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1. Introduction

In his excellent paper [2], W.K. Hayman studied the value distribution of certain meromorphic functions and their deriva-
tives under various conditions. Among other important results, he proved that if f(z) is a transcendental meromorphic
function in the plane, then either f(z) assumes every finite value infinitely often, or every derivative of f(z) assumes every
finite nonzero value infinitely often. This result is known as “Hayman’s alternative.” Thereafter, the value distribution of
derivatives of transcendental functions continued to be studied.

In [9], Wang and Fang proved the following result.

Theorem WF. Let f(z) be a transcendental meromorphic function on C, all of whose zeros have multiplicity at least 3, then for all
integer numbers k > 1, f® assumes every finite nonzero value infinitely often.

Then, in [1], Bergweiler and Pang proved

Theorem BP. Let f be a transcendental meromorphic function and R 0 be a rational function. If all zeros and poles of f are multiple,
except possibly finitely many, then f’ — R has infinitely many zeros.

In this paper, we continue to study omitted functions of derivatives of meromorphic functions. As a result, we have the
following theorem for functions of infinite order.
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Theorem 1. Let f(z) be a transcendental meromorphic function on C of infinite order p(f), and a(z) = P(z) exp(Q (2)) # 0, where
P and Q are polynomials. Let also k > 2 be an integer. Suppose that

(Cq) all zeros of f have multiplicity at least k + 1, except possibly finitely many, and
(C2) all poles of f are multiple, except possibly finitely many.

Then the function f®(z) — a(z) has infinitely many zeros.
For functions of finite order, we have the following result.

Theorem 2. Let f(z) be a transcendental meromorphic function on C of finite order p(f), and a(z) = P(z) exp(Q (z)) # 0, where
P and Q are polynomials. Let also k > 2 be an integer. Suppose that

(C1) all zeros of f have multiplicity at least k + 1, except possibly finitely many, and

(C2) Ty oo (P + D) = 00

Then the function f% (z) — a(z) has infinitely many zeros. Moreover, in the case that p(f) ¢ N, then the result holds with condi-
tion (Cy) only.

Remarks. (i) Note that condition (Cy) of Theorem 2 is equivalent to the following condition:
(C2) There are no My, My > 0, such that M1T(r,a) < T(r, f) < Mo(T(r, a) for large enough r.

(i) Condition (C,) of Theorem 2 is sharp; for example, f(z) = exp(z2), a(z) = exp(z2)® + 7.
(iii) Condition (Cy) of Theorem 2 is automatically fulfilled if p(f) = cc.

Notation. Let A(zg,1) :={z: |z — 20| <1}, C(20,7) :={2: |z — z0| =71}, V(20,60,A) :={z: |arg(z — z9) — Op| < A}. Let D
be a domain in C and let {f,;} be a sequence of meromorphic functions in D. We write f,(z) LN f(2) in D to indicate
that {fn} converges spherically uniformly to the limit function f on compact subsets of D. If {fs} is analytic in D, we
write f, = f in D. If S is the angular domain V (zp, 6y, A), C € C and f(z) is analytic in S for large enough |z|, we write

f@ ;> C in S to indicate that f(z) tends uniformly to the constant C € Casz—ooinS.
2. Auxiliary results for the proof of Theorem 1

Lemma 1. Let k > 1 be an integer and let { f} be a family of functions meromorphic on A, all of whose zeros have multiplicity at least
k+1.Ifa, —a, |a| <1, and ff(an) — 00, then there exist

(i) a subsequence of { f} (Which we still write as { fn});
(ii) points zz — zg, |z0] < 1;
(iii) positive numbers p, — 0 such that

(iv) gn(¢) = % L g)inC,

where g is a nonconstant meromorphic function on C, such that g% (¢) < g*(0) =k +1, and p, < T , where M is a constant

M
W FE an)

which is independent on n.

The innovation of this lemma, comparing it to Lemma 2 of [6], Lemma 1 of [5] (or comparing it to the original Zalcman
Lemma, see [11] or [12]) is that given information about the rate of growth of the spherical derivatives of the members of
the sequence {f,} on some compact subset of the unit disc, we get an estimation to the size of the p,’s in the vicinity of
some point of nonnormality, and this helps to estimate f;(z, + pn¢) when the f;’s are known. For related issues, the reader
is referred also to [7].

Proof. There exists 0 < r* <1 such that |a,| <r*, Vn. Take r, r* <r < 1. Since f,f(an) — 00, then
_ =D Ifan] (1 B
T A 122K 4 | falan) 2 T

and thus S, > k+ 1 (for large enough n, without loss of generality, for every n). By Lemma 1 in [6], there exists for each n
a point z,, |zy| <r and 0 < t; < 1 such that

a 2\ k+1
n #
T ) fn (aﬂ) — 00,
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I Y G Ut @ el (GO R M
l<r (1= DG+ 1 @2 (1= 22 | fr(zn) 2
In particular,
1 %2k kT 7 g 2\
ea1s ( lrl Yt fr(an)] S (1™ £ £¥ () (2)
a- |T“|2)k+lt%k + | fu(an)|? r

and thus t, — 0.

1—|2 2 k1577
Set pn = (1—|2*)ty, then py = %(1 = [F1%)tn. By (2) we have pn < 1—(1%2 k*l/f’;;n) S "*l/l;#m,o’ where i =
Lﬁ. Now we continue by following the proof of Lemma 2 in [6].
1—()2
We have
P o, (3)
r— |zp]
and then the functions gn(¢) := fn(zn + ,on;“)/p,’f are defined for |¢| < R;, where R, = % — 00. A calculation yields
8 (O (A= |z/rPY T £ Zn + pnd) @)
T+18(O (= |za/rP)EGE + | fa(zn + pat) 2
so by (1)
# 1£5,(0)]
gfoy=—°"" _ —k+1. (5)
" 14 1g:(0)?
For |¢] < R <Ry, we have
|zn]* = 2pnR — 03 R* < |20 + pu¢1? < |zal* + 200R + 3 RZ.
It follows from (3) that (r2 — |z,|2)/(r? — |za + P |?) tends uniformly to 1 on compact subsets of C.
Now fix R and let ¢ > 0. Then for n sufficiently large, we have by (1) and (4)
’ 14+6)1 — 2 k+ltk+1 /(2
o= 18O A+ =G+ OGNS o] ) ©

T+1gn@F = (= @0+ pad) /TP + | fa(zn + pud)I?
Thus, by Marty’s Theorem, {g,} is a normal family in C. Taking a subsequence and renumbering, we may assume that the

2. converge locally uniformly on compacta to a limit function g. It is evident from (5) and (6) that g#(0) :=k + 1 (so that
g is nonconstant) and g#(¢) < k41 for all ¢. This completes the proof. O

Lemma 2. Let f be a meromorphic function of infinite order on C. Then there exist points z, — oo, such that for every N > 0,
g*(zn) > |za|N if n is sufficiently large.

Proof. Suppose this were not the case. Then there exist N > 0 and R > 0 such that for all z, |z| > R, we have f#(z) < |z|N.
So

2 2w 1

S(r,f):%//f#(z)zda:% /f f#(z)2d0+0(1)<% // |z|2NdG+O(1):%/d@//t.tZth—i—O(l)
0 R

|z|<r R<|z|<r R<|z|<r 0
1 IN+2 _ p2N+2 1 N
=—|r —R 0(l)=——r o(1).
NT 1( )+0() NT +0()
By the definition of Ahlfors characteristic of g, we have

r

_[5¢h) 1 IN+2
T(r, f)_/ ; dt < (N+1)(2N+2)r + O (logr).

0

Thus, p(f) = limr_ s % < 2N + 2, which contradicts the fact that f is of infinite order. O

Lemma 3. Let f be a nonconstant meromorphic function of finite order on C, all of whose zeros have multiplicity at least k + 1.
If f®(z)£10nC, then

_ 1 (Zfa)kJrl
f(Z)—k! P> forsomea,beC, a#b.
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This lemma follows easily from Lemmas 6 and 8 in [9]; see also [4, Lemma 4].

Lemma 4. Let R(z) # 0 be a rational function. Then there exists k > 0, such that for large enough z, |zR'(z)| < k|R(2)|.
This lemma is obvious.

3. Proof of Theorem 1

We assume by negation that the equation f® (z) = a(z) has finitely many zeros. This means that

RG]
a(z)
for large enough z.

Set F(z) = %, and write b(z) = a:—z) = ﬁe*Q(z) = P1(2)eQ1@ we have

£1 (7)

. J
FO(2) = (f@b@)" = clfi@pi-).

i=0

Computation yields

0 0 0 b(2) F®(2) F(2)
0 0 b(2) b (z) Fk=D(z) F'(2)
= (8)
biz) Cb'@ ... %V bP(z) f@ F® (z)
and
f®(z) 0 0 0 bz) \ '/ F@2
fE V() 0 0 b(2) b'(2) F'(z)
@) bz)y Clb'(») ... C,’j”b("*”(z) b® (z) F®(2)
0 0 0 b(z) \* / F(2
| o 0 b(2) b (z) F'(2)
= pkrt : : - : : : ' )
biz) Cb'@ ... kD) pP(z) F® (2)
So we obtain
k
fP@b@) =) Li@F*“ @), (10)

j=0
where Lo(z) =1.

Observe that the (1,k + 1) element in the adjoint matrix in the right-hand side of (9) is (—1)"“51, but Lo(z) =1
is also obvious from (8) and L;j(z) is a polynomial of b'(2)/b(2),...,b9(2)/b(z) (1 < j <k). Next we should calculate
b (2)/b(2). Since b(2) = P1(2) exp(Q1(2)). we have bV (2) = 3]_o C4P{” (2)(exp(Q1(2)))U =9, and b (2)/b(2) is a poly-

nomial of P%Z)(z)/ﬁ(z) and Ql([)(z) €=1,2,...,j). Since p(f) = p(F) = oo, then by Lemma 2, there exist points {z,},
zy — oo such that for every N > 0,

F*(z2) > |za/N  if n is large enough. (11)

By Marty’s Theorem, the family of meromorphic functions {F(z + z;)} is not normal at z =0, hence it is not normal in A.
Also, since a(z) has only finitely many zeros and poles, all the zeros of F(z + z;) in A have multiplicity at least k + 1, and
poles of which are multiple if n is sufficiently large. Thus, by Lemma 1 there exist points {z,}, |z,| <r < 1; positive numbers
pon— 07,

M

Hl/F#(Zn) ?

on < (12)
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such that

gn(0) = F(”;—“’“ 4 g¢) inC, (13)

k
n

where g is a nonconstant meromorphic function on C, all zeros of which have multiplicity at least k + 1 and all poles of
which are multiple.

(In fact, we can also ensure that z, — 0, but this is not needed.)

Given K, a compact subset of C, by (7), (10) and (13), we have for ¢ € K,

F® (20 + 2, + put)
a(zn + 2y + Pn&)
=F® (20 + 2+ pnt) + L1 (20 + 2y + o2 D (20 + 20+ png) + -+ + Lic(zn + 23, + o8 ) F (20 + 23, + pn?)
=207 (©) + paL1(zn + 2+ put) g (@) + -+ PELi(za + 2} + Pnt) 8 (0) (14)
for sufficiently large n.
We show now that for 1 < j <k,
p,{Lj(zn + 2,4+ pn¢) — 0 uniformly as { — oo in C. (15)

We have by Lemma 4

Pi”(zn+z;+pn;)_o<1)
=),

Pi(zn+zn+png)  \Z
QY (2 + 2, + png) = 022 7). (16)

It follows by the structure of L;(z) and (16) that it suffices if
,0,{|z,~,|‘Q|_jn?o>O 0 for1<j<k. (17)

By (11) and (12), we have for every N > 0,

. . . iN
i1zl < Mz, Q75 (1< i<k (18)

for large enough n.
On the other hand,

max (10— j— ) =jQ—1-
1<j<k Tk T k+1’
so (18) implies that (17) holds and so (15) holds. Thus, we have

80 + CaL1(zn + 2 + png) 8O+ + PELi(zn + 2 + png) 8n(0) = gV (©)

in C\ P, where P is the set of poles of g(¢) in C. Now, if g® (¢9) =1 for some ¢y € C, then by (14), g® () =1, and so

g is a polynomial of degree k, but this contradicts the fact that the zeros of g are of multiplicity at least k + 1. Thus we
k+1

have g®(¢) #£1, and by Lemma 3, g(¢) = %M where a # b are two complex numbers. But this contradicts the fact

3=
that all poles of g are multiple. This completes the proof of Theorem 1.

4. Auxiliary results for the proof of Theorem 2

Lemma 5. Let R(z) # 0 be a rational function and let Q (z) = —z" + Ch—1 + - - - + Co be a polynomial (n > 1). Then for every 0 <

e < g—n the function h,(t) = |R(tz) exp(Q (tz2))| is decreasing in {t > 1} for every |z| > L = L(¢) in the domain S = V (0, 0, g—n —&).

. l £—1
Proof. Denote z=rei?. Let R(z) = W by 0. Then

hz(t) =|R(t2)| - exp(Re Q (t2))
= |R(tz)| exp{Re[—r"t" (cos(nd) + i sin(nd)) + Co_yr" 't~ (cos((n — 1)8) + isin((n — 1)8)) +--- + Co]}.

It is enough to prove that for sufficiently large z in S, % <1 for small enough positive At. There are dq,...,d,—1 €R
such that
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heC+ A1) _ ' R+ A02)) xp[—r"((t + AD™ — ") cos(n6) + dp_1" " ((t + AD" T — 1)

hz(t) R(tz)
+dir((t+ At) —t)]

R((t + Ab)z o
—'7(( +AD2) -exp| —ncos(mO)r"t" At + 1" Zeknt" KAtk 411 12""" LAk
Rtz) k=2 k=
+€1_]1fAti|,

where ekn_Cn, 2<k<n, eq1=dyand {ej: 2<L<n—1, 1< j< ¢} are real numbers. Set A _A(e)—cos( —ne) >0,
then the last expression is

R((t + At)z 1
Rt + A0z exp| —Art"'at(1+ 00 + 0 - (At — 0, 1 — 00)
R(tz) r
R((t + At A
HEE202) exp( —=r"t" At ).
R(t2) 2
Claim. There exists k > 0 such that for t > 1 and large enough z, |W| < 1+ kAt, for small enough At.

Proof. Obviously, it is enough to consider the case when R(z) is a polynomial. So assume R(z) = ayz" + --- + ap. We have

an —k
R((t + At)Z) B an((t + ADZ)"[1 + (t+A1t)z +-+ (([+At)z)n] (1 N g)" 1+ Zk =0 ((t+At)z)n &
= e
R(t2) ant"ZM[1 4+ B 4 ] t 1+ Y00 e

tz

For each 0 <k <n—1, when At — 0 (since t > 1 and |z| is big), we have

ai _ ag _ Ak ( + O(Al’))
(t+ A" (ezyk(1 4§k () k

Thus,

R((t + At)z) t\"
R - (1+—) (14 0(AD)),

and the claim is proved. O

Thus, if r is such that %r” > 2k, then for small enough At,
R((t+ At)2)
R(tz)

and Lemma 5 is proved. O

A
xp(—ir”t”*l At) < (14 kAt) exp(—2kAt) < (1 +kAt)(1 —kAL) <1,

Lemma 6. If f(z) is a meromorphic function in the finite plane, then

T(r, f) < O{T@r, f')+logr}, r— oo.

This lemma is a corollary to Chuang Chi-Tai’s inequality [10, pp. 95-96].

Lemma 7. Let h(z) be analyticin S = V (zo, 6o, A) for large enough |z|. Suppose that h(z) é ke Cin Sg, forevery0 < & < A, where
Se :=V (20,600, A —¢). Then zh'(2) 2 0in Se forevery0 < e < A.

Proof. Without loss of generality, assume that k =0. Let 0 < & < A. Then h(z) §> 0 in Sg/2. Let ze S¢/2 and denote ¢ =
c(¢1, |2ltg). Then

wel=|L [ |zltg’ max;cc |h()|

27i ) (¢ —2)? ‘ h |z|2tg2
C

So |z (2)| < mx%gh(m, and the lemma is proved. O
2

We also need the following lemma.



522 X. Liu et al. /J. Math. Anal. Appl. 348 (2008) 516-529

Ta.f)

Lemma 8. (See [10, p. 25].) If f(2) is a transcendental meromorphic function in C, then lim,_, Togr

= 0oQ.

The following lemma is due to H. King-lai.

Lemma 9. (See [10, p. 99].) Let f(z) be a meromorphic function in {|z| < R}, R < oo. If f(0) # 0, oo, then for every k € N,

f |f(O)]

where 0 <1 < p < R and Cy, is a constant depending only on k.

® 1 1 1
m(r, ) < Ck{l +logT logt ——— +log+? +log+ﬁ +1logt p+log™ T(p, f)},

We shall also use the following result.

Theorem L. (See J.K. Langley [3].) Let f be a meromorphic function of finite order in C and let k > 2 be an integer, such that the kth
derivative f® has finitely many zeros. Then f has finitely many poles.

The Phragmen-Lindelof Principle, presented in the following two theorems, will play a central role in our proof.

Theorem PL1. (See [8, p. 177].) Let f be analytic in D = V (0,0, 3%). Suppose that log u(r, f) e for some p < A. If for every
¢ €dD, limz; zep | f(2)] <M, then | f(2)] < M in D.

Here u(r, f) =sup_zx gz |f(re').

Theorem PL2. (See [8, p. 179].) If f (z) — a along two rays and f is bounded and analytic in the angle between them, then f (z) o
uniformly in the whole angle.

5. Proof of Theorem 2

We divide into two cases.

Case (A). f has infinitely many poles. There exists a holomorphic function T(z) such that T® (z) = a(z) and since the poles
of f are exactly the poles of f — T, we have by Theorem L that the equation (f(z) — T(z))® = 0 has infinitely many roots,
so f%®(z) —a(z) takes the value 0 infinitely many times.

Case (B). f has finitely many poles. If, to the contrary, f%® (z) — a(z) has only finitely many zeros, then we have

f®(2) = P1(2) exp(Q1(2)) + P2(2) exp(Q2(2)). (19)
where Py =P, Q1 = Q, P, is a rational function and Q; is a polynomial.
Case (B) is now divided into two subcases.

Case (BI). Suppose that p(f) is afraction. Since p(a) is an integer, p(f) # p(a). If p(f) < p(a), then if |Q1]| # |Q3|, we have
a contradiction to (19). If |Q1] =|Q2]|, then they must be positive integers. In this case, also the leading coefficients in Q1
and in Q; must be equal, because otherwise, the order of the right-hand side of (19) is |Q1|, a contradiction. So assume
that the leading coefficient in Q; and in Q is a;. Then by multiplying (19) in exp(—a;z/€!), we get a contradiction by
comparing the order of both sides of the resulting identity. If p(f) > p(a), then we get by (19) that p(f) = p(P2exp(Q2)),
and this is impossible since p(P;exp(Q3)) is an integer.

Case (BII). Suppose now that p(f) is an integer. Separate into cases.
(1) Q1] > Qz2,|. Then

T(r,a) ~ M;r'@!  for some M; > 0, (20)
and by (19) also

T(r, f®) ~Mr'Ql asr— co. (21)

Now, by Lemma 6, for all r > 0, we have
T, f) < CkT(Zkr, f(k)) + Dylogr + E,  for some positive constants C, Dy, E. (22)
By (21), we have T(2¥r, f®) = 0 '@y and then by (20) and (22), we get

T(r, f) = 0(T(r,a)). (23)
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Also by Lemmas 8 and 9,

T(r, f®)=0o(T(r, ). (24)
So from (20), (21) and (24), we have

T(r,a)=0(T(r, f)). (25)

By (23) and (25), we get a contradiction to condition (C) of Theorem 2.

(ii) |Q1] = Q2l. If |Q1] = |Q2| =0, then f®(z) is a rational function and so is f(z). (The theorem holds then if and only
if f(z)=C, |C|>1and a(z)=0.)If |Q1| =]Q2| >0, then if p(f) = p(f®) < |Q1], then the leading coefficients of Q1 (z)
and Q»(z) must be equal, say a;, and we get a contradiction by multiplying (19) in exp(—a;z'21l). The case p(f) > |Q1|
is impossible by (19). Suppose p(f) =|Q1]|, then if the leading coefficients of Q1(z) and Q3(z) were not equal, we would
deduce that '€l = O(T(r, f)).

Hence (25) holds (and also (23)), and we have again a contradiction to condition (Cy). So the leading coefficients of Q1(2)
and Q»(z) must be equal. In this case we have again that (23) and (25) hold and we get a contradiction. (The possibility
of f®(z) =0 is of course excluded.)

Observe that running over Case (BI) and on the case |Q1| =|Q2| =0 in (ii) of Case (BII), show that in the case p(f) =0,
the theorem holds under condition (C;) alone.

So we are left with the case

(iii) |Q2] > |Q1]. Let my =[Q1], m2 =1Q2|.

Without loss of generality, we may assume that Q(z) = —z™ + --.. Suppose first that f has finitely many zeros.
Then f(z) = R(2) exp(Q(z)) where R(z) is a rational function and Q(z) is a polynomial, with |Q | =m;. Then f®(z) =
R(2) exp(Q (2)), where R(2) is a rational function. If f®)(z) —a(z) has only finitely many zeros in C, then

R(2)exp(Q (2)) — P1(2) exp(Q1(2)) = P2(2) exp(Q2(2)). (26)

We must have that |Q| =m; and that the leading coefficient in Q must be —1. Multiply now (26) in exp(z™) and by
comparing the order of both sides of the resulting equation, we get a contradiction.
Thus we can assume that f has infinitely many zeros {z,}, and since all of them are of multiplicity at least k+ 1, we get

f@n)=f'am)=-=fP@)=0. (27)
Let S be a subsequence of {z,} (denote it also by {z,}), such that arg(z,;) converges to «. By (19) and (27), we have
T T
a=—+—C, 0<L<2my—1.
2m2 mp

Without loss of generality, assume that o = 2”72 Denote f(z) = f1(z) + f2(z), where

fP@) =Pi@exp(Qi2) (=1,2). (28)
Take rq sufficiently large such that there are no zeros or poles of Py(z) in {|z| > o} and also no zeros of P;(z) there. For all
m e Z and for every 0 < ¢ < W’ we have z™exp(Q2(2)) :>O in Sg, where S, :=V (0,0, -~ I —&).
There exists a; € C such that
z
/Pz(u)exp(Qz(u)) du>a, inS,. (29)

o

The integral path can be taken to be the segment from ro to |z| and then the arcy;, on C(0, |z|) from |z| to z counterclock-
wise. This limit exists uniformly in Sc. To justify (29), first note that the limit exists when z is positive and then observe

that fyz Py (u)exp(Qa(u))du 2, 0in S,. Thus we have

/ Pa(u) exp(Qa(w)) du = az + o(1)
o

uniformly in Sg.
Next we estimate the o(1). We write

z [ee)

- / Py () exp(Qa(w)) du = / P () exp(Qa () du

o 4
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For the right-hand side of this equation, we can take the path as the ray from z to oo, in the direction of arg(z). Integrating
by parts, we have

[ rormtayan 250 0 o= 22 et [ et (22 )
N 1C)) Qz(u)P’z(u) — P2(w)Q) (u)
=~ G (@) - W exp(Q2(u)) du
We shall prove now that
[ ( Q5P5w) — P2w)Qy ) P3(2)
/( 2 2 S 2 )exp(QZ(u))du = o( e exp(Qz(z))>
as z — oo uniformly in S.. Again we integrate by parts and obtain
[ ( QWP — P2w)Qy )
/( 272 Lw? 2 )exp(Qz(u))du
_ Q@Py@) - P90 _ 70 (QZ(U)P (W) — Pz(u)Qé/(u)>
HEE exp(Q2(2)) J exp(Qz(u)) T u
Applying Lemma 4 twice, there exists k > 0, such that for sufficiently large u in S,
2£<Q§(U)P§(U) - Pz(u)Qﬁ/(u)) kP2 (u )
u? W exp(Q2(u))| < Qz( 02 exp(Qa2(w))|.
Thus, for large enough z in Sg,
r QW) P (1) — P2 (u) Q4 (u) i P> (u)
Z/exp(Q (u)) ( 2 G 2 >du ng/ 20w exp(Qz(u)) du
k(1] Pat2)
=gl e L) exp(Q2(t2))|dt (30)
1
By Lemma 5, there is Lg > 0, such that for every z € S¢, |z| > L¢, the function h,(t) := | é)?((ttzz))z exp(Q2(tz))| is decreasing
2

in {t > 1}. Thus we have by (30) that for z in S¢, |z| > L,

il Q3 )Py (1) — P2(u)Q} () P22 dt
/ xp(Qaw) 7, ( Q> )d”‘ < ger @@ |
P
=0 Q,z((; exp(Q2(2))|- (31)
2
By Lemma 4, we also have that for large enough z in S,
Q5(2)P5(2) — P2(2) Qﬁ'(z) P3(z)
‘ L exp(Q2(z ))‘ ElrRe: exp(Q2(2)) (32)
for some k' > 0.
From (31) and (32), we have
®° / p! _Pp " k Kl P
/ ( 2 2(25@5 % (”)) exp(Q2() du| < Q;f; exp(Q2(@)

z

and thus

/( Qz(U)Pz(l(ll)é?ul)’zz(u)Qz (U)) exp(Q2(u))du = o( gzé((?) exp(Qz(z))> as z— oo uniformly in Sg.

z
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So we can write

Z oo
P
az — / Pa(u) exp(Qa(u)) du = / P (u) exp(Q2(u)) du ~ — QZ/((?) exp(Q22).
2
o 7
and have
%22((22)) exp(—Qz(z))<az - / Pz(u)exp(Qz(u))du> Y 1 inS,.

ro
Consider now the domain
T 7 T
St=v(0,—,— —¢) for0<e<-—.
my 2m2 2m2
Integrating the o(1) function gives
z

az—/Pz(U)EXP(Qz(U))dU

o

I #1C)) P;(ro) Q5W)Py (1) — Po(w) Q4 (u)
=a, %@ exp(Q2(2)) + Q) exp(Q2 (o)) +r/ A exp(Q2(u)) du, (33)

where I is the curve from rg to r°\72|’ counterclockwise on the arc{|u| =rp} and then on the segment from ro‘—jl to z in S;F.
Integrating by parts, we obtain

z

QWP (u) — Po(w)Qy (W)
/( e )exp(QZ(”))d”
To
_ Q;(0)Py(2) — P2(2)Q5 (2) _ Q3(ro)P5(ro) — Pa(10) Q3 (ro)
= HEE exp(Q2(2)) Q)(r0)? exp(Q2(ro))
7 d (Qyw)P)(u) — P2(w)Qy (u)
_ / exp(Qz(u))E( HTIE )du, (34)
o
We have by Lemma 4, for z € S7,
d (Qyw)P)(u) — P2(w)Qy () Pa(u)
‘f/exp(QZ(u))E< HOE )du‘ <I</ Wexp(Qz(u)) du (35)

for some k > 0. .
Fix 0 <8 < 1, and apply Lemma 5 to %(r) in S}. We then have that there exists k > 0 such that for large enough z,
there is

Iz|

~ V4 ~
Py (u) k P2(2) ldul — k P3(2) dt
k/ w2qg? P(QW)|du < i | 7 eXp(QZ(Z))‘ ™ T T Q)2 exp(QZ(z))' / (s
Iy roé o
| P@
= 0(1)‘ e exp(Qz(z))'. (36)
By (33)-(36), we have
(Ifzz((zz)) exp(—Qz(z))<az - / P2 (u) exp(Qa(u)) du) Y 1 (37)
o
in 5.

In the same fashion we have that (37) holds also in

—TT b4
Sg = V(O, _— —8)
my  2mp

for every 0 < ¢ < 2”72 (In fact, (37) holds for both S} and S; with any constant from C instead of a;.)



526 X. Liu et al. /J. Math. Anal. Appl. 348 (2008) 516-529

applying Theorems PL1 and PL2 for the two angular domains, emanating from rg, Sj ro "=

), where 0 <&’ <e. Con51der that (37) is true for every 0 < € < 2m . We

Now, for a glven 0<e< 2m ,
V(ro,— ) and S _V(ro,i—i-e
get by geometrical con51derat10ns that when m; > 2, then for every 0 <§ < 2m , if rg is sufficiently large, then

’2m ’2m

z

A exp(—Q2(2)) az—/Pz(u)exp(Qz(u))du = -1 in Sy, (38)
P2(2)
o
where
~ 3
Ss = V(O 0, — —8)
2my

When my =1, then (38) occurs in

S5:=V(0,0,7 —§), (39)

where § > 0 can be arbitrary small if rq is large enough.

The reason for making the domains S7, 1o and S;, emanating from ro is to avoid the poles of the function in the left-
hand Slde of (38), in order to use Theorems PL1 and PL2. Note that in (38), if ro is large enough, then it is good for every
0<s<2 35+ While in (39) ro— oo as § — 0t.

Now, if Q1(z) # const, then we can similarly show that there exists a; € C, such that for every 0 < 4§ < 2”7]
frz Pq(u)exp(Q1(u))du Y ayin Ty == V (0, 6o, 2”71 —3&). Here 6y depends on the argument of the coefficient of z™ in Q1(2).
Estimating a; — jrf) P1(u)exp(Q1(u))du gives as in (38) that when my > 2 and ry is sufficiently large, then

Q12
Py(2)

[ LA 3
exp(—Q (z))( / P1(u)exp(Q1(w)) du) -1 inT;:= V(o, 00, 5, — —8) (40)
o !
forevery0<8<—— .
When my =1, then (40) occurs in

Ts:=V (0,60, w —8), (41)

when § can be arbitrarily small if ro is sufficiently large. Now, since mj < my, we can in any case choose 6y and &, such

that Ts contains S* := V(0,0 + &g) for small g9 (0 < &g < 2 2mz) Thus, we have fori=1, 2,

’ 2m my

V4
exp(—Qi(z))< [P(u)exp(Q(u))du) —1 in S*. (42)

o

Q{2
Pi(2)

Integrating f® (u) from rg to z in S* and considering (28) and (42), we have

P1(2)
Q1@

P3(2)
Q) (2

where r,(z) is analytic in S5 and converges there uniformly to 0 as z— oo, and r1(z) has the same properties in Ts.
Integrating (43) from rg to z gives

FEV@) = D) =ar + (14+11(2) ——= exp(Q1(2) +az + (1 +r2(2)) exp(Q2(2)), (43)

z

=2 (z) = (a1 +ay+ f(kf1>(r0))z+b0 +/( +n (u)) Y ((Z)) exp(Q1(u))
1
o
+ [(1+nw) 222((2)) exp(Qaw) du, (44)

To

where bg € C.
We shall now estimate the integrals in (44). We have

/(1 +12(w)) (IZ((IZ)) exp(Qa(u)) du by

o
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in Sg, where b, € C. Now we use integration by parts to estimate the difference

z

P
by — f (1+r2) sz((';’l)) exp(Q2(u)) du
o
= J (IZ((L;)) exp(Q2(w)) (1 + r2(w)) du
P2(2) i d [ Pa(w)
=—exp(Q2(2)(1+ rz(z))m — Z/ exp(Qz(u))E [W(l + rz(u)):| du
P3(2)
=—exp(Q2(2)(1+2(2)) W +T(z), (45)
where
r P, () Q4 (u)? —2Q5 ) Q4 (u) P2 (u) / Py (u)
T(z)=— Z/ exp(Qz(u))[ 2 2 Qé(uz)“ 2 (1+r2w)+ rz(u)w} du.
We will show that
T(2) :o(l)exp(Qz(z))P/Lz)2 as z — oo uniformly in Sg. (46)
Q52
We have
P4(u) Q5 (u)? —2Q5w) Q4 (u) P2 (u) , Py(u) |~
T(z):exp(Qz(u))[ 272 Qé(u2)5 2 (1 —l—rz(u))—i—rz(u)w] ]
B r d P} (u) Q4 u)? —2Q5 (1) Q4 (u) Py (u) / Pa(u) ]
Z/exp((b(u)) o [ Qs (1+r2w) + rz(u)—Qé e du. (47)

The left term in the right-hand side of (47) is obviously o(l)%. By Lemmas 4 and 7, and similarly to (31)
2
and (32), the right term in the right-hand side of (47) is O(%)M, so (46) is proved. Thus we conclude by (45)

Q5(2)?
that
i P2 (u) exp(—Q2(2)Q42% v .
(bz - f(l +r2(u)) QW exp(Q2(w)) du) P2 = -1 inS,. (48)
ro
Now, in S,
7 P2 (u) L exp(Qa(2) exp(Q2 (1)) Pa(ro) (1 + 12 (1))
by — / (1-+1200) s @xp(Qaw) du =z — LR Po(2)(1-41202) + gt
ro
[ d P2 (u)
+/ d_u|:(1 +T2(U))W:| EXD(QZ(U)) du. (49)

To

We wish to show that (48) holds also in S Since %Pz(z) l> 0 in S, we need to show that the integral on the
2

right-hand side of (49) is o(l)%(;)(f”b(z) as z — oo, uniformly in S;.
2
Indeed,

z
d P
/ o [(1 +12(w)) Qéz((;l))z ] exp(Q2(u))du

o

[ P Z

= W EXP(QZ(U)) du +/
2

o To

P (u) Q) ()% —2Q5w) Q4 () P2 (u)
Qiw*

exp(Qa(u)) du.
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By Lemma 7,
[ (u)P2(u) Py (2)
W exp(Q2(w)) du = 0(1)W exp(Q2(2))

o
and

z

/ P’z(u)Qé(u)2 —2Q5w) Q) (u)Pa(u)
Qiw)*

exp(Q2(u)) du
o

_ P, (w)Q;w)? —2Q5w) QY (u) P2 (u)
Q5u)®

d [P ! 2_2 ’ ” p
_/exp(QZ(u))E[ 2(W)Q, (W) Qéiz)gu)QZ(u) 2(u)]du‘

exp(Qa(u))

To

o

(50)

The left term in the right-hand side of (50) is o(1) Py (@) exp(Q2(2)) as z— oo, uniformly in S7. The right term is shown

Q;(2)?
to be so, similarly to the discussion after (33). Thus, (48) holds also in S and similarly it holds in S .

Again, by applying Theorems PL1 and PL2, (48) holds in Ss (see (38), (39)). In the same way, it can be shown that there

exists b1 € C, such that

4
— /' (7)2
(I:n - /(1 +r1(u)) (31{((1111)) exp(Q1 (u))du) exp( (2131]((2;))(2](2) ;= —1 uniformly in Ts

o
(see (40), (41)). By (48) and (51),
- P1(2) P3(2)
*=2) (5= Az+ B+ (145 14 1+S —
fP@=Az+ B+ (1+512) HEE exp(Q1(2)) + (1+ $2(2) REE exp(Q2(2)),
where A =aj +as + f&D(ry), BeC and Si(z) = 0 in S*, for i =1, 2.
Now, for n > N, all the zeros z, are in S*. From (27), (28), (43) and (52), we have the following relations:

P1(zn) exp(Q1(2n)) + P2(zn) exp(Q2(zn)) =0,

Py (zn P2z
(1+71(z0) Qt(é)) exp(Q1(z0)) + (1+12(z0)) sz(é)) exp(Qa(zn) + A =0,

P1(zn) P2 (z1) exp(Q2(zn))
(14 S1(z0)) PHEAE exp(Q1(zn)) + (14 S2(zn)) Q@ + Azy + By =0.

From (53), we get

(1401 (1+o(1)
— A B
[ U@? | Qa)? }“ it )[

and this implies

(1+o(1) (1 +o<1)>] B
U@ Qw |

1 1 1 1
—A - —(Azy+B)| — — —
[ Q1(zn)? Qﬁ(zn)z] (“z )[ Q5(zn) Qg (Zn)]

o(1) o(1) o(1) o(1)
=A - Az, + B — .
[Q{(znV Qﬁ(zn)z]ﬂ it )[anﬂ) Q{(zn)]

We claim that

1 1 1 1
Al )+ (Az4+B)|—— — —— | =0.
(Q{(Z)z Q§<z>2)+( o )[Qg(n Q{(Z)]

Q1(zn)
Az,+B

If not, then Az + B 0, so we multiply (54) in

and get

Azy +B\Q[(zn) Qyzn)? Q) ) Az +B

Let now n — oo and we get that 1 =0, a contradiction.

Qi (zn) Q;(zn)? Q5 (zn)

_A ( 1 Ql(Zn)>_<Q1(Zn) 1) A ( o(l) _0(1)Q1(Zn))+<o(])Q1(zn)+O(1)).

(51)

(52)

(53)

(54)

(55)
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Now multiply (55) in Q}2(2)Q}%(2) and get

A(Q5(2% — Q1(@?) + (Az+ B)(Q1(2*Q5(2) — Q5 (2% Q1 (2) =0.

Since Az+ B %0 and mp > mq > 1, we have Q] = Q/, a contradiction.

Now consider the case where Q1(z) = const, i.e., a(z) is a polynomial. In the case where a(z) is a nonzero constant, the
theorem follows from [9, Theorem 3] or [4, p. 18]. If a(z) is a general polynomial, then we integrate (19) in S* (only once!)
and get similarly to (43)

Y@ —a@ = %(1 +12(2) exp(Q2(2). 50)

where a;(z) is a polynomial such that d(z) =a(z), and r2(2) :V> 0 in S*. We divide (56) by (19), and get % = %
z—00 n 2(zn)

Letting n — oo, we get oo =0, a contradiction.
This completes treating the case (iii) of Case (BII) which completes the proof of Theorem 2.
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