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1.  Introduction

Consider the initial value problem
(1'1) x'(t):f(t, x(t)): x(to)zx()a
where ¢ and z are real variables and f is a real valued function defined
and continuous on the rectangle

R: |t—t|<a, |x—m|<b, a,b>0.

0. Koot [1] recently proved the uniqueness of a solution of the pro-

blem (1.1) and the uniform convergence of sequences of functions obtained

by Picard’s method of successive approximations to this unique solution
on an appropriate interval around f if f(¢, x) satisfies on R the conditions:

(1.2) [t—to|-|f(t, 21) — f(2, ®2)| <k [w1—22|, k>0,
(1.3) [t—tolf |f(t, 21) —f(t, z2)| <4 |w1—22|*, A>0,
where the constants k, « and f§ satisfy the inequalities
(1.4) O0<a<l, fB<o and E(l1—a)<l—p.

For =0 we obtain a set of conditions which were recently introduced
by M. A. KrasNoserskil and I. G. KReiN [2]. They proved that this
set of conditions implies the uniqueness of a solution of the problem (1.1).
In [3], the present author completed this result as he showed that this
set of conditions also implies the convergence of sequences of functions
obtained by Picard’s method of successive approximations to the unique
solution of (1.1). As a matter of fact, two proofs of this result were given,
which in method are both different from the method used by Kooi. The
object of this paper is to show that one of our methods can be used to
prove a general result about contractions, which are defined in generalised
complete metric spaces (not every two points have necessarily a finite
distance), and to show how Kooi’s more general result can be obtained
from it. As a consequence of this deduction we obtain the result that the
sequences of successive approximations converge not only uniformly but
even in a stronger sense. Furthermore we shall show by means of an
example that the statement about the convergence of successive approxi-
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mations may be false if k(1 —«)>1—p, even though the problem (1.1)
has a unique solution.

2. A Theorem about Contractions

Let X be an abstract set, the elements of which are denoted by z, v, ...,
and assume that on the Cartesian product X X X a distance function
d(z, y) (0<d(x, y)<oo) is defined, satisfying the following conditions:

(D1) d(z,y)=0 if and only if z=y,
(D2) d(z,y)=d(y, ) (symmetry),
(D3) d(x, y)<d(x, 2)+d(z, y) (triangle inequality),

(D4) every d-Cauchy sequence in X is d-convergent, i.e. lim d(zn,z5)=0

for a sequence z, € X (n=1, 2, ...) implies the existence of an element
z € X with im d(z, 2,)=0, (z is unique by (D1) and (D3)).
n—>00

This concept differs from the usual concept of a complete metric space
by the fact that not every two points in X have necessarily a finite
distance. One might call such a space a generalised complete metric space.

Assume now that 7" is a mapping defined on the whole of X, and which
maps X into itself and satisfies the following conditions:

(C1) There exists a constant 0<g<1, such that
d(Tz, Ty)<qd(, y)
for all (z, y) with d(z, y) <oo.

" (C2) For every sequence of successive approximations xz,=72,_1,
n=1, 2, ..., where z is an arbitrary element of X, there exists an index
N(xp) such that d(zy, zy+1)<oco for all I=1,2, ....

(C3) If x and y are two fix points of 7, i.e. Tx=x and Ty=y, then
d(, y) <oo.

Under these conditions we have the following theorem:

Theorem. The equation Tx=z has one and only one solution, and
every sequence of successive approximations Xn=Txy 1, n=1,2, ..., where
xo 18 an arbitrary element of X, is convergent in distance to this unique
solution.

Proof. The existence of a solution of the equation 7Tx==z can be
proved as follows: Let 2y € X and form the sequence x, =72,_1(n=1,2,...);
then by (C2) there exists an index N(xp) such that d(zy, xw+1)<oo,
1=1,2, ..., and hence by (D3) we have d(xn, Tnsi)<oo for n>N and
1=1,2,.... Then (Cl) implies d(xn+1, Zn+2)<qd(zn,Txy) and generally
d(Zn, Tn+1) <q®Nd(xy, Tzy) for n>N. Since by (D3) we have

1
d(n, Tn+1) < z A(Xn+i, Tn+i-1),

i=1

we obtain by using the preceding inequality,
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(2‘1) d(x‘n: xﬂ+l)< {qn_N(l __ql)/(l _q)}d(xN, T.’E_N), n>N and I= 1, 2> ceey

which proves x, to be a d-Cauchy sequence. From (D4) it follows then
that there exists an element x € X such that lim d(x,, x)=0. For this

element x we conclude by means of (D3) tgt d(z, Tx)<d(Tx, xz) +
+d(2n, x) <qd(x, Tn-1)+d(xs, ) for n> N, and hence d(x, T'x)=0, which
is equivalent to Tz=x by property (D1) of d. So z is a fix point of 7'.
To complete the proof we have to show that 7' has only one fix point.
Assume Tz =z and Ty =y with z + y; then by (C3) we know that d(z,y) < oo,
and hence by (Cl) we obtain 0<d(z, y) =d(T%, Ty) <qd(zx, y). This shows
that d(z, y)=0, which by (D1) contradicts x#y.

Remark 1. If we let ! tend to infinity in (2.1) we obtain
(2.2) d(w, xn) <{q"~¥/(1—q)} d(wn, Txn),

which gives an estimate of the rate of convergence of the sequence z,
to its limit x.

Remark 2. This theorem is a slightly more general form of the
usual theorem about contractions one finds in the literature (see e.g.
Prtrovskm, I. G., Vorlesungen iiber die Theorie der Gewdhnlichen
Differentialgleichungen), where it is assumed that d is finite and 7" satisfies
condition (C1) only, since in this case (C2) and (C3) are trivially satisfied.

Remark 3. Condition (C3) of T is necessary for the conclusion that
the mapping 7" has at most one fix point, as the following example shows:
Let X; and X, be two complete metric spaces with distance functions
dy and ds respectively. Assume that on X; and X, contractions 741 and 7%
are defined, each of which has only one fix point by our theorem. Now
let X be the union of X; and X, and let the following distance function d
on X be defined: d(z, y)=di(x, y) if z and y € X3; d(z, y) =da(z, y) if =
and y € X», and d(x, y)=o0 if x € X; and y € X5. Let 7 be the mapping
which on X coincides with 77 and on X, coincides with 7%. Then all the
conditions except (C3) of our theorem are satisfied, but 7" has obviously
two fix points.

3. Proof of the Theorem of Section 1

Let R, f(¢, ), a, b, x, B, k and A be as in section 1 and let M =max(|f(t,z)|;
(t, ) € R). By I we denote the interval |{—#|<c, where ¢=min (a, b/M).
Then we shall prove, by application of the theorem about contractions,
the existence and uniqueness of a solution, and the convergence of Picard’s
successive approximations of problem (1.1) on this interval I. For this
purpose we shall exhibit a space X with a metric d and a mapping 7
satisfying the conditions given in the preceding section. For the space X
we choose the set of all continuous functions ¢(t), defined on I and
satisfying:

(3.1) (p(t0)=.’t0, |¢p(t)——x0]<b for all t 1.
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Then, on the Cartesian product X X X, we define the following distance

function:
(8.2)  d(g1, p2)=sup (|g1(8) — @2(d)|/|t —to|?%; |t—to]<c; qu, p2 € X),

where p>1, but such that pk(l—«)<1—p, which is possible since by
(1.6) we have k(1 —«)<1—p. It is clear that this d-function satisfies the
properties (D1), (D2) and (D3) of section 2. To prove (D4), we first remark
that if we write

(3.3) di(g1, p2) =max (|i(t) — ga(t)]; [t—to|<¢; g1, 2 € X)
(the metric of uniform convergence), we have
(3.4) ¢ Pk dy (g1, p2) <d(g1, o) for all g1, s € X.

This shows that d-convergence implies uniform convergence and d-con-
vergence is in general stronger than uniform convergence. Now let
pneX, n=1,2, ..., be a d-Cauchy sequence, i.e. im d(¢n, pn)=0. Then,
there exists a subsequence yp, such that d(ys, yns1) <277 The inequality
(3.3) implies that this sequence y, is uniformly convergent to a function

oo

@(t) on I, which obviously satisfies (3.1). By putting ¢ —yn= > (yr+1—vx),

k=n
dividing through |¢—#|?* and taking the suprema of the absolute values
of each term of this sum, we obtain

(3.5) d(g, ya) < Z Ayr, Yr+1) <2774,

and hence hm d(g, ya)=0. By (D3) we have d(p, o) <d(p, yir)+d(yx, pn)
and the reqmred property hm d(p, pn)=0 follows.
For T' we choose the mappmg

17
(3.6) To(t) =0+ [ f(u, p(w)du, ¢eX.
to
Then, by the choice of the interval I, this T maps X into itself. Indeed,

To(to)==o is trivial and |Te(t)—xo|=| ff(u, P(u))du| < M|t —to| < Mc<b.

Furthermore it is easy to see that a functlon @ is a fix point of 7' if and
only if ¢ is a solution of problem (1.1). If we form the sequence ¢, =T¢n_1,
n=1, 2, ..., where ¢p is an arbitrary element of X, we obtain a sequence
of successive approximations of Picard

(3.7) q)n(t)=xo+tf Ht, pns() du, o € X.

We shall show now that 7' satisfies properties (C1), (C2) and (C3) of
section 2.

Proof of (Cl). Let ¢1, @2 be two arbitrary elements of X. Then, by
property (1.2) of f, we have



544
IT<P1—T<PZI<| f [f(u, @r(u)) — f(u, pa(u))|du| <k I (|p1(w) — pa(w)|/|w—to|) | du|
_kHu tolpk—l (| (m)— (pg )|/|w—to|P¥) - |du|. Hence if d(¢1, @2) <oo, then
]T(pl——T(pgl <k d (g1, @2) f |u to’pk -1 |du| k d( (p1, @2) (pk) -1 ]t—to'pk =p1

d(@1, @2) |t—to|P*. This 1mphes by the definition of d, that d(T¢1, Tes)<
< qd(¢, p2), where ¢=p-1<1, by the choice of p. Hence 7T is a contraction.

Proof of (C2). Let pp=T¢n1, n=1,2, ..., po€ X and arbitrary.
Then by the boundedness of f we have

t
|p2(t) — a(B)| < %I |f(w, @r(w)) —f(w, po(w))|- |du| < 2M [t —to],
so that by property (1.3) of f we obtain
| ps(t) — pa(t)| < Ilf(u, pa(w)) — f(u, gr(w))| - |du|< 4 I|u—to] P gr(u) — pa(u)|*

|du| < A( 2M)°‘_[|u tol~# |du| = A@MY* (1+ (x— B)) L]t —to|+—F < A2M)*
[t —to[1+>—F, since o— >0 by (1.4). Generally

. |¢n+1(t) —(I’n(t)l <A1+zx+._.+a"“2(2M)tx""l‘t__toi(l—ﬂ)(1+a+...+o¢"—2)+u"'1 <
(3:7) < B\t*tol(l_’3)(1+a+"'+“”_2)+“"~1,

1
where B=A'"* max (2M,1). In view of pk(l1 —x)<1—p there exists an
index N(p) such that (1-p)(1+a+ ... +a*2)+an-1>pk for all n>N,
and hence for these values of n, we have

|@n+1(t) — @u(t)|/|t —to|P* < B |t —to|*», where yn=(1—p) (14+ & +... +xn2)+
+on~1—pk>0. This shows that d(gn, grn+1)<co for all n>N(p), which
completes the proof.

Proof of (C3). If Tpr=¢1 and Tps=qs, then as in the preceding

proof we have |ga(t)—qu(f)|<2M |t—1to|, and by using (1.3) successively
1-8

we obtain |@1(t) —@o(t)| < B |t—to]1T°‘ where B has the same meaning as in

the preceding proof. Since pk<(1—pg)/(1 , this implies d(¢p1, @a)<oo,

which finishes the proof of (C3).

After this verification an application of the theorem about contractions
in the preceding section gives the desired result. Moreover we have proved
that the successive approximations (3.7) converge not only uniformly to
the solution of (1.1), but even in the stronger sense of the metric d (see
(3.3) and (3.4)).

Remark. The condition that f(¢, x) is continuous may be replaced
by a weaker condition. It is e.g. sufficient to assume that f(¢, z) is a
Lebesgue measurable function in ¢ for each fixed z, continuous in z if
t=1to (this is not necessary if §=0), and that there exists a positive Lebesgue
integrable function M(tf) on |t—to|<a, such that |f(t, z)|<M(t) for all
(¢, ) € R. Condition (1.2) or (1.3) of f implies that f is a continuous function
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in z for each ¢+, and hence f is continuous in x for each ¢ (if §=0 then
(1.8) already implies this). From these properties of f, it follows that if
@ is a measurable function, f(¢, ¢(f)) is a measurable function of ¢. In this
setting the initial value problem has to be read as

(1.1) x'(t)=f(t, z(t)) almost everywhere, x(fo)=xq.

t+t
If I is the interval |t —fo|<c, where c=max (|¢|; | [ M(u)du|<b), then one
to

can prove, by applying the theorem about contractions, that on this
interval I the problem has a unique solution among the Lebesgue measur-
able functions satisfying (3.1) on I, and that sequences of successive
approximations converge uniformly on I to this unique solution. The
proof of this result is left to the reader since it is formally the same.

4. An EHzxample

In this section we shall show by means of an example that if k(1 —«)>
>1-—p, where k, « and § have the same meaning as in section 1 and
satisfy k>0, 0<x<1 and g <«, the sequence of successive approximations
may be divergent. For this purpose we define a function f(¢, ) as follows:

0 if —1<i<0, —co<zr<oo,
14
0 if  O0<i<l, #%<z<oo,
ft,2) = ¢ a=b 1-8
ktl“"——lc-t- if  O<i<l, O<z<t™
a8
k=~ if O<t<l, —co<z<0.

It is easy to verify that this function is continuous and that max(|f(¢,x)|) = k.
We consider the initial value problem x'() = f(¢, 2(t)), (0) = 0. In this case
to=0, a=1, b=oo, c=1 and M =k. We shall prove first that f satisfies
the following conditions:
lt|~lf(t, 1) —f(¢, x2)| <k[x1~x2[,

Itlﬂ ]f(t, x1)— (¢, xz)l <k ,931 —.’L‘gl"‘,

i.e. f satisfies the conditions (1.2) and (1.3) with A=*F.
For the proof we consider the following cases:

(i) —1<t<0, x; and z» arbitrary; then there is nothing to prove.
1
(ii) O0<t<l, z; and @3> ~%; then there is also nothing to prove.
1-8 15
(iii) O0<t<l, z1>#"* and O<x2<# % Then we have
16
tIf(E, 21) —f(E, 22)| = k(£ ™ — @) <k |21 — 23],
1-8 1-8 1-8
tl—a__w tl—a__x tl—a_
tﬁ|f(t,x1)_f(t,x2)|=k( = z)zk 2 <k Ty _
(—*a-a (1= —my)1—a
1-8

= k(ti:‘:—xg)“<k|x1—x2["‘.
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1-8
(iv) O0<t<l, x1>t"* and 23<0. Then we have
16 1-¢
t|f(t, 1) — (8, we)| =k & "<k |21 — 2| since @ —za>1'"",
1-8
#f(t, 1) — f(¢, B2)| = k(t' ~*)*<k |21 —a2|* for the same reason.

1-8

(v) 0<t<l, O0<z, wa<t'™* Then we have

t|f(t, 21) — f(t, x2)| =k |1 — 2], s
8| f(¢, 1) — f(t, 22)| =k *-1 |£1— 2|, and since ]xl—x2|<tm we see that

-1 < |21 — 2|1, hence #|f(¢, x1) — f(¢, z2)| <k |21 — 22"
1-8
(vi) 0<i<l, O<m<t' ™ and —oo<ws<0. Then we have

t|f(t, 21) — f(t, 22)| =k 21 <k |21 — 22| since 22<0,
(¢, 21) — f(t, 22) | =k tP Loy <k 2§ 1wy = kx § <k |v1 — 22| for the same reason.

Let y=k(1 —)/(1 —B) and let @o(¢) =0 for —1 <¢< 1; then the successive

approximations are for y<1:
1-8

Pa(t)=0 if —1<t<0 and ga(t)=(y— 92+ ...+ (= nLyn) % if 0<i<],

and for y>1,
1-8

Pona(t)=0 if —1<t<0 and @ag1(t)=y % if 0<t<]1,
pan(t)=0 if —1<i<], n=1,2,....

This shows that if y <1, the successive approximations converge uni-

formly to the solution
1-8

(4.1) p)=0 if —1<i<0, p@t)={y/(1+y)} % if 0<t<]l.

If y>1, there is no convergence at all and the functions gs, and @ap—
are no solutions of (1.1). The solution of this initial value problem for
all possible values of y is (4.1). This solution is unique since to the left
of =0, the function f is equal to zero and to the right of =0, this function
has the property that it is non-increasing in x for each ¢. It follows that
in the case y>1, even if the solution is unique, the successive approxi-

mations are not necessarily convergent.
Calzfornia Institute of Technology
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