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General algorithms, viewed as transducers, are introduced for computing rational
expressions with continued fraction expansions. Moreover, expansions of some
algebraic numbers, like \ﬁ or those related to primitive matrices are considered.
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1. INTRODUCTION

For irrational number x let

X=co+
C1+71
02+71

3+

be its (regular) continued fraction expansion with partial quotients c,
(co€Z and ¢, e N\{0}). The notation x=/[cg; ¢y, ¢, €3, ...] is classical
and we write X =[¢Cg; €y vy Co—15 Cr - Crr7—1 1> to express that (c,), is
ultimately periodic with ¢; - Cxy7 1= Chymr Cogmsnyr—1 for all
meN. The convergents of x are rational numbers p,/q, which can be
defined by the product formula:

-GG
9 i1/ \1 O0/\1 0 1 0)
The right-hand side of (1) will be denoted by I, ....,. For rational num-
bers x the above expansion is finite with two possibilities. The first one,
called regular, is given by x =[a,; a4, ..., a, ] With a, > 2; the second one is
x=/[ay; a; ..., a,—1,1]. The integer n is said to be the depth of x.
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In this paper we construct several algorithms, described in terms of
transducers, which perform algebraic computations with continued frac-
tions. In Section 2, a general factorization theorem for matrices is proved.
This result, which is not really new, is one of the main ingredients needed
to construct these transducers. A first application, given in Section 3, is
closely related both to the classical work of M. Hall Jr. [Ha] on con-
tinuous fraction expansion of A(x)= (ax + b)/(cx +d), where a, b, ¢, d are
integers with ad — bc #0 and the results of Raney [ Ra] which relate frac-
tional linear transformations, continued fractions, and finite transducers.
In fact, our method leads to an efficient formal algorithm which produces
consecutive partial quotients of /(x) by reading the consecutive ones of x
at a positive rate bounded below independently of the entry x.

In Section 4, an algorithm is given for biquadratic fractional transforma-
tions (axy + bx + cy +d)/(exy + fx + gy + h), previously studied by Gosper
[Go]. The algorithm is strongly related to two group homomorphisms
from GL,(R) to GL,(R). Section 5 is concerned with rational values
R(x)=P(x)/Q(x), where P and Q are polynomials defined on Z. In that
case, the algorithm arises from a group homomorphism f,: GL,(R)—
GL, . ,(R), where n is the projective degree of R. We also pay attention to
the fascinating continued fraction expansion of \3& In Section 6, we
give further consequences of the factorization theorem. First we exhibit a
transducer which produces the continued fraction expansion of some
algebraic numbers in connection with primitive matrices with nonnegative
integer entries. Finally we show how to obtain easily by transducer the
usual continued fraction expansion of real numbers ¢ of the form
E=ag+by/(a;+ (byJay+(---))), where a, and b, are integers.

2. DEFINITIONS AND BASIC TOOLS

2.1. Transducers

Given a set .7, also called alphabet, we denote by ./* the monoid
generated by .«/. Elements in .o/* are viewed as words w=w;w, ---w,,
w; € .o/, with length |w|=n. The empty word has length 0 and is denoted
by A . The number of times a given letter a occurs in a word w will be
denoted by |w|,. Let 4, €, be any other alphabets and let @ ={¢.; ce €}
and ¥={y,; ce%} be two families of maps ¢.: #—> % and .. B — o/ *.
The quintuple 7 =(%, 4, </, @, ¥) is called an alphabetic transducer over
the semi-automaton (%, #, @) with input alphabet ¥ and output alphabet
o/. Elements of # are called states of the transducer.

For each ce% the map ¢, corresponds to an input instruction of the
semi-automaton and the map /., corresponds to the output instruction
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associated to c¢. For a given state b, (called initial state), the transducer I
associates, to any input word ¢, c, --- ¢, € €”, a sequence of states by, b, =
¢e,(bo), o by=0 (b, _1). Now the output of J~ associated to ¢yc, -+ ¢, Is
the word

[Yj, Q]clu-cn (bO) = lpcl(bO) wcz(bl) "'wz’"(bn—l)

which belongs to .&7*. Notice that the above definition of transducers
differs slightly from the classical one, where the alphabets and the space of
states are usually assumed to be finite and instructions are usually
associated to a finite set of words, which often includes the empty word A .

In the sequel, the set .o/ will often be a language (i.e., a set of words)
over the alphabet of natural numbers N (including zero). In that case,
there is a natural embedding of .&/* into the free monoid .45 generated by
N so that .o7* will be also considered as Language over N. We introduce
the morphism a: Ay — GL,(Z) defined by a(a) = (¢ §) for ae N. Clearly, «
induces a morphism from .o/* into GL,(Z), still denoted by a. Let
A1 =(N\{0})* and let /5 be the sub-monoid in GL,(Z) generated by all
matrices ({ o), ae N\{0}. Classically, the morphism o restricted to 4]
realizes an isomorphism between ./ and /3.

2.2. A Factorization Theorem

Let .4, x be the set of all 2 x k matrices of rank 2

o Ay e
am( )
B B o B
where «; and f; are nonnegative integers. Notice that if 4e./,  and
Be . ~, then ABe 4 .

DerFINITION 1. Let &, &), and &, be subsets of .#, n respectively
defined by
(1) AeZ, if a;=f,; for all integers i, | <i<k;
(1) AeZyis o, < f; for all integers i, 1 <i<k;
(i) Aeé, if there exists (i, j) with 0<i<j<k and
(o;— ﬁi)(aj_ ﬁ/) <0.
Remark 1. The family {Z,, 2}, 6} forms a partition of .Z; .

Remark 2. 1In the case k=2, elements of &, are called “row-balanced”
matrices; this definition was introduced by Raney [Ra].
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We give below some matrix properties. Their proofs are straightforward
and details are left to the reader.

Lemma 1. Let A be in &, (resp. in &) and let Be M), . Then AB is in
9, (resp. in D},).

LeMMA 2. Let ¢ and ¢’ be integers >0 and let B, B' be matrices in M, n
which are not in 9. Then

c 1 cd 1\ , ,
<1 0>B—<1 0>B < c¢=c¢, B=RB.

Notice that for any integers u > v > 0, the classical Euclidean division of
u by v is equivalent to the equality

()= o))

v) \1 0)\v

with integers a, u'( =v), v’ such that ¢>0, and ' >v'>0. Using this
formula and Lemma 2, we get

LEMMA 3. Assume that

()= M (1) @)

with integers u, v, u', v' such that u' >v' >0 and a,e N\{0} for i=0, .., r.
Then uzv=>0 and
(i) if u=0, then u=u'=v'=0;

(i) if u>0 and v=0, then the product is empty (in other words,
(6) =11, (), where IT , = (5 9);

(iii) assume that v>0:

— if u' >0 >0, then u>v and the word ay ---a, in (N\{0})* given by
the factorization (2) is unique;

— ifu'=0v"#0, then u' = gcd(u, v),

<u> <u,>
=Haa c-a, ’
v 0“1 "\ u

and the factorization (2) is unique;
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— if W' >v"'=0 then u' =gcd(u, v) and there are two factorizations,

namely
u u' u u'
<v>=Ha0a1~--a,<0>! <U>=Ha0a1-..(ar—l)-l<0>~

Moreover, for all cases with v>0 and u' >0, the equality
u v
-= ao;al,...,ar"l_*’
v u

holds.

This lemma will be mainly used in the following form.

LEMMA 4. Let

oL o “ee o
A= < 1 % k>
Bi B2 o P
be a matrix in M, . The following statements are equivalent:

(i) There exists ag €N, ay, .., a, e N\{0} and a matrix B in . such
that

(i) Forall j, 0< j<k,
— if B;=0 then a;=0;

— if B; #0 then ay, a,, ..., a, are the r + 1 first partial quotients of one
of the two continued fraction expansions of o;/f;.

We are ready to set and prove the following factorization theorem.

THEOREM 1. Let

oL oL “ e oL
an( ‘)

B B o B
be a matrix of M n such that A ¢ é:

(1) There exists a unique factorization

A=1I A, (F)

coCr et Cy

where ¢y €N, ¢y, ¢5, ., ¢, EN\{0} and A’ € &,.
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(1)  For all integers i such that 1 <i<k and fB; #0, the depth of o;/B; is
>n, the n first partial quotients of o,/f3; are cq, ¢y, ..., ¢,_, and the next par-
tial quotient in the regular continued fraction expansion of o;/f; is >=c,.

Proof. We first prove the existence of factorization (F). If M € &}, then
M=(9 }) M’ with M’ € Z,. Therefore, we may assume that the matrix

al az e a’k
= )
Pv B o P
belongs to Z,. Let ¢’ be any integer >1 and let M’ be the matrix defined
by M =(¢ §) M'. It is obvious that the first line of M’ is strictly lower than

the first one of M. Let
min < % >
c= — 1.
1<i<k \| fB;

B #0

Clearly,

(a) 1if ¢’ <c, then M' e &}
(b) if ¢’ =c, then M'e Z, L é6,;
(c) ifc¢">c, then M' ¢ 4 .

Moreover, if ;=0 but a;#0 for one index j then, in the above
case (b), M’ belongs to &,. Therefore, there exists a finite sequence of
integers c¢o, ¢y, .., ¢, With ¢,=>0 and ¢;>1 for 1<;j<n, such that
(Mepe,....) ' A€ for i=0,.,n—1 and (/1,,... )" ' A=A"€é&. For-
mula (F) is established and the uniqueness readily follows from Lemmas 1
and 2.

Let i be an integer, 1 <i<k, with 8, #0 and let (%) be the ith column

of A’. Therefore,
o u'
()= (1)

From Lemma 3, if ' >v', the depth of «;/f; is =n, its n first partial
quotients are ¢, ¢y, ..., ¢,_; and the (n + 1)th partial quotient is >c¢, (=c¢,
if u'>v"). Now, if u'<v’ the Euclidean division v'=qu'+r (¢=1,

0<r<u') gives
<cn 1) u’>_ c,+4q 1><u’
1 o)\v) \ 1 oNr/)
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Hence the »n first partial quotients of a;/f; are ¢, ¢, ..., ¢,_; and the next
one is >c,. Finally, if ;=0 (and a; #0) for at least one index i, the fac-
torization (F) is reduced to 4 =11, A" with ¢ #0. ||

3. FINITE TRANSDUCERS AND MOBIUS MAPS

31. To each matrix A=(“?% with ab,c,deZ, and
ab—bc= +D, D> 1, we associate the Mobius map

ax+b
cx+d

[A]: x+—

and the norm p(A4)=max{l|a|+ |b|, |c|+|d|}. Equalities ad—bc=
dla—c)+c(d—b)=a(d—b)+b(a—c) show that p(A)<|det(A4)| for any
A in &,. In particular

LemMmA 5. The subset of all matrices A of &, such that det(A)= +D is
finite.

LEMMA 6. Let x=[cy; ¢y, Cy,...] be an irrational real number and let
A=(%"%) be a row-balanced matrix in My . Then there exists an integer
n<2log, det(4)| such that Al ... ¢&. Moreover, if (by (F)),
All, . ..o = .0 A", then (ax+b)/(cx+d)=[co; s oy, ] and

the rth partial quotient of this continued fraction expansion is >=c..

Proof. The result is clear for det(4)= +1. Henceforth, we assume
|det(A4)] =2 and let (pi/qi)ren be the sequence of the convergents of x.
Define A4, by

A,=Arn = <

€1 Cn

apn+bqn apn—l+bqn—l>
Cpn+dqn Cpn—l+dqn—l
and notice that

ap,+bq, . ap,_1+bq,_, ax+b

1 = lim = =[cy; cl, Chy ]
noow CP,+dq, n-oowcp,_1+dq,_; cx+d [co: €1 €2, -]

Therefore, there exists n such that 4, ¢ &,. But we have to say a little bit
more. In fact, for any matrix B with nonnegative entries and any integers
x, y = 1, a straightforward computation shows that p(BII,,) = 2p(B). Con-
sequently p(AIl, ... )> 2[”/2]Jrl and A4, ¢ &, as soon as n =2 log, |det(A4)].
By Theorem 1, A =1 y...0A" and the r first partial quotients of (ap, +

"

bqn)/(cpn+dqn) and (apn—l+bqn—1)/(cpn—l+dqn—l) are C07C15~~'9 Cr—1-
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Since (ax+b)/(cx+d) is between (ap,+ bq,)/(cp,+ dq,) and (ap,_,+
bqg,_1)/(cp,_1+dq,_,), one derives ¢, =c; for all indices k<r—1 and
a=c. 1

Remark 3. In order to compute the continued fraction expansion of
(ax 4+ b)/(¢x+d) in the general case (q, b, ¢, de€ Z), we mainly have to con-
sider matrices 4=(“ %) in & and x> 1. Indeed, the other cases can be
reduced to this one. In fact, suppose that x=[cq; ¢y, €5, ...] <1 (¢cg €Z);
then X' =[c¢y;¢,, ¢5,..]>1and (ax+b)/(cx+d)=(a'x"+ b")/(c'x" + d") with

e o)l o)

Now assume that [(a¢'x" +b")/(c¢'x"+d")] =, <0 with x" > 1. Then

0 1 a b a b

b e o) a)
with (a"x"+b")/(¢"x"+d")>1; the first partial quotient of (¢'x’ +5")/
(¢'x"+d") is ¢y and the next ones are those of (a"x' +b")/(c"x" +d").
Moreover, continued fraction expansions of  and —¢ are closely related. In
factif t=1[1y; 11, t5,..] with t;>1then —¢t=[ —(to+1); L, (t;—1), £, t5,...]
and for t;,=1, —t=[—(to+1);t,+1, t5,..]. Therefore we may assume
a">0 and ¢”>0. Finally, suppose that (% 5.,)¢ .4, n but xX'=[c;; ¢,
c3,..]>1and (a"x"+b")/(c"x"+d")> 0. It easily follows that there exists
integer r such that either (% 2,)I1 or its opposite is in %, U Z5. By
Theorem 1,

€162 6

" ”

a’ b
_ ’
<C” d/r> Hclczn-c,_ncicé---c;A

and A'=(% 5)eé,. After ¢}, ch, .., ¢}, the next partial quotients of
(a"x"+b")/(c"x'+d") are those of (a'x,+b")/(c'x,+d') with x,=
[Cr+1:cr+2: r+35 ]>1

3.2. Transducers Associated to Mobius Maps

Let ./} be the finite set of all row-balanced matrices in .4,  whose
determinants are + D. We consider a transducer 9,=(%, 4, </, , ¥)
with € =N\{0}, B =4y, o/ =(N\{0})U {0a} ,cn(0y- For all ce% and
B e %, the instructions ¢, and . of 7, are defined as follows:

— if BIl,=B' € M, then ¢.(B)=B and  .(B)=
— if BIl, ¢ .}, according to Theorem 1, there is a unique factoriza-

tion BIl.=1l.,...B with B'€&, c¢;eN and ¢;eN\{0}, j=2,3,..,r
Moreover, if ¢} =0, then r >2.
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Consequently we set by definition ¢.(B) =B’ and
PiDP2 Dy with py=c, for 1<k<r if ¢} #0
Y(B)=4DP1"Pr_1 with p;=0c¢5 and pp=cii,

for 2<k<r—1 if ¢}=0.

Now choose any matrix 4= (“ %) e.#, and any irrational real number
x=/[cp; €y, Ca, ... | greater than 1. Taking A4 as the initial state of 7, we get
[P, @], ... (A)=P Py --- Py with P;e.o/. Words in .«/* will be reduced
according to the relation

a 1\/0 1\/b 1 a+b 1 3
(1 o><1 0><1 o>_< 1 0>' )

Two cases arise; PP, ---P,=(0) P\P,---P, or PP, ---P,=(A)P\P,--- P,
with P; e N\{0}. Notice that P} P, --- P, does not end with the letter 0 so
that, due to relation 3, o(P} P, --- P,) e /5. Finally, there exists a unique
word we(N\{0})* such that «(P,P,---P)=o(w) if P;eN\{0}
and o(P;P,---P,)=a(0)a(w) otherwise. The word w is obtained by
reading P} P, --- P, from left to right, replacing subwords of the form a(0b)
(a, be N\{0}), by the letter (a + b). This defines a map p: o/ * — (N\{0} )*
U (O(N\{0})*) by u(P, P, --- P,)=w if Py= P} and u(P,P,--- P,) =0w if
P, =0P). Notice that |w|=|P{Py---P;|—2|P} P,--- Pl,.

Let 7 be the map defined on (N\{0})* U (O(N\{0})*) by t(cocy -+ k) =
cocy - cx_ ;. Now we define the so-called reducing map

p=rop. (4)

THEOREM 2. For any Mdbius map [ A] associated to the matrix A€ Mp
and for any irrational real number x = [ ¢y; ¢y, €5, ... | > 1, the continued frac-
tion expansion [A](x)=/[cp; ¢y, C5, ...] is given from the transducer I,
(defined above) and the reducing map f (see (4)) by the formula

ﬂ([gla @]cocl_._c”):CG) ...C;c

with k, + 2 = n/card(.Mp).

n

Proof. By the construction of 7, and Lemma 6, it remains to prove
that k,+2>[n/card(.#,)]. Let B=B, be any state of 7, and let
ay---d,_, be a word on N\{0} of length m>card(.#,). Put B, , =
qﬁaj(Bj) and Y(B;)=daj for j=0,..,m—1. We claim that there is an index
j€{0,..,m—1} such that a; ¢ { A } U {0b; beN\{0}}. In fact, there exist
k and 7, 0 <k </ <card(.#4p), with B, = B,. Therefore, if we assume that
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all outputs a; are in { A } U{0b;beN\{0}}, we can exhibit a state B
and a word aq---a,_; of length /<card(.#p), with a,eN\{0} and
B= B,=B,. This equality implies

BIT —1, . B (5)

do-r-ar_y ao---ar_y

where each ) is the empty word or a word of the form 0b,, b, e N\{0}. But
ag ---d,_, cannot be the empty word, hence 7, .. = I1,5 where N is
the sum of integers b;. Equality (5) gives

ay_,

1 0

ME””“VZQN 1

>B (neN), (6)

but the entries of the matrix given by the left side of (6) increase exponen-
tially with respect to n while the right side says that these entries are linear
in n; a contradiction which proves our claim.

Going back to the hypothesis and notations of Theorem 2, set [ ¥, @],
(A)=ag---a, and consider indices i3 < --- <i,, where the relation
a, e N\{0} holds. One has u(ay ---a,)=cp -+ ¢, 16 s with ¢ = u(ag --- aj),
Ge=pdy 4y -ay ) for k=1 .,r,—1 and c =u(a; 41 ---a,). From
above, integers i; + 1, i, — i, and n—i, are less than card(,/%D) so that
n<(r,+ 1)card(.#p). Now, the equality k =r,— 1 concludes the proof. |

ExaMpPLE 1. Multiplication by 2 is associated to the matrix H,= (3 9).
We distinguish four classes of inputs ¢, namely c=1, ¢c=2, ¢ odd >3, and
c even =>4.

There are eight row-balanced matrices whose determinants are + 2, but
starting with the state H,, only five states can be reached by reading words

in (N\{0})*, namely
o 1 0 11 0 1 2 0
> 0 2) 2 0) 2 0) 1 1)

The transducer 7, restricted to these states will be denoted by 77,. In fact,
for X' € .4, and c e N\{0}, ¢ .(X) is one of the above states so that, after the
first instruction, we are only concerned with the transducer .7,. Figure 1
gives a symbolic representation of .775.

Let us compare this with the Raney construction. Continued fractions
x=1[cg; €1, Ca, ... ] are replaced by infinite strings

E=ROLARN[ ...

with R=(§ }) and L=(} 9). The transducer corresponding to the multi-
plication by 2 is then a two-tape automaton @, = (Q, E) over the alphabet
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) /\ ()
2/1 O

1/011/ /0(2z)
2/011 i/lla
1/011 <:>
0 1
2 0
2/11
1/11

i=2a+1, a2>1 2 0
p=2b, b>2 1 1

z=1,2,i,p

p/011{b-1)

p/11(b-1)

FIG. 1. Transducer 95 associated to the multiplication by 2.

{R, L}, where the space of states Q has two elements, namely 4= (g 9),
B=(} 9), and the set EcQOx{R,L}*x{R L}*xQ of input-output
instructions has elements (A4, L*/L, A), (A, LR/RL, B), (A, R/R? A), and
those obtained by interchanging 4 with B and R with L (see Fig. 2). Notice
that there are input and output codes for each state. Starting from A, we
first read the prefix P of & which is a word of the input code {Lz, LR, R}
associated to A, then go to the next state X and output W if
(4, P/W, X)e E. The next step runs in the same way replacing 4 by X.
One sees that the string ¢ is factorized by the automaton, step by step,
according to the input code corresponding to the current state.

Using transducer 75, a straightforward computation leads to the
following by-product:
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L2/ LA?
RL/LR
LR/RI.

R/R? R%/R

FIG. 2. The Raney transducer @, associated to the multiplication by 2.

(1) Let x be the purely quadratic number [ in]. Then the greatest possible
length for the period of 2x is 5 and this bound is reached in the
particular case where n is odd and >=3. In fact, for n=2i+1,

2x=[2n4, 1, 1, i].

(1) For any input partial quotient ¢ =3 and any state X of 5, the out-
put obtained after reduction contains a partial quotient which belongs to
{2¢,2¢4+1,2¢+2,[¢/2], [¢/2] —1}.

Part (i1) explains some results of Lang and Trotter [ La—Tr] who com-
puted the continued fraction expansion for several algebraic numbers, in
particular 2'3 and 4'7. Since 4'? is the image of 2" by the Mdbius map
associated with the matrix ({2), then large partial quotients are related: e.g.,
the 36th partial quotient of 2! is 534 and leads to the 41st one of 43
which is 266. The 572th partial quotient of 2! is 7451 and leads to the
579th one of 4! which is 14902, etc.

3.3. A Formal Two-Tape Automaton

The transducer 7/, can be reorganized into a finite transducer %, with
the same space of states .4, but the input alphabet is

Soy=AT, s DY ULl 1, s ),

where § denotes the constant map with constant value s and /,, for
1 <s< D, is the linear polynomial defined by

/(x)=Dx+s (xeN\{0}).

Finally, the output alphabet %, is a finite set of words on an alphabet
which contains a finite number of nonnegative integers and a finite number
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of linear polynomials p which depend on the input letter, the current state
and such that

p(N\{0}) = N\{0}.

In fact this transducer can be viewed as a two-tape automaton (.#,, Ep),
where E, is a subset of .#p x9p X Wp X My such that any element
(B, u, w, B") (also denoted by (B, u/w, B')) in E, has the following form:

(j) Ifu=3§with I <s<D, then w=y(B) and B' =¢,(B).

In the case where u=/,, we need a result proved in [St2, Lemma 2],
namely:

PROPOSITION 1. Let Be My, and s€ {1, ..., D}. Then there exists B' € .y,
such that ¢, \(B)=B" for all xeN\{0}. Moreover there exists
a=a(s, B)e O(N\{0})* U (N\{0})*, o #0 and there exists a linear polyno-
mial p=p,s, both o and p depending only on s, B (and D), with
P(N\{0}) =N\{0} such that the matrix equality

B(“0 Do (M g

holds for all x e N\{0}.

We are ready to complete the definition of E,, using notations of
Proposition 1:

(ji) fu=/,, then B'=¢,, p(B) and w=a(s, B) p,z-

The computation of [ A](x) for 4 € .4, and x=[cy; ¢y, C5, ...] > 1 with
the two-tape automaton (.#p, Ep) runs as follows: We first introduce the
substitution 6: N\{0} — %}, defined by

c, if I<e<D

/ otherwise.

Let (d,), be the output sequence given by 7, from the input sequence
(¢,),, but without applying the reducing map. Running the two-tape
automaton (.#p, Ep) with the input sequence (6(c,)), gives the output
sequence (w,), with w,=v, p,, where p, is the empty word (if ¢, < D) or
a suitable linear polynomial given by Proposition 1. Then

J _{Unpn(xn), with  x,=[c,/D]ifc,>D,
" otherwise.

n»
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4. CONTINUED FRACTION EXPANSIONS OF BIQUADRATIC
FRACTIONAL TRANSFORMATIONS

41. Let x=[cp;cy,ch,...] and y=[cy; ¢y, Ca,...] be two irra-
tional real numbers and let a, b, ¢, d, e, f, g, h be integers such that the
biquadratic fractional quantity

axy+bx+cy+d
z:=
exy+ fx+gy+h

is irrational. In this section, an algorithm for computing the continued frac-
tion expansion of z is exhibited and described by means of a transducer.
Previous studies in this direction has been carried out by Gosper [ Go].
The algorithm depends on two group homomorphisms from GL,(R) to
GL,4(R), which commute.

LEMMA 7. Let I' and = be maps from GL,(R) to GL4(R) defined by

a b 0 0 a 0 b 0
F<ab>:cd00 :<ab>_0a0b
c d 00 abl” “\ecd \c 0do
00 ¢ d 0 ¢ 0 d

Then I' and E are homomorphisms such that
I'(A) Z2(B)=Z(B) I'(A).

Moreover, det(I'(A) Z(B)) = (det 4 det B)? and tr(I'(A) Z(B))=tr A tr B.

Proof. Clearly, I' and Z are group homomorphisms and equalities
I'(A) I'(B)=I(AB), 5(A) Z(B)=5(AB) and I'(4) Z(B)=5(B) I'(4) are
obtained by easy computations. This is also the case for the formulae on
determinants and traces. ||

LemmaA 8. Let (pi/qi)ien~ and (pi/qi)ren be the sequences of con-
vergents of y and x, respectively. Define the matrices

Mk:<pk pk_1>’ ,k:<pfc p:k_1>’ A:<a b ¢ d>
de  Gr—1 e Gre—1 e f g h
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and

Ak=<ak be ¢x di

=AI(M,) Z(M}).
e Je &k hk) (M) Z(M)

Assume that exy+ fx+ gy+h#0, then the four sequences (ai/e;)i,
(bi/fidies  (cx/8i)es and  (di/hi)r  tend  to  (axy+bx+cy+d)/
(exy+ fx+ gy +h).

Proof. A straightforward computation gives

Ak _ apiPict bqiPic+ cPrqic+ dqiqi
er  epPi+ fiDi+ &Pidic+ harq’

and consequently lim, a; /e, = (axy + bx +cy +d)/(exy + fx+ gy +h). The
other cases are similar. ||

4.2. Transducer T, Associated to a Biquadratic Fractional Transformation
R (x, y)— (axy+bx+cy+d)/(exy+ fx+ gy+h)

We associate to # a transducer I, = (%, 4, </, @, ¥) with infinite space
of states # =é&,. As above (Remark 3), we may study essentially the case

with x> 1, y>1 and
a b ¢ d
A= é,.
(e /g h>e :

The initial state for 7, will be by=A and alphabets are respectively
% =(N\{0}) x (N\{0}) and ./ = (N\{0} ) U {0a} ,cn(0}; - The matrix

N ._Fclﬁc’l
@A 07\ 0

is associated to any input letter (¢, ¢') € 4. We are ready to complete the
definition of 7. For all Be 4, if BN . =B €6,, we set ¢(. . \(B)=B
and ¥ . (B)= A .If BN . ¢, by applying (F) and Theorem 1, we get
BN oy=14q..qB" and we put ¢ (B ) B, Y o(B)=dd; - a.

Recall that a)d} --- a.. belongs to 0( (N\{0})* N\{ [k

THEOREM 3. Let %:(x, y)t— (axy +bx+cy+d)/(exy+ fx+ gy +h) bea
biquadratic fractional transformation with positive integer coefficients and let
x> 1 and y > 1 be any irrational numbers such that z = R(x, y) is irrational.
Then the continued fraction expansion of z is given by the transducer 7, and
the reducing map f3 (see (4)). More precisely, using notations of Lemma 8
with x = [ ¢gy; ¢}, ¢hy . ] and y=[cy; €1, Ca, ... |, there exists an index my =1
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such that for index m=>=my, the matrix A,, belongs to 202,
Bl Plic, chper (e ey =Gody -+ Ay, and z=[ag; ay, ... a, ,..] with
lim n,, = o0.

m — oo m

Proof. From Lemma 8§ there exists m, such that 4,, € &, if m > m,. For
m' = m=myg, Theorem 1 (part (1)) implies that o[ ¥, D] ciycp. e (e <)
is a prefix of the word fo[ ¥, @] (e, chrcy ch)--- (¢, e,y NOW, both Lemma 8
and Theorem 1 (part (ii)) show that the sequence (n,,),, increases to
infinity. ||

Remark 4. 1If z is assumed to be rational, then Theorem 1 implies that
there exists an index m, and a word ae O(N\{0})* U (N\{0})* such that
for m =m, the equality 4,,=I1,B,, holds with B,, € &,. This situation, and
also some cases, where x, y, and z are irrational quadratic numbers, will be
examined in a forthcoming paper [Li-St], where the sequences of states,
obtained by applying the transducer 7, satisfy linear recurrences.

ExaMpPLE 2. The number 3 \/i (=[4;4,8]*) can be computed from
ﬁ (=[1,2]") using Section 3. We can also however apply the above
transducer associated to (x, y)—>x+y with x=ﬁ and y=2ﬁ
(=[2;1,4]1). In that case the initial state is 4=(§ § ¢ 9). Let (b,), be
the sequence of successive states of the transducer .7, obtained from the
input sequence (1,2)((2, 1)(2,4))* which corresponds to x:ﬁ and
y=2 ﬁ A straightforward computation shows that (b,), verifies a linear
recurrence of order 8, namely

b,,s=34b,..—b,  n>1l

Moreover7 lp(2,1)(b4i‘l—0—l): N, l10(2,4)(174"4_2):Olz, ‘//(2,1)(b4n+3):()219
and V5, 4)(b4, 4+ 4) =06 for n>0.

5. CONTINUED FRACTION EXPANSION
FOR VALUES OF RATIONAL MAPS

5.1. A Homomorphism from GL,(R) to GL,,,;(R)

In this section, irrational quantities of the form P(x)/Q(x) are considered
where x is an irrational real number and P(-), Q(-) are polynomials with
rational coefficients. We will define an algorithm as a transducer for com-
puting the continued fraction expansion of R(x x)/0(x). It is
quite natural to replace R(x) by the homogeneous form R(u, v)=
v"P(u/v)/v"Q(u/v), where n is the projective degree of R(-). If P(X)=
PaX"+ Py 1 X" '+ -+ poand Q(X)=¢, X"+ ¢q,_ X" "'+ ... +¢q, then
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<v”P(u/v)>=<pn Puor P0> w' =ty
U”Q(u/v) dn  4n—1 4o

This suggests a linkage of R(u, v) with R(au + cv, bu + dv) for any matrix
A=(“"%). We will get it without any reference to R(-). First, let Z,(x, y)
(or for short #,) be the vector space of homogeneous real polynomials in
variables x and y of degree n and let the map I1,: 2 - 2" *+! be defined
by

I, (u,v)= " v~ - w1 v").

Notice that 77, is homogeneous of degree n.

LemMMmA 9. The map I1, sends a row of two linearly independent polyno-
mials of %, to a row of n+ 1 linearly independent polynomials of 2,.

The proof is left to the reader. Following our plan, we introduce a new

definition:

DerFNITION 2. Let u and v be two linearly independent polynomials of
Z, and let A=(“ %) be in GL,(R). From Lemma 9

= ((au+cv)" (au+cv)" " (bu+dv) --- (au+cv)(bu+dv)"~" (bu+dv)")

is a row of n+1 linearly independent polynomials. Therefore, there exists
a unique matrix in GL,,,(R) denoted by f,(A4) and defined by the relation

IL[(u v)A]=1,[(u v)]) f,(4).

Remark 5. (a) If I, denotes the identity in GLg(R), then
fn(12)=In+1'

(b) fi(4)=4, f2<<i Z>>

2

a ab c?

=| 2ac ad+bc 2bd | and more generally
c? cd d?
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an nflb an 2b2 Clbn71 bn
n n—1 . n n—1
<1>a c <1>b d
Y\ n—2 .2 ) NN\ n—232
) a""“c <2>b d

n n_l . . “ e . n_l
<n_1>ac <n—1>bd

" Cn—ld Cn—2d2 Cdn—l dn
THEOREM 4. The map f, is a 1-1 homomorphism from GL,(R) to
GL,, . (R) and for A e GL,(R), det(f,(A))=(det(A4)) "+~
Proof. Let A and B be matrices in GL,(R). From the definition,

UT,[(u v)]) fu(AB) =1II,[(u v) AB]=1I,([(u v)A]B)
=I,[(u v)A] f,(B)=(L[(u v)] [,(A)) f,(B
=I,[(u v)] f.,(4) f,(B).

Thus f,(A4) f,,(B)= f,(AB). Now, to compute det(f,(A4)) it is enough to
assume that A is triangular. In that case, if the diagonal coefficients of A4
are a, b, then f,(A) is also a triangular matrix with diagonal coefficients a”,
a" b, ..., ab" ! and b". In particular det(f, (A4)) = (det(4))"*+172 |

Remark 6. The proof shows that if 1 and u are eigenvalues of 4, then
A an Y, Ju" T, ™ are the eigenvalues of £, (A).

In the sequel it will be useful to introduce the Hilbert representation of
polynomials [ Ac-He].

DeriNITION 3. Let %, be the linear space of all real polynomials in x of
degree <n. To every element P of %, we associate the row-matrix
M, p=(a, a,_y --- a, ap) defined by P(x)=37_, a,(}) x"

Our next step is to give a convenient algebraic construction of a poly-
nomial whose roots are the images by a Mobius map of those of a given
polynomial.
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DEFINITION 4. Let 4=(“ %) be in GL,(R). We define the map
8n a: R, — R, by the relation (M, p) f,,(4)=M

n, gn‘A(P)'

As we shall see, g, (P) has the required property and even more.

PropOSITION 2. The map A— g, 4 is a 1-1 antimorphism from GL,(R)
to the space Aut(#,) of linear automorphisms of R,, i.e. g, 4°8, 5=
for all A and B in GL,(R).

= &n, B4

Proof. For all P €A,, we have successively M, . =M, pfa(BA)=
[Mn an ]fn n &, B(P)fn A) ngnA &, f(P)' HCHCC gn,AOgn,B

=g, p. Finally, gn 5 —Id% and g, 4-1=(g, 4) ' for all 4e GL,(R). |

ProposITION 3. Let A= (¢ d)eGLz( ) and assume that P is a real

polynomial of degree n. Then g, 4(P) is of degree n if and only if, for any
root a of P, a—ac #0.

Proof. Let the polynomial P be defined by P(x)=3"_,a;(") x',
(a, #0) and let g, a(P)(x) =>7_,ai(") x". Hence d,, —Z?,Oa (M a'c"LIf
¢=0, then a#0 and a,=a, a "#0. If ¢#0, then a,=(1/c") P(a/c) and
a,, #0 if and only if a/c is not a root of P. |

THEOREM 5. Let A=(“ %) e GL,(R) and P(x)=3"_, a,(") x". Consider
the Mobius map [A]: x+— (ax +b)/(cx +d). Assume that P and g, 4(P)
have the same degree n and let o be a root of P. Then

n

& a(P)(x) = Z < > (ax +b) (cx+d)"~"

and [A] 7" (a) is a root of g, 4(P) with the same order of multiplicity as o.

Proof. Assume that g, ,(P)(x)=3"7_,ai(") x" and set
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Then

gna(P)X)=(a, a,_, - a; ap) Cy(X)
:(an a, 1 ay aO)fn(A)Cn(x)

Now, f,,(A) C,(x) is the first column of the square matrix f,(4) f,((T 3))
which is also equal to f,,(A(F J)) or f,((“*+5 §)). Therefore, f,(A4) C,(x) =
(ex+d)" C,([A](x)) and g,,,A(P)(x)z "_oa;("M(ax+b) (ex+d)t L If
ct+d#0 for a given value ¢, then g, ,(P)(t)=(ct+d)" P((at +b)/(ct +d)).
Consequently, if « is a root of P and if P and g, ,(P) have the same
degree n, then [A] ' (a) is a root of g, ,(P) with the same order of
multiplicity. ||

The above constructions lead to the following fundamental theorem.

THEOREM 6. Let M= (0 -t @ a") be a matrix such that a; and a, are
integers for 0 <i<n. Let P, Q and R be defzned by

_ éo a, <’:> X, 0(x)= é a <’:> X, R(x) =gi’;)).

LetE=[cy; ¢y, ¢y, ... ] be areal number such that P(E) #0, Q(&) # 0 and define

. Aeen gn—1 0 A1 Adro
Mk:an(Hcocl---ck):< ’ g g >

Ain Qn—1 A1 dro
Jor all integers k > 0. Then, lim,_, ., (a, ;/a; ;) =R(&) (0<i<n).

Proof. Let (pr/qi)re~ be the sequence of convergents of & Then
M= an((f}’; fl’ll:ll )). Let P, and Q, be defined by

0=Ya(f)v ow=3 a(])x
i=0 i=0

Theorem 5 implies that

Pi(x)=) a, <,:> (Prx+ P ) (@eXx+q5 )" "

and

Ou(x)=) d; <:l> (Pax+ pr— ) (@eXx +qr—1)" "
—o
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Comparing terms of degree n and degree 0, one derives

nplP ’ n p
ak,n:qu <k>’ ak,n:qu<k>>
ke 9k
n Pi— , n Pi—
ak,ozqk1p< k 1>» ak,():qk1Q< g 1>~
9r—1 Gr—1

Therefore lim, _, , (ar, /@, ,) =1lim, _, ,(ar o/a; o) = R(&). From Theorem 5,
any root a of P with multiplicity v corresponds to a root o, of P, with
multiplicity v, which is given by o, =(qgr_ 18— pr_1)/(—qpx+ pp) =
—qk—1/q+ (=D g (pr—qrea). By  assumption  |p./q—of =
|& —a|/2 > 0 for k large enough. In other words, o, = — g _; /g + O(g; ?). In
the same way, any root S of Q corresponds to a root £ of Q, (with the same

multiplicity) which is given by fr= —qx_1/qx +(—1D* Vg (pr — i) so
that B = —qr_1/qc + O(q;?). Let oY, ..., o™ be the roots of P. Coefficients
ay. ; of P, verify (replacing i by n —/):

no\dg,_ . .
< >’W:(_1)/ Z (Xgl)...(le/)_

n—=) ag, 1<ij< - <iz<n

) . 3 Z—1 s 1
a(zl),..aw)=<_qkl> i <qk1> @< >
. k qx sgo qx g

/—1 1 t—s
(%) (e (2Gas) )
s=0 \dr9r—1
‘ 1
(-5 (e (@)
dx Gerc—1
Using this latter equality, we get

= ()
A, n qr Qir—1

The same formula holds for the ratio a}_,,_,/a; ,. Therefore,

2 —1
s A n—¢ [(Ak,n—r
lim "’<’” =1

k—o Ay, Ay p

But

and consequently, for all i, 0 <i<n,

. ay ; . Ay
lim 2= lim —=*=R(¢). |
k—>oo dy ; k—oody,
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5.2. Transducer Ty Associated to the Map x — R(x) = P(x)/Q(x)

Let P, Q, and R be given as in Theorem 6. Let 9= (%, 4, o, ©, V)
be the transducer with input alphabet % =N\{0}, output alphabet
o/ = (N\{0}) U {0a; a e N\{0}} and space of states #=6,,,. As
in Remark 3, we may assume that &=[c¢y;¢y,¢,,...]>1 and
M= %=t M %y e g . The initial state will be b= M. For all ce %

a, 1L, a4 4

and Be4, instructions ¢. and Y, of J, are defined as follows: if
Bf,(($ &) =B belongs to 4, then ¢ (B) = B’ and / .(B) = A . Otherwise, by
applying (F) and Theorem 1, we get Bf,((¢ o)) =1I¢e...c B and set
¢ (B)=B',y.(B)=c\ch---c.. We first use this transducer in the case R(&)
is not a rational number.

THEOREM 7. For any rational map R with integer coefficients and for any
real number & = [ co; ¢y, ¢4, ...] such that R(E) ¢ Q U {00}, the continued frac-
tion expansion of R(&) is given by the transducer T and the reducing map f§
(see (4)). If B[V, @Pleye,...c,, = CoCt =+ €}, » then

R(E)=[chs hyn €y, ]

with lim = 0.

m—>oopm

The proof is analogous to that of Theorem 3, using Theorem 4 and
Theorem 6. Since R(&) ¢ Q U { o0}, the length of ¢y} -+ ¢, tends to infinity
with m. ||

5.3. An Algorithm Which Computes the Continued Fraction Expansion
of 213

Let g: R—R be the rational map g(x)=(x*+4x)/(2x>*+2) and let
(ux)ren be the sequence defined by uy,=1 and u; . ;= g(uy), k= 1. Classi-
cally, lim, u, =2'3. Set 213 =[¢,; ¢y, €5, ...] and let (pi/qi)ren be the
corresponding sequence of the convergents. The matrix M= (5 9 9 2 ) is
associated to g. Starting with the two first partial quotients of 2!/ (namely

co=1and ¢, = 3), we get successively from the transducer .7,

4 12 4 1 0

¢3°¢1(b0)=<20 10 0 1 2>=b1, [%‘15]13(170):1315:

704 121 22 3 O

¢50¢1(b1)=<654 121 12 9 6>=b2’ [P, ®],5 (b)) = 15114118,

966948 112743 13426 1465 124
¢80¢10¢10¢4O¢10¢1(b2):< >

299826 35580 3818 598 138
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and now [ ¥, @] 14115(b,) = 1141181(14) 1(10) 214(12) 2321; hence,
2V3=11;3,1,5,1,1,4,1,1,8,1,14,1,10,2,1,4,12,2, 3,2, ...].

In three steps, 21 partial quotients have been obtained! This fact leads to the
natural question: “is it possible to compute all partial quotients of 2'/? using
as above the transducer 7, and only the two first partial quotients?” The next
theorem gives a positive answer.

THEOREM 8. Let 23 =[cy; ¢y, ¢,, ...] be the continued fraction expansion
of 2'7 and for any integer k > 1 let ¢ be an integer such that 1 <c <c,. Then
the transducer 7, gives [, @] ¢ ...c, (Do) =CoCy -+ Cr1Cp -+ CppyC
withm=k and 1 <c' <c,,. Moreover, if ¢ =c, then m>k and if ¢ <c, with
m=k, then c <c' <cy.

In other words, Theorem 7 shows that the output of the transducer is
always “better” than the input. The proof uses a measure of irrationality of
213 In fact, we just need the following.

Lemma 10.  With the notations in Theorem 7, let q,. be the denominator of
the kth convergent of 2'. Then q . < qi for k >4. In particular ¢, ., <q;
and max{c;_ », ¢x .3} <qi.

Proof. According to a result of Baker [ Ba], the inequality

10-°
21/3—”‘ > s (7)
q qz, 955

holds for all rational numbers p/g (p and ¢ co-primes). In particular,
for all convergents p,/q, of 23 satisfying ¢,>10"* one has
1213 — p,/q.| > q,>. From the rough estimate ((1 +ﬁ)/2)”<qn, (7), and
the classical inequality |23 — p,/q,| <1/(¢.q,+1), it follows that g, , < g2
for all n> 642. The remaining cases are checked directly using the thousand
first partial quotients of 2!/ given in [ La-Tr]. ||

Proof of Theorem 8. For any integer k> 1, we define x, =[ ¢, 13 Chs o>
Cerzs ] (=(qu_12"’ = pe_1)/(pe—qx2'7?)). For k=5, we have x;, > 1+
1/(¢x 4>+ 1) and by Lemma 10, x, > 1 + 1/¢,, ; but we shall use the weaker
inequality x, > 1+ 1/g; _,. Now we set

Pr Pi—1 as a3 a, ay dap
(o oo ))=Gi e b b k)
* 9 9r—1 by by by by b



ALGEBRAIC COMPUTATIONS 115

and

1
Pr Prk-1 Pr Pr-1 as dsz dp dy dy

M = =M,.
<Qk Qk—1> f4<<¢1k Qk—1>> <b4 by by b b0> g

A straightforward computation gives

a | |la;— ;2"

bj g |Pkb}— 61k“}| |Px— 51k21/2| ’

& L |a}—b}21/3|

a; X |Pk—1b}*‘Ik—1aJ"| |Pk—1*61k—121/3|.

We claim that M, € &5. After easy but cumbersome calculations we obtain

(a) dy—by2"=2(pr—q2'7) (pr+ q2'?),

1
(B) dy—By2Y7 = (pe— g 22 [2(pk—qk21/3>(pk_1+qk_12“3>

3
+§ (Pe+ ax2"*)(pr s _qk—lzl/S)} )

(¢) ab—b52"2=(pr—qx2"*) (pr 1 — dr—12"*)(Pr_1 + 4 _12"7)

+(Pr—1— 412"V (P — @ 2") i+ 4 2'7),

1
(d) b21/3 (Pr—1 qk121/3)2[(pkl_qk121/3)(pk+qk21/3)

2

3
2 (Pe1+ 9 12")(pr %21/3)} )

(€) ap—bo2"" =2(pr_1 =gk 12" (pr_1+qu12'7).

and
(a’) Pibs— 1y =2 qi (P — 42N (PR + P2 + q34'?)
(b by — qrds = (Prdr 1+ Pr—190)(Px — 4x2"7)

X (pr+ Prdn2'? +q34'7)

(c) Pibh— aeds=2p; 141 (Pr— a2 Pk 4 prdi2'” + q34'7)
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(d') pr—1by —qre1dy = (P 1k + Prd—1)(Pr—1 — qx—12"")
X(Pi 14 Pr—19k-12"7 + gz _,14'7)

(€') Pr—1bo—qr—180=2px_1qx—1(Pr—1—qr—12"")
X(Pr_1+ Pe—19k-12" + g5 _,4"7).

From these formulae we derive, after simplifications,

S |Pi— 4 2'P| [pec+ 2"
by | pedr (PR Prai2" +q34R)
{|[1/2(Pk—51k21/3)(Pk—1+51k—121/3) }
B x| = + 32021+ 02 (Pr—1 — Gie—12'"))
— x| = ’
b (Prdrc—1+ Pr—190)(Pi+ Prqi2' + q34'7)
{ I(Px—ax2") Py — @1 2N (P 1 + lezl/B)}
2_ |- + Pk 1 — qx 12" (pr+ 42"
by y 2Dk 1Gk—1 1P — 2" (Pi+ Preqi2'? + q24'7)
{|[1/2(Pk+Qk21/3)(Pk—1_Qk—121/3) }
‘bl_l _ +3/20pk = 42" (Pic—s + 41, 2"
ap  Xg (qukl'i‘pk_lqk)(p,%_l+pk_1qk_121/3+q12€_141/3)’
bj_i _ 1Pk—1— Q12" | Pre—1 + @i 12"
do X Pk71Qk71(P12¢,1+pk,1qk,121/3+qi7141/3)

USing inequalities |pn_qn21/3| < 1/qn+l < l/qna |pn_qn21/3| < |pn—1 -

¢,_12?], and taking into account the above lower bound for x,, we obtain
la;/b;— x| <1/qf_, for j=2, 3, 4 and |b,/b;—1/x,| <1/q;_, for j=0, 1.
Therefore a;/b; > 1 for j=0, 1, 2, 4 and our claim is proved.

From Theorems 1 and 7, [¥, @], ...c;=CoC1 " Cp * Cp_1¢’ and
¢ <c,,. To complete the proof, assume that ¢, =2, let ¢ be an integer such
that 0<c<c¢, and let p and ¢ be defined by p=cp,_,+ pr_, and
q=Cqr_1+qi_». For all integers k> 1, put xj=(qx_,2"* = pr_1)/(p—
(]21/3) = [07 Cr—6C Crq15 Crt25 ] and

v ) (0 7))
PR EYA ()

Ay K3 0y, Ay O
oy oy oy o) o)
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Using ¢ 1 <qg,1, We get xp <1 —1/(g5_; +1) with |o;/a}— x} | = p; and
analogous computations as above lead to 0 <o, /a; <1 (i=0, 1, 2, 4). Hence
NeeZs and [V, Poc .o, c=CoC1 " Cr—y+ Cm—1¢ With either m>k
and ¢’ <c¢c, ,orm=kand c<c' <cp. |

5.4. The Rational Case

The two next theorems study the case where R(¢) € Q. This corresponds to

the fact that performing the transducer 7%, there exists an integer n, such
that after the input word co¢; -+ - ¢, (recall that £ =[c¢o; ¢y, ¢5, ...]), all the
next inputs ¢, (n>=>n,) give rise to the same outputs, namely the empty
word A.
THEOREM 9. Let B=(,; , ! .. I;i w) be a matrix in M, ., . let P, O,
R be defined as in Theorem 6 and let & = [co; €15 €2, .. ]. Consider the sequence
(Bi)ken» Where BO—B and By 4 —ka,,( (% 3)) for k=0 and let X be the
polynomial X(x)=3"_,(b;—b)(") x". Assume that By €6, for all k=0
(i.e., the input sequence cyc,c,c3 -+ for the transducer Ty gives the output
A AN A ). Then & is a root of X.

Proof. Set Bi=(y¢" prr=t et p0) and Zp(x) =0 (be i — bk )
(%) x*, k=0. Let (p/q:), be the sequence of convergents of £. As in the proof
of Theorem 6, if f is a root of X with multiplicity v, then
Be=(qi_1P— Pi—_1)/(—qrf + pr) is a root of X, with the same multiplicity
vand fr= —qr_1/qc+ O(1/q3) if B¢ Thus, if & is not a root of X, then
Re(Pr) <0 for any root f of 2 and k large enough. This implies that the
integers b, ;— b} ; (0 <i<n) have identical signs, but B, €&, , , a contradic-
tion. |

THEOREM 10. Let M, R, and & be defined as in Theorem 6. Suppose that by
applying (F) and Theorem 1, we obtain
an(ncocl-»-cp) :chc'lc;B
Let (By)ien be the sequence defined by BO =B and By = By f,((r++! 1))
for k=0. Moreover, assume that B, €&, for all integers k= O Then

R(&) =[cop; ¢y cp 1.

Proof. For any integer p’, p' >p, the output of I, at step p’' is A ;
consequently, R(¢)e Q (Theorem 7). Now, let (M), be the sequence of
matrices defined as in Theorem 6. Then, lim,(a, ;/a; ;) =R(&). On the
other hand, applying Theorem 9 to matrix A and &, =[ ¢, 15 ¢, 12, Cpi3s -]
(in place of &) we get (with the corresponding notations) 2(¢£,) =0 and from
Theorem 6, lim (by ;/b), ;) =1 (0 <i<n). Therefore, R({)=[11;...c; (1)
=[co; ¢ty 1]
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6. FURTHER CONSEQUENCES OF
THE FACTORIZATION THEOREM

6.1. Continued Fraction Expansion of Some Algebraic Numbers

Let M be a square matrix with nonnegative entries. Assume that M is
primitive, i.e., there exists an integer k, such that M* > 0. By the classical
Perron—Frobenius theorem, there exists a unique maximal eigenvalue 1 of
multiplicity 1. Moreover 4> 0 and the eigenvector V associated to 4 can be
chosen with positive entries. Let P be the matrix defined by

=A[ V] P[ V]!, where [ V'] denotes the diagonal matrix with [ V],,=V;
P is stochastic and prlmltlve Therefore, classically (see, for example, [ Ga]),
lim,, , ., P"=P%, where P* is a matrix with identical lines [ Py, ..., P, ],
each P, belonging to Q[A] if the entries of M are integers, and
lim, , ,(A7"M™); =V, Vj_lPl.. This result will be used in the following
weaker form.

Lemma 11. Let M be a square matrix with nonnegative integer entries and
assume that M is primitive. Then for integers i, i' (0<1i, i’ <n), the n+1
sequences of ratios k> (M*), ,/(M*),. ,(0<1<n) converge to the same limit
Ci v (= VPV P;) which is an algebraic number.

Let U be the matrix with two rows where all entries u,, , are null except
uy, ;and u,_; which are equal to 1. We are interested in the continued fraction
expansion of &, ;.. To this aim we introduce a new transducer.

DEeFINITION 5. Let ,,=(%, 4, </, ®, ¥) be the transducer defined as
follows:

— the input alphabet % is reduced to { M};
— the output alphabet is .o/ = (N\{0} ) U {0a; a € N\{O}}'
— the space of states is 4 = &, ; with initial state by =

The instructions ¢ ,, and y,, are defined by ¢ ,,(B)=B' and y,,(B) = A if
BM=PBe€é,, ;. Otherwise, applying (F) and Theorem 1 we get
BM=II,,,.. B andset ¢, (B)=B, Y p(B)=cics---c,.

THEOREM 11.  With the above notations, assume that ;. is irrational.
Then its continued fraction expansion is obtained by the transducer T,
and  the reducing map B if  fo[¥, Plyp=coct ¢, then
Cir=L[co; s s ¢y, ] and lim,, _, o, p, = o0.

The proof is an easy consequence of Theorem 1.
Notice that Adam and Rhin [ Ad-Rh] study analogous questions, but
involving the Jacobi—Perron algorithm.
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ExaMPLE 3. We go back to the 2! by considering the matrix

I 1 2
M=|2 1 2
I 11

whose dominant eigenvalue is 1 + 2!/ 443, The powers of M have the form

¢ by 2a
MF=| 2a, ¢, 2b,

be ar <k

It is easy to see that limy_, (cx/by) =1lim,_, (by/ay) =
lim, , ., (2a,/c;) =2Y3. An easy calculation by hand with the transducer 7,
gives the following first outputs: 11, 02, 13, 02, 1, 13, ... Hence we get
213 =T11;3,1,5, 1,1, ..], the next partial quotient being > 3. Transducer .7,,
is very simple but it realizes an algorithm which seems to compute
the continued fraction expansion of 2'2 more slowly than that given in
Section 5.3.

6.2. The analytic theory of continued fractions furnishes expansions
of real irrational numbers of the form

bo

b
b

Cl2+ 2

f=a0+
a, +

b
a3+%

where a; and b, are integers. Independently of its convergence, this expansion
can be at least related by two products of matrices, namely

o)) G0 a0l
1 0 1 0 0 1)\l a 1 a,,.1/)
Eventually these products are reorganized as the product of a 2 x 2-matrix A4

followed by a sequence of 2 x 2-matrices M, with integer entries. The product
AM M, - M, = (”" ”") is related to & by

hm — = lim ——é. (8)
k— oo () k— oo qk



120 LIARDET AND STAMBUL

For example (see Wall [ Wa]),

(i) E=mA=@ D M= ).
(i) &=log2: 4 =((1) i)a ]ukz(lzc k(szlszl)) =((1) ]Zc)((l) Zkﬁl)a or
(i) €=2"% A =(3 4, Me=(5E5 $1D =G 35D #3)

Hurwitz numbers (see [ Pe, Stl, St2]) are also related to this form, but the
entries of M, are polynomials in k with det(M,)= +1.

For any irrational number ¢ given by (8), we associate the transducer
T.=(%, B, o, D, V), where the space of states is # = &,, the initial state is
I= (g ), the input alphabet is ¥ = A U { M,; k > 1} and the output alphabet
is o/ =(N\{0}) U {0a; e N\{0} }. The instructions associated to M € € are
given for Be# by ¢,(B)=B and Yy, (B)=nA if BM=B€é, or
¢u(B)=B"and Y (B)=cicy---¢c,if BM=1I,,, ... B by Theorem l.

THEOREM 12. The continued fraction expansion of the irrational number &
given by (8) can be computed by the transducer T with the reducing map f. If
/).’o['{’,cD]AMle_,,Mk=c£)c’1 e Cps  then  C=[co;ch, 0, ] and
limy, _, o, pp= 0.

The proof is a straightforward application of Theorem 1.

ExamPLE 4. Consider the case ¢ =n. The transducer 7, starts with

¢p4(I)=A=b;and Y ,(I) = A and then gives the following first outputs: 31,
05, A,013,0(11), A, 01, A, A, 1(205), ... Using fwegetn=[3;7,15,1, ...]
with the next partial quotient >205 (in fact, it is equal to 292). Notice that
this algorithm is not efficient to compute the continued fraction of 7. This is
due to the fact that (i) does not furnish good rational approximations.
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