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Abstract

This paper deals with one-parameter linear perturbations of a family of polynomials {P.(x)}s2, with deg[F.(x)]
= n of the form

Pl(x) = Pu(x) + pQOn(x),

where g is a real parameter and {Q(x)}2, are polynomials with deg[Qa(x)] < n. Let the polynomials {Pi(x)}:2, be
eigenfunctions of a linear differential or difference operator L with eigenvalues {1,}55,. The purpose of this paper is
to derive necessary and sufficient conditions for the polynomials {Qn(x)}a2, such that the polynomials {P)(x)}:2, are
cigenfunctions of a linear difference or differential operator (possibly of infinite order) of the form

L+ puA
with eigenvalues

{im + Haa} 220

Keywords: Differential operators; Difference operators; Orthogonal polynomials

AMS classification: 34A35, 39A70, 47B39, 33C45

1. Introduction

In a number of recent papers polynomials are considered orthogonal with respect to an inner
product consisting of the standard inner product of one of the classical orthogonal polynomials to
which one or two linear perturbation terms are added. In all cases an explicit representation of these
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orthogonal polynomials is given and a linear differential or difference operator and eigenvalues are
constructed with thesc orthogonal polynomials as eigenfunctions.
Polynomials orthogonal with respect to the inner product

D= o 1)/ S)g)xe " dx + uf (0)g(0).
with i = 0, x> —1 were considered in [15] and a represcntation was given of the form
Pi(x)=Px) + pQu(x), n=0.1..... (1)

where the polynomials {P,(x)}x, are the Laguerrc polynomials {L!*(x)}*, and the polynomials
{Q.(x)}, can be expressed in terms of Laguerre polynomials. In [11] (see also [2]) it is shown that
if 4 > 0 the polynomials arc cigenfunctions of a uniquely determined lincar differential operator of
order 2x+4 if « is a nonncgative integer and of infinitec order otherwise, which is a linear perturbation
of the differential cquation for Laguerre polynomials. In {10] a onc-parameter perturbation of the
inner product for ultraspherical polynomials is discussed and a linear differcntial operator of order
2x+4 if 2 is a nonnegative integer and of infinite order otherwise is derived having these polynomials
as eigenfunctions.
In [4] the inner product

—(I \

Z /(x)q(x) + uf(0)g(0) + vA/(0)4g(0),

x 0
a>0, pz20 v=20 A4/(x)=/f(x+1)- f(x) (2)

has been decalt with and the corresponding orthogonal polynomials which are generalizations of the
Charlier polynomials have been constructed. In [6] the case p > 0 and v =0 was studied and it is
shown that in that case the polynomials are eigenfunctions of a linear difference equation of infinite
order and in [4] it was proved that also in the case £=0 and v > 0 the polynomials are cigenfunctions
of a difference operator of infinite order but the operator is no longer uniquely determined.

Later the inner product

Vg =L =) S (/\)‘ F)9e) + 1f(0)g(0) + vA£(0)Ag(0), (3)
v O )

>0, 0<c<l, u=0.v>=0 was treated. Here (f), =f(f+ 1) +2) ---(ff+x—1). The case
u >0 and v = 0 has been considered in [S]. The corresponding orthogonal polynomials which are
generalizations of the Mcixner polynomials have been constructed and it is shown that in that casc
the polynomials are eigenfunctions of a linear difference equation of infinite order. In [7], by using a
special normalization of the polynomials, the situations for Meixner and for Laguerre polynomials are
compared and the casc =0 and v > 0 is treated. In the Meixner case again a difference operator of
infinite order was found, not uniquely determined, which in the limit tends to a differential operator

for the Laguerre case.
In all these cases the orthogonal polynomials {P(x)}<, are of the form (1), where {F,(x)}>, arc
the classical orthogonal polynomials in question and {Q,(x)}>, are explicitly known polynomials. If
L =L(x) denotes the linear differential or difference operator of the second order, having the classical
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orthogonal polynomials {P,(x)}>, as cigenfunctions with eigenvalues {4,};,, then the differential
or difference operator is of the form L + uA, where A = A(x) is a linear differential or difference
operator, possibly of infinitc order.

Recently, in [9] some more general results were proved. These results will be discussed later.

In this paper we take a different point of view putting the perturbations dircctly to the polynomials
instead of to the inner product or moment functional.

Let B be the space of all polynomials and ‘R, be the spacc of all polynomials of degree <n
(n=0,1.2,...). Let {P,(x)}>, be a system of polynomials with deg[P,(x)]=n for cach n=0,1,2....,
which arc eigenfunctions of a linear operator L=L(x) mapping ‘B, into ‘B, with eigenvalues {%,},,
which are not all zero. Hence,

L(x)P,(x)=A,P(x), n=0,1,2,....

We consider a system of polynomials (1), where u is a real parameter and {Q,(x)}>, denotes a
system of polynomials with deg[Q,(x)] < n for cach n=0,1,2,... .

We look for a lincar operator A mapping ‘B, into B, and numbers {,}<, such that the polyno-
mials {P*(x)} >, (linear perturbations of {P,(x)}<,) arc cigenfunctions of a lincar operator L + A
(a linear perturbation of L) with cigenvalues {4, + ua,}, (linear perturbations of {4,},). i.e.

[(L - i d)+ (A — 2, DIP(x)=0, n=01.2,.... (4)

Here I denotes the identity operator. We derive conditions for the polynomials {Q,(x)}<, such that
the operator A mapping ¥, into R, and the numbers {x,}, exist.

2. A necessary condition for the polynomials {Q,(x)} >,
If we insert (1) into (4) and consider both sides to be polynomials in g, comparing the cocfficients

of equal powers of ;1 we obtain the following two systems of cquations:

(L—-2,)0,(x)+ (A4 —-2,)P(x)=0, n=0,1,2...., (5)

(A —7111)Qn(x)=0s n:O,I,Z,,,, . (6)
We expand the polynomials {Q,(x)}>, in terms of {P(x)}>,:

Q,,(x):Zq,,kak(x), n=0,12.... (7)

k.0

and find

(L - ;-'zI)Qn(x) = - Z (/.~n - /:~k )(In.kPk(x)~ n=0,12,...,

k=0

From (5) and (6) we deducc that any operator 4 mapping ‘R, into ‘B, and any numbers «, satisfy

(4) if and only if

ABI(X)lean(x)+Z(;‘ll _;~k)Qn,k[)k(x)v nzosl’zs"' Al (8)

k=0
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> quiARX) =% Y guiB(x), n=0,1,2,.... 9)

k=0 k=0

A necessary condition for the existence of an operator A and the numbers {a,}2, satisfying (8)
and (9) is

k=0 j=0 k=0

n k n
Z Gn.k [akl)/((x)+ Z(A"K - .j)qk,jl)l(x)] :anz qu.kPk(x)s h :()a]sza-“ s
or

n n k
Y Gualon — IR =Y qaic Y G — A)aPx), n=0,1,2,...,

k=0 k=0 i=0

Interchanging the summations we find
> Guilan — u]P(x) =D (Z(Aj — )qn.,q,.k) Pix), n=0,1,2,..... (10)
k=0 k=0 \ j=k

As the polynomials {P,(x)}2<, form a basis for P and since (10) is trivial for n =0 we conclude:

Theorem 2.1. A4 necessary condition for the existence of a linear operator A and numbers {2,}22,,
satisfying (8) and (9) is that for all n=1,2,3,... and k=0,1,....n — 1

Gniltn — ] = D (A — X )Gniqk- (11)

j=k~1

Example 2.2. Let P,(x)=x" for n=0,1,2,... and let the operator L be given by

n

1 X
L(x")=LP,,(x)=;/O P(0)dt = ——.

Hence, 4, = 1/(n + 1). If we take

n k

X
Q,,(X)ZZ F, n=0,1,2,...,

k=0

then g,, = 1/k! for all n€{0,1,2,...} and all k€{0,1,2,...,n}. By using (11) for k =n — 1 and
the fact that ¢, ,_; #0 we obtain

1,, - an—l = ()m - /:n—l )qn,m

which can be summed up to

n
Ay — O = Z (;'j — jvj—l )q/.j'

J=k~-1
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Insertion into (11) would lead to

1 < 1 1\ 1 1 & 1 1 1
/ﬁ,__k.,(jH —.7>./_!—k_! 2 (1’+1 _k+1>./—!

j—k+1 -

or

1 ~ok+ 11—
> ———==0,
k+l/_=k+2 j-j!

which is clearly false for n > k+2. It follows that there cannot exist a linear operator 4 and numbers
2, (n€{0,1,2,...}) such that the polynomials

no ok
n X
(=0

are eigenfunctions of L + pA.

3. Difference or differential operators
3.1. Notations

Let {P,(x)}, be a set of polynomials with deg[P,(x)]=n for each n=0,1,2,... and let {4,}>,
be a sequence of real numbers with 4, =0 and {Z,}2%, not all equal to zero such that {F,(x)}>,
is a polynomial set of solutions of

Lx)y(x) =Y Lx)DLy(x) = A, y(x). (12)
i--1

Here {/:(x)}, is a sequence of polynomials with deg{/,(x)] <i for all i=1,2,3,.... D, y(x) may be
read as the derivative Dy(x)=dy(x)/dx, the forward difference 4 y(x)= v(x+1)— v(x) or backward
difference Vy(x)= y(x) — y(x — 1) and D y(x) = D (D y(x)).

Let {Q.(x)}2, be a set of polynomials with deg{Q,(x)] < n for each n=0,1,2,... and {P*(x)},
be the set of polynomials given by

PHx)=P(x)+ pQu(x)., n=0,1,2,...,ueR. (13)
We look for an operator A of the form
A(x)y(x) =D ax)Dp(x), (14)

i—1

where {a;(x)}2, is a sequence of polynomials with deg[a,(x)] <i for all i =1,2,3,..., and for a
sequence of real numbers {«,}>, with %y =0 such that

(L + AP (x) = (ot pot, )PH(x), n=0.1,2,.... (15)

We will use the following lemma (see, for instance, [16]).



184 H. Bavinck / Journal of Computational and Applied Mathematics 78 (1997) 179-195

Lemma 3.1. Let {p.(x)}=, be an arbitrary set of polynomials with deg[p.(x)] = n for each
n=0,1,2,... and let {7,}%, be an arbitrary sequence of constants with /o =0 and {4,}3, not all
equal to zero. Then there exists a unique sequence {l(x)}X, of polynomials with deg[l(x)] <i
Sfor all i=1,2,3,... such that

Z LX) D )(x) = Ao y(x)

has {p,,(x)} <, as a polynomial set of solutions. Moreover, if 1,(x) = kx'+ lower-order terms for
i=1,2,3,..., then

nky +n(n—Dky+---+nk,=4,, n=12.73,....

Definition 3.2. Let {P,(x)}>, and {Q.(x)}>, be as in Section 3.1 and let (7) hold. We call the
set of polynomials {P*(x)}>, given by (13) a linear perturbation of {F,(x)}>, of the class m
(me{0,1,2,...}) when the following conditions are satisfied:

(i) if n < m then g,, =0 for all £ with 0 <k < n,

(ii) if n>m then ¢,,#0,¢4,,_1#0 and ¢q,, =0 for all k with 0 <k <m.

We now state and prove our main result,

(16)

Theorem 3.3. Let {PH(x)}, be a linear perturbation of {P.(x)}<, of the class m. Then a neces-
sary and sufficient condition for the existence of an operator A of the form (14) and real numbers
a, such that (15) holds, is

Gnk > (A = A420)g,, = Z (Ay = 24 )G 440 (17)
J=kt1 J=k+1
Sor all ne {1,2,3,...},k€{0,1,...,n—1}. If m=0, then the real numbers {a,}>, and the operatorA

are uniquely determined. If m >0, then Al,..., %y can be chosen arbitrarily and the operator A is
uniquely determined when a,,...,%, are chosen.

Proof. (i) Condition (17) is necessary.

In Theorem 2.1 we derived the necessary condition (11) for the existence of the operator 4 and
the numbers {a,}2<, such that (15) holds.

It is clear that the condition (11) is trivially satisfied for n < m. If n > m then g, ,_, #0 and (11)
with k =n — 1 yields

Ap — Uy = ()m - ':~n—l )q::,n-

Hence, by summing up

= A = Z (4, — 2o1)g;, form<k<n—-1
J—kt1

If we insert this in (11) we obtain (17).
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(i) Condition (17) is sufficient. Let condition (17) be satisfied. We will construct a linear operator
A and real numbers {2,}7<, such that (8) and (9) are both fulfilled. First, if m > 0, the numbers

n=\

2,....9, are chosen arbitrarily and for » > m we define

Uy =amt Y (= A, n=m+lm+2,.... (18)

j=m+i
Further, let A be the operator of the form (14), uniquely determined by Lemma 3.1, such that
AP:;(X): 1,,P,,(X), n=0,1,..., m, (19)
AQ,(x)=2,0,(x), n=m+1m+2,... . (20)

Notc that deg[P,(x)]=n, n=0,1,...,m and by (16) deg[Q,(x)=n, n=m+1,m+2,.... Then it follows
that the system of equations (9) is satisfied for all n€ {0,1,2,...} and (8) for all n€{0,1,2,...,m}.
So it remains to prove that the system of equations (8) is satisfied for all ne {m+ 1,m+2,...}. We
prove this by induction. By (16) we have

n

0u(x) =D guiBlx). n=m+1lm+2,...

k—m

Wlth qn.n ?é 0~ Gn.n-1 # 0.
Take first n =m + 1. Eq. (20) leads to

qm. l,nwlAPm t |(X) + qm+l,mAPm(X) = am-+l(qm+l.m+IPm+l(~x) + CIm-H,um(x))’

hence,

qnhl,mmlAPm—l(x) = Lmn+1qm l‘m-lP -](X) + q::z—l.m(anwl - x’X,,,)P,,,(X)
and by (18)

APm~ l(x) = anz~1Pm+l(-x) + qrn+l.m(':‘m~ [ ).,,, )P,,,(X).

which is (8) for n=m + 1.
Now let (8) hold for all » with m + 1 < n < m+ 1t We prove (8) for n=m + 1+ 1. Eq. (20)
leads to

{
qm—!-«-l.m01-.—I(A_“m+t+ll)Pm-H—l(x) = - Z qm--l—l.m&k(A_anhb II)Pm+k(x)

k=0

t
= Z Gonet=1om  k(Xmra 1 = Ak VP i (x)

k--0

4 k-1
- Z it -1.m+k Z ()~m+k - ;vm—j )qm ik.m+ij4 /(x)

k=0 j=0

t r-l
:Z Imii~1.msk ( Z
k=0 J=k~

(;-nz—j - )'n1+j—| )qm'j.nh/) P,"../.-(X)

/ 1
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' k—1
- Z Am+t+1.mk Z (;~m‘k - ;~m—j )qm+k.m-ij+j(x)

k-0 j—0

t t+1
= ( Z (/:~m+j - /J-Mfk)qm+l+l,m+qu+j.m1k) Pm+k(x)
k=0

j—k+1

4 j—=1
- Z m-1-1.m~; Z (/;~m+j — Am+k )qm+/.mTkPm+/((x)

-0 k-0

! t~1
= ( Z (;-m—j - ’{m+k )qm—l+l.miqu+j,m+k) Pm+k(x)

k=0 \ j=k+1

{ !
- Z ( Z ('{moj - ;~m+k )qm+!+l.m-qu+j,m+k) Pm—k(x)

k=0 \ j=k~1
‘
= Z(/~m-l+l - )-m-r/( )qu . l.m+1+lqm+t+l,m+kPm+/t(x )
k=0
Thus,

t
APy 1(x) = 01 P (x) + Z ()-mu- 1= ;vm-k )qm—t+l.m+kPm+k(x)- O
k=0
Remark. Formula (17) can also be written as
n—1 n—1
qn.k Z (;~/ - /]~,‘-| ;] - (Anoy — A Wqnn| = Z (':~j — Ak )qn,jqj.lv 2n

J=k+1 J=k+1

We now treat two other kinds of perturbations with more specific requirements for the coefficients
gn.x- These perturbations are especially relevant in the case of symmetric polynomials {F,(x)}X,.

Definition 3.4. Let {P,(x)}, and {Q,(x)}>, be as in Section 3.1 and let (7) hold. We call the
set of polynomials {P#(x)}>, given by

Pi(x)=P(x)+ uQn(x), n=0,1,...,peR,

a special linear perturbation of {P,(x)}%, of the class m (me€{0,1,2,...}) when the following
conditions are satisfied:
(a) if n < m then

nk = 0 for all £ with 0 <k < n;
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(b) if n > m then for all 1 € {1,2,3,...}

(1) gmeu_1x =0 forall k with 0 <k <m+2t-2,

(") dm-2t.m=2t = Gm+ 22—, m=2r~1 # 0,
(i1l) g2y =0 forall k with 0 <k <m-—1, (22)
(V) Gmi2emsznsr =0 for all k with 0 <k <t -1,

(V) dm~2t.m 212 #O .

Theorem 3.5. Ler {P*(x)}, be a special linear perturbation of {P(x)}32, of the class m. Then
a necessary and sufficient condition for the existence of an operator A of the form (14) and real
numbers 1, such that (15) holds, is

Gma20.m-2k § (/~m+2/‘ - Am*Z/—-Z)qm-b 2jmi2j
j-—/( il

= Z (Ams 2 — Am+2k )qm+2n.m+2qu+2j,m+2k» (23)
J-h+1
SJor all n € {1,2,3,...}, k € {0,1,...,n—1}. For all t € {1,2,3,...} the numbers 0., and, if
m > 0, the numbers «,,...,%, can be chosen arbitrarily. The other values of %, and the operator
A are uniquely determined when these arbitrary numbers have been chosen.

Proof. (i) Condition (23) is necessary. In Theorem 2.1 we derived the necessary condition (11) for
the existence of the operator 4 and the numbers {,}>¢, such that (15) holds.

It is clear that conditions (11) are trivially satisfied for n < m. If j > 1 then (22(1), (v)) and (11)
withn=m+2j, k=m+2j -2 yield

Ama2j = Amy2j—2 = (’Lm+2j - /*m+2j—2)qu2/‘m+2j

and hence by summing up

Ay an — Am2k = Z (Am-2j = Zms2j=2Mmi2jm-2; form <k <n-—1.
J=ktl

If we insert this on the left-hand side of (11) with n := m + 2n and k := m + 2k we obtain the
left-hand side of (23). The right-hand side of (11) is

z (AML/’ - )~nx—2k )qm—Zn.mqum+j.m+2k-

j=2k )
By (22(iv)) the right-hand side of (23) follows.

(i) Condition (23) is sufficient. Let condition (23) be satisfied. We will construct a linear operator

A and real numbers {x,}2¢, such that (8) and (9) are both fulfilled. First, the numbers %, 5,
(t€{1,2,3,...}) and, if m>0, the numbers x,,...,2, are chosen arbitrarily. For n =m + 2t (1 €
{1,2.3,...}) we define the numbers %, by

¢
Apr2e = O + Z (;tm—Zj - ;~m+2j—2)qm+2j,m-v-2j‘ (24)

=
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Further, let 4 be the operator of the form (14), uniquely determined by Lemma 3.1, such that (19)
and (20) hold. Then it follows that the system of equations (9) is satisfied for all » € {0,1,2,...},
and (8) for all n € {0,1,2,....m}. So it remains to prove that the system of equations (8) is satisfied
forall n=m+s (s € {1,2,...}). This is obvious for odd values of s, since by (22(i))

Oms2-1(X) = G 2tme2Pmi—1(x) for all 1 € {],2»'“}‘

For even values of s we prove this by induction.
Take first n =m + 2. Eq. (20) leads to

Gm2.m+2AFp12(X) + G2 mAFn(X) = %n-2(Gim s 2,m=2Fm 1 2(X) + @iz, mbm(x)),
hence,

G- 2.m+2A4Fn 1 2(X) = Ay 2Gmi2.me2Pn-2(X) + G 2.m(%ms2 — % )Pn(X)
and by (24)

AP -2(x) = tm12Pn2(x) + Gmi2,m(Amiz = 4n)Pn(X),

which is (8) for n=m + 2.
Now let (8) hold for all n with m+2 < n < m+ 2t We prove (8) for n =m+ 2t + 2. Eq. (20)
leads to

qm+21+2.m+21-2(A — %2002 )VPni2r42(x)

1
== mrrcsrmea( A= %m 2 2] Yo 24(X)

k=0

t
:Z Gmr2i+2.m - 26 (Fma2042 — A 2% )P 24 (X)
k=0

t k=1
- E Dm+20: 2,me2k E (Fma2k = Pme2j Wm+ 2k, me2iFme2;(X)
k=0 ;0

t-1

{
=Y Gms2er2.m-2k ( Z (Am+2j = Zm+2j-2 )qm+2j.m+2j) Foiau(x)
k=0

J=k+1

t k-1
- § Am+ 2042, m+2k _—>_ (/-m—Zk - /~m¢21 )qm+2k.m~2ij—-2j(x)
k=0 J—=0

4 (+1
= E ('tm+2j — Am+2k )qm+21+2,m+2qu—2_/,m+ 2k Pm+—2k(x)
k=0 J=k+1

J—1

i
- E vqm+21+2.m+2j § (/-m+21 — Lem-2k )qm+2j.m+2kPm+2k(x)

j=0 k=0
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' (=1
ZZ ( Z (Amy2j = Fmik )qmr2!+2,m+2qu+2j,m~2k) B ()
k-0

Jjrkyl

k-0 \ k-l

t !
- § ( § (/~m+2j = Ami2% )quZH 2.m+2qu—2/‘m+2k> Prank(x)

!
= § (/-m V2042 T Lo 2% )qm S2042.m=20- 2 m4 =2 m ZkPm . Zk(-x )
k-0

Thus,

(
AP, 2 (X)) = 0 242 B2 () + Z(;-mﬂz b2 = Fme2k Ym s 20-2.m+ 24 P26 (X),
k=0

which completes the proof. O

Remark. Formula (23) can also be written as

n—1
1 ~ - -
oy 2n.m+ 2%k l:( E (/-milj - Am#Zj —Z)qm-- 2j.m4 2/‘) - (/‘m‘Zn—Z — A2k )qm+2n.m+2n

jh

(’:vn L2 ;-m+2k )qm s 2n.m- qum-i 2j.m+2k- (25)
1

n—1
jek
Definition 3.6. Let {P,(x)}>, and {Q,(x)}>, be as in Section 3.1 and let (7) hold. We call the
set of polynomials {P*(x)}<, given by (13) a symmetric linear perturbation of {P,(x)}>, of the
class m (m € {0,1,2,...}) when the following conditions are satisfied:
(1) ¢, =0 for all kK with 0 <k < n and n — k odd,
(i) if n < m then ¢, , =0 for all £ with 0 <k <n,
(m)if n=m+1 then ¢, ,#0 and g, =0 for all k¥ with 0 <k < n,
(iv)if n >m+1then q,,#0,g,,-o7#0 and g,, =0 for all k¥ with 0 <k < m.

(26)

Theorem 3.7. Let {Pi(x)}X, be a symmetric linear perturbation of {P(x)}X, of the class m.
Then necessary and sufficient conditions for the existence of an operator A of the form (14) and
real numbers x, such that (15) holds, are

n
Gm~2n.m+2% E (/vmvlj — Ama Zj—Z)qm+2j.m+2/
J-kt]

n
= Z (Ams2j = Ama2k Wms 2n.ms 25Gm s 27.mt 2k (27)

fek+1
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n
Gm+2n41,m+2k+1 E (4m+2j41_/~m+2j—l)qm+2/—l.m12/—l
j=k+1

n

= E (/~m+2j+l ~ lmt2k=1 Mm+2n+1,m F2jr1dm+2j4 Lm+2k 115 (28)
J=k+1

foralln € {1,2,3,...}, k € {0,1,...,n—1}. The real numbers a,,..., 2,1 can be chosen arbitrarily.
The numbers {a}i2,,,, and the operator A are uniquely determined when ay,..., %, have been
chosen.

Proof. (i) Conditions (27) and (28) are necessary. In Theorem 2.1 we derived the necessary con-
dition (11) for the existence of the operator A and the numbers {a,}2%, such that (15) holds.

It is clear that the conditions (11) are trivially satisfied for n < m + 1. If j > 1 then by (26(iv))
Gm+2;.m+2j—2 70 and the proof that (27) is necessary is the same as in Theorem 3.5. The proof that
(28) is necessary is similar.

(ii) Conditions (27) and (28) are sufficient. Let conditions (27) and (28) be satisfied. We will
construct a linear operator 4 and real numbers {,}2¢, such that (8) and (9) are both fulfilled. First,
the numbers «,,...,%,., are chosen arbitrarily and for n > m + 1 we define for r€{1,2,3,...}

!
Am—2t = Am + E (Vma2j — 4m+2j—2)qm+2,'.m+-2/,
j=1

!
Am+21+1 = A1 + E (Amt2je1t = Ams2j—1 Mm-2j+1L.m12j+1-
j=1

Further, let A be the operator of the form (14), uniquely determined by Lemma 3.1, such that (19)
and (20) hold. Then it follows that the system of equations (9) is satisfied for all » € N and (8)
for all n € {0,1,2,...,m}. So it remains to prove that the system of equations (8) is satisfied for all
n=m+s (s € {1.2,3,...}). For s=1 this is obvious, since by our assumptions for the polynomials

{Q0.(x)}x, we have
Qm*l(x) = qm*].m}-]ij 1 (x).

For even values of s we prove it by induction using (27) exactly as in the proof given in Theorem 3.5.
For odd values of s the proof is similar by using (28). O

Remark. Formulae (27) and (28) can also be written as

n—1
m+2n.m+2k E (4m+2j — %m +—2j—2)qm+2j.m-—2j — (Ams2n=2 = Am+2k )G m+2n,m+2n

J=k+1

n—|
= 2: (ﬂmnj—'Am—u)4mnmm+me+yw+u, (29)
=kl
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Gri-n41.my 2k~

n-1
X (/~m $ 241 T /~m+Zj—I )qm+2j+ Im+2j 41 - (/vm =1 T Llma2k )qm+2n| l.m=2n+1
J

=

1—1
(/~m-2j~ 1 = Ame2k -1 )anZn+I,m-2_1 - lqm-2/t l.om+2k+1- (30)

;A=

4. Applications
4.1. Sobolev-type orthogonal polynomials

Let {P.(x)}>, be a system of orthogonal polynomials relative to a quasi-definite moment functional
a, which satisfy a differential equation of the form (12). Let ¢ be thec symmetric bilincar form of
Sobolev-type defined by

¢(p.q) = (0. pg) + up'"(c )4 (c).

where p(#0) and ¢ are real constants, / €{0,1,2,...}, p and g are any polynomials and the notations
px)="lpx), 1>0,

and

(X)) = palx)

are used. If ¢ is quasi-definite then in the case ®, =d/dx it is shown in [9] that if P{'(c)# 0 for all
n=1,1+1,1+2,..., then the corresponding orthogonal polynomials {P*(x)}2, satisfy a differential
equation (possibly of infinite order) of the form (15), where ,,...,%; can be chosen arbitrarily and
the operator A4 is uniquely determined when a,,..., %, are chosen. We are now in a position to derive
this and the corresponding result for differences directly from Theorem 3.3.
If we write
. " AT A
K" (x, y) = L = nrse{0,1,2,...},
’ Z_; (0, P(x)) { }

then (see [1, 3]) the polynomials {P*(x)}>*, can be written as (13) with

0.(x) = K (e e)P(x) = PO()KV (x,¢),

n-1
hence,
R(e)P ()

qnik = <O', Pf(,\’»

0<k<n-1, 31)

and

Gun =K (c, ). (32)
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It follows that if P%(c)#0 for all n=1,/+1,1+2,..., then {P*(x)}2, is a linear perturbation of
class I of {P,(x)}>, .
In fact, if we insert (31) and (32) in (21), after some cancellation it remains to show that for

ne{0,1,2,...}, ke{0,1,....n =2}, 1€{0,1,2,...}

n—1 ) ) ) -l ) ) }j/)'j lj/i .
ST Gy = K 0) = (o = K ey == (4 - /.k)%

j=k+41 j—kt1

The summation-by-parts formula

i i—| 7 i

Soah =Y | Y a|h—bi)+b Y a. (33)
i—p j-p k-p k=p

applicd to the sum at the left-hand side with i :=n—1, p:=k+1, a;: =4, —74; |, b; 1= K}_’_",’(c, ¢)

yields

()P (e)

L Gt — AOK (€)= (haoy = AOKE (L)
(6, P} (x))

left-hand side=— Y (4, — &)

Jj=k=1

=right-hand side.
4.2. Even and odd orthogonal polynomials with Sobolev-type perturbation at 0

Let {P(x)}>, be a system of orthogonal polynomials rclative to a quasi-definite moment functional
a, such that Py (x) is an cven function and Py (x) is an odd function for all £ =0,1,2,... and let
these polynomials satisfy a differential equation of the form (12). Let ¢ be the symmetric bilinear
form of Sobolev-type defined by

d(p.q) = (0, pg) + up'"(0)g'"(0).

where u(# 0) is a real constant, p'"(x)=dp(x)/dx', /€{0,1,2,...}, and p and ¢ are any polynomials.
The corresponding orthogonal polynomials {P*(x)}*, can be written as (13) with

0.(x) = K"1(0,0)P,(x) — P(0)K"(x,0).

Hence,
P(0)P(0)
ph = ————————= 0<k<n—1,
and
gnn = K."'(0,0). (35)

In this case if / > 0 then P!")(x) = 0 for 0 < n < /. Further for n >/ we have P{(0)=0 if n — |
1s odd. Let

PY(0)#0 forall n =1 if n—1 is cven. (36)
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Then it easily follows from (34) and (35) that {P#(x)}22, is a special linear perturbation of the class
[ of {P(x)}X,. We show that condition (25) is satisfied for all n € {0,1,2,...}, k € {0,1....,n—2}.
If we insert (34) and (35) in (25) we obtain after some cancellation

n—1

Y Gavyy = 2002i-2)K1"5)5(0.0) = (heznez — 212K 550 5(0,0)
k

1

jok~

B Z s — 7 P y,(0)P},(0)
-_ S R A B S O
1~k ) ! " < ’PIZQ-Z/(X))
By using the summation-by-parts formula (33) to the sum at the left-hand side this follows imme-

diately.

Conclusion. We may conclude that in the case of the classical symmetric polynomials (Gegenbauer,
Chebyshev, Legendre and Hermite) which all satisfy condition (36) and are eigenfunctions of a
second-order differential operator, the polynomials orthogonal with respect to the classical weight
function with a one-parameter discrete Sobolev-type perturbation in 0 are also eigenfunctions of a
differential operator, possibly of infinite order.

4.3. Even and odd polynomials with a symmetric perturbation

Let {P,(x)}>, be a system of orthogonal polynomials relative to a quasi-definite moment functional
a, such that Py (x) is an even function and Py, (x) is an odd function for all £k =0,1,2,... and
let these polynomials satisfy a differential equation of the form (12). We consider the polynomials
{Pr(x)}><, written as (13) with

Ou(x) = (K2 (—c, =¢) + K2(e, €))Pulx) = (P(=)KV(x, —¢) + POK SV (x,0)),
where p'/'(x) = f;( *) ...}. Hence, for 0 <k <n— 1

Gns = _Ri”(—c')Pi-’)(—c‘) + P(e)P(c)

n, <O', P/?(X»

and
Gun =K (=c,—c) + K" (e, o).

In this case if / > 0 then P'(x) = 0 for 0 <n < I. Let P"Yc)#0 for all n > [. For all n >/
we have P(—c)= —P!"(c) if n — I is odd and let P\"(—c)= P(c) if n — [ is even. Hence, for
n>k=1

2P"(e)R"(e) .
————————#0, ifn—k ,
dox = (6. P # if n is even

0, if n — k& 1s odd,

(37)

and

Gun = 2K e, c) £ 0. (38)
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It easily follows from (37) and (38) that {P*(x)}>, is a symmetric linear perturbation of the class
[ of {P(x)}x, and in a similar way as in the preceding cases we can show that (29) and (30) are
satisfied.

5. Conclusions

In the papers [4-6, 8, 11] differential and difference operators (in some cases of finite order, in
some other cases of infinite order) are constructed having certain families of orthogonal polynomials
as eigenfunctions. All these orthogonal polynomials are linear perturbations of the classical orthogonal
polynomials. The classical orthogonal polynomials are eigenfunctions of a differential or difference
operator L of the second order with eigenvalues {/,}¢,. In the papers mentioned above tedious
proofs were needed to show the existence of an operator of the form L+uA having the linear
perturbations of the classical orthogonal polynomials as eigenfunctions with eigenvalues of the form
{7, + p2,}%,. By the results in this paper in all these cases and in many more such proofs have
become superfluous.
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