gl(p + m|q + n) by exactly a factor
of (%)d. Similar remarks apply below to spo/osp-characters versus spo/osp-characters,

where the power d here is replaced by %
Our formula here differs from the character formula obtained in [6, Theorem 5.3].

Remark 3.3. Denote by »® a linear extension of the composition of maps in the proof of The-
orem 3.1 that sends ch L(gl,,, A*(1)) to ch L(gl(p + m|q + n), /T}(A)). Since each map in the
composite is either an involution @ or an evaluation of some variables at zero, ® respects the
multiplication of characters.

3.3. 0sp(2m|2n)
Suppose that d is even. Recalling that 05p(2m|2n) is the central extension induced from

(2m|2n) w1th respect to J' in (3.2), we first introduce an element K that acts on S(C"" ® C%)
as the scalar ¢ 7 and that commutes with the actions of 0sp(2m|2n) and Sp(d). Setting

A=A —Su(JA)K €ospm|2n) ®CK, A € osp(2m|2n),
gives rise to an action of 0sp(2m|2n) on S(C™" ® C?). Clearly osp(2m|2n) and Sp(d) also form

a reductive dual pair. Define an element Zé €b* by (ZB, K)=1and (Z(‘), E;)= (Z(‘), E5) =0,
forall 1 <i <mand 1 < j < n. Further for A € P(Sp(d)) with A,,41 < n, we define

R d m n
A5() = 54 Z i+ Y (M —m)s;.
i=1 j=1

where /T(‘) = Zf) +> " e — Z?:] 8. Then {g;, §;, /Tf)} is the basis dual to {E,-, Ej, K}.
Theorem 3.4. For . € P(Sp(d)) with Ay4+1 < n, we have

ZI?O o= ¥ ZweW,?(c) hisy, (0, x)

h L 2m|2n), A% (A
ehL (@ @mi2n). A3 00) = (i (e T T

where n:={n1, ..., M}, X :={x1, ..., Xm}.

E E;
Proof. Computing the trace of the operator ]_[l i nlE ]_[ k=1 zZ . on both sides of the isomor-
phism in Proposition 2.7, where 1 <i <mand 1 < j < n, we obtain

[N

1+ Z—l 1+ z — N
1—“—[( njz A +niz0) > chL(osp@m|2n), AS () ch Ve . (B.7)
iy (T—xizg DA —xiz) LP(Sp(d)
Amy1<n

Replacing ch L(g, A°(X)) in (2.5) by the expression in Proposition 2.5, we obtain an identity
of symmetric functions in variables x1, x3, .... We apply to this identity the involution on the
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ring of symmetric functions in x1, X2, ... . Next, we replace x; by n;, i =1, ..., n, and then x; 4+,
by x;, i € N. Finally, we put x; =0 for i > n + 1. Under the composition of those maps, we
obtain a new identity which shares the same left-hand side as (3.7). Comparing the right-hand
sides of this new identity and of (3.7), we obtain the result thanks to the linear independence of
{ch V;p(d) | xeP(Sp@d)}. O

We denote by ° the map which sends ch L(ceo, AS(L)) to ch L(osp(2m|2n), /T}()»)) and

extend w® by linearity (compare (2.5) and (3.7)). Note that w® respects the multiplication of
characters.

3.4. spo(2m|2n)

Recall the central extension spo(2m|2n) induced from g’;\[(2m|2n) determined by J’ in (3.2).
Introduce an element K that acts on S(C™"I" ® C9) as the scalar % and commutes with the
actions of spo(2m|2n) and O(d). Putting A=A— Str(JA)K € spo(2m|2n) @ CK, for A €
spo(2m|2n), defines an action of spo(2m|2n) on S(C"" @ C9). Then spo(2m|2n) and O(d) form
a reductive dual pair. Define an element AJ € h* by (A3, K) =1 and (A3, E;) = (A, E5) =0,
forall I <i<mand 1< j<n.

When d = 2¢, calculating the trace of the operator [ ; ; niE "xj / ]_[f=1 z;* on both sides of the
isomorphism in Proposition 2.8, where 1 <i <m and 1 < j < n, gives

¢ ~1
1+n;z 1+n;z _ ~
1—“—[( nig S+ 20 3 chL(sPo@mi2n), A4())ch Vinp,  (38)
k=1i,j (I =iz (A = xize) 1eP(0(20))
)lm-f—lg”

= ET
and when d = 2¢ + 1, the trace of the operator [, ; r;lE’ X; / ]_[izl ¥ (—1q) gives

lin—[ (+enjzy (A +enjz) (1 +en))
a1- ex,'zk_l)(l —exizp)(1 — €x;)

k=11i,j
= ) chL(spo@m|2n), A% () ch Vi y)- (3.9)
reP(0(2¢+1))
Amt1<n

Here for A € P(O(d)) with A, 41 < n,

d - m n
A% = 5Ag + ) e+ Y (M) —m)s;,
i=1 j=1

with Xg = ZS + 271:1 & — Z?:l 5]‘.
Now the next theorem follows by similar arguments as for Theorem 3.4 using (3.8), (3.9),
(2.7) and (2.8) and Proposition 2.5.

Theorem 3.5. Put n:={n1,..., N} and x :=={x1, ..., x,}. Let A € P(O(d)) with Ayy+1 < n, be
given.
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(1) Ifd =20+ 1, then we have

Z/fo O(_l)k Zwer?(a) ]’lS)Lw (T’a X)

h L 2m|2 A% (A .
e L{SFOQm 2. AT 0)) = g o T

(2) If d =24, then we have

ch L(spo(2m|2n), AD(A))+chL(5po(2m|2n) (,\))
Zk=0(_1) ZwGW]?(D)[hS)Lw (n,x) +hSiw(7],x)]
" Ticicjom Hicsercn @ = ninp) (4 — xex) (1 + mixg)~"

Remark 3.6. Theorem 3.5(2) gives the character of the sum of two irreducible modules. How-
ever, in the case when A} = ¢, we have % = A, and hence A, = ,,. Thus in this case it actually
gives the character of one irreducible module, i.e. we have an identity as in (1). Similar remark
applies in the sequel as well when dealing with G = O(2¢) and A = . In particular it applies to
the character formulas of Kostant homology groups in Theorems 5.7 and 6.5, and also to (5.1).

Character formulas in forms different from Theorems 3.4 and 3.5 were also obtained in [11,
Theorems 6.2, 6.3] using [ 14, Theorem 2.2]. Our approach uses Howe dualities involving infinite-
dimensional Lie algebras, thus bypassing [14].

Introduce a map w°® such that w®(ch L(0s0, A°(1))) = ch L(spo(2m|2n), A (A)) if d=
20 + 1, and o [ChL(Doo,AD()L)) + ChL(DOO,AD(A))] ChL(5p0(2m|2n) Af()\.)) +

ch L(spo(2m|2n), A (A)) if d = 2¢. Extended by linearity, ° sends either side of (2.7) and
(2.8) to the correspondmg side of (3.8) and (3.9), respectively.

3.5. spo(2m|2n + 1)

Recall that spo(2m|2n + 1) is the central extension induced from a[(2m|2n + 1) determined
by 37 in (3.3). Let K act on S(C¥"*+l g (C%) as the scalar % and commute with the ac-
tions of spo(2m|2n + 1) and Pin(d). Putting A=A— Str(3”A)K € spo(2m|2n + 1) & CK,
for A € spo(2m|2n + 1), defines an action of spo(2m|2n + 1) on S(C?"**+! g C%). Then
5po(2m|2n + 1) and Pin(d) form a reductive dual pair. Define an element ZS €bh* by (ZS, K)=
1 and (Zg, ~)—(Zb —.) 0, forall I < mandl j <n.

Computing the trace of the operator [ [; J 7/1 5 ]_[ 121 . on both sides of the isomorphism
in Proposition 2.9 gives

1 1
l—[sz+ o ( +njz; N +1n;52k)

k=1 1i,j 1_-xiZk )(1 _-xiZk)
= Y chL(spo(2m|2n+ 1), A%(W))ch Vi 0 (3.10)
A€P(Pin(2¢))
Amy1Sn

where
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d m n
26 Y el I .
AG) = ZAG + D higi+ Y (M —m)s;.,
i=1 j=1

with Xg = ZS + 271:1 & — Z?:l dj.
Now the next theorem follows from similar arguments as for Theorem 3.4 using (3.10), (2.11),
and Proposition 2.5.

Theorem 3.7. Put n :={n1,..., 0} and x :={x1, ..., x,}. For . € P(Pin(d)) with Ay41 < 1,
we have

ch L(spo(2m|2n + 1), A%(3))

_ Zl?i()(_])k ZwEW,?(b) hskw (n,x)
[Ti<icjom igsmrcn A =mnp) (1= x5x) (1 =) (A +nix) 71+ x5) 71

We denote by w? the map which sends ch L (bxo, Ab(k)) to ch L(osp(2m|2n + 1), //1\;1()»)) and

we then extend w® by linearity.
4. The bilinear forms and Casimir operators for Lie (super)algebras
4.1. The bilinear form (-|-). and the Casimir operator 2 of g

Recall the symmetric bilinear form (-|-). defined on h* in [4, Section 4.1], which induces a
non-degenerate invariant symmetric bilinear form on g’ = [g, g], also denoted by (:|-).. Using
this one defines a Casimir operator £2 which commutes with the action of g on a highest weight
g-module V of highest weight A, and which acts as the scalar (A +2p.|1). on V. The details here
are completely analogous to Section 4.2 below, and we refer to [4, Section 4.1] for more detail.

4.2. The bilinear form (-|)s and the Casimir operator 2 of g

Suppose first that g = a(p +m|q + n). Note that {;, 5;} U {/Tg} is the basis of h* dual to the
basis {Exx} U (K} of b. Set

—1 m —1 n
pi= Y (—i—q@ei+y (I=Dei+ Y (—j—D&+Y (m—jsj. &I
i=1 j=1

i=—p j==q

We choose a symmetric bilinear form (-|-); on h* satisfying

K

(}\.|8i)S=_<)\.,Eii+?>, ie{-p,....,—1,1,...,m},
K )

(M(Sj)x: )\,EJTJT—E , jef{—q,...,—1,1,...,n}

We check easily that
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(eilej)s = —3ij, (il8j)s =0, (6i18;)s = 8ij-

Also we have (A8le_;); = (AS]6_ ;)5 = —(Aller)y = —(AG18;)s = %, for i, j > 0. Further-
more, recalling the simple roots B for g, we have

1 -
(os1Br)s = 5 BelBi)s, kel

Next, suppose that g is 5po(2m|2n +1), 0sp(2m|2n) or spo(2m|2n). Note that {g;, d;jtu {A }
is the basis of h* dual to {E,, Ej} U{K}, re{b,c 0} Weset

L (=i 5+ Y (m— j+3)8;, forr=b,
psi=1 > (1= z)s,+z _1(m— s, forr=c, 4.2)
Yoy —iei+ Yo (m — j+ 1§, forr=0.

We choose a symmetric bilinear form (-|-); on h* satisfying for A € h*

(s = Er), i €fl,...,m},
(M8))s = = E5), jefl,....n).

Similarly, we can check that (g;lej)s = 8;j, (&il6j)s = 0, (6;|8;)s = —3d;j. Also we have
(Aflei)s = (A18;)s = 1, and (ps|Br)s = L(BklBr)s fork e 1.
For i € I define

-1, ifie{—p+1,....—-1,—¢q,1,...,m},
! 1, ifie{—g—1,. —1,0,1,...,n—1}.
-1, 1fz=Oand;=b,

1, ifi=0andr=c,

st.=1{2, ifi=0andr=0,

1, ifie{l,...,m}andr € {b, c, 0},

—1, ifie{l,...,n—1}andr € {b,c, ).

Then we have
(A1B)s =5 (A BY), iel, reb*
By defining (,Biv |ﬂjv) s = (5 sx) (BilBj)s, we obtain a symmetric bilinear form on the Cartan

subalgebra of g’ = [g, gl, Wthh can be extended to a non-degenerate invariant supersymmetric
bilinear form on g’ such that

@ilfj)s =8ij/5,

where ¢; and f; denote the Chevalley generators of §’ with [&;, fi1=B,".
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Let gg be the root space of B € A%, Take ug € g and ub e g_p for B € AT such that
(uguf)y = d4p. For any highest weight g-module V, with weight space decomposition V =
@M V.., we define 1 :V — V to be the linear map that acts as the scalar (11 + 2p|t)s on Vi
Let I'p:=2 > peA+ uPu g- Define the Casimir operator to be

Q:=T1+ 7. (4.3)
It is straightforward to check the following.

Proposition 4.1. The operator 2 commutes with the action of § on a highest weight module V
with highest weight A, and acts on 'V as the scalar (A + 2p;5|\)s.

4.3. The sets of weights Pﬁ and P[JFJ“ in h*

Recall the Levi subalgebra [ of g with simple roots indexed by S. Let ¢ € C.

For g = a, let P[J’ . consist of u € h* of the following form:

M=CA8+Zﬂi6i—Z§j6—j, 4.4)

i>1 j>0

where n = (91,2, ...) and ¢ = (Lo, 1, ...) € P*. (Note the shift of index for ¢.) We denote by
73[ch+ the subset of PEFC which consists of p above with  and ¢ being (n|m)- and (g|p)-hook
partitions, respectively.

For g = bo, €00, 000, let P[fc consist of i € h* of the following form:

p=cAy+ ) i, (4.5)
i>1

where (i1, U2, ...) € P+. Denote by PTC"' the subset of P[+ . of the form above with i being an
(n|m)-hook partition. We put

Pr=| | P Prt=| | Pt

e
ceC ceC

4.4. The sets of weights ’P{H_ in b*
Let A := A* U A~ be the set of roots of g, where A~ = —AT. Put
S:=1\{0}.

Let AT := A* N (Y, 5 ZBy) and A% (S) := A\ AF. Let

Ug = Z g8, [:= Z ﬁﬂ@a

BeAE(S) peAtuAy
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sothat § =1y @ [ @ U_. If g = gl(p +mlg +n), then [ = gl(plg) & gl(m|n) ® CK, and [ =
gl(m|n) & CK, otherwise. The Lie superalgebras [ and g share the same Cartan subalgebra b.
Let c € C. For g=gl(p + m|q + n), let P;rj consist of & € h* of the following form:

ﬁ:c/Tg—i—tlel—i—u-—l—tmem—i—(t{ —m)8 4+ + (1, — m)3y
— B8+ Eg T {E — gl o+ {E, —a)ep).

where T = (11, 172, ...) and & = (&1, &>, ...) are (m|n)- and (q| p)-hook partitions, respegtively.
When g is 5po(2m|2n + 1), 0sp(2m|2n) or spo(2m|2n), we let ij consist of .t € h* of the
following form: ’

E=cAl+ 1161+ + Tuem + (1] —m)81 + - + (1, — m)3sy,
where t = (11, 12, . ..) runs over all (m|n)-hook partitions. We put

. ++
,P_[ T I_l 7)_[,(,‘ ’
ceC

4.5. Casimir eigenvalues ofé\[(p + m|q + n) versus those 0]‘3[0o

Let g = E[(p + m|g + n). Let u € ’Pﬁj be as in (4.4). Set T =1/, v = (v, v2,...) :=
(Tm+1, T2, .-.) and x = (x1, x2,...) := (&g, {g+1. - . .). Define a bijection

0P~ P{j
by
O (1) i= cAS + 1181+ + T + V{81 + -+ 5,
— (L0814 + 18 g+ x{E—1 + o+ XpE—p)-
Note that
P (A%(L)) = A}(/\), for & € P(GL(d)) with A1) <nand Ag—p > —q. 4.6)

For n and ¢ as above it is convenient to introduce the following symbols:

-+ 2p11m)1 =Y ni(n; —2i),
i1

€ +201002 =Y ¢i(5; —2)).

j=0
By [4, Lemma 7.1] or [28, (1.7)], for A = (A1, A2,...) € P+, we have

ZM(M —2i)=—Zx; (Al =26 — D). 4.7

i>1 i>1
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Lemma 4.2. For i € 73,+c+, we have

(9 () + 205 [ (1), = (1 + 2pelw)e + C, (4.8)

where

C = (T 75), +20(0| 73)

o
In particular, for A € P(GLLd)) with Amy1 S 1 and hg—p 2 —q, (A"(X) + 2p:|A* (X)) =
(1 + 2pcl)e if and only if (AG(X) + 2p5| AG (1) = (F () + 2510 (1))

Proof. Let 1 € P[Jf C+ be as in (4.4). Using (4.7), we have

(1 +2pcl e = M+ 211 + (€ 4202102 — c(Inl + 1¢1)
=—(t 4202072 + (€ +20210)2 — c(Inl + 1£1).

For convenience, put n = Zi>1 ni€; and ¢ = Zj>0 ¢je_j. Now, we have

(9 () + 25 [0 (W),
= (cA§ + () —0(©) +2p5|c A + 0 () — 2 (0)),
=2 (AG|AF), +2¢(ps| AY), + (9() — 0 () + 2050 () — D(2)),
+2¢(AG|9 () — 9(©)),
=C+ (0 +2p5|0 ), + (9(Q) — 25| ()), — c(Inl +121).

First, we have

(9 () +2ps [P ()
=—[ti(t1 =2-0)+ -+ (T — 2(m — 1))]
+ [V (v +20m = 1)+ + v, (v, +2(m — n))]
= —[rl(rl —2-O)~|—~--—|—rm(rm —2(m — 1))]
+[vi(vi -2 1)+-~~+v,/l(v,’, —2n)]+2mZv,/(
k=1
=—[ti(t1 =2-0)+ -+ (T — 2(m — 1))]

— [ =2:0) + v —2- D+ ]+2m D w
k>1
=—[ri(z1 =2-0) + -+ + T (Tw — 20m — 1))]
- [Tm+1(Tm+1 =20+ 2Ty —2- 1) +-- ] +2m Z‘Cm+k
k>1
=—(t +20:]|7)2. 4.9)
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Similarly, we have

(9(@) = 2p4|9(2)),
=[00@0 =204+ -1(Zg-1—2(¢ = D)]
—[xi(xi +2(@ = D)+ -+ x,(x, +2(q — p))]
=[0G —2-0) 4+ ¢4-1(¢g-1 —2(¢ = D)]

P
—dd =2 )+ +x,(xp—2-2)] - 24> _xi
k=1

=[¢0(G0—2-0) 4+ -+ ¢4-1(¢g-1 —2(g = D)]

+[X1(X1—2~0)+X2(X2—2-1)+"']—2(IZXk
k>1

=[0G —2-0) 4+ ¢4-1(¢g-1 —2(¢ = )]

+[§q(§q _2'0)+§q+1(§q+1 -2 1)+"'] _2ngq+k
k>0

= (£ +2021¢)2.

This completes the proof of (4.8). The remaining part of the lemma follows from the definition
of the bijection ¥, (4.6), and (4.8). O

4.6. Casimir eigenvalues of 0sp and 5po versus those of oo
Suppose that (g, G) is (spo(2m|2n + 1), Pin(d)), (0sp(2m|2n), Sp(d)) or (spo(2m|2n), O(d)).
Let 1 € P, be as in (4.5) with t € {b, ¢, 0} and ¢ € C. Then v := (vi, va,...) = (1, p2,...)'

is of (m|ﬁ)-hook shape. Set t := (11, 12,...) := (Vm+1, Vm+2,-..). We define a bijection
9 P[*:r — P:r; by letting

O (W) 1= CAS +vier + -+ Vb + 781 + -+ + 7,85,
where ¢ = C(Af), K). Note that

P(AT() =A%), for A e PY(G).

++

Lo We have

Lemma 4.3. For u € P

(0G0 +2p5 |0 (), = = +2pclp)c + C,

where C = T>(A5| AS); +22(p| AS)s. In particular; (A¥ (1) + 20| A¥(W))e = (1t +2pcl ) if and
only if (A% () + 2ps| A% (1)s = (9 (1) + 20518 (10))s, for 1 € PI(G).
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Proof. The equivalence of the identities follows easily once we establish the first identity. Let
w= CA{) + Zi>1 i€ € PHF, and so e = (u1, U2, ...)is of (n|m)-hook shape.

l,c

Case 1. g =s5po(2m|2n +1). Let (-). stand for the bilinear form on the dual Cartan subalgebra
(1 +2pcl ) = (Zmei +2p,

of bso. We compute
ZM:’Q) + 2c<ZMi€i Ag)
i>1 i>1 ¢ i>1 ¢

=Y piui =20+ 1) —c|u®| = (u° +201|p°), — (c = D]u°|.
i>1

On the other hand we have

(9 () +2p5 |9 (W),

m n
=E+C<Zvi8i +ZT.;8j
Jj=1

i=1

7o
AO)
s

m n m n
+ (Zvisi + Z‘L’J/-S]‘ + 205 Zv,-s,- +er/-8j)
i=1 j=1 i=1 j=1 s

m n
=C+c|p’|+ (Z(v,- —2i + s —}-Z(t]’- +2m —2i + 1)$;
i=1 i=1

m n
/
i=1 j=1 s

m n
=Ctclp’|+) v —2i+1) =Y 7j(r)+2m—2j+1)
i=1 j=1

=C+c— D[+ vivi =26 = D)+ > 7j(rj —2m+j—1)
j=1

i=1

=CH+ =D+ vi(vi =26 = D)+ > vmij(vmij —2m+j - 1)
i=1 j=1

=C+(c—D[p°| = il —2)) =C+ (c = D|p°| = (u° + 201 |1°),.
i>1

Above we have used (4.7) in the third to last identity.

Case 2. g =o0sp(2m|2n). By (4.7), we have

(1 +2pcl e =) mipi = 20) = 2¢| | = —(v +2p2]v)2 — 2¢|n®
i>1

’

where (-|-). is the bilinear form on the dual Cartan subalgebra of ¢.
On the other hand,
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(9 () + 2059 (W),
= A(AG|AG), +2¢(ps | A45), + (1) + 205 [9 ), +2¢(AG [0 ),
=C+ (90 +2p5 [0 (1)), +2¢[n°].

And by the same argument as in (4.9), we can show that

(9G) +205 |2 (), = (v + 22|V

Case 3. g =spo(2m|2n). By (4.7), we have

’

(1 +2pclw)e = ) pi(pi =26 = 1) —e|p®| = = +2p1Iv)1 —¢|u®
i>1

where (-|-). is the bilinear form on the dual Cartan subalgebra of 0.
On the other hand,

(9 () +2p5]9 (),
= (c/D*(AG| A7), +e(ps| A7) + (9(10) + 204 |9 () + e(AG ]2 (1),

=C+ (9 () + 20| (W), + c|u®|.
Similarly, arguing as in (4.9), we have
(9(0) + 20 [9 (1)), = v +2p1 V)1
This completes the proof of the first identity in the lemma. O
5. Kostant homology formulas for Lie superalgebras

5.1. The u_-homology groups of g-modules

Recall the dual pair (g, G) of type ¢ € {a, b, ¢, ?} in Section 2.2, the Levi subalgebra [ of g,
and 73[+ , the set of dominant weights for [. We denote by L (I, i) the irreducible highest weight
[-module with highest weight u € h*. The following results for integrable modules of Kac—

Moody algebras apply to our setting.

Proposition 5.1. (Cf. [16], [20, Proposition 3.1], [27, Proposition 18 and Lemma 20].) Let A €

P(G).

(1) If a weight n € ’P[+ with (7 + 2pcIn)e = (A¥X) + 2p:|A¥(V)e appears in A¥u_ ®
L(g, A¥(X)), then n = w o A¥(A) for some w € W,?(;) and n appears with multiplicity one.
(2) The l-module Hy(u_; L(g, A¥()A))) is completely reducible. Moreover, if L(l,n) is a sum-

mand of Hi(u—; L(g, A*(1))), then (1 + 2pc[n)e = (AY(X) + 2pc| AT (1))
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For A € P(G) and w € W, we put

L(g, A°() @ L(g, A°(1)), if G =0(20),

L(g, A*(A)), otherwise,

LI, woA°(L)® L(I,wo A?())), if G =0(20),
L, wo A*())), otherwise.

L(g, A¥()) := {

E([,woA;()\)) = { (5.1)

5.2. The u_-homology groups of g-modules

Recall the dual pair (g, G) of type r € {a, b, ¢, 0} given in Section 2.5. For p1 € b* we denote
by L(I, ) the irreducible highest weight [-module with highest weight .

Lemma 5.2. Let A € P%(G). The [-module L(g, /ll\xf()»)) is completely reducible.

Proof. Suppose that g = g’;\[(p +m|q + n). By [7, Theorem 3.2] (also cf. [30]), S(CPl9* @ C9*)
and S(C"" @ C?) are completely reducible over gl(p|qg) and gl(m|n), respectively. Indeed
S(C™" @ CY) lies in the semisimple tensor category Om;’l of finite-dimensional gl(m|n)-modules
with composition factors of the form L(gl(m|n), A%), for some A € P+ with A m+1 < n [4, The-
orem 3.1]. Also, S(CPI9* @ C?*) lies in a similar semisimple tensor category O;‘(;*. Thus

S(CPlax @ Cd* g Cmin ®(Cd) as a gl(m|n) ® gl(p|g)-module, lies in “OF ® O;Z*”, and hence

is completely reducible over [ = gl(m|n) & gl(p|q) ® CK. Therefore L(g, A (A)) is completely

mln

reducible over [.
If g is of type b, ¢, D, then [ = gl(m|n) ® CK. Thus L(g, A (A)) is completely reducible

over [, since it is a submodule of S(C™" @ C?) or S(C™"" @ (Cd) ® A((C2 ). O

Now consider the homology groups of Lie superalgebras Hy (u_; L(g, //1\?()»))), which are
defined analogously (see e.g. [24]).

Lemma 5.3. Let € P%(G). The (-module Hy (i_; L(g, //X\ic()»))) is completely reducible.

Proof. Suppose that g = al(p + mlg + n) Dl= = gl(m|n) @ gl(plq) & CK. It follows from

[7, Theorem 3.3] that AF(li_) lies in “Oj;ﬁ,; ® O;g*” By Lemma 5.2 L(g, A“(k)) as an

gl(m|n) & gl(plg)-module, lies in “(’);m ® (’)++*”, and hence A*(ii_) ® L(g, Xj‘((k)) is a
completely reducible [-module. Since any subquotlent of a completely reducible module is also
completely reducible, the result follows.

The ortho-symplectic cases are easier and hence omitted. O

The proof of Lemma 5.3 implies that if L([, y) is an [-submodule of Hy (i_; L(g, /Tj,(/\))),

then y € P"*. We have the following super-analogue of the action of the Casimir operator on
homology groups (see Proposition 5.1).

Proposition 5.4. Let y € P{Jr. If L(_[, y) is a summand of Hy(u_; L(g, /'P;(A))), then (y +
205ly)s = (AY (M) 4205 A5 ().
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Proof. The proof follows the same type of arguments as for [27, Proposition 18] and thus will
be omitted. We only remark that in the process we use the same bilinear form (-|-); and the same

ps to define the corresponding Casimir operator for [ as in (4.3). O
5.3. Formulas for the u_-homology groups of g-modules

Recalling 9 (A¥ (L)) = X’}(x) for A € P¥(G), we define £(g, /T*f(x)) and L(I, 9 (w o A¥(L)))
similarly as in (5.1). ‘

Lemma 5.5. Let . € P%(G) and ji € P€L+. If L(1, i) appears in the decomposition of A¥ti_ ®
L(g, /Txf()»)) with multiplicity my, then there exists a unique |1 € 73[—‘_+ with ¥ (u) = i, and
L(l, w) appears in the decomposition of Au_® L(g, A* (L)) with the same multiplicity my.

Proof. Since w®(chL(g, A*(L))) = chc(g,X’;(x)), for » € P9(G), and wf(chAF(u_)) =
ch A¥({i_), we conclude that

ot (ch[AF ) ® L(g, A¥(M))]) = ch[A* @) ® L(5, A5 ()]

Since ¥ is a bijection on 77[+ *, there exists a unique u € 73‘[+ * such that 9 (1) = [t. Therefore
L(l, ) is a composition factor of Aku_ @ L(g, A®(V)), if L(_[, P (u)) is a composition factor of
AKi_ ® L(g, A¥())). Furthermore they have the same multiplicity. O

Lemma 5.6. Ler » € P9(G) and n e 77-[+Jr such that L(, n) is a summand of AR ®
L. /T?(A)). Then (n + 2p5|n)s = (Z?(A) + 2ps|/?}(,\))x if and only if there exists w € W (r)
with n =9 (w o A*())).

Proof. Assume that there exists w € W,?(p) with wo A*(X) € P[JrJr. Set n =9 (wo A¥(1)). Then
by Lemmas 4.2 and 4.3 and the W -invariance of (-|-). we have
(1 +2ps|n)s = £(w 0 AT() +2pc|w 0 AT+ C
=£(A Q) +2pc| AT M), + C = (AL (1) + 205 A% ()

s°

On the other hand suppose that (n + 2p5|1)s = (;f? A + 2ps|//f§(k))s. By Lemma 5.5 there

exists a unique o) e P;’Jr with 9@~ 1)) =1 satisfying the conditions of Lemma 5.5. By
Lemmas 4.2 and 4.3, we have

(O~ + 20|97 (), = (AT Q) + 20| AT D)),
By Proposition 5.1(1) there exists w € W,?(p) such that 9! M =woA*(X). O

Let W,?(;r)’ denote the subset of W,? (r) consisting of those w with ¥ (w o A¥(L)) € 77-[++. The
proof of the following theorem is inspired by [1].
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Theorem 5.7. Let . € P%(G), k € Z, and ¥ as before. As -modules we have

Hk(a,;,c(g,ﬁl}()\) )= @ £(l.o(woATW)).

weWk ()
In particular, ch[Hy (u—; L(g, //fz} (M)))] = @ (ch[Hg (u—; L(g, A*(M)]).

Proof. Let u € PrJr be such that L(I, x) is a summand of Hi(u_; £(g, A¥(1))). Then it is
precisely a summand of Afu_ ® L(g, A¥(A)) with (1 + 2p¢|)e = (AF(L) + 2pc| AF (L)), by
Proposition 5.1. Furthermore each appears with multiplicity one or two (cf. [4, Remark 5.2]).
By Lemma 5.6 the corresponding 9 (u)’s, for u € 73[+ *, are precisely the weights in 7)_[+ +
such that L({, [, 9 (u)) appear as summands of A ® L(g, A?()\)) with (9 () 4+ 2p05|0(1))s =

(A -(A) + 2p5 |A -(1))s; moreover it appears with the same multiplicity.
Theorems 3.1, 3 4, and 3.5 together with the Euler—Poincaré principle imply that

Y (=DFech[He (i £(5. A% ()] = Z( DY Hows
k=0 weW (x)

where

hs,+ (5. Whs,- (7™, x™Y), if G =GL(d),
How = hsr, (0, %), if G =Sp(d), O(2¢ + 1), Pin(d),
hs;,, (n, x) + hsiw n, x), if G =0(2¢)

=chL(I, #(w o A*(1))).

Since all the highest weights are distinct, we conclude from Proposition 5.4 that

ch[Hi(@i—; £(g, A% W)= Y ch[£L(L#(wo A*W))],

weW? ()
which is equal to w® (ch[Hy (u—; L(g, A¥(A)))]) by (2.12). O
Corollary 5.8.

(1) The character of Hy(u—; L(gl(p + ml|q + n), A (A))) i.e. the trace of the operator

Ei; Ejj Eg Eir . .
[T n; " ys 8", is given by

d
N—gq -0-1 (-1 1
> (x ...x_1>hs>»$(§’y)hsxw(7l ).

weW,?(a)’ b
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(2) The character of Hy(u_; L(spo(2m|2n + 1), A?(A))), i.e. the trace of]_[,-’j nlE‘ X; !, is
g
r’l e n
Z <—m) hsy, (1, x).
X1 Xp
weW (b)Y
. E-
(3) The character of Hy (u_; L(osp(2m|2n), A;-()»))), i.e. the trace Ofl—[i,j niE’ X; ! is
g
nl e r’
Z <7m) hs;.,, (n, x).
xl .. .xn
weW,?(c)’

(4) The character of Hy(i—; L(spo(2m|2n), A?(k))), i.e. the trace of]_[i’j niE’ X; ! is

d
2

Y wewpoy (B22)*hss, (0. ), ifG=0Q¢+1),

Zwe W) ( Z‘l’l’,’,’ )

[SE

(s, (1, x) + hs;\w (n,x)], ifG=0(¢).

These character formulas of Hy (ui_; L(g, A?(A))) fit well with those of g-modules in Sec-
tion 3 by the Euler—Poincaré principle.

Theorem 5.7 and Lemma 5.6 also imply the following super-analogue of Proposition 5.1(2),
which is the converse of Proposition 5.4.

Corollary 5.9. If L(L.1) with (n + 2ps|n)s = (A% (1) + 2p5] A (L)s appears in A*([-) ®

L(g, /T?()»)) with multiplicity m,), then L(l,n) is a summand of Hy (i_; L(g, /T?()L))) with the
same multiplicity m,,.

Remark 5.10. Specializing to ¢ =n = 0 in Corollary 5.8(1), (3) and (4) we obtain Kostant
type homology formulas of the unitarizable highest weight modules of the Lie groups SU(p, m),
SO*(2m), and the double cover of Sp(2m, R). For unitarizable highest weight modules such
homology groups were first computed by Enright [14, Theorem 2.2], and they involve a compli-
cated subset of the corresponding finite Weyl group [13, Definition 3.6]. Corollary 5.8 provides
an alternative description involving an infinite Weyl group. Ngau Lam has informed us that both
forms of the formula are equivalent [19].

Remark 5.11. Although all the discussions above dealt with u_-homology and u_-homology
groups, our calculations also give formulas for the corresponding (restricted) u4-cohomology
and u -cohomology groups (see [27, Lemma 9]).

6. Homology formulas for oscillator modules at negative levels
In this section, we shall compute the character formulas and the u_-homology groups of

various modules of b3, coo and Do at negative levels. As the approach is parallel to that of the
earlier sections, the presentation here will be rather sketchy.
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6.1. The character formulas

We fix a positive integer £ > 1. Consider £ pairs of free bosons

y:t,i(z)z Z +,i —r 1/2

réx5 +Z

with i =1, ..., £. Let ¢ denote the corresponding Fock space generated by the vacuum vec-
tor |0), which is annihilated by yri" for r > 0. We also denote by S_“% the tensor product
of §¢ and §7.

6.1.1. The case of 000
Suppose that g = 0 and d is even. By [31, Theorem 5.2] there exists a commuting action

of 0 and Sp(d) on § _%. Furthermore, under this joint action, we have

d
F12 P L0 A20)) ® Vi), (6.1)
AeP(Sp(d))

d
where A% (L) := —d AJ + Y_7_, Akér.
~ d )
Computing the trace of the operator [ [, .y X 2, z;" on both sides of (6.1), we obtain the
following identity:

(ST

T111 > chL(00. A% (1)) ch Vo) (6.2)

I
zlneN(l_x”Z’)(l_x”Z ) 1P (Sp(d)

By (2.5) and similar arguments as in Theorems 3.1-3.5, we obtain the following.

Theorem 6.1. For . € P(Sp(d)), we have

0 wewdo (=D sy (1, x2,..)

hL (000, A° (M) =
hiL( ®) [Tic; (1 =xix))

The involution w on the ring of symmetric functions in x1, x2, ... maps the left-hand side of (2.5)
to that of (6.2). Thus it follows that w(ch L(¢se, AS(1))) = ch L(ds0, A® (1)).

6.1.2. The case of ¢

By [31, Theorems 5.3 and 6.2] there exists a commuting action of ¢s, and O(d) on S’%.
Furthermore, under this joint action, we have

—d
T2 P Ll ALM) ® V), (6.3)
reP(0(d))

where A® (L) := —%A(‘) + Zle Ak€k.
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14

If d = 2¢, then the calculation of the trace of the operator [ [, .y x,f "z 2 “ on both sides of

(6.3) gives the following identity

]_[]_[ = > chL(teo. AT (})ch V. (6.4)

izt nen (= Xnz) (1 =Xz D 2eP(0(20))

If d = 2¢ + 1, then the trace of the operator ]_[neN xf " ]_[le zfi (—14) gives

rm :

ic1neny (I —€xazi)(1 —exnzfl)(l —€xp)

= Y chL(coos AS(W)chVippyy)- (6.5)
AEP(0(2¢+1))

Applying the same arguments as in Theorem 6.1 to (2.7) and (2.8), we obtain the following.
Theorem 6.2. Let ). € P(O(d)) be given.
(1) Ifd =2¢+ 1, then we have

Yo ZweW]?(D)(_l)kS()tw)/ (x1,x2,...)
]—[igj(l—x,-xj) '

chL(co0, A (V) =

2) Ifd =24, then we have

ch L(coo, AZ (1)) + ch L(cos, AZ (D))
>0 Zwewg(a)(—l)k[s(xw)'(xl X2, .) 85,y (e, X2, .0)]
N Higj(l —xixj) '

Note that w maps (2.7) (resp. (2.8)) to (6.4) (resp. (6.5)).

6.1.3. The case of b3,
Let d be even. Recall the duality from Theorem A.3. Computing the trace of the operator

4
[Then X 2, z;" on both sides of (A.9) gives the following identity

[STESW

3,3
1—[1—[ z +z7) _ Z chL(bgO,AEO()»)) ch Vpkin(d). (6.6)

I
izt nen (= Xnz) (1 = xn2;7) AeP(Pin(d))

By (2.11) and similar arguments as in the proof of Theorem 6.1 we obtain the following.
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Theorem 6.3. For A € P(Pin(d)), we have

> 2o Zwerg(b)(_l)k‘g()\w),(‘xl’xz’ )

hL(b3,. A% (W) =
ch L (b3, A2 (1) [T+ x) 7 g (1= xix))

Now o maps the left-hand side of (2.11) to that of (6.6). Thus it follows that w(ch L(bs,
AP (1)) =ch L(b6%,, A% (1)).

6.2. Formulas for the u_-homology groups

Recall P[+ . and ’P[+ from Section 4.3 and Appendix A.2, which we shall now denote by P:r é;
and P[Jr’x to keep track that [ is a subalgebra of ro, for ¢ € {b, ¢, 0}.
Letu=cAy+ Zi>1 Hi€i € P[:c be given. Define a bijective map 9 : P[:c — P:"_ch

D) = —2cA) + > e 6.7)
i>1

In particular, we have 9 (AL (L)) = A?F()\), for A € P(Sp(d)), where it is understood that
AL (L) = A¥() for ¢ € {c, d}.
— b +.b . p+.b +,b°
For u =2cAgj + 2191 pi€i € Py, we define & : P50 — P/

P(w) =—cAY + Y pei. (6.8)
i>1

We have 9 (A1) = A*°()).
For A € P(G) and w € WY, we define £(g, AL (1)) and L(I, %! (w 0 A% (1))) similarly as in
(5.1). Then it is easy to see that w(ch L(cs0, AL (1)) =ch Lo, AEF(A)), and

o(ch[A*u_ ® L(co0, AL(MW))]) = ch[AFu_ ® L (D00, AL (M))].

Using analogous arguments as in Lemma 5.5, we can check that for u € 73[+ (7!
is a component in AFu_ ® L(coo, AS(A)) if and only if L([,9(w)) is a component in
ARu_ @ L (000, A%()\)) with the same multiplicity, while w(ch L([, u)) = ch L[, 9(un)). We
have a similar correspondence between [-modules inside Au_ ® L(bo, Ab(k)) and AFu_ ®
L(bS, A (1),

Lemma 6.4. For i € 73,+ * we have

(1 +2pclw)e = —(D () +2pc |9 (). € {b.c}.

In particular, we have

(1) (AL + 20| AL (A)e = (1 + 2pcli)c if and only if (AZ () 4 2p:| AL () = (9 () +
2010 (1))e-
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2) (A°(A) + 20| A®())e = (1 + 2pcl0)c if and only if (A% (W) + 2pc] A% () = (9 (W) +
2pc 9 (10))e

Proof. Let = cA(F) + Zi>1 ui€;i. Consider first the case of r = ¢. We have

(1 +20c 1) = <ZMi€i+2,0c Zuifi) +20(A6 ZMiG)
¢ c

i1 i1 i>1
=Y pilpi —2i) = 2c|p°| = (1° + p1|1°),
i>1

where ° = (i1, (12, ...). On the other hand, we have

(P () + 209 (w), (Zule,+2pc Zu,e,) —4C<A0‘2ule,)

i1 i1 i1

= S~ 26~ 1) + 2]
i1

= —(1® + p1|u°) | +2¢|p°| = = + 2pc |-

The identity (4.7) was used in the second last identity above.
Now let r = b. One shows that

(1 + 20l e + (9 () + 20| (10)) = D i = 20+ 1)+ Y (e =2 +1).
i1 i1

Now (4.7) says that the right-hand side is zero. O

Theorem 6.5. Let k € Z, and ¥ as in (6.7) or (6.8). We have the following isomorphisms of
[-modules:

Hi(u: Lo, A2W))) = @ L(LP(woAL(M)). 1 eP(Spd)).
weW(c)

Hi(uo: L(eoo A W)= P L(Lo 7 (wo AT M), 2eP(0)).

weW(®)

| 2

He(uo L(6%,. A" W)= @@ L(L#(woA°()). xeP(Pind)).

weW(b)

In particular, we have ch[Hk(u_;L(Doo,A?F(k)))] = w(ch[Hr(u_; L(coo, AL M) and
ch[Hg (u—; L(b%,, A®° (1)))] = o (ch[Hy(u_; L(boo, A® ().

Proof. The result follows from the same type of argument as the one used in the proof of Theo-
rem 5.7, now using Lemma 6.4. We leave the details to the reader. O
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Appendix A. Two new reductive dual pairs
A.l. The (spo(2m|2n + 1), Pin(d))-duality

Let d =24 be even. J
There exists a commuting action of spo(2m|2n 4 1) and Pin(d) on § ((:2’"‘2"'H ® C2) as
follows. We have

s(CH g cf) = s(C" @ ¢4) @ S(CV' @ CF).

On S(C™" @ C?) we have an action of the Howe dual pair (spo(2m|2n),0(d)) by Propo-
sition 2.8. On the other hand on S(C' ® (C%) = A((C%) the Lie algebra so(d) acts by two
irreducible spin representations, giving rise to an irreducible representation of Pin(d). Since rep-
resentations of O(d) pull back to representations of Pin(d) we obtain a commuting action of
spo(2m|2n) and Pin(d) on S(C¥"12+! @ C%). This action of Pin(d) does not factor through
O(d). Furthermore the commuting action of spo(2m|2n) extends to a commuting action of
spo(2m|2n + 1). It follows from Appendix A.1.1 and arguments similar to [11, Proposition 4.1]

that §(C2"2n+1 (C%) is a unitarizable, and hence a completely reducible, spo(2m|2n + 1)-
module.

A.l1.1. Formulas for so(d)- and spo(2m|2n + 1)-action on S(C2nizntl g (C%) ~
We introduce even indeterminates X := {xf‘, )_cf} and odd indeterminates & := {E}‘, & I; S(])‘},

where 1 <i <m,1<j<n,1<k<£ Weidentify S(C¥""+1 @ C%) with the polynomial su-
peralgebra <C [x, &]. Then the actions of spo(2m|2n + 1) and so(d) may be realized as differential
operators as follows.

e Formulas for the so(d)-action.

L 3 3 i 3 .
55 soa§0+2<s,?l—st ) Zl(x o axi)’ 1<i, j <L (A

l N

n m

3 9 N B .,
— Z(&——Stas)+Z<X§-T—x‘saﬂ>, 1<i,j<g i#],

asoago =\ 0g/ o\ T ox

(v DD o
%éﬁZ(&Z—staét) ;(xs—-— ax) ISij<ti#j (A2

ax!

e Formulas for the spo(2m|2n + 1)-action.

9 9
Z<x§<—k+x{‘ k>+65,,, 1<, j<m,
ij ax
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k=1 k=1 i i 9%
1<i, j<m, (A3)
¢

Z(g’“iJré’.‘ > €8, 1<i,j<n

i k l_k £ X by ~ E)
k=1 85]‘ 851‘
¢ L a0 9 9
o = LGB, e =2\ G g e

Lrad 9 ,
Tgog; - Z(E &+ a) Agyg; = Z(agoagﬁgéag{s)’ 1<i<n,

k=1 k=1
N I 9 ¢ P
ASOX,’ = Z(—k—k +§(I){Tk>v IE()Xi = Z(EOX +X —) 1<i<m,
=1 08y dx; ax; P 850
Y I R R ¢
Axe = —+ —— ), o xk_k+fkk’
e Z(as’-‘ oxt 9k oxf ) i ,;( )
I1<i<m, 1<j<n (A4)
¢ 3 5 ¢
k —k k . .
+x ; + 1<i<m, 1<j<n. A5
,;( " ogk ag’;) ,;(5 axk drr ) / (A-3)

A.1.2. The module decomposition

It is evident from (A.1) that the action of Pin(d) on C[x, £] does not factor through O(d).
Since Endc(C[x, €)@ is generated by spo(2m|2n + 1) in Appendix A.1.1, it follows from
the double commutant theorem that with respect to the spo(2m|2n + 1) x Pin(d)-action we have

Clx, &1 = @ L(spo2m|2n + 1), A%(1)) ® Vina)- (A.6)
reEA

where A C P(Pin(d)), and A? A — E* is an injection. It remains to determine the set A and

b
the map Af.

Theorem A.1l. As an spo(2m|2n + 1) x Pin(d)-module we have

S+ @ ) = @D L(spo@m[2n + 1), AL M) ® Viinwa)»
A

where the summation is over all A € P(Pin(d)) with Ay+1 < n, and A?(A) =4 %lmm.

Proof. Let i be the algebra generated by the A-operators, i.e. Ayx;, Agg;, Agz;s Agpx;s
and Ay, . Then 114 is invariant under the adjoint action of gl(m|n).

An element f € C[x, &] is called harmonic, if f is annihilated by u™. The space of harmon-
ics will be denoted by H and it evidently admits an action of gl(m|n) x Pin(d). Furthermore,



S.-J. Cheng et al. / Advances in Mathematics 224 (2010) 1548—1588 1585

since S(C2"2+1 @ C%) is a completely reducible gl(m|n)-module, L(spo(2m|2n + 1), W) is
also completely reducible over gl(m|n), for any irreducible spo(2m|2n + 1)-module L(spo(2m|
2n + 1), ) that appears in S(C?"1?"+1 @ (C%). By irreducibility of L(spo(2m|2n + 1), u) we
must have

o+
L(spo(2m|2n +1), p)t = L(gl(m|n), ).

So, by (A.6) (Pin(d), gl(m|n)) forms a Howe dual pair on . Thus, proving the theorem is
equivalent to establishing the following decomposition of H as a gl(m|n) x Pin(d)-module:

H = EB L(glim|n), A% M) ® Vi) (A7)
A

where the summation is over all A € P(Pin(d)), i.e. £(1) < £, with X471 < n, and A?()\) =
AL+ £1,n.

We first consider the limit case n = oo with the space of harmonics denoted by H*°. Here the
only restriction on A is £(A) < £, and we observe that the vector given in [7, Theorems 4.1
and 4.2] associated to such a partition A is indeed annihilated by u' and hence is a joint
gl(m|n) x Pin(d)-highest weight vector of weight (1, A% + £1,,),). Hence all the summands on
the right-hand side of (A.7) occur in the space of harmonics, and in particular, all irreducible
representations of Pin(d) occur. Therefore, we have established (A.7) in the case n = oo.

Now consider the finite n case. We may regard S(C>"'+2" @ (C%) C §(C¥i+200 & (C%) with
compatible actions spo(2m|1 + 2n) C spo(2m|1 4+ 200). From the formulas of the A-operators
we see that H € H°. Thus H is obtained from H by setting the variables E;? = ?j‘ =0, for
Jj > n. However, it is clear, from the explicit formulas of the joint highest vectors in H, that,
when setting the variables & ;‘ =£ ]; =0 for j > n, precisely those vectors corresponding to A
with A1 < n will survive. O

Remark A.2. Theorem A.1 is a finite-dimensional analogue of [8, Theorem 8.2].
A.2. The Lie superalgebra b3, and the (b3, Pin(d))-duality

Consider the superspace with basis {v1, v; | k € Z} with deg vy =0, for k € Z, and degv; = 1.
2 2

The Lie superalgebra @ is the subalgebra of the general linear superalgebra preserving the
even super-skewsymmetric bilinear form determined by (v;|v;) := (=1)'6;1—j, i, j € Z, and
(v 1 [v 1 ) := 1. Now consider the central extension of general linear superalgebra corresponding
to the 2-cocycle y (A, B) := Str((3_; -1 Ejj)[A, B]), where Str(c;;) := i1+ > jezcjj- The

Lie superalgebra b3, is the central extension of @ by a one-dimensional center CK, obtained
via restriction of the cocycle y.

By construction one sees that ¢o, < bgo, and also ¢y, and bgo share the same Cartan subalge-
bra h. This allows us to identify their Cartan and dual Cartan subalgebras. For convenience of
the reader we list below the simple roots and coroots for b, .

Y ={ay =E1+K, &) =E; — Ei1 (i e N},

T ={ag=—€1, ai =¢€; —€iy1 ( €N)},
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Ay ={+e —€j, —€, =26 (1 €N, i< ).
The associated Dynkin diagram is as follows:

.<:Q_Q_ i —O—0O—O— -

Qn—1 Qp Qn+1

Let pc, AJ" € b* be determined by (p., E;) = —j + 1, (pe, K) = (A8°,E;) = 0, and
(ASO, K)=1, jeN. For c € C let P[thjbo consist of elements in h* of the form CASO +

Zl}l i€, where (g, wo,...) e Pt.
In Section 6 the following bilinear form (-|-). on b3, is used. We first choose a bilinear form
(:]")c on h* satisfying

(Me)e= (A, Ei —K), i€N,
(Ago |A80)c = (Ago |’OC)C =0.

One checks that (¢;|€;) = d;;, (Ago lei)e =—1fori, j e N,and 2(p.|oj) e = (ejloi)e fori € Z.
Let {sibo }iez, be the sequence defined by

o [—1, ifi=0,
Si =
1, ifixl

It follows that by defining s}’os;’o(ozl.v |ozjV)C := (ajlerj)e, we obtain a symmetric bilinear form
on h. This form can be extended to a non-degenerate invariant super-symmetric bilinear form on
b, such that

(il f)e=8ij/s2°, (A.8)

where ¢; and f; (i, j € Z4) denote the Chevalley generators with [e;, f;] = «;”. Now we can
define the Casimir operator 2 as in [4, Section 4.1].

Let d = 2¢ be even. By [31, Theorem 5.3] there exists a (¢x0, O(d))-duality on 3_%. Now
A ((C%) is an irreducible Pin(d)-module and hence we have a commuting action of ¢, and Pin(d)
on 8_% ® A(C%). One can show that the action of ¢y on 8_% ® A((C%) extends to an action
of bS, that commutes with the action of Pin(d), and furthermore b3, generates End(S_% ®
A(C%))Pin(d).

In the sequel we will need to have this commuting action in a more explicit form. For this let
us introduce odd indeterminates & 1= {& Il‘ |k=1,...,¢}, and identify A((C%) with the Clifford

2

superalgebra generated by &; . The action of the Lie algebra so(d) on A((C%) in terms of differ-
2

ential operators in Slf is explicitly given by the summands involving g(’; in (A.1) and (A.2). This
2

action combined with the action of so(d) on S_g as in [31, (5.52)], gives the action of so(d)
on S_% ® A((C%). The commuting action of b3, is as follows. First the subalgebra ¢y, acts on

8*% ® A((C%) only on the first factor as in [31, Section 5.2]. To complete the description we
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only need to give formulas for the action of the odd root vectors I¢,; and Ag, ;, corresponding
2 2

to the roots €; and —e¢;, i € N, respectively. They are as follows:

l t

d a
e e ko ko —k ) Ae s ( k kL ‘—,k>.
5y ,;(553/—!% oek i+ 5y ]; S ogk Vi~
= 2 = 2
We have the following:
Theorem A.3. As a b3, x Pin(d)-module we have
d d o
FrieaAC)= P L(6%. AT M) ® Vi) (A.9)

AP (Pin(d))
. d
where A% ()) := —%Ag + > i M€k

Proof. One checks that the c¢o, X s0(d)-joint highest weight vectors inside 5_% given in [31,
(5.54)] are also b3, -highest weight vectors. For this it is enough to check that they are annihilated
by the root vector Ag, | (corresponding to the simple odd root —ey). This, however, is easy. The

2
duality then follows from the fact that this set of vectors exhaust all irreducible finite-dimensional
Pin(d)-highest weights that do not factor through O(d). O
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