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Communicated by G. Ausiello Using resource augmented analysis, where the output of an approximation algorithm,

which can use bins of size b > 1, is compared to an optimal packing into bins of size 1, we
give a complete analysis of the asymptotic approximation ratio of WF and of NF, and use it

Ilgfr}l’v;\)’giis;g to show that WF is strictly better than NF for any 1 < b < 2, while they have the same
Next Fit asymptotic performance guarantee for all b > 2, and for b = 1.
Worst Fit © 2010 Elsevier B.V. All rights reserved.

Resource augmentation

1. Introduction

Bin packing has been extensively studied in both the offline and the online environments and has numerous applications
[8,11,7,4,3]. In the basic problem, the goal is to pack a sequence of items of sizes s1, S5, . . ., where s; € (0, 1], into a minimum
number of unit-capacity blocks, called bins, such that the total size of the items in each bin does not exceed 1. An item is
identified with its index, and for a set of items X C {1, 2, ...}, we denote s(X) = Zjex s;. Thus X can be packed in a bin if
s(X) < 1.If the problem is online, then the items must be packed irrevocably one by one, while future items are unknown
at the time of packing. The goal is to minimize the number of bins containing at least one item, also called used bins. The
operation of assigning a first item to a new bin is called opening a new bin.

For an algorithm +, we denote its cost, i.e., the number of used bins in its packing, on an input I, by A (I) (or simply #).
The cost of an optimal solution OPT, for the same input, is denoted by Opt(I) (or OPT). The asymptotic approximation ratio
allows comparison of the costs for inputs for which the optimal cost is sufficiently large. The asymptotic approximation ratio
of A, R, is defined as follows.

. ALc(l)
R4 = lim sup
N=00 \ ;.0pry=n OPT()

In this paper we only consider the asymptotic approximation ratio, which is the common measure for bin packing algorithms.
Thus we use the term approximation ratio throughout the paper, with the meaning of asymptotic approximation ratio.

In the early days of the study of bin packing, several natural algorithms were introduced. Two such algorithms are NEXT
FiT (NF) and WoRsT FiT (WF) [7]. The two algorithms were presented as offline heuristics, but are in fact online algorithms
which process the items as a list. NF keeps a single active bin at each time. If the next unpacked item cannot be packed into
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the current active bin, then it is closed and never used again, while a new active bin is opened in order to accommodate
the item. WF packs the next item in a previously opened bin with the minimum total packed size of items if such a bin can
accommodate this item as well. Only if no such bin exists is a new bin opened in order to accommodate the item. Thus WF
is intuitively the better algorithm, though NF is more efficient; it is a bounded space algorithm. In fact, Worst Fit is provably
better than Next Fit. The following result (see also [2]) actually applies to Next Fit compared to any Any Fit algorithm.

Proposition 1. On any sequence of items, I, NF will use at least as many bins as WF.

Proof. Let BNp(i) denote the bin number where NF places the item that WF places as the first in bin i. We show by induction
on i that BNg(i) > i for all i. Both values are 1 for i = 1. Suppose it holds for some value t. Then WF opens a new bin, t,
with item j and NF places j in some bin ¢’ > t. Consider the item, k, where WF opens bin t + 1. If NF has not already opened
bin t’ + 1, it has packed all items between items j and k in bin t’. WF cannot have put more items in bin t, so bin t’ in NF's
packing is at least as full as bin t in WF’s packing. Thus, NF must open bin ¢’ 4- 1 if it has not already done so. Since Byp(i) > i
for all i, NF uses at least as many bins as WF. O

However, both WF and NF have approximation ratios of 2 [7], so the standard measure does not distinguish between
these two algorithms.

We use resource augmentation [9,5] in order to analyze the two algorithms and compare their behavior. In resource
augmentation, an approximation (or online) algorithm is equipped with resources which are larger than those of an optimal
algorithm which is it compared to. For bin packing, resource augmentation with aratiob > 1 means that the approximation
algorithm may use bins which are b times larger than those of the optimal algorithm [5]. Specifically, we assume that the
algorithm uses bins of size 1, while, an optimal algorithm uses a bin of size % Clearly, all item sizes are in (0, %].

Our results. We show that the approximation ratio of WF, Ryp(b), is:

2b
32 fOl‘be[l,Z]

7. forb e [2,00).

We show that the approximation ratio of NF, RNg(b), is:

RWE(b) =

2t2b — 2tf — 4ty + 2 + 2bt,
t2b + 2bty — t2 — 3ty —2+2b’

where t, = I_bl]J Thus, for b > 2,t, = 0 and the ratio becomes ;1. 1f t, = % ie,b=1+ for some integer k > 1, the
ratio becomes £ Moreover in the case t, = 1,i.e., 2 < b < 2, we get the ratio 2 Sb & 4 fort, = 2 ie, 3 <b < 3, we get the
ratio m, for tb =3,ie,2 <b < %, we get the ratio 222=28 etc. In the case b = 1 we have t, = oo, and the approx1mat10n
ratio is 2.

For the analysis we use weight functions, which are related to the weight function originally introduced for the analysis

of FIRsT FIT (FF) [8,11]. We use clever generalizations of this type of weight function to achieve tight bounds for all values of
b.
Previous work. Resource augmentation for bin packing was studied by Csirik and Woeginger [5]. They have studied bounded
space bin packing, where a constant number of bins can be available at any time to receive new items (active bins). If the
maximum number of open bins is reached, and a new bin needs to be used, one of the active bins must be closed and never
used again. They defined a function p(b), and extended the Harmonic algorithms of [10] for the case of b > 1. The worst
case ratio of this algorithm comes arbitrary close to a certain bound p(b). They also proved that no online bounded space
algorithm can have an approximation ratio smaller than p(b) in the worst case. Unbounded space resource augmented
bin packing was studied in [6], where improved algorithms are designed, and lower bounds for general online bin packing
algorithms are proved.

2. Some easy cases for the analysis of NF and WF

In this section, we show some simple bounds on the approximation ratio of the two algorithms. These bounds are in fact
tight in a part of the intervals. The more difficult cases are discussed later.

Lemma 2. The approximation ratios of NF and WF are at most —, and at most % forb < 2.

b 1
Proof. Since no item has a size of more than 1 3> every bin except for possibly the last opened bin has a total size of items of
atleast 1 — % = b%] Since a bin of an optimal packing can contain a total of at most 1, an approximation ratio of at most

— follows.
On the other hand, since for both WF and NF, the sum of items in two consecutive bins is more than 1, if g bins are opened,
the total size of items is more than %=, so these items requ1re more than h(q D bins in a packing into bins of 512e +, that is,

at least bzq for b < 2,and an approx1mat10n ratio of at most B follows. O

We next show that in the case b > 2, both WF and NF have an approximation ratio of exactly ﬁ i.e., the approximation
ratio for b = 2 is 1, it is monotonically decreasing, and tends to zero as b grows.
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Theorem 3. Let b > 2. The approximation ratio of both NF and WF is ﬁ

Proof. By Lemma 2, we only need to prove a lower bound. The following lower bound construction is valid for both
algorithms for b > 2. Let N be a large integer. Letp = |[(b—2)N| + 1.Then (b —2)N <p< (b —2)N+1or2 + % >b
and £ <b—-2+ ﬁ

The sequence consists of N batches of p + 1 items, each of which contains an item of size 1, followed by p items of size
%. The total size of the items of one batch is % + %. A new item of size % cannot be added to a bin which contains all items

of one batch since the total size would be at least % + £ x> L
Both WF and NF need to open a new bin for every large item, and then all small items are packed together with the larger
item.
In an optimal packing into a bins of size ; N bins are completely filled with items of size ; Each bin can receive N smaller
items, thus p additional bins are used. The approximation ratio is at least 5—— +p > ﬁ o 11 T which tends to ;= for
N
largeN. O

We next consider the approximation ratio of NF for cases where b = 1 + % for some integer t > 2.

Theorem 4. Letb =1+ 1 . for an integer t > 2. The approximation ratio of NF is exactly %

Proof. Let N > t be a large integer and consider an input with Nt batches of four jobs, of the sizes t+], (t+[l)N [ll, (t+t1)N

We claim that NF uses two new bins for each batch, and these bins have a total packed size of (le—1+)tN and (tlf])tw , respectively.

For N > t, both of these total packed sizes are less than 1. Indeed, the third item cannot be packed into a bin of the first type
since (ﬂ]*)tN + N(tI\-]H) > 1, and the first item cannot be packed into a bin of the second type since (t’ﬁ)[N + > 1las
well. Thus 2Nt bins are used.

An optimal packing into bins of size % = r+1 uses Nt bins for the items of the first type, N bins for the items of the third
type, and 2t bins for the other items.

Thus, the approximation ratio is at least

(t+1DN

_ 2
m, which tends to t+] = ; forlargeN. O

3. A complete analysis of NEXT FIT

t+2
t+1

t+l

In this section, we analyze NF for values of b which satisfy < b < ==, for some integer t > 1. An alternative

definitionof t ist = LEJ. These are the missing cases for NF.

We define the following weight function of the items. In both the analysis of NF and the analysis of WF for the additional
cases, we use piecewise linear functions defined on (0, %]. Thus the weight of an item is only based on its size. For a set
X C{1,2,...},and any function g : (0, %] — R,weletg(X) =) i g(5).

Let I;, for 0 < i < t be defined as

. 1 t—i+1 .
I,:<l<]—b>,b_(t_l):|5

and let J;, for 1 < i < t be defined as

t—i+2 ) ) 1
b= (2= )]

Note that for any i,i(1— §) < ‘= — (t —i) holds since b < %, and “=*2 — (t —i+1) < i(1— ) holds since b > 2.

Fori>1,JjUl= (2 —(t—i+1), 5 — (¢t -l andlp = (0, &I — t],therefore Unrzicedi U Upzice i = (0, £1.
We define the weight function w as follows. T T

. ) '
w(x):{x—f_l((t_"])—%), forxe;[,b0<i<t

2x (%—), forxe,1<i<t.

In the proofs of Claim 5 and Lemma 7, the breakpoints between the I's and J’s are considered. We let p,; denote the point
i(1— %) for0 < i < tand pyiyq is t_l’:” — (t —1i),for 0 < i < t. These breakpoints are p; for 1 < j < 2t, while py and
Par+1 are the boundaries of the domain of the function w. Note that by definition, 1 — py; = pa¢—it1)+1, for 1 <i < t,and
1—Pait1 = Pag—i+1), for 1 < i < t.We analogously define pye, = (t+1)(1— 1) and pye i3 = ZEDE — (¢ —(t+1)) = 1.
We have pyi13 + po = 1and pyr4» + p1 = 1, and thus p; + pyr3—j = 1forany 0 < j < 2t 4 3. We also let w(0) = 0.

Claim 5. The function w is continuous and monotonically increasing in (0, %].

Proof. Since w is piecewise linear, with posmve slopes, it is sufficient to prove that it is continuous at breakpoints.
The value of the function for p,; = i(1 — —) forl<i<tis

1 t+1 t
aif1= ) i () Si(ev2 - B3
b b b
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while the value for p,; + ¢, for a sufficiently small value of ¢, is

: 1 . t+2 t+3

In the second case, the value of the function for p;;1; for0 <i <t —1is
t—i+1 t+2 t+3 t+1
—_— = (t-D+ilt+1) - — t+2— —— _ =

b t—10+ (( +1) b ) ( + p > + 5
while the value for pyi 1 + €, for a sufficiently small value of ¢, is

t—i+1 t+1 t+3\ t+1
2<%—(t—i)+8)—(i+])<%—t> <t+2—%)+%—t+28

Thus the function is continuous and therefore, monotonically increasing. O

Lemma 6. Let X be a set of items such that s(X) < ¢, then w(X) < W

Proof. Consider a set X. We first show that we can assume without loss of generality that all items come from the intervals
10, I] and]1
Consider an item j of I; for i > 1. Replace this item with i items of size 2 The resulting items have a size in

1 t—i+1 t—i
Pt L S P8
b bi i

since &= ;“ — % <t _(t—1)isequivalenttot —i+1—bt <ti—thiorbt(i—1) <ti—t+i—1=(+1D3GE—1).
Using i > 1, we get that this is equivalent to b < t“ which clearly holds. The total weight of the new items is therefore
i- (% +t+1-— %), which is equal to the weight of the original item.

Consider an item j of J; for i > 1. Replace this item with i items of size 57’ The resulting items have a size in
(t ’*2 —@,1 +1 le,smcet,;l+2 — % > Y —tisequivalenttot —i+2 —bt +ib—b > ti+ i — thi

b+1Di-1D=>ti—t+2i—-2=({t+2)1i—-1).

Using i > 1, we get that this is equivalent to b > ;ﬁ which clearly holds. The total weight of the new items is therefore
i- (2? — (% — t)), which is equal to the weight of the original item.

Let K; and K; denote the subsets of items in X, of sizes in J; and in Iy, respectively, and let k; = |K;| and k; = |K;].

S N I R

jex JjeK;

Clearly, } ;i 5 < 3 Z;ek, si<3+—k(1—1) and Djer; Si < k(1 — 5.
We consider two cases. If 1 k(11— E) <k(1- b), we have k; + kj > ;= 1,and since k; and k; are integers and ;- is
not, we get k; + k; > [;15] =t + 1. Thus using ), 5; < ; we get,

1 1 1 t+1 t+2
k(1= ) =k - X H—-—=
b+b kz( b) k]( b f>+<1<(f+ ) b )
2

t+1 2 t+1 t’h+th—t>—2t+1
P <B—(t+1) - —t)= .

w(X)

IA

b

I

|

|
—_
=
+
o
N

N

|

-

If 1 —k(1—4) >k(1— 1), wehavek +k < ;1 and since k and k; are integers, we get k; + k; < [ 1= | = t. Thus

1 1 t+1 t+2 1 t+2

1 t+2 t’b+th—t>—2t+1
B-i—t t+1)— 5 = :

A

IA

b

We next analyze the weight in bins of NF. For that, we define a modified weight function w’ by w’(x) = w(x) — w(x),
where w(x) = x. Denote the bins used by NF by By, By, . .., By, where k' = NF, that is, B; is the set of items packed into the
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ith bin. For a bin B; let y; = s(B;) denote the total size of items in B;, and let 7; denote the size of the first item ever packed
into B;. For a bin B; (i < k') we define a new weight

f(B) = w(B) + w'(tiy1) = s(B) + w'(Tiy1).

If k' is odd then let k = k' — 1 and otherwise k = k' — 2. Thus k is even and NF < k + 2. Let n denote the number of items
in the input. Clearly,
k n n n

D UFB) <D i)+ Yy wis) =) w(s).

i=1 j=1 j=1 =1
Lemma7. Leti < k. Then f(B;) + f (Bjs1) > (2 + 2t +2 — (D2,

Proof. Recall the breakpoints p; of the weight function w. Let Y, Z be such that s(B;) € Y = (py, pyt+1] and s(Bi11) € Z =
(pz, Pz+1], where y, z < 2t 4+ 2. Note thati + 1 < K/, thus the bin B;,{ is not the last bin, and an item was packed into bin
B2, SO Tt is well defined. We have 7,1 > 1 — s(B;) and 7;;2 > 1 — s(Biy1).

By definition, 1 — s(B;) € [par+2—y, Par+3—y) and 1 — s(Biy1) € [Par+2-z, D2r+3—2z). We next show y + z > 2t 4 2. Using
S(Bi) +s(Bit1) > 1, we getpyq +py41 > 1.Since pyr1 = 1 —paryo_y, We get p, 1 > Paryo—y. Therefore,z+1 > 2t 42—y
orz +y > 2t + 1.Since z, y are integers, then z + y > 2t + 2. If one of z and y is odd and the other one is even, then
zZ+y=>2t+3.

We next calculate

f(B) + f(Bix1) = s(B) + s(Biy1) + w'(Tip1) + W' (Tiy2).

Consider a bin By, where £ € {i,i + 1}, and s(B;) € (p,, pv+1] (hence v € {y, z}). Note that since w’ is a continuous
piecewise linear function whose slopes are non-negative, we conclude that w’ is monotonically non-decreasing function,
and hence f (B;) = s(By) + w'(te11) > s(By) + w'(1 — s(B,)). We next obtain a lower bound on f (B;), this bound depends
on the parity of v.

e If v is even, then w'(1 — s(B;)) = 22=4(t + 1 — 42), and

s+ w1 — sy = (1 1), 20420 (42
w1 — v, 1y, 2t+2-v _tt2
t vr=5 b 2 b

t+2 v [(t+1
=¢t+D)(t+1—-—)+=(——1).
e (er1-S2) e 2 (S )

e If vis odd, then

) 2A+3—v (t+1 2A4+3—v (t+1
S(By) + w'(1 — s(By)) > s(By) + 1 —s(Bg) — > ( b —t>=1— > ( b —t).

We consider three cases depending on the parity of y and z, and in each of these cases, we show that f (B;) + f (Biy+1) >
(2 42t 4+ 2 — 2D
=

e Both y and z are odd. In this case, using % —t>0andy+z > 2t+2,

2t +3 — t+1 2t+3—z (t+1
FB) + (i) = 1—%(T—r)+1—f(T—r>

—4t—6 (t+1
:2+y+z + ¢
2 b

t+1

ZZ—(t—I—Z)(T—t):tZ—FZt—i—Z—w.

b

e The sum of y and z is odd. Consider the case where y is odd and z is even, the other case is symmetric. In this case we
havey + z > 2t + 3. Since % — t > 0, we conclude the following:

fB) +f (Biy1) Z1—w<i—t)+(t+1)<t+1_ﬂ>+i<ﬂ_t>

2 b b 2 b
t+2)(t+1 —2t—3 t+1
:t2+2t+2—(+)(+)+ yrz 1
b 2 b
t+2)(t+1
th_f_zt_}_z_%'

e Both y and z are even. If y 4+ z > 2t + 4, then
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F(B) + (Bis) Z(f-l—l)(t—i—l—+2)_|_y<t+1_t)+(t+l)(t+1_+2>+2(t+1_t>

b 2 b b b
20+ 1)(t +2 41 FE D
22f2+4f+2—W+(t+2)(—J; —t):t2+2t+2—%.

Otherwise, since the sum of zand yiseven,and 2t +2 <y 42z < 2t + 3,theny + z = 2t + 2.

2t + 2 — t+2 26t+2—2z t+2
FB) +f(Bir1) = S(Bi)+5(Bi+1)+fy (t-l—l— )+ <t—|—]— —)

b 2 b
dt+4—y—z t t+2
s ATy 2 e (1= 2
2 b b
t+ 1) +2
_ 2 gop g LFDEFD
b
t+2

Theorem 8. The approximation ratio of NF for <b< t+1 is exactly

t+1
2t%h — 2t — 4t + 2 + 2bt
t2b+2bt —t2 —3t —2+4+2b°

Proof. Let D denote the set of items. By Lemma 6, w(D) < Woﬂ By Lemma 7 and the definition of k,

k t*b+2bt —t>—3t—2+2b t?2b+2bt —t2 — 3t —2+2b
w25 - T2 (- 2

Thus

2t2h — 2t% — At + 2 + 2bt
NF < OpT + 2.
t2b4+2bt —t2 =3t —2+2b

For the lower bound, let N be a large integer, divisible by t.lete = t+l4N . The input first contains N batches Each of

these batches consists of four items of the following sizes: -, &, 1 — +, €. Every bin will contain an item of 51ze orl— E'
followed by an item of size ¢.

Next, the following sequence of additional items is repeated L%NJ times (note thatt + 1 — tb > 0 and
th+2b—t — 3 > 0, by the deflmtlon of t and using b > 1).

These are one item of 51ze -, 4N + 1 items of size ¢, one item of size

t+1
b

Notethatf“—t>0andthat(4N+1)e:4N -5 +e=t+1-"24eSince f+ 5 —t+t+1-F2 4o = 1+¢,

aN
each item of size “b” tor % including the first such item of this part of the input, starts a new bin.

The number of bins used by NF is at least 2N + Z%N 2.

Note that % < t, since this is equivalenttoth+2b—t —3+th—t —1 > O0orto b(t + 1) > t + 2, which

holds by the definition of t.

Note that there are at most N + %N items of size ; L N items of size 1 — —, at most %

&1 _ ¢ and at most 2N + 2(4N + 1)(%N) items of51ze e.

— t and an additional 4N + 1 items of size ¢.

N items of size

We next consider a packing into bins of size 1 . There are at most N + %N bins with one item of size 1 . Since
a- —)t < ., titemsof size 1 — | are packed mto one bin, resulting in = b1ns Each such bin can either receive an 1tem of

size § —t(1 —p=4— oratleast

ot H_t t+1—bt
= —7 | = 4N —
£ t+1-5 bt+b—t—2

4N

items of size €.
Therefore, the total number of items of size £ which are combined into existing bins is at least

N t+1—tb t+1—bt
- N} ([4N—m—— —1
t tth+2b—t—3) bt+b—t—2

thb+2b—t—-3—t—14+1th t -
_th+ + N (an +1—bt 1

tith+2b—t—3) bt +b—1t—2

_ 2(th+b—t—2) AN t+1—bt _ 8N*(t+1-—bt) 2(th+b—t —2)
T tth+2b—t—3) bt+b—t—2 T t(bt+2b—t—3) t(th+2b—t—23)
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Therefore, the number of remaining items of size ¢ is at most 2N + 2—Lt1=tb__ N 4 20b+b=t=2)

t(th+2b—t—3) t(th+2b—t—3)

Wehavet +1—th<th+2b—t—3andth+b—t —2 < th+ 2b — t — 3, so the number of remaining items is at
4N . t+2 t+2  _ 242e41-t2-2r 1 . 1 1

most 2N + =~ < 6N, foranyt > 1.Sincet + 1 — 5o <t+1- T = P = H—l.Therefore, since § > 5,

at least 4N items of size ¢ can share a bin, so two new bins are sufficient for the remaining items of size ¢.

t+1—th
2N+2(rmprap M) 2 _20%b—2t2—4e4242bt_

b+2b—t—3)
N+MN+¥+2 t2b+2bt —t2—3t—2+2b

T(tb+2b—t—3)

, which tends to

We get a ratio of at least for large enough values of N. O

4. A complete analysis of WORST FIT

In order to complete the analysis of WF, we need to consider the case 1 < b < 2. In this case, we will show a tight bound
of % on the approximation ratio. Thus it is monotonically decreasing in this case as well, and the approximation ratio as
a function of b is continuous at b = 2.

Theorem 9. For any 1 < b < 2, the approximation ratio of WF is %

Proof. We start with the lower bound. Let N be an even large integer. Let ¢ = ZN—_;’ The input consists of N batches. Each
batch starts with an item of size % — % which is followed by [2N 12’%;] + 1 items of size ¢. The total size of the items in a

single batchisatleast 1 — 1 + 2N} +1)- 2t =1 14524 220 > 3 _ 1 Forlarge enough N, this total size is
also less than 1. Thus each batch of [2N 12’%;1 + 2 items is packed into a separate bin (once a new bin is opened, the worst
fit of the next items of the batch is this new bin, and the total size of a batch together with the large item of the next batch
exceeds 1).

After these N batches, there are {%Nl additional pairs of items, each of which consists of items of sizes % and &. Once
again, WF packs each pair of items into a dedicated bin.

The number of bins used by WF is at least N + [2=2N] > N 4+ 2=2N = N 2.

Note that there are N items of size 2 — 1, [2=2N7 items of size 1, and at most N@N2=1 +2) + 222N + 1 =
2N22=1 + N2£2 4 1 items of size ¢.

We next consider a packing into bins of size % There are N bins with one item of size % — % and one item of size %
The other items of size % are packed into additional bins. A bin which already contains (only) an item of size % can receive
additional & items of size ¢, since 3 + 2-£4 =1

The number of items of size ¢ which can be packed with the remaining items of size % is at least (N32bf’b2 —N)

Nb 2 — b
4b-1D\N _ 2(b—1N? b+2
(NF52) 5 = 5=~ Hence, only at most N5+

New bins are used for the remaining small items. One bin can hold at least ;Y ] items, since [5; | - 22 < 1. The

N
N>
5 =

+ 1 unpacked small items remain.

b+2 N+1 b+2 N+1
I ; b b _ (b+2N+2-b (b+2)N+2—b _ (3N
remaining items require at most’r ] —‘ < ’7 i —‘ =T N2+ 1< N T 1= v = 2b+3) <10

additional bins (since 1 < b < 2).

2b

We get a ratio of at least 73:22[;1 o which tends to % for large enough values of N.

=

To prove the upper bound, we use a weight function. In order to define this function, we first define a threshold rule for
WEF. Consider a set A, which contains items of a total size 1 — « (for some « > 0). The threshold rule for WF is that the largest
item in A, has a size of at least .

The motivation for this threshold rule is that a bin is opened by WF for an item of size «, only if all previously opened
bins have a total packed size larger than 1 — «. Note that in the results of [8] for FF, a threshold rule is used as well, only in
the case of FF, a similar situation implies that all items will have a size of at least «, while for WF this is not necessarily the
case.

We will consider a weight function for which the following three properties hold. The first property is that if the total
size of items in a set A is at least 1 — «, and A satisfies the threshold rule, that is, the size of the largest item in A is at least «,
then w(A) > 1. The second property is that if the total size of items is only 1 — o« — 8 (for some 8 > 0), but the threshold
rule is satisfied for « (that is, the size of the largest item in A is at least «, rather than « + ), then w(A) > 1 — £, where

¢ = sup w(x)/x.

0<x5%
We only consider functions w where Z is finite.
The last property which is required is that for any set B, which contains items of a total size of at most 1, it holds that

w(B) < R, where R is the approximation ratio %
Given a weight function w which satisfies the three properties, we consider only bins of weight strictly smaller than 1.
That is, we remove all bins with weight at least 1 and consider the remaining bins. We define the coarseness of bin i, ¢;, (see

the analysis of FF in [1]) as the maximum value such that there exists a bin j < i which has a total size of items of 1 — ¢,
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that is, the maximum empty space in any preceding bin. We let ¢; = 0. Since all bins we consider have a total weight of
items smaller than 1, for bin i, the total size of items is some value 1 — ¢;, where the largest item packed in bin i has a size
of a; — B;, for some B; > 0. We always have (o; — ;) > ¢, as otherwise WF would pack this item in the bin j for which the
maximum in the definition of ¢; is achieved.

We have ¢;y1 > o; > ¢; + Bi. Let W; be the total weight of bin i, then we have W; > 1 — £8;.

If WF uses n bins, the total weightis Y ., W; > n — £}, Bi).

We calculate Y 1, Bi. >0 Bi < Bn + Z?;ll (Ciy1 — €i) < Bn + ¢1 < an < 1.The total weight of all bins is therefore at
least WF — £ (note that this inequality holds even when we also consider the bins of weight at least 1, which were removed

earlier).
Assume that the third property is satisfied. Each of OpT’s bins is filled to at most 1 . Hence, the total weight in each of
OpT’s bins is at most m, so WOPT is an upper bound on the total weight, and WF — Z < 3517 OpT. Thus in order to prove

the theorem, it suffices to show a weight function w for which the three properties hold, and the value of £ is bounded by a
fixed constant.
Define the following weight function:

22, forx e (0, — 3]
wx) ={ sx— 2L, forxe (3 -1 1]
1, forx € (3, 1].

Forx < > w(x) 3135 355X since 2bx > 2 —bforx > % - % The function is continuous and monotonically non-decreasing.
We next show that this function w satisfies the three required properties.

Lemma 10. Let A be a set of items of total size 1 —« (o > 0), where the largest item in A, i, has a size of at least . Then w(A) > 1.

Proof. Ifs; > 1, we are done.

Ifs; <1 — 31 thenl—a>1-s5>2— ] =322 Allitems belong to the first case of the weight function, so we get a
total weight of at least -22 - 3‘1’2—;2 =1
We are left with the case 1 — 3 < s; < 1.1In this case, the total weight is at least z2-5(1 — & — 5;) + 528 — 22 >
2-b
B(1=25) + 55— 55 = 1. O
Lemma 11. Let A be a set of items, of a total size 1 — o — B (for some > 0), which satisfies the threshold rule for «. Then
w(A) > 1— LB,

Proof. Add a dummy item of size 8. The threshold rule for WF is still kept with «, and the new total size of items is 1 — «.
Let W denote the total weight of original items, and W’, the total weight after the modification. By Lemma 10, W' > 1. We
have W = W’ — w(g). By the definition of £, w(8) < £, and the claim follows. O

Lemma 12. Let B be a set of items which can be packed into a bin 0fszze p (ie,s(B) < b) Then w(B) < 2—”2
Proof. If the bin contains an item of sizey > 1, lett < 1 —y < ;- % = ’b be the total size of other items, each of which
has weight -2 3b 5 times its size. The total weight is at most 1 + (3 )( ) = m
Otherw1se if the bin contams exactly one 1tem of size E — s <y<=> then the total weight is at most 3b 2y 3b‘b2 +
(b —y) 2 3b 5 < 3172”2 3b 2 + (b 3 1y 35 = 3b 5, where the 1nequality holds since the maximum of the left side is obtained
fory = 5.
Finally, if the bin contains at least two items in the interval (% — %, %], such that their total size is y, then the total weight
_ 4 2b 2 2 4 2b 2 2
of Bisat most 5% -y —2- 55 S G Y=Y aataastss Sne  waetRa tHa = o U
The value of £ is 2, since 375 < 2, T" — # <2xforanyx < 5 and clearly 1 < 2x forx > % O
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