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Equilibrium and Kinetics of DNA Overstretching Modeled with a Quartic
Energy Landscape
David Argudo1 and Prashant K. Purohit1,*
1Department of Mechanical Engineering and Applied Mechanics, University of Pennsylvania, Philadelphia, Pennsylvania
ABSTRACT It is well known that the dsDNA molecule undergoes a phase transition from B-DNA into an overstretched state at
high forces. For some time, the structure of the overstretched state remained unknown and highly debated, but recent advances
in experimental techniques have presented evidence of more than one possible phase (or even a mixed phase) depending on
ionic conditions, temperature, and basepair sequence. Here, we present a theoretical model to study the overstretching transi-
tion with the possibility that the overstretched state is a mixture of two phases: a structure with portions of inner strand separation
(melted or M-DNA), and an extended phase that retains the basepair structure (S-DNA). We model the double-stranded DNA as
a chain composed of n segments of length l, where the transition is studied by means of a Landau quartic potential with statistical
fluctuations. The length l is a measure of cooperativity of the transition and is key to characterizing the overstretched phase. By
analyzing the different values of l corresponding to a wide spectrum of experiments, we find that for a range of temperatures and
ionic conditions, the overstretched form is likely to be a mix of M-DNA and S-DNA. For a transition close to a pure S-DNA state,
where the change in extension is close to 1.7 times the original B-DNA length, we find l z 25 basepairs regardless of temper-
ature and ionic concentration. Our model is fully analytical, yet it accurately reproduces the force-extension curves, as well as the
transient kinetic behavior, seen in DNA overstretching experiments.
INTRODUCTION
Under physiological conditions inside the cell, the prevalent
double-stranded (ds)DNA conformation is the B-DNA
form, a right-handed double helix with ~10.5 basepairs
(bp) per helical turn and ~0.34 nm per basepair. When
B-DNA is subjected to external stress conditions it can un-
dergo conformational changes into other DNA forms (1). A
key experiment used for the study of DNA response is one in
which a tensile force is applied on the DNA, leading to an
elastic regime of increasing extension and eventually to
what has been denominated in the literature as an over-
stretching transition from B-DNA to an elongated form (2).

The force-extension curve of DNA has been extensively
studied in the literature by both experimental and theoretical
methods, and we refer the reader to Bustamante et al. (2) for
a more detailed review regarding the advances in the study
of DNA under tension. Some of the pioneering experimental
work regarding the overstretching transition was performed
by Smith et al. (3), Williams et al. (4,5), and Rouzina and
Bloomfield (6). Parallel to the experimental discovery of
the overstretching transition, Cluzel et al. (7) presented a
theoretical model analogous to the helix-coil transition
model. Since then, the majority of the theoretical efforts dis-
cussing the DNA overstretching transition are based on
models such as the Zimm-Bragg theory or Ising models,
where the theory is adapted to include entropic elasticity
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effects. Ahsan et al. (8) and Marko (9) included entropic
elasticity by means of the wormlike chain (WLC), where
both states were assumed to have the same flexural rigidity
of B-DNA. Rouzina and Bloomfield (6) combined the
Zimm-Bragg model with both the WLC model and the
freely joined chain to describe overstretching, whereas
Storm and Nelson (10,11) and Cizeau and Viovy (12) pre-
sented an Ising-type model where each state can have arbi-
trary elastic constants. In addition to helix-coil type models,
simulations of a dynamical Langevin model using a Landau-
Ginzburg landscape (13) and simulations of a dynamical
model using a Peyrard-Bishop-Dauxois mesoscopic model
for the energy potential (14) have also been proposed to
describe the DNA transition at high forces.

The coarse-grained simulations of Whitelam et al.
(15–17) have provided important insights into the competi-
tion between different overstretching modes. These authors
present a model of DNA with basepair resolution in which
kinetics of the overstretching transition are explored using
a Monte Carlo scheme. Their methods allow us to discrim-
inate between the dynamics associated with the DNA
overstretching transition to hybridized and unhybridized
structures (15–17), while including the effects of basepair
sequence and heterogeneity. Finally, with the objective of
providing a deeper structural explanation at the microscopic
level, DNA overstretching phenomena have also been
studied using atomistic modeling (18), by means of molec-
ular-modeling treatments with implicit solvent representa-
tions (19–21) and by using molecular-dynamic simulations
http://dx.doi.org/10.1016/j.bpj.2014.09.014
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(21–23). The initial steered molecular-dynamic simulations
used to study the DNA overstretching phenomena (22–24)
gave transition forces one order-of-magnitude larger than
the experimental ones. Simulations in which the free-energy
profile of the system was determined using an umbrella
sampling technique have recently provided a more realistic
picture of the overstretching transition (24).

With advances in experimental techniques, the interest
in the overstretching transition has peaked in recent years,
and it has been argued that B-DNA can undergo more
than one overstretching transition. Zhang et al. (25,26),
Fu et al. (27), and King et al. (28) have been using single-
molecule methods to study the overstretching transition,
reaching the conclusion that DNA can undergo three types
of transitions:

B-DNA to peeled DNA (single-stranded DNA or
ssDNA);

B-DNA to melted DNA (M-DNA, inside strand separa-
tion in the form of bubbles); and

B-DNA to S-DNA (nonhysteretic transition).

The experiments can be done in such a fashion that peeling
is not topologically allowed in what the authors call an
‘‘end-closed setup’’ (26). It was established that even in
the case of end-opened DNA (which does not preclude
peeling topologically), unpeeling is suppressed with
increasing ionic strength (28). It has also been shown that
when the content of (AT) tracts is high, a force-induced
melting transition is prevalent, whereas sequences with a
higher GC content undergo a nonhysteretic overstretch tran-
sition into the S-form (28,29).

Similar results regarding the preferred overstretched state
depending on temperature, DNA sequence, and ionic con-
centration were reached in the coarse-grained simulations
by Whitelam et al. (15–17). The different overstretching
transitions seem to be characterized by different levels of
cooperativity and kinetic behavior (30). Bianco et al. (31)
and Bongini et al. (32) studied the transition kinetics of
the overstretching transition using force-steps in pulling ex-
periments of l-DNA (~48.5 kbp), where they found that the
cooperative length of the B-to-S transition is ~22–25 bp.
The experimental findings of Bianco et al. (31) and Bongini
et al. (32) have been recently satisfactorily reproduced using
atomistic molecular-dynamics simulations (24).

Cooperativity during a phase transition is defined as the
phenomenon in which some property changes gradually
(in a sigmoidal way) as a function of the external controlled
parameter (33). This means that certain regions of the sys-
tem are somehow tied together in such a way that the driving
force on a region to undergo the phase transition is directly
influenced by whether other regions have undergone the
conformational changes (34). A system in which n identical
subunits undergo a phase transition in perfect unison is
denominated as perfectly (maximum) cooperative. If the
transition is less cooperative, the gradual change of the
Biophysical Journal 107(9) 2151–2163
parameter during the transition would be less steep. There-
fore, during a phase transition one can define a cooperative
unit for the transition (34). This unit of cooperativity reflects
the size of the subunits that undergo the conformation
changes completely independently of one another. In the
case of a DNA filament undergoing a two-state phase tran-
sition, the cooperative unit size is the number of basepairs
that will transition as a single unit.

In this article, we focus on the regimewhere peeling is not
allowed, and we present a theoretical model applicable to
the B-to-S and B-to-M transitions, where we assume that
at high forces the bending effects can be neglected. In our
cooperative system the property that varies in a sigmoidal
fashion is the extension of the DNA molecule as a function
of the applied force, where the cooperative unit size is
defined by the length l (in number of basepairs) of indepen-
dent segments n that make up the total DNA chain. For a
highly cooperative overstretching transition the value of l
is expected to be large, leading to a small number of inter-
faces, meaning there is a high energetic cost of creating
an interface between two states (34). The main objective
of our work is to obtain the value of the cooperative unit l.
To achieve this, we developed an analytical continuous
two-state model for the DNA overstretching transition, in
which we account for the global statistical fluctuations of
the system due to thermal effects.

We compare our model to overstretching experiments to
obtain the values of l. Our results are in excellent agreement
with independent experimental measures of the cooperative
unit l for dsDNA overstretching transitions (30–32).
Furthermore, in agreement with recent experimental evi-
dence (26,28,32), our predictions of l support the notion
that the overstretched state is a mixed DNA form at the tem-
perature range and ionic concentrations used in various ex-
periments. We find that l varies depending on whether the
B-DNA undergoes a transition closer to a pure S form, or
a transition closer to the M form. Hence, we argue that
the cooperativity value l is not only a measure of the ener-
getic cost of creating an interface (34) between B-DNA
and the overstretched state, but it is also a key physical
parameter that characterizes the fraction of the phases in
the overstretched state. Finally, we connect our model
with Kramer’s rate theory for stochastic systems with
double-well potentials (35) to describe the kinetics of the
system. We find that the resulting analytical model using
our predicted l values accurately reproduces the kinetic
behavior seen in experiments of Bianco et al. (31) and Bon-
gini et al. (32).
MODEL DESCRIPTION

The DNA in the overstretching experiments is modeled as a
continuous and extensible rod, where s is the arc length
along the centerline of the rod in the reference B-DNA
configuration. This rod (dsDNA filament) is subject to
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thermal fluctuations and high tensions depicted in the inset
of Fig. 1. Our problem is to evaluate the partition function
and free energy of such a rod assuming that the energy
can be expressed as a quartic function of the order parameter
u(s). The variable u is a nondimensional measure of the
stretch of the rod (see Experimental Observables: DNA
Extension Z), which not only characterizes the rod configu-
ration, but is also the reaction coordinate describing the
onset of a phase transition driven by the applied tension F.
Energy of the system

In this model, the DNA is assumed to be torsionally uncon-
strained such that there is no twist in the molecule. In the un-
deformed initial configuration, the DNA is in the B state in
which its length is given by L ¼ N � bp, with N being the
number of basepairs and bp z 0.34 nm, the length of
each basepair. We constrained our model for a regime of
moderate to high forces F > ~15 pN. In this regime, the
shortening of DNA due to thermal bending fluctuations is
negligible. Next, we proceed with a mean-field Hamiltonian
for the energetics of the system:

H ¼ ½VðuÞ þ Cu�L;
VðuÞ ¼ A4u

4 � A2u
2:

(1)

Here u(s) plays the role of the order parameter and it is a

measure of the filament’s stretch (see Eq. 5) and V(u) repre-
sents the strain energy density. In writing Eq. 1, we have
assumed that the filament’s deformation is homogeneous
such that u and V(u) are independent of the arc-length s.
FIGURE 1 Procedure to fit values of A2 and A4. (Data points) Experi-

ments by Zhang et al. (26) at I ¼ 3.5 mM and T ¼ 12�C, where the critical
force Fc z 57.5 pN. (Dashed lines) Extension z assuming no thermal fluc-

tuation (see Eq. 5). We fit A2 ¼ 93 pN and A4 ¼ 500 pN to the slope (far

from the transition point) and to the change in extension dz between the

compact and extended states. (Inset) Schematic of double-well potential

modeling the overstretching experiment. For F < Fc, the system is in the

B-DNA state. As the force increases, for F > Fc, the right well of the

potential H is deeper as shown in the figure and the molecule transitions

into the overstretched state. The right well represents the global minimum

u* in the overstretched form (S/M stands for S-DNA or M-DNA) and the

left well corresponds to the local equilibrium of u in the B-form. To see

this figure in color, go online.
A discrete version of the Hamiltonian given in Eq. 1 has
been used in DNA overstretching dynamic simulations
(13). A4, A2, and C are phenomenological parameters to
be evaluated by comparing to the overstretching experi-
ments. The value of A4 must be positive to satisfy the con-
ditions of stability.
Homogeneous equilibrium solutions

The homogeneous equilibrium stretch value u* simply cor-
responds to the value of u that minimizes the potential H(u),
where C plays the role of the external field:

dH

du

����
u¼ u�

¼ 4A4ðu�Þ3 � 2A2ðu�Þ þ C ¼ 0: (2)

For C ¼ 0, Eq. 2 has one unstable solution, ub ¼ 0, and two

stable minima, 5uo:

u�jC¼ 0 ¼ 5 uo ¼ 5

ffiffiffiffiffiffiffiffi
A2

2A4

r
: (3)

DNA overstretching transitions: changes in
temperature and salt concentration

Within the Landau framework of phase transitions, any of
the parameters A4, A2, or C, appearing in the phenomenolog-
ical potential V(u), can be a function of the controlled
external variables (36). In the DNA stretching experiments
that we will consider, the controllable external variables
are the force F, ionic solution concentration I, and tempera-
ture T. Inasmuch as u is related to the extension of the fila-
ment (see Eq. 5), it is clear that the external field F must
contribute through the linear term in the Hamiltonian,
such that C ¼ �F þ other terms. Furthermore, the effects
of temperature T and salt concentration I will come through
the linear term as well. This is analogous to what is seen in
the Landau model of liquid-vapor systems (37). Therefore,
we assume a general form for C(F, T, I):

C ¼ f ðT; IÞ � F: (4)

The exact form of f(T, I) is taken from the phenomenological

relationships found in experiments (25,26,31,32). In the ex-
periments, one of the variables T or I is constant whereas the
other one can be varied. At the onset of the transition, the
energy wells of the B-DNA state and overstretched DNA
state have equal depth and the system has two global
minima given by Eq. 3. Therefore, the transition midpoint
is given by the condition that C ¼ 0 or equivalently Fc ¼
f(i), where I ¼ {I, T}, depending on whether the controlled
variable is the temperature T or the salt concentration I. The
value of the critical force Fc at which the transition takes
place depends strongly on I and T (25,26,32). Instead of
using a general phenomenological equation for all experi-
mental data, we have used the value f(i) ¼ Fc as measured
Biophysical Journal 107(9) 2151–2163



2154 Argudo and Purohit
in each experiment. We do so because different groups re-
ported different phenomenological behavior for similar
experimental conditions (25,32). A brief description of the
empirical relations among the critical force Fc, temperature
T, and concentration I is given in Section S2, Empirical Ex-
pressions for the Critical Force as a Function of Temperature
and Ionic Concentration in the Supporting Material.
Experimental observables: DNA extension z

There are two types of stretching experiments: extension-
controlled and force-controlled. We will focus mainly on
recent experiments where F is controlled and the end-to-
end extension z is measured (25,26,32). The relationship
between the order parameter u and the extension of the
molecule z is given by

z ¼ ð1þ u� � u�
��
F¼ bFÞbp; (5)

where bp z 0.34 nm is the basepair length in the B-DNA

state and u*(F) is the global minimum in Eq. 2. The
order parameter u is a measure of stretch with reference
to a midpoint between compact (B) and extended states
(S or M) as shown in the inset to Fig. 1. To set the
reference state with zero stretch to be the B-form, where
z ¼ bp[nm], u* must be shifted by a constant. Therefore,
the shifting constant u�

��
F¼bF (u* evaluated at F ¼ bF)

ensures the condition of zero stretch in the system at
the initial B-DNA configuration (L ¼ N � bp). The value
of the force at which z z 0.34 nm as seen in DNA exten-
sion experiments is bF ~ 15 pN. Note that bF >> 1 pN, in-
asmuch as thermal fluctuations would effectively shorten
the DNA length in the small force regime. To distinguish
between the B and overstretched forms, the length of
the overstretched form after the transition is complete is
labeled L.

Next we describe the procedure to fit the values of
the parameters A2 and A4 to the experimental over-
stretching curves z(F). The first equation is provided by
the difference in value of z (between the two states) at
the midpoint of the transition (C ¼ 0). The change in
extension dz between the compact and extended form is
approximately

dzz
�
L� L

��
N ¼ ��2uo��bp; (6)

where uo is the equilibrium solution of the order parameter

given by Eq. 3 and it is a function of A2 and A4. The
second equation is provided by an analysis of the low-force
regime (F << Fc), where the filament is in the B-form. Far
away from the transition point, the slope of z(F) is not
affected by the statistical fluctuations of u and it can be
obtained from the parameters A2 and A4 using the zero-
temperature model. Analogously to the stretch modulus
in the WLC theory (3,38), at high forces (F > 15 pN)
Biophysical Journal 107(9) 2151–2163
where bending effects are small, A2 and A4 quantify the
change in extension z(F). We found that A4 z 500 pN
consistently provided a good fit for the force-extension
slope for all the experimental curves used in this study.
Therefore, in the following sections we will use A4 ~
500 pN, and let A2 be the parameter that dictates the
change in extension dz between the B-state and the over-
stretched state. To illustrate this procedure, in Fig. 1 we
fit the values of A2 and A4 to one of the experimental
data sets from Zhang et al. (26).

So far we have described the zero-temperature model,
which neglects thermal fluctuations. In Methods: Stati-
stical Mechanics of the Chain we include the contribu-
tions of the global statistical fluctuations of the order
parameter u due to thermal effects and describe an analyt-
ical procedure to compute the average extension hzi as a
function of the controlled parameters and the cooperative
unit l.
METHODS: STATISTICAL MECHANICS OF THE
CHAIN

We model our DNA filament as a chain made of n segments
of length l, where each segment is identical to others and
each segment can be easily identified and labeled along
the arc-length s. The Hamiltonian of a single segment j is
given as

Hj ¼
h
A4u

4
j � A2u

2
j þ CðF; T; IÞuj

i
l; (7)

where we assume that each segment j undergoes a homoge-

neous deformation such that uj is independent of s. Then the
total energy E of the n noninteracting distinguishable seg-
ments is

E ¼
Xn

j¼ 1

Hj:

We assume that each segment is an independent subsys-

tem with its own specific set of boundary conditions that
does not interact with other subsystems. We focus on a sin-
gle subsystem where the phase change occurs by the passage
of a single phase boundary (maximum cooperativity within
each subsystem). Therefore, the length l is a measure of the
cooperativity in our model. If we further assume that the
subsystems are identical, then the partition function of
the chain of identical but distinguishable noninteracting seg-
ments is given by Zs¼ Zn (39), where Z is the partition func-
tion of a single segment j described in detail in the next
section.
Partition function Z of a segment of length l

The order parameter in Eq. 7 is a continuous variable, there-
fore taking the sum over all possible configurations of uj(s)
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in the continuous limit yields the partition function of a
single segment to be

Z ¼
ZþN

�N

exp
�� bl

�
A4u

4 � A2u
2 þ Cu

��
du; b ¼ 1

kBT
;

(8)

where kB is the Boltzmann constant and, for convenience,

we have dropped the j index. Next, to evaluate Eq. 8, we
follow the methods in Tuszynski et al. (37) and define the
variables:

a ¼ A4bl; b ¼ �A2bl; and c ¼ Cbl: (9)

Then the partition function of the system can be rewritten by

performing a Taylor expansion on the linear term of the
Hamiltonian:

Z ¼
XN
n¼ 0

ð�cÞn
n!

ZþN

�N

unexp
�� au4 � bu2

�
du: (10)

It is clear from Eq. 10 that when n is odd, Z ¼ 0. When n ¼

2m is even, the solution to each one of the integrals in the
summation of Eq. 10 can be found in Ryzhik and Gradsh-
teyn (40), such that Zjn¼2m ¼ Zm,

Zm ¼
XN
m¼ 0

ð�cÞ2m
ð2mÞ!

Gðmþ 1=2Þ
ð2aÞð2mþ1Þ=4 exp

	
q2

4



Uðm; qÞ; (11)

where U(m,q) ¼ D�m¼1/2(q) is the parabolic cylinder func-

tion (41). We can simplify this expression further by making
use of the properties of the G(x) function

G

	
mþ 1

2



¼

ffiffiffi
p

p
4m

ð2mÞ!
m!

; (12)

such that the partition function of an individual segment of

length l is

Zm ¼
�

p2

2A4bl

�1=4 XN
m¼ 0

�
Qm

m!
exp

	
q2

4



Uðm; qÞ

�
; (13)

where
Q ¼ ðblÞ3=2½CðF; TÞ�
2

4
ffiffiffiffiffiffiffiffi
2A4

p and q ¼ A2

ffiffiffiffiffiffiffiffi
bl

2A4

r
: (14)

(Equation 13 is an exact result, but near the transition

midpoint (C ~ 0) evaluating the sum up to m ¼ 2 suffices
to capture the transition behavior.)

Finally, the ensemble free energy of each subsystem is

G ¼ �b�1lnZm: (15)
Force-extension relation for the chain undergoing
the overstretching transition

Once the free energy G is known, one can compute the
average value of conjugate variable hui to the external
field C:

hui ¼ �1

l

vG

vC
: (16)

The procedure to obtain hui follows from using Eqs. 13

and 15,

bG ¼ 1

2
ln p� 1

4
lnð2aÞ þ lnJ; (17)

where
J ¼
XN
m¼ 0

�
Qm

m!
exp

	
q2

4



Uðm; qÞ

�
: (18)

Next, by means of the chain rule,
b
vG

vC
¼ J�1vJ

vc

vc

vC

¼ clb

J
ffiffiffiffiffi
8a

p
XN
m¼ 1

�
Qm�1

ðm� 1Þ! exp
	
q2

4



Uðm; qÞ

�
:

(19)

We can simplify these expressions further by making use of

the definition G(x)¼ (x – 1)! and the relations in Eq. 9, such
that the average value of the order parameter is

hui ¼
"
ðlbÞ1=2C
J

ffiffiffiffiffiffiffiffi
8A4

p
#XN

m¼ 1

�
Qm�1

GðmÞ exp
	
q2

4



Uðm; qÞ

�
; (20)

where J is given by Eq. 18 and Q,q values are defined in

Eq. 14. Finally, replacing u* with the expected value hui
in Eq. 5, we can compute the average end-to-end extension:

hzi ¼ ð1þ 

u
�� u�

��
F¼ bFÞbp: (21)

In Results and Discussion, we compare our model to the ex-

periments with C as defined by the phenomenological
expression in Eq. 4.
RESULTS AND DISCUSSION

Our strategy to obtain the cooperative unit l from the exper-
imental data is the following. First, we fit A2 and A4 using a
zero-temperature model as described in Experimental Ob-
servables: DNA Extension Z. Next, for convenience, we
shift the extension experimental curves by the value of the
critical force Fc corresponding to each experiment. Then
the extension hzi can be expressed as a function of DF ¼
F – Fc. Finally, combining Eqs. 20 and 21, we fit l (the
only unknown in the system) to the experimental curves.
In Fig. 2 a, we show the fitting of our statistical model to
Biophysical Journal 107(9) 2151–2163
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FIGURE 2 Force-extension relation during dsDNA overstretching. (a)

Theoretical predictions for experiments from Zhang et al. (26) for l ¼
25 bp (solid) and l ¼ 100 bp (dashed); same conditions as in Fig. 1. (b)

Two experiments in King et al. (28) (data points); theoretical predictions

from our model (lines) using l ¼ 25 bp. Here Fc ¼ 69.5 pN at 50 mM

and Fc ¼ 63.5 pN at 150 mM. To see this figure in color, go online.

2156 Argudo and Purohit
the same experimental curve presented earlier in Fig. 1. The
force-extension prediction with l z 25 bp agrees very well
with the data-set in Zhang et al. (26). Through different
methods and at different ionic conditions I ¼ 150 mM,
Bianco et al. (31) and Bongini et al. (32) measured the co-
operativity length to be l ˛[22, 25]bp. They found that
this value of l is essentially independent of temperature
for T ˛[22, 25]�C. Another group, Rouzina et al. (30), re-
ported that the B-to-S transition is characterized by a
slightly lower value of l z 10 bp and that the B-to-M tran-
sition is much more cooperative where lz 100 bp. Because
l ¼ 25 bp is between the two reported values for B-to-S and
B-to-M in Rouzina et al. (30), we consider the possibility
that the overstretched state, in the experimental data in
Fig. 2 a and the experiments in Bianco et al. (31) and Bon-
TABLE 1 Summary of recent DNA overstretching experiments use

Reference (figure) T [�C] I [mM]

Zhang et al. (see Fig. 3b (26)) 24 150

Zhang et al. (see Fig. 3b (26)) 24 1.0

Zhang et al. (see Fig. 3c (26)) 12 3.5

King et al. (see Fig. 1a (28)) 22 50

King et al. (see Fig. S4 (28)) 22 150

Bongini et al. (32) 10–25 150

Zhang et al. (25) 10–20 500

L is the length in the B-DNA state and L is the length of the DNA filament afte
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gini et al. (32), is a mixture of S and M. In fact, recent exper-
imental findings strongly support the idea of a mixed
overstretched form. In the next section we briefly review
some of the experimental results behind this idea.
DNA overstretching transitions: B-to-S, B-to-M,
or both

Although there is conclusive evidence that S-DNA exists
and that it is favored at high salt concentration and low tem-
peratures, and that M-DNA can also be present in force-
induced transitions for lower salt concentrations and high
temperatures (25,26,28,29), there are still some unanswered
questions regarding the structure of the overstretched state.
In Table 1, we list some of the experiments that present the
possibility of a mixed S and M state after the overstretching
transition. For instance, M-DNAwas present in a nonhyste-
retic transition (28), whereas in Zhang et al. (26) hysteresis
was always seen in a significantly shorter M-DNA. As
pointed out in Zhang et al. (26), the difference could be ex-
plained if there was a mixture of S and M in the overstretch-
ing experiment in King et al. (28). Furthermore, in Bianco
et al. (31) and Bongini et al. (32), the overstretched length
was ~1.7 times the B-DNA form for both hysteretic and
nonhysteretic transitions and the authors’ kinetic data sug-
gest two processes during the overstretching transition.
The idea of S and M state coexistence is further supported
by the gradual change in extension of the overstretching
curves in Zhang et al. (26) as a function of ionic concentra-
tion. Based on these experimental facts we think our model
will be useful in using the cooperative length l to quantify
the mixing of S and M DNA after the transition.
Cooperativity length l predictions

Next, we present some ideas that emerged when we used our
model to analyze the DNA overstretching curves of various
groups.

Regardless of temperature T, length L, or ionic concentra-
tion I, for experimental curves where the change in exten-
sion is Lz 1:7 L the cooperativity of the system is given
approximately by l ˛[22–25]bp. Although T, I, and L
are different among the data sets presented in Fig. 2, the
three sets are quantitatively reproduced by our model using
d throughout this study

L [kbp] Description L

~7.3 Nonhysteretic (S-DNA) ~1.7

~7.3 Hysteretic (M-DNA) ~1.5

~7.3 Nonhysteretic (S-DNA) ~1.7

~48.5 Nonhysteretic (M-DNA) ~1.7

~25 Nonhysteretic (S-DNA) ~1.7

~48.5 Nonhysteretic and hysteretic ~1.7

~48.5 Nonhysteretic (S-DNA) ~1.7

r the transition measured in L units.
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l z 25 bp. Similarly, Fig. 3 a shows that using l z 22 bp
accurately reproduces experiments from Zhang et al. (26)
at I ¼ 150 mM and T ¼ 22�C. Furthermore, using l z
22 bp in Fig. S1 in the Supporting Material, we show that
experiments from Bianco et al. (31) and Bongini et al.
(32) at I¼ 150 mM and T¼ 22�C are consistent with exper-
iments in Zhang et al. (26) and King et al. (28).

The experimental data in Zhang et al. (26) showed a
gradual change in hzi as a function of ionic concentration.
This is shown in Fig. 3 where we fit data from Fig. 3 b in
Zhang et al. (26). In Zhang et al. (26), at the low ionic
concentrations, there is an asymmetric pattern in the
force-extension curves when the force increases and then
decreases. This hysteretic behavior observed during over-
stretching is due to the slow convergence to equilibrium
(13,42). The asymmetric hysteresis at I ¼ 1 mM and I ¼
5 mM in Zhang et al. (26), where the system is out of equi-
librium mainly during unloading, is consistent with previous
stretching experiments that depict marked hysteresis during
the decreasing force regime (5,14,31,32,43,44).

During the loading phase in some of these experiments,
there are no hysteretic effects, whereas in others, if hystere-
sis is present, its effect is significantly less pronounced than
during unloading. Therefore, for the low I¼ 1 and 5 mM we
fit only to the pulling data in Zhang et al. (26). As shown in
Fig. 3, l decreases gradually with increasing I, ranging from
l z 60 bp at I ¼ 1 mM down to l z 22 bp at I ¼ 150 mM.
The smaller cooperativity values are consistent with
L> 1:7 L. Given that experiments (26,28,30) confirm that
the S-form is preferred at high salt concentrations and that
the S form is mainly responsible for the 1.7 times change
in extension (32), we conclude based on our fittings that
a

b

c

d

FIGURE 3 DNA overstretching at T ¼ 24�C for different ionic concen-

trations. (Red markers) Experiments from Zhang et al. (26); (solid lines)

theoretical predictions from our model. As the ionic strength decreases

going from panels a–d, A2 decreases and l increases. We use A4 ~ 500 pN

and Fc as measured in experiments: Fc ¼ [68.3, 63.5, 58.8, 50.5] pN going

from panels a–d. To see this figure in color, go online.
for l < 30 bp the predominant state in the overstretched
form is S-DNA.

As the transition becomes less cooperative, the increase in
l of each subsystem has the same theoretical effect as dras-
tically decreasing the temperature T, as evidenced from the
definition of the partition function given in Eq. 8. A change
of four times in the value of l from 25 to 100 bp is equivalent
to a decrease of the absolute temperature from room temper-
ature to T ¼ 75 K, which effectively yields less global
statistical fluctuations. Thus, one can expect the sigmoidal
curve to sharpen and become closer to an abrupt first-order
phase transition. In Fig. 2 a we have plotted the curve for
l ¼ 100 bp next to the 25-bp solution, so that the difference
in width of the curves is apparent.

Although moderate changes in temperature T ˛[10–25]�
C affect the critical force Fc value (26,32), the change of
temperature in this range does not seem to affect the exten-
sion of the molecule up to T ¼ TM at fixed I (see Fig. 3c in
Zhang et al. (26)). But once T R TM, there is a sudden
change in the extension profile of the overstretching curves
(26). The data of Bongini et al. (32) and Zhang et al. (25)
support the idea that, at a fixed I for a range of temperatures
T ˛~[10–25]�C, the extension of the overstretched form re-
mains approximately the same. This would imply that given
a fixed I, there is a single transition class to the S-form (or at
least closer to pure S) for T< TM and a melting transition for
T > TM. Hence, we think of l as independent of T for each
transition class, and making use of the phenomenological
model for C(F, T) as described in DNAOverstretching Tran-
sitions: Changes in Temperature and Salt Concentration, we
predict the behavior of the overstretching transition as a
function of T. A sample of the results is shown in Fig. S3,
where we show that introducing the temperature effects
through C(F, T) captures what is seen in experiment.

At higher ionic concentrations (I ¼ 500 mM (25)), we
found that although l ¼ 22 bp is a good average fit to the
experimental data, the curve is not symmetric about the
midpoint of the transition and the data is better fit by l z
15 bp near the overstretched state (Fig. 4). Similar behavior
is found in the overstretching curve from King et al. (28) at
T ¼ 22�C and I ¼ 1 M. However, this asymmetric aspect of
the overstretching transition is much more evident in Fig. 5,
where we present the comparison of the variance measure-
ments of Zhang et al. (25) with our theoretical predictions.
Because the n segments making up the entire chain are inde-
pendent of one another, the system is analogous to a random
walk of n steps. In this analogy, the average step size of the
walker is huli and the variance of each step equals the vari-
ance of one segment of length l,

s2
l ¼ l2

�

u2
�� hui2�; (22)

where hu2i ¼ d(lnZm)/db is the second moment of the parti-

tion function and b is defined in Eq. 9. Then the variance for
the entire chain (n-steps) is (45)
Biophysical Journal 107(9) 2151–2163



FIGURE 4 Force-extension curve fit to the experiments from Zhang

et al. (25) at higher salt concentration. We have used A2 ¼ 120 pN and

Fc ¼ 67.2 pN. Although l z 22 bp provides a good overall fit, using l z
15 bp provides better agreement in the upper-right section of the curve

(shown in the inset). To see this figure in color, go online.
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s2
n ¼ ns2

l ¼ L
�

u2
�� hui2�l: (23)

For a given force, because L is fixed, the variance grows lin-
early with the cooperativity length. In Fig. 5, gray circles
correspond to the experimental measurements from Zhang
et al. (25) of the variance at I ¼ 500 mM. Lines correspond
to our theoretical predictions for different values of l using
Eq. 23. The red solid line (for l ¼ 15 bp) agrees strongly
with the experimental data for DF > 0 (right side of the
graph), whereas on the left side of the graph the blue solid
line (for l ¼ 30 bp) provides a better fit. The black solid
line (l ¼ 22 bp) in Fig. 5 is shown as an average fit for
both sides of the graph.

An alternative method to quantify the cooperativity of the
DNA overstretching transition is to use the Zimm-Bragg
parameter sF (6),
FIGURE 5 Variance s2v as a function of the force. (Points) Experimental

measurements at I ¼ 500 mM of Zhang et al. (25). (Lines) Theoretical pre-

dictions for different values of l using Eq. 23. (Red solid line) l ¼ 15 bp

agrees strongly with the experimental data for DF > 0 (right side of the

graph; left side of the graph, blue solid line); l ¼ 30 bp provides a better

fit. The asymmetric fitting to the variance is in agreement with the results

shown for the force extension curves at the same high ionic conditions in

Fig. 4. (Black solid line) l ¼ 22 bp is shown as an average fit for both sides

of the graph. To see this figure in color, go online.
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sF ¼ expð�2bEsÞ; (24)

where 2Es is the energetic cost involving two junctions (this
is the definition given in Khokhlov and Grosberg (46)). In
qualitative terms, large values of a cooperative unit l are
analogous to small values of sF (34), but a quantitative rela-
tion can be obtained by the following procedure. The param-
eter sF reflects the width dF of the overstretching transition
in terms of the force (6,46). The value dF can be determined
by the midpoint slope of the plot Ps versus F (6,46), where
Ps is the fraction of the filament in the overstretched state.
Then the force transition width is (6)

dF ¼ vF

vPs

��
F¼Fc

¼ 4s
1=2
F

kBT

dz
; (25)

where dz is the change in extension per basepair during the

transition. Instead of using dz as approximated before in the
zero-temperature calculations, the model presented in
Methods: Statistical Mechanics of the Chain allows us to
provide a closer-to-exact estimate for dz,

dz ¼ 

uf
�� huii; (26)

where the subscripts i and f stand for initial and final point of

the transition, respectively. Using the definition of Ps given
by Odijk (38), we can directly compute dF by the left
equality in Eq. 25. Next, making use of Eq. 20, we can eval-
uate huii and hufi at Fi ¼ Fc � dF/2 and Ff ¼ Fc þ dF/2,
respectively. By doing so, Eq. 25 directly links our methods
to the Zimm-Bragg cooperativity model, and we can calcu-
late the parameter sF as a function of l. In Table 2, we pre-
sent dF and sF for several sets of experimental data used
throughout this article, where we see that sF is ~10�3 in
agreement with the reported values in Williams et al. (4)
and Rouzina and Bloomfield (6).

Because the model based on subsystems of cooperative
length l accurately describes the quasi-static overstretching
experiments, in Kinetics of the Chain: Sharp Interface, we
extend our methods to study the kinetics of a system with
sharp interfaces, meaning the phase transition takes place
in a spatially homogeneous way.
TABLE 2 Calculation of the Zimm-Bragg cooperativity sF as a

function of l using Eq. 25

l [bp] Refers to sF � 10�3 dF [pN] dz [nm]

55 Fig. 3d 0.3 1.8 0.16

31 Fig. 3c 1.0 2.8 0.19

25 Fig. 2a 1.6 3.1 0.20

22 Fig. 3a 2.0 3.4 0.21

15 Fig. 4b 4.3 4.5 0.23

As a reference value, Williams et al. (4) and Rouzina and Bloomfield (6)

measured s z 10�3 in DNA overstretching experiments at room tempera-

ture and I ¼ 150 mM.
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Kinetics of the chain: sharp interface

Next, we consider the kinetics of a single chain unit of
length l. As before in Methods: Statistical Mechanics of
the Chain, we assume that u corresponding to a single chain
unit is independent of s, which leads to a spatially homoge-
neous transition along each unit. The order parameter u is
now the relevant macroscopic variable describing the
dynamic process over time t. Due to the effects of thermal
fluctuations in the fast changing microscopic variables, the
evolution of u(t) is stochastic in nature and it obeys the
Langevin equation (35). Bongini et al. (32) found that the
kinetic mechanism during the transition involves viscos-
ity-dependent delocalized motions at low frequency. Hence,
we consider the case of spatial-diffusion-limited rate theory
(35), where the kinetic equation of the overdamped system
can be simplified to

vtuðtÞ ¼ g
�� vuHjðuÞ

�þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2gkBT

p
xðtÞ; (27)

where Hj is the potential of a subsystem of length l given by

Eq. 7, g is the kinetic coefficient, and the Gaussian noise
term xðtÞ is defined in terms of the Dirac delta function d(x):


xðt1Þxðt2Þ
� ¼ dðt1 � t2Þ: (28)

Equation 27 describes the classical problem of the diffusion

of a particle (unit) j ˛ n, with probability density function
r(u,t), which is moving in a potential field Hj. The inset of
Fig. 6 shows the potential for C ¼ 0, which is characterized
by the two stable minima5uo and an energy barrier El with
maximum value at the unstable solution ub ¼ 0. For the
overdamped case, the time evolution of r(u,t) is governed
by the Smoluchowski equation (35) and following Kramer’s
methodology for El >> kBT (47), we can determine the
steady-state escape rates. The details of the procedure to
obtain the rate from B-to-overstretched (kL) and over-
stretched-to-B (kR) using the potential Hj(u) are shown in
FIGURE 6 Relaxation rate r ¼ kL þ kR in dsDNA overstretching exper-

iments at I¼ 150 mM. (Blue markers) 2-pN force-step experiments in Bon-

gini et al. (32), where Fc z 66 pN. (Blue dashed line) Fit used in Bongini

et al. (32), where the authors combined their experimental measurements

with Kramer-Bell theory. (Black solid lines) Theoretical predictions from

expressions in Bosaeus et al. (29) using l ¼ 22 and 25 bp. Here we have

used g ~ 200. To see this figure in color, go online.
Section S3, Chain Kinetics in the Supporting Material.
The final results are

kL ¼
ffiffiffiffiffiffiffiffi
kBT

2p

r 	
wbg

Z1 þ Z2



;

kR ¼
ffiffiffiffiffiffiffiffi
kBT

2p

r 	
wbg

Z1 � Z2



;

(29)

where wb is the curvature that results from linearizing the

potential Hj(u) about the unstable solution ub (35) and

Z1 ¼
XN
m¼ 0

ðbClÞ2m
ð2mÞ!

FðmÞ
2

; (30)

F

	bm þ 1




Z2 ¼

XN
bm ¼ 0

ðbClÞ2bmþ1

ð2bm þ 1Þ!
2

2
; (31)

FðxÞ ¼ Gðx þ 1=2Þ
exp

	
q2


Uðx; qÞ: (32)
ð2bA4lÞð2xþ1Þ=4 4

The parameter q2 ¼ 2bEl is given by Eq. 14. Therefore, the
rates can be cast in the familiar Arrhenius type form of

ki ¼ YðF;TÞexpð�bElÞ; (33)

where i ¼ [L, K], El >> kBT is the energy barrier evaluated
at C ¼ 0 (see Eq. S3 in the Supporting Material), and Y is a

function of the external parameters F and T.

Next, we let nB be the number of j segments in B-state and
nS be the number of segments in the overstretched state.
Then, at any instant in time, the total number of segments
n ¼ nB þ nS is conserved. Therefore, the change of nB as
a function of time is given by

dnB
dt

¼ �kLnB þ kRnS ¼ �rnB þ kRn; (34)

where r¼ kLþ kR is the relaxation rate (35). The solution of

the first-order ordinary differential equation (Eq. 34) is

nB
n

¼
	
kR þ a exp½�rt�

r



; (35)

ns ¼
	
kL � a exp½�rt�


; (36)

n r

where a is the integration constant and the equilibrium

steady-state values are bnB

n
¼ kR

r
;

bnS
n

¼ kL
r
:

(37)
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Finally, the equilibrium probability of segments in the over-
stretched state can be expressed as

Ps ¼ bnS
n

¼ 1

2
� Z2

2Z1

; (38)

where Z2 and Z1 are given by Eqs. 30 and 31.
FIGURE 7 Transient kinetics: B-to-S and S-to-B. Force-jumps during

loading and unloading a dsDNA molecule at T ¼ 10�C. As before, we

use g ¼ 200, l ¼ 22 bp, and L ¼ 1:67 L. (Red solid line) Exponential evo-

lution of ns/n in time during loading phase. At t1 ¼ 0, F is instantaneously

changed from F(1) to F2 ¼ Fc. The system reaches steady state in ~1 s.

(Blue lines) Evolution during the unloading phase. At t2 ¼ 2 s, F is instan-

taneously dropped applying a force step SF ¼ F(3) – Fc. For SF ¼ �2 and

�3 pN (blue dashed lines), there is exponential decay behavior, whereas

for F(3) << Fc (blue solid), ns / 0 rapidly. (Inset) Lengthening (DL/

DLe) as a function of time for a partially melted molecule (S and M).

(Red markers) Data from Bongini et al. (32); (black line) our prediction

using the same parameters as in Fig. 6 (l z 15 bp). To see this figure in

color, go online.
In Fig. 6, we compare the experimental measurements of
Bongini et al. (32) for the relaxation rate r with the predic-
tions of our model. Using the same values of A2, A4, and l
that resulted from the force-extension curve analysis at the
same experimental conditions (see Fig. S1 a), we are able
to accurately reproduce their experimental findings. The
only fitting parameter is the kinetic coefficient, which we
find to be g ¼ 200. Using l ¼ 22 bp and assuming g con-
stant, our predictions for the relaxation rate rmin (corre-
sponds to F ¼ Fc) as a function of T, yielding a range of
values rmin ¼ 55 s�1 at T ¼ 25�C to rmin ¼ 3.2 s�1 at T ¼
10�C. These are in agreement with the values reported in
Bongini et al. (32), where rmin ˛[3.5, 7.1] s�1 is approxi-
mately constant for the same range of temperatures. Using
the same parameters as in Fig. 6, in Fig. S4 we show a fit
to another set of data in Bongini et al. (32), where the
authors have used a different loading protocol.

One of the protocols used by Bongini et al. (32), denomi-
nated by the authors ‘‘square-wave protocol’’, consisted of
instantaneously applying and reversing a large force step
SF. During the loading phase, F is instantaneously changed
from F(1) << FC (entire molecule is in the B form), up to a
value of F(2) z Fc (midpoint of the transition). After the
system reaches equilibrium, at time t2 it is unloaded using
an instantaneous change in force of the same magnitude
from Fc to F(3) (32). In conditions at which the M form is
energetically unfavorable in comparison to the S form
(T ¼ 10�C and I ¼ 150 mM) (26,28), Bongini et al. (32)
studied the transient kinetics using the square-wave protocol
going from F(3) ¼ F(1) ¼ 47 pN to F(2) slightly larger than
Fc. Their findings for the lengthening and shortening re-
sponses in the absence of melting coincide with the behavior
described by our theoretical predictions. In Fig. 7, we pre-
sent the theoretical solution for a dsDNAmolecule undergo-
ing a B-to-S transition. We use l ¼ 22 bp and L ¼ 1:7 L,
values corresponding to an overstretching transition close
to a pure S-form (see Experimental Observables: DNA
Extension Z).

To model the large force-step lengthening experiment, we
set the initial condition at time t1 to be ns(t1) ¼ 0 (dsDNA in
B-form initially), which yields a¼ kL in Eq. 26. The red line
in Fig. 7 shows the theoretical calculation of the evolution
of the fraction of segments ns/n in the loading phase for
F(1) << Fc. For F

(2) ¼ Fc, the system reaches steady state
in ~1 s in agreement with the experiments of Bongini
et al. (32) and the timescale measurements of the B-to-S
transition reported in Rouzina et al. (30). During the unload-
ing phase (shortening), the initial condition is ns(t

2) ¼ n/2,
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such that a ¼ (kL � kr)/2 in Eq. 36. After the force is sud-
denly dropped to F(3) ¼ F(1) there is no exponential time
course during the unloading, rather an abrupt instantaneous
change in the extension of the molecule (32). The blue solid
line in Fig. 7 shows that our predictions for ns/n during
unloading and F(3) ¼ F(1) match the experimental evidence,
by depicting a sudden (almost instantaneous) change from
n2 ¼ 0.5 to 0. This behavior can easily be understood in
the context of our theory in the following way: For any
applied force step (SF ¼ F(3) – Fc) < 0, the left well in Hj

will become deeper than the right well, and the population
of segments in the right well will diffuse into the left well
(kR > kL). For sufficiently small F(3) << Fc, the expression
ns/n in Eq. 36 can be approximated to be

ns
n
z

expð�kRtÞ
2

as
kL
kR
/0; (39)

and for t> 0, the fraction ns/n/ 0 rapidly. The dashed blue

lines in Fig. 7 show the time evolution of ns/n during the
unloading phase for different force steps (SF ¼ F(3) – Fc).

Bongini et al. (32) also conducted the same square-wave
protocol experiment at T ¼ 25�C, where it is possible the
S and M forms start to mix in the overstretched state, so
the authors denominated this experiment the kinetics in a
partially melted molecule. The shortening transient was
characterized by two different processes:

1. Stepwise shortening corresponding to the S-to-B transi-
tion (32); and

2. A much slower (~10 s) process, likely to correspond to a
rate-limiting reannealing of the melted segments (32).
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On the other hand, during the lengthening transient of the
partially melted DNA at T ¼ 25�C, the overall exponential
behavior characteristic of the B-to-S transition remains (32).

As mentioned earlier, the hysteretic behavior during the
overstretching transitions is mainly seen during unloading,
while in the pulling phase the system is likely to be closer
to equilibrium at all times. The difference in time that it
takes the molecule to melt in comparison to the time taken
by the molecule’s recombination during unloading can
explain the asymmetric hysteresis (14). We already know
that the kinetic two-state model presented in this study
accurately captures the time course of the nonhysteretic
B-to-S transition at T ¼ 10�C, therefore, in the analysis
of the lengthening transient at T ¼ 25�C in Bongini
et al., a two-state model with a lumped overstretched state
where the S form is predominant is somehow justified. The
inset of Fig. 7 shows the length change from B-to-over-
stretched ðDL=DLezns=bnsÞ as a function of time, where
DLe is the length measurement at steady state. Solid line
corresponds to the theoretical solution at T ¼ 25�C and
F(2) ¼ Fc with the same parameters as in Fig. 6 (l z
25 bp), and red markers correspond to data from Fig. 1C
in Bongini et al. (32). Although for Fc ¼ F(2) the system
reaches steady state in ~1.5 s, for jFc ¼ F(2)j > 0, our model
predicts the system will reach steady state faster. This last
feature is also present in Bianco et al. (31) and Bongini
et al. (32).

As a final remark, we point out that assuming g z 200
remains independent of ionic concentration, the relaxation
rate (rmin) values for the four fits in Fig. 3 are of similar
magnitude. Therefore, our methods predict that during a
force-step pulling experiment, the time it takes the system
to reach steady state at Fc (t z 5rmin

�1), is ~< 1 for all
four experimental conditions in Fig. 3. Given that Zhang
et al. (26) uses a pulling protocol of 1 pN/s, this means,
according to our loading curve fits, that the molecule has
enough time to reach equilibrium. We also calculated the
effect of l on t (see Fig. S7), which shows that t increases
very quickly with l. In fact, when using the parameters
from Fig. 3 d, if l was to increase from 60 to 80 bp, t would
increase by factor of 10, and at a 1 pN/s pulling rate, hyster-
esis would be seen.

We conclude that for conditions when the M-form starts
to become energetically more favorable, i.e., extremely
low salt concentrations and/or very high temperatures T >
30�C, it is possible that l/100 bp in dsDNA overstretching
experiments. However, at the same time, we are likely to
see hysteresis effects during both loading and unloading.
We think this could be the case in the experimental curves
in Zhang et al. (26) at I ¼ 3.5 mM and T > 34�C, where
there is some hysteretic behavior even during the pulling
phase. The presence of hysteresis during lengthening and
shortening precludes the use of our methods to extract the
l value from the overstretching curves. However, hysteretic
effects can be greatly reduced by increasing the waiting
times during pulling. In fact, times ofz1 min have been re-
ported to be sufficient to completely reach equilibrium (42).

The results presented in this section provide insights into
the kinetics of the system as a function of the imposed force
F. However, the study of the kinetics of a phase transition
cannot be complete without an analysis of the nucleation
and propagation of interfaces. In Section S5, Kinetics of
the Chain with Finite Size Interfaces: Domain Walls in the
Supporting Material, we present a summary of the kinetic
analysis including domain walls near the transition point
Fc ¼ F. The results of Section S5, Kinetics of the Chain
with Finite Size Interfaces: Domain Walls in the Supporting
Material on the kinetic analysis including propagating inter-
faces further validates the approximation of sharp interface
presented in this section. Both solution methods share the
same qualitative characteristics.
CONCLUSIONS

In this article, we have explained two features in torsion-
ally unconstrained DNA undergoing an overstretching tran-
sition—force-extension relations and kinetics. First, we
introduced a model for the statistical mechanics of a chain
composed of n segments of length l (the measure of coop-
erativity of the system), in which we neglect the spatial
fluctuations of u(s) within each segment of the chain. We
assume that each segment is perfectly homogeneous at
any instant in time and we focus on studying the global
statistical fluctuations of u. By doing so we are able to
obtain an analytical expression for the end-to-end exten-
sion hzi of the filament as a function of force F, tempera-
ture T, and the segment’s length l. In agreement with the
conclusion from the experiments of Bongini et al. (32),
we found by fitting several sets of data from numerous
groups (25,26,28,31,32) that independently of length L,
temperature T, or ionic concentration I, if the extension
of the overstretched state is ~1.7 L, the cooperative length
is l z 25 bp.

In this situation, S-DNA is the preferred overstretched
state. As the extension of the overstretched state decreases
to ~1.5 L, for conditions at which the M-form can compete
with the S-form, we found l > 30 bp is required to fit the
lengthening curves in Zhang et al. (26). There is, in fact,
experimental evidence supporting the idea that for a range
of temperatures and low-to-moderate salt concentration
there would be a mixed overstretched state (S and M)
(26,28,32). The larger values l > 50 bp approach the mea-
surements corresponding to the B-to-M transition (l ~
100 bp) reported by Rouzina et al. (30). This feature would
further support the idea that the ~1.5 L overstretched DNA is
in fact M þ S. Therefore, our model can be practical in
using extension hzi and l as parameters to quantify the
fractions in the mixed overstretched state, where values of
l close to 25 bp would indicate an overstretched DNA
form closer to the S-DNA, whereas larger values of l would
Biophysical Journal 107(9) 2151–2163
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indicate an increase in the M-DNA content in the over-
stretched form.

In Kinetics of the Chain: Sharp Interface, we extended
our theory to encompass the kinetics of the chain under
the assumption of an overdamped system based on experi-
mental evidence (32). Our kinetic results further support
our two-state cooperative model. We show that the theoret-
ical predictions for the relaxation rates r and the system’s
exponential time course are consistent with the results
seen in experiments and simulations (31,32). Our calcula-
tions show that the time required to reach steady state in a
transition to an overstretched state where the S-form is pre-
dominant is t ~ 1 s, which agrees with the timescale reported
in the B-to-S transition (30).

An important aspect of our theory is that the probability
of segments in the overstretched state Ps and the width of
the transition dF depend on the cooperativity unit l, temper-
ature T, and the parameters A2 and A4. However, as long as
the ratio A2/A4 remains the same, the specific values of these
parameters do not affect Ps and dF significantly. Therefore,
our model can provide significant insight in the overstretch-
ing transition with knowledge of the relative extension of
the overstretched phase�

L
�
L� 1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2A2=A4

p
;

which is an easy variable to determine in experiments.

(In Fig. S5, we present solutions of Ps and hui for different
values of A4, while keeping the ratio A2/A4 constant.)

During DNA overstretching, Bianco et al. (31) and Bon-
gini et al. (32) found the transition state is almost midway
between compact and extended states. This supports the
use of a symmetric potential as done in this study. Our
analytical model proves to be a useful tool by capturing
some key features of the transition, although there are still
several interactions that could influence the transition which
our model cannot accommodate. For example, there is evi-
dence that the percentage of GC versus AT tracts plays an
important role in the transition (29), and for this level of
detail, basepair or rigid-base models are required (48,49).
The slower relaxation rates of a partially melted molecule
that result in different hysteretic behavior during the loading
and unloading phase in overstretching experiments cannot
be captured by our symmetric model, and a dynamic meso-
scopic Peyrard-Bishop-Dauxois potential has been proposed
to account for this asymmetric behavior (14).

Similarly, the coarse-grained simulations of Whitelam
et al. (15–17) have successfully integrated some of the
dsDNA microscopic detail required to account for DNA
sequence effects and the asymmetric hysteretic behavior
during the overstretching transition. Finally, we do not
expect our model to capture the transition to single-stranded
DNA (peeled DNA), because thermal fluctuation will play
a larger role in the extensibility of the peeled structure
even at high forces, leading to markedly asymmetric force
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extension curves (softer after the transition). However,
our methods can be combined with asymmetric potentials,
such as piecewise quartic energies with a cubic term (see
Section S4, Asymmetric Potentials in the Supporting Mate-
rial), which could help to account for asymmetric behavior
present in single-molecule stretching experiments.

In addition to applications to DNA phase changes, two-
state models have been used to interpret experiments on
partially unfolded protein oligomers (50) and to study the
mechanical behavior of small molecule binding to DNA
(51). The binding of proteins or small-molecules to dsDNA
can produce coupled conformational changes that affect the
binding of subsequent proteins (molecules), often over a
long range in the dsDNA (52). Binding of the RecA protein
to dsDNA lengthens the molecule by ~1.5 times and it has
been shown that overstretching promotes RecA nuclea-
tion and polymerization along dsDNA (53). Similarly, an
~50% increase in extension of DNA is observed upon inter-
action with EtBr and Rad 51 (54,55). Therefore, it is
possible, in protein-dsDNA complexes, for the confor-
mational changes caused by small-molecule binding to be
coupled with external mechanical forces. Our theoretical
framework to study the dsDNA overstretching transition
can be useful in describing certain aspects present during
conformational changes in DNA-protein complexes.
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