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We consider higher-order derivative interactions beyond second-order generalized Proca theories that
propagate only the three desired polarizations of a massive vector field besides the two tensor
polarizations from gravity. These new interactions follow the similar construction criteria to those
arising in the extension of scalar-tensor Horndeski theories to Gleyzes-Langlois-Piazza-Vernizzi (GLPV)
theories. On the isotropic cosmological background, we show the existence of a constraint with a
vanishing Hamiltonian that removes the would-be Ostrogradski ghost. We study the behavior of linear
perturbations on top of the isotropic cosmological background in the presence of a matter perfect fluid
and find the same number of propagating degrees of freedom as in generalized Proca theories (two tensor
polarizations, two transverse vector modes, and two scalar modes). Moreover, we obtain the conditions
for the avoidance of ghosts and Laplacian instabilities of tensor, vector, and scalar perturbations. We
observe key differences in the scalar sound speed, which is mixed with the matter sound speed outside

the domain of generalized Proca theories.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

General Relativity (GR) is still the fundamental theory for de-
scribing the gravitational interactions even after a century. Cosmo-
logical observations [1-3] led to the standard model yielding an
accelerated expansion of the late Universe driven by the cosmo-
logical constant. The standard model of particle physics describes
the strong and electro-weak interactions with an exquisite experi-
mental success marking the milestone in high-energy physics. It is
still a big challenge to unify gravity with the known forces in Na-
ture and to merge these two standard models into a single theory.
Moreover, employing the usual techniques of quantum field the-
ory, we are not able to explain the small observed value of the
cosmological constant. On the other hand, this has motivated to
consider infra-red modifications of gravity which could account for
an appropriate screening of the cosmological constant. On a similar
footing, one can also consider infra-red gravitational modifications
to realize an effective negative pressure against gravity in form of
dark energy [4].

The simplest and mostly studied large-distance modification
of gravity is attributed to an additional scalar field beyond the
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standard model of particle physics, e.g., the DGP braneworld [5],
Galileons [6], and massive gravity [7]. The scalar field arising in
such theories can have non-trivial self-interactions but also it can
be generally coupled to gravity [8,9]. These interactions have to be
constructed with great caution to guarantee the absence of ghost-
like Ostrogradski instability [10], which otherwise would yield an
unbounded Hamiltonian from below.

It is well known that matter fields have to be coupled to the
Lovelock invariants or to the divergence-free tensors constructed
from the Lovelock invariants. Hence they can for instance couple to
the volume element ,/—g and to the Ricci scalar R which are the
only two non-trivial Lovelock invariants, since the Gauss-Bonnet
term is topological in four dimensions. Furthermore, they can cou-
ple to the divergence-free metric g, Einstein tensor G, and the
double dual Riemann tensor L;yqg. In flat space-time the ghost-
free scalar interactions with derivatives acting on them are known
as the Galileon interactions [6]. If one would naively promote the
partial derivatives to covariant derivatives, this procedure would
yield the equations of motion higher than second order [10]. The
appearance of higher-order derivative terms can be avoided by in-
troducing non-minimal couplings to gravity through the Lovelock
invariants or the divergence-free tensors.

Horndeski theories [11] constitute the most general scalar-
tensor interactions with second-order equations of motion. In
these theories there is only one scalar degree of freedom (DOF)
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besides two graviton polarizations without having the Ostrogradski
instability [12]. It is a natural question to ask whether abandoning
the requirement of second-order equations of motion inevitably
alters the propagating DOF. Allowing interactions beyond the Horn-
deski domain will introduce derivative interactions higher than
second order. However, this does not necessarily mean that the
number of propagating DOF increases. Exactly this spirit was fol-
lowed in GLPV theories [13], where they expressed the Horndeski
Lagrangian in terms of the 3 + 1 Arnowitt-Deser—-Misner (ADM)
decomposition of space-time in the unitary gauge [14] and did
not impose the two conditions that Horndeski theories obey. The
Hamiltonian analysis in the unitary gauge revealed that there is
still only one scalar DOF [15]. The cosmology and the spherically
symmetric solutions in GLPV theories have been extensively stud-
ied in Refs. [16-19]. The ghost freedom beyond the unitary gauge
and beyond a conformal and disformal transformation is still an
ongoing research investigation in the literature [20-25].

Even if the large-distance modifications of gravity through a
scalar field are simpler, considerations in form of a vector field
can yield interesting phenomenology for the cosmic expansion and
growth of large-scale structures. Furthermore, the presence of the
vector field might explain the anomalies reported in CMB ob-
servations [26]. For a gauge-invariant vector field, the only new
interaction is via a coupling of the field strength tensor to the dou-
ble dual Riemann tensor. Unfortunately, the existence of derivative
self-interactions similar to those arising for covariant Galileons is
forbidden for a massless, Lorentz-invariant vector field coupled to
gravity [27].

However, this negative result does not apply to massive vec-
tor fields, for which one can successfully construct derivative self-
interactions due to the broken U(1) symmetry. The idea was to
construct interactions with only three propagating degrees of free-
dom, out of which two would correspond to the transverse and
one to the longitudinal mode of the vector field. This was sys-
tematically constructed in Ref. [28] together with the Hessian and
Hamiltonian analysis. The key point is the requirement that the
longitudinal mode belongs to the class of Galileon/Horndeski theo-
ries. This constitutes the generalized Proca theories up to the quin-
tic Lagrangian on curved space-time with second-order equations
of motion, which is guaranteed by the presence of non-minimal
couplings to the Lovelock invariants in the same spirit as in the
scalar Horndeski theories [28-31].

One can also construct the sixth-order derivative interactions, if
one allows for trivial interaction terms for the longitudinal mode
[30,31]. Its generalization to curved space-time contains the dou-
ble dual Riemann tensor, which keeps the equations of motion up
to second order [31]. In fact, this sixth-order Lagrangian accommo-
dates similar vector-tensor theories constructed by Horndeski in
1976 [32]. We refer the reader to Refs. [33-41] for related works.
The second-order massive vector theories up to the sixth-order
Lagrangian studied in Refs. [31,40,41] constitute the generalized
Proca theories.

It is a natural follow-up question to ask whether or not the
extension of generalized Proca theories is possible in such a way
that there are still three propagating vector DOF even with deriva-
tives higher than second order. In the GLPV extension of Horndeski
theories, the Lagrangians of two additional scalar derivative inter-
actions can be expressed in terms of the anti-symmetric Levi-Civita
tensor. Outside the domain of generalized Proca theories, one can
also construct generalized Lagrangians by using the Levi-Civita ten-
sor. It is then expected that, in beyond-generalized Proca theories,
the longitudinal vector mode would have some correspondence
with the scalar mode in GLPV theories, but there will be also new
interactions corresponding to the purely intrinsic vector modes.

In this Letter, we will propose candidates for new beyond-
generalized Proca Lagrangians in Sec. 2 to study the possibility of
the healthy extension of generalized Proca theories. In Sec. 3 we
derive the background equations of motion on the flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) background and the associ-
ated Hamiltonian 7. We see that, even in the presence of these
new interactions, there exists a second class constraint (H = 0)
that removes the Ostrogradski ghost. In Sec. 4 we consider lin-
ear cosmological perturbations on the flat FLRW background and
show that the number of DOF in beyond-generalized Proca the-
ories is not altered relative to that in generalized Proca theories.
We also study what kinds of differences arise for the stability of
perturbations by extending generalized Proca theories to beyond-
generalized Proca theories. Sec. 5 is devoted to conclusions and
future outlook.

2. Extension of generalized Proca theories to beyond-generalized
Proca theories

The generalized Proca theories are characterized by second-
order interactions with two transverse and one longitudinal po-
larizations of a vector field A* coupled to gravity. Introducing
the field tensor Fy, = V,A, — V,A,, where V, is the covari-
ant derivative operator, the four-dimensional action of generalized
Proca theories is given by

6
Sgen.Proca = /d4xv —8 Z Li, (2.1)
i=2

where g is the determinant of the metric tensor g, and

L =G(X,F,Y),
L3=G3V, A", (2.3)

La=GaR+Gax [(v,uc\l*)2 —V,As v"AP] , (2.4)
1

L5 =G5GuyVFAY — éGs,x[(v,“tm3

— 3V, ARV, A VO AP + 2V, A VY APV A ]

— gsF*"FF Vo Ag, (2.5)
L6 =GeLM PV, A,V Ag

1 L

+ 5GG,XF‘Wlf/“)vaMV,g/av . (2.6)
The function G, depends on the following three quantities

Ay A Fpuy FHY
X=-— “2 , F= —% . Y=AFAYF,%Fpe, (2.7)

while G3 4,56 and gs are arbitrary functions of X with the notation
Gi,x = 9G;/0X. The vector field is coupled to the Ricci scalar R and
the Einstein tensor Gy, through the functions G4(X) and Gs(X).
The L*V@F and FHV are the double dual Riemann tensor and the
dual strength tensor defined, respectively, by

1
[AveB — Zgl*”p"g“ﬂ”Rp(,,,a, (2.8)

~ 1
= ESMU“ﬁFO,ﬁ :
where Rsys is the Riemann tensor and £#VP? is the Levi-Civita
tensor obeying the normalization E#"°°¢E,,,,; = —4!. We can po-
tentially include the dependence of the quantity F*VF wv in the
function G, [28,36]. If we impose the parity invariance, however,
it does not contribute to the perturbations at linear order, so we
do not take into account such dependence in G».

The action (2.1) was constructed to keep the equations of mo-
tion up to second order to avoid the appearance of an extra DOF
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besides two transverse and one longitudinal modes of the vector
field [28]. Each Lagrangian density can be expressed in terms of
the Levi-Civita tensor &, ,usu, and the first derivatives of AH.
The anti-symmetric property of &£, ,,usu, allows us to eliminate
the terms containing time derivatives of the temporal vector com-
ponent A%, such that the additional DOF does not propagate. In
this set up the derivatives of A# higher than first-order are not
taken into account, as they give rise to the derivatives of a scalar
field 7 higher than second order in the Lagrangian by taking the
limit A# — Vi,

The action (2.1) consists of three parts. The first part corre-
sponds to the Lagrangian densities (with the index i =0, 1, 2, 3):

L8 = giia S5 BTG A% L Vg A% (2.9)

where g;,, are functions of X and we have introduced the opera-

3B1-BiYis1--Va - BiVig1
tOT Sary e yios s = Eayaiyir s EPV 7 PIVi+174 They recover those

of Minkowski Galileons from the scalar part 7 of A* for the func-
tions g23,4,5 « X. The second part arises from the terms derived

. . . . Ga .
by exchanging some of the indices in £4,5' ie.,

Y RSy, AV A5 210)
LY =hsdBbarive peay, Ay v Ag, (211)
with again 85121314 = Eq 0y EF1P2Y374 and general functions s

and s depending on X. These interactions can be regarded as the
intrinsic vector modes that vanish in the scalar limit A#* — V.
The Lagrangian density Lg contains the intrinsic vector contribu-
tion

LY = he 800200 Vg, Ag, VO A%V A% Vg, A% (212)

The third part corresponds to the non-minimal coupling terms
G4(X)R, G5(X)Gyy V*AY, and GG(X)L“””ﬂV,LAvVO,Aﬂ, which are
required to keep the equations of motion up to second order [28,
31].

If we try to make the minimal extension of the above general-
ized Proca theories, we can take into account terms containing the
products of A*1 Ag, and the first derivatives of A/, Let us consider
the following new Lagrangian densities

LY = fa80 0207 A pg V2 Ag V3 A, (213)
LN = fs851020als A gy V2 Ag V3 AL VA, (2.14)
£ = bbb, A% A, V2 AV, A V¥4 Ay, (2.15)

with the functions f35 and fs depending on X. If we take the
limit A# — V#7, the Lagrangian densities £} and LY for the
scalar field 7w are equivalent to those appearing in GLPV theo-
ries [13]. Thus, the above construction of new derivative inter-
actions is analogous to the GLPV extension of scalar Horndeski
theories, but in our case the situation is more involved due to
the existence of transverse vector modes. We also need to take
into account the intrinsic vector term Eg‘ derived after exchang-
ing the indices 8, and «3 in Lg. Note, that we did not include the
term £ = fadf 02074 A% Ag V2 A% Vg A, since it is already in-
cluded in £,. For the sixth-order interaction, we run out of the
indices to make the product A%! Ag,. Instead, we consider the fol-
lowing Lagrangian density

LN = FebbiF2bsls g, Ap VO A%V AV, A% (2.16)

1620304 1 2 3 4 4

with fg(X). This is of the same form as Eq. (2.12), but the differ-
ence from generalized Proca theories is that the relative coefficient
to the non-minimal coupling term L**AV,A,V,Ag is detuned

in beyond-generalized Proca theories, which generates derivatives
higher than second order. Then, the new Lagrangian densities in
our set up are given by

NN NN 4oy (217)

To study the effect of derivative interactions in beyond-generalized
Proca theories, we consider the following action

6
s:/d4x¢fg(25i+£N+cM> :
i=2

where Ly is the matter Lagrangian density.

In the following, we would like to analyze the possible number
of propagating DOF in beyond-generalized Proca theories explained
above. The worry is that the new terms (2.17) might induce the
propagation of a ghostly DOF associated with the Ostrogradski in-
stability. For this purpose, we shall focus on the study for both the
background (Sec. 3) and the linear perturbation (Sec. 4) on top of
the isotropic FLRW background.

Note that this first analysis does not necessarily guarantee the
absence of ghostly DOF on more general backgrounds. For a com-
plete proof of the absence of extra DOF, the full 3+ 1 ADM Hamil-
tonian analysis is needed without fixing the gauge.

(2.18)

3. Background equations of motion and the Hamiltonian
3.1. Background and perturbed quantities

To derive the background and perturbation equations of motion
on the isotropic cosmological background, we consider the general
perturbed metric in the form [42]

ds? = —(1+2a)dt* + 2 (x;i + Vi) dtdx’
+a(©) [(1 +29)8ij + 2E)ij + 2Fyjj + hyj] dxdx’,  (3.1)

where o, x, ¥, E are scalar metric perturbations, V;, F; are vec-
tor perturbations, and h;; is the tensor perturbation. The index
“|" represents the covariant derivative with respect to the three-
dimensional spatial metric. Expanding the action (2.18) up to first
order in scalar perturbations, we can obtain the background equa-
tions of motion on the flat FLRW background described by the line
element ds? = —dt? + a?(t)8;jdx'dx’. The linear perturbation equa-
tions also follow from the action (2.18) expanded up to second
order in scalar, vector, and tensor perturbations. Before doing so,
we first remove redundant gauge DOFs.

Under a scalar gauge transformation t — t 4+ 6t and x' — x' +
8ij8x‘ j» the scalar perturbations ¢ and E transform, respectively,
as ¥ — ¢ — H8t and E — E — 8x [43], where H =a/a is the Hub-
ble expansion rate and a dot represents a derivative with respect
to t. Under a vector gauge transformation x' — x' + 8x!, the vector
perturbation F; transforms as F; — F; — 8x;. If we choose the flat
gauge
¥ =0, Fi=0, (3.2)

then the time slicing dt, the spatial threading §x, and the infinites-
imal vector 8x; are unambiguously fixed.

In what follows, we shall derive the equations of motion for
the background and cosmological perturbations under the gauge
choice (3.2). By fixing the gauge in this way, we already removed
the extra gauge DOFs from the beginning. We have also expanded
the action (2.18) up to second order in perturbations without fix-
ing the gauge from the beginning and have derived the equations
of motion from the general gauge-invariant Lagrangian. Choosing
the flat gauge (3.2) in the equations of motion at the end, we con-
firmed that the resulting dynamical equations for tensor, vector,

E=0,
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and scalar perturbations are equivalent to those derived by fixing
the gauge from the beginning in the Lagrangian.

The vector perturbation satisfies the transverse condition
9'V; = 0, where 8! represents the spatial derivative. The ten-
sor perturbation h;j obeys the transverse and traceless conditions
aihij =0 and h;’ = 0. We express the temporal and spatial compo-
nents of the vector field A#, as

. 1 ..
Al = aZ—(r)‘S” (djxv +Ej) , (3.3)
where ¢ (t) is the background value of the temporal vector compo-
nent, 8¢ and xy are the scalar perturbations, and E; is the intrin-
sic vector perturbation obeying the transverse condition 9/E j=0.
For the matter sector, we take into account a perfect fluid de-
scribed by the Schutz-Sorkin action [44]:

A= () +3¢,

2
Sm= —/d4x |:J—_gpM(n) + J* (aﬂe + ZAiaMBiﬂ . (34)
i=1
The energy density py depends on the fluid number density n =
 JuJ#/g, where the temporal and spatial components of J* can
be decomposed, respectively, as
P=Nots],  Ji= @it Wi, (35)
where N is a constant associated with the total background par-
ticle number (related with the background number density ng as
Ny =npa®), 8] and §j are the scalar perturbations, and Wy is the
vector perturbation satisfying a¥W; = 0.

The scalar quantity ¢ can be decomposed as £ = £y — pmnV,
where the background value £ obeys the relation dplo = —pp.n =
—dpm/on and v is the perturbation associated with the velocity
potential. Then, we can write £ in the form £ = —ft om.n () df —
PM,nV.

The terms A; and B; in Eq. (3.4) correspond to vector per-
turbations obeying the transverse conditions. It is sufficient to
consider the x, y components of .4; whose perturbations depend
on t and z alone, ie., A; =38A(t,z) and Ay = §Ax(t,z). One
can extract the required property of the vector mode by choos-
ing By =x+48B1(t,z) and By =y + 8B,(t, z). Varying the matter
action (3.4) with respect to J#, it follows that

2
Ju= "WE (aﬂz + ZAiaﬂB,) , (3.6)

i=1
which is related with the fluid four-velocity u,, as u, = J./
(n/—g). The spatial part of u, can be expressed as

uj=—0o;jv—+vi, (3.7)
where v; is the transverse vector perturbation associated with §.4;,
as 8A; = pm.nvi.

At the background level, the fluid action (3.4) reads

51(\3) = /d4xv —gPu(no), Pm(no) =nopmn— Pm, (3.8)

where Py corresponds to the fluid pressure. As far as the scalar
perturbation is concerned, the perfect fluid can be also described
by the k-essence action [45]

1
SM:/‘d‘IX«/_—g Pm(2), Z:—Eg“"auaaua, (3.9)

where the pressure P); depends on the kinetic term of a scalar
field o (see also Refs. [46]). At the background level the matter
energy density is given by py =2ZPy,z — Py, so there is the

correspondence noom n — 2ZPy,z = pm + Pum. From the k-essence
action (3.9) we obtain the density perturbation 80y, the pressure
perturbation 8Py, and the velocity potential v, respectively, as

Spm = (PM,Z +22PM,22)5Z,

8Py =Py z6Z,
o
vV=—, (3.10)
o
where §Z corresponds to
87 =686 — 6. (3.11)

As far as the tensor and scalar perturbations are concerned, we can
employ either the Schutz-Sorkin action or the k-essence action,
but for the computation of vector perturbations we need to resort
to the Schutz-Sorkin action.

We shall expand the action (2.18) together with the Schutz-
Sorkin action (3.4) up to second-order in perturbations on the flat
FLRW background to discuss the propagating DOF. In doing so, we
perform the following field redefinitions:

Zi=Ei+¢oVi,
Y=xv+o®x,
Spum = '02/;’"5], (3.12)

where Z; and i correspond to the vector and scalar parts of A; re-
spectively, and 8y is the matter density perturbation. The vector
field Z; obeys the transverse condition 8Z; =0, so there are two
independent components. At first order, the perturbation én of the
fluid number density is equivalent to §pn/Om.n-

3.2. Background equations

Expanding the action (2.18) up to first order in scalar perturba-
tions, the resulting first-order action is given by

SV =a3 (Cra + C28¢ + C3v) | (313)
where we introduced the following short-cuts for convenience
C1 = G2+ Ga.x¢” +3G3 xHe® +6(Ga + Ga xx¢™) H?

- (Gs,x + Gs,xx¢2) H>¢* — pm

+6[3fa+ faxe® + Ho (305 + fsxd?) | HP¢*,  (314)
C2 = ¢{Ga,x +3G3 xHo + 6(Ga x + Ga xx¢*)H?
— (3Gs.x + G5 xx¢*)H>¢
+6[4fs+ faxd® + (5fs + f5 xp?)HPIH* ¢}, (3.15)
N N
C3= _0_30 (pM,n + 3Ha_30,0M,nn> s (3.16)

where H = a/a is the Hubble expansion rate. Variations of the ac-
tion (3.13) with respect to «,d¢,v give rise to the background
equations

Ci=0 (i=1,2,3), (3.17)

respectively. On using the properties N = noa®> and nopyn =
pm + P, the third equation (C3 = 0) corresponds to the matter
continuity equation

om+3H (om + Py)=0. (3.18)
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In the k-essence description of the perfect fluid, the third term
on the rhs. of Eq. (3.13) is replaced by a3PM,Z(766. Varia-
tion with respect to §o leads to the matter equation of motion
4@®*Py,z6)=0, ie,

(PM,Z+62PM,ZZ)&+3HPM,Zo'r=0. (3.19)

Using the correspondence py = 2ZPy,z — Pym, the continuity
Eq. (3.18) follows from Eq. (3.19).

The terms containing fs4 and f5 in Egs. (3.14) and (3.15) cor-
respond to the new terms arising from the Lagrangians (2.13)
and (2.14). They originate from the longitudinal component of the
vector field, so it is expected that the equations of motion can be
written in terms of the quantities similar to those appearing in
GLPV theories [13]. To see the correspondence with GLPV theories,
we introduce the following quantities

Ay=Gy,  A3=(2X)*%Es3x,
Ag=—G4+2XGyax +4X2fs,

1
As = —/2X3/? <§G5_x - 4Xf5> ,
B4=Ga,  Bs=(2X)'"?Es, (3:20)
where E3(X) and Es5(X) are auxiliary functions [14] satisfying

Gsx=15 4k
5,X—2X 5X-

Then, the two background equations C; =0 and C; = 0 can be
written in compacts forms:

G3=E3+2XE3x, (3.21)

Ay —6H?A4 —12H3As = py,
P (Az,x +3HAs x +6H2Ag x + 6H3A5,X) —0.

(3.22)
(3.23)

Taking the time derivative of Eq. (3.22) and using Eq. (3.18), it fol-
lows that

As+4HA4+4HA4+ 12HHAs +6H?As = py + Py . (3.24)

The background Egs. (3.22) and (3.24) are of the same forms as
those in GLPV theories (see Egs. (2.15) and (2.16) of Ref. [17])
with the particular relation (3.23). In GLPV theories the con-
straint (3.23) is absent, but in beyond-generalized Proca theories
the relation (3.23) gives the constraint on the background trajec-
tory with ¢ always related to H [40] (e.g., analogous to the tracker
solution [47] found for scalar Galileons).
From Eq. (3.20) there are two particular relations

As+ By —2XBax =4X*f4,

As + %xss,x =(2X)>/%fs. (3.25)
In generalized Proca theories the Lagrangians L’f and L’? are
absent, so that f4 =0 and fs5 = 0. In this case, the functions
B4 and Bs are related with A4 and As according to the rela-
tions Ag + B4 — 2XBg x =0 and As + XBs x/3 = 0. In beyond-
generalized Proca theories the functions f4 and f5 are non-zero,
so there are two more free functions B4 and Bs than those in gen-
eralized Proca theories. This situation is analogous to the extension
of Horndeski theories to GLPV theories [13]. We recall that the La-
grangians Lg, Eg‘ , and £g, which correspond to the intrinsic vector
mode, do not contribute to the background equations of motion.

Since the background Egs. (3.22)-(3.24) do not contain the
functions B4 and Bs, beyond-generalized Proca theories cannot be
distinguished from generalized Proca theories at the background
level (as it happens in the GLPV extension of Horndeski theories
[17,48]). However, as we will discuss in Sec. 4, this situation is dif-
ferent at the level of cosmological perturbations.

3.3. Hamiltonian

The discussion in Sec. 3.2 shows that, at the background level,
beyond-generalized Proca theories do not give rise to additional
ghostly DOF to that in generalized Proca theories. It is also pos-
sible to see the absence of the Ostrogradski ghost by computing
the Hamiltonian of the system. In doing so, we consider the line
element

ds? = —N%(t)dt? + a® (t)8;jdx'dx | (3.26)

which contains the lapse function N(t). For the vector field given
by A% = (¢(t)/N(t),0,0,0), the action (2.18) reduces to S =
[d*xL, with

. 6(1512 G4 GGdZG4 x¢2
L=Na3Gy — a®G3 x¢p?¢ — ’
2 3.XP"¢ N N

Gs.x@’¢  6ad’fap?  6°f5¢°
N2 N N2
where we have carried out the integration by parts. Since the La-
grangian (3.27) does not contain the time derivative of N, there
exists a Hamiltonian constraint. In fact, the variation of L with re-
spect to N leads to
aL H
—_— = —— = O,
oN N
where H = I[1*O,, — L is the Hamiltonian with TT* = 3L/30,, and
Ou = (N(), ¢(t), a(t)). The explicit form of H is given by

+ NaPy, (3.27)

(3.28)

H = —Na3(02 1 6H2Gy — 6G4 xH2? + 2G5 x H3¢3

—6£3H29* — 12f3H70° — pu ) (3.29)
which does not contain any time derivatives of ¢. Equation (3.28)
shows that H = 0 exactly. Hence there is no Ostrogradski instabil-
ity associated with the Hamiltonian unbounded from below. Exis-
tence of the constraint (3.28) removes the would-be ghostly DOF
associated with the time derivatives of ¢.

The Hamiltonian constraint 4 = 0 follows from the background
Egs. (3.17). In fact, after eliminating the term Gj x from the two
equations C; =0, C; =0 and setting N = 1, we obtain the con-
straint equation H = 0. Moreover, varying the Lagrangian (3.27)
with respect to ¢, the resulting equation of motion is equivalent
to C, =0.

What we have shown in this section is by no means a full proof
of the absence of extra ghostly DOF on arbitrary backgrounds.
A full ADM Hamiltonian analysis is needed for this purpose. Even
though this proof is not the goal of the present work, we will con-
sider linear perturbations on the FLRW background in Sec. 4 and
investigate the propagating DOF.

4. Dynamics of linear perturbations

In this section we expand the action (2.18) up to second order
in tensor, vector, and scalar perturbations to study the number of
DOFs as well as no-ghost and stability conditions for linear cosmo-
logical perturbations.

4.1. Tensor perturbations

We begin with the derivation of the second-order action for
tensor perturbations h;;. We can express h;; in terms of two po-
larization modes hy and h,, as h;j = h+ef]f +hxe;. The unit bases

+

€U

and eij satisfy the normalization conditions el?; (k)eﬁ(—k)* =1,
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e; (k)ei?(—k)* =1, and ef]r.(k)eg (—=k)* =0 in Fourier space, where
k is the comoving wave number. Expanding the action (2.18) up
to quadratic order in tensor perturbations, the second-order action
reads

s =3 /dtd3xa3 ar [hz - —(ah ) } (41)

A=+, X
where
qr = 2G4 — 2G4 x¢* + Gs xHp> — 2 fa¢* — 6 fsHo>
=—2(A4+3HAs) , (4.2)
2G4 + G5 xp2¢ 2Bs+ B
2= 4t Gsx¢’¢ atBs (43)
qr 2(A4+3HAs)

In the second equalities of Egs. (4.2) and (4.3) we have used the
quantities defined by Eq. (3.20). The Lagrangians £ and £Y lead
to the modification of qr, which on the other hand can be ex-
pressed in terms of A4 and As alone. The numerator of c% contains
the terms B4 and Bs, so beyond-generalized Proca theories give
rise to the tensor propagation speed different from that in gen-
eralized Proca theories. The expressions of qr and c% are of the
same forms as those in GLPV theories [48]. The action (4.1) does
not contain the derivative terms higher than second order, so the
dynamical DOF of the tensor mode remain two.

4.2. Vector perturbations

Let us proceed to the discussion of vector perturbations. Due
to the transverse conditions of the vector mode (e.g., 3'Z; = 0),
we can choose the components of these fields as Z; = (Z1(t, 2),
Z»(t, z),0) without losing the generality. The second-order mat-
ter action (Sﬁ))v of the vector mode is the same as that de-

rived in Refs. [40,41]. Varying the action (Sl(j))v with respect to
Wi, 8.A;, 8B;, we obtain the following relations

Wi=MNo(vi—Vy), (4.4)
8Ai = pmavi =Gi,
where C; are constants in time, and

=V;—a’sB;. (4.6)

After integrating out the fields W; and §.4;, the full second-
order action derived by expanding Eq. (2.18) in vector perturba-
tions reads

2

@ _ 3 aqv ;o 2
Sy _/dtd x;[ 5 Z ——a (8Z;)? —2¢2a22

+ gagﬁviazi +

ar a2, 1 2
% 4a(av,) +2a(pm+Pm)vl], (4.7)

where

qv = Ga.r +2Gyyp? —4gsHo 4 2GgH?

+2Ge xH?¢? +4fsH?$? (4.8)
a1 =qy +2[GeH — Gay¢? — fsH¢®
— (Hp — $)(Ge,xHp — g5 + 2 f6Hop)], (4.9)
=4G4H — 4G4 xHpo + 2Gs x H*¢*$
+om+ Py, (4.10)

a3 =2Gax — Gs xHp + 2 fa¢* + 6fsHo>

2
=5 (Ag+ By +3HAs) . (411)

The structure of the action (4.7) is the same as that derived in

generalized Proca theories [40,41] with the different coefficients

qv, a1, 02, o3. Hence the new Lagrangians (2.13)—(2.16) do not give

rise to any additional DOF associated with vector perturbations.
Varying the action (4.7) with respect to V; yields

qr k? oz k2
ary P etk
> 2 (Pm + Pm)vi > 2

and similarly with respect to Z;:

.. . 1 K o
Zi+<H+qv>Zi+—<1— ;)Z
qv qv ¢

Zi, (412)

(4.13)

In the small-scale limit (k — oo) we can neglect the matter con-
tribution in Eq. (4.12), so we obtain the approximate relation
Vi >~ —(a3¢/qr)Z;. Substituting this into Eq. (4.13), the dynami-
cal vector field Z; obeys

.. k?
z,-+<H+ZV>zl+c%, " zi~0, (414)
1%
where the vector propagation speed squared is given by
2,2
= I
2qrqv  qv
2(Ag + B4+ 3HAs)?
—14 (Ag+ 24—i— 5)
éqrqy
. 2(GeH — Ga.y? — fsHe?)
qv
2(Hp — ¢)(Ge.xHep — 2f¢H
_ 2(Hg —¢)( 6,xq¢ 85 +2feH¢) (415)
v

To avoid the ghost and the Laplacian instability on small scales,
we require the conditions qy > 0 and c%, > 0. All the new La-
grangian densities (2.13)-(2.16) affect cy through the changes of
coefficients (4.8)-(4.11), while qy is only modified by the term Lg.
In spite of these modifications, the DOF of vector perturbations re-
main two as those in generalized Proca theories.

4.3. Scalar perturbations

For scalar perturbations, we first expand the Schutz-Sorkin ac-
tion (3.4) up to second order by using the matter perturbation 8oy
defined in Eq. (3.12). Varying this action with respect to §j, we ob-
tain

38j=—a’ng (v +ayx) . (4.16)

On using this relation and the background equation of motion, the
second-order matter action reduces to

32
(S = /dtd3xa

0pM"(BV) + 1o oMV azx

2

. 2 Cm 2
+Vvdpm —3Hcyvipm — @Bpm)” —adpm |,
2n9pM.n
(4.17)
where Clzw is the matter sound speed squared defined by
P n
2, = - Mn _ ToPM.m. (4.18)

PM,n PM,n

Expansion of the full action (2.18) up to second order in scalar
perturbations gives
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8¢\ 02 da)?
S;Z):/dtd3xa3 [(wwz—i— Wa ¢> _X_Wg( @)

¢ a? a?
+waa? W3 (59)° 6¢)* w3 (3y)?
T e 9 47 @

w7 (99)? 3¢

+ > 2 — (BHwq —2W4)(x$
92(8¢) 324 32y
+Ol|:W3 20 +W3%— 6a—2]
. 0%(8¢)

— (wsy — w3ip) W} + S, (4.19)

where we introduced the following variables for compactness

w1 = —A3 x$? +4H (A4 — Ag x9?)

+6H?(2A5 — As x¢°) (4.20)
wy = w1 + 2Hqr, (4.21)
w3 =—2¢%qy, (4.22)
wg =3H(wz — Hqr) + ws, (4.23)

1.4
Ws = 545 (Az,xx +3HA3 xx

+6H?Ag xx + 6H3A5,xx> , (4.24)

1
we = ~2% [4H(qr —2B4) — ws] , (4.25)

2(qr —2B4) . ws .

wWy;=—————H+ —0¢, 4.26
7 Py + 2¢3¢ (4.26)
wg =2w; +4H¢? (2B4 x — HBs x) . (4.27)

The coefficients wq, wy, wg, ws only contain the functions A; and
their derivatives, but there exist the functions B4 s and their
derivatives in wg, w7, wg. Hence the difference from generalized
Proca theories arises through the terms containing wg, w7, wg. In
particular we have the following relation

wg — (W + Wy) = —4H (A4 + By — 2XB4 x)
—4H?(3A5 + XBs x)
=—4H¢* (f4+3Ho fs) ,

where we have used Eq. (3.25). In generalized Proca theories stud-
ied in Refs. [40,41] we have that f4 = f5 =0, so there is the
specific relation wg = wg¢ + w;. In beyond-generalized Proca the-
ories, wg is different from wgg + wa.

While the presence of the Lagrangians L‘,T and Cg manifests
themselves through the modifications of the functions By s, the
effect of Eg arises through the modification of the term ws =

—2¢2qy. The existence of /:'? does not affect the second-order ac-
tion of scalar perturbations.

The structure of the action (4.19) is the same as that in general-
ized Proca theories derived in Refs. [40,41], so the new Lagrangian
densities (2.13)-(2.16) do not give rise to any additional DOF. As
in the GLPV extension of Horndeski theories [13], there are no
derivatives higher than second order in the scalar action (4.19).
Since this second-order property also holds for tensor and vec-
tor perturbations, beyond-generalized Proca theories with the new
terms (2.13)-(2.16) are not prone to the Ostrogradski instability on
the flat FLRW background.

(4.28)

As we will see in the following, beyond-generalized Proca the-
ories can be distinguished from generalized Proca theories by dif-
ferent evolution of the scalar propagation speed cs. This situation
should be analogous to that in GLPV theories where the new La-
grangians beyond the Horndeski domain lead to the mixing be-
tween cs and the matter sound speed cy; [16,13]. In order to see
such a mixing explicitly, it is convenient to employ the k-essence
description (3.9) of the perfect fluid. On using the correspondence
(3.10) and the field equation of motion (3.19), the second-order
matter action (4.17) is equivalent to

1 . .
Sm)§ =fdtd3xa3|:E(Pm,z 4 62Py 22)(80° — 26a0)

1
— — Puz [(330)2 +260y 880]
2a2

+ %('72 (PM,Z +62PM,zz)a2]. (4.29)
The last term of Eq. (4.29) gives rise to the contribution to the
term waoe? in Eq. (4.19). One can confirm that direct expansion of
the k-essence action (3.9) leads to the second-order action same as
Eq. (4.29).

On using Eq. (4.29) and varying the full action (4.19) with re-
spect to o, x,d8¢ respectively, we obtain the perturbation equa-
tions of motion in Fourier space:

(PM,Z +62PM,ZZ) (é’(Sb’ — dza)

8¢
+ (3HW] — 2W4) X — 2w

k2 Tws .
+a—2[?(w+5¢+2a¢)+mx—Wslll]:(), (4.30)
. w3
PM,zU(SO'-FW]Ol-i-?S(b:O, (4.31)
5¢
(BHwq —2W4)0[—2W5$
kK Tws,. w
+a_2[2_;(¢+5¢+2a¢)+wm—2—;¢]=0. (4.32)

From Eq. (3.10) the first contributions to Egs. (4.30) and (4.31)
can be written as (Py,z + dzPM,zz)(d(Sb — 62%a) = spy and
Py z680 = (pm + Pm)v, respectively. On using Eqs. (4.30)-(4.32),
we can express the perturbations «, x, 8¢ in terms of v, o and
their derivatives. Substituting those relations into Eq. (4.19), the
second-order scalar action reduces to the following form

K s k2.
s@ :/drd3xa3 (¥'KX+ S 6®
a

_XMX— )?TA?) , (4.33)
where K, G, M, B are 2 x 2 matrices (M does not contain the k2
term), and the vector field X" is defined by

Xt =y, 80) . (4.34)

The form of the action (4.33) explicitly shows that there are only
two scalar DOF coming from the field ¥ and the matter field do.

In the small-scale limit (k — oo), the components of the matri-
ces K and G are given by!

T If we use the Schutz-Sorkin action itself for the matter sector, the leading-
order contributions to Ky, and Gy, are proportional to 1/k2. After transforming
the Schutz-Sorkin action to the k-essence action, both K3, and G, do not have the
k-dependence as the components K11 and Gi1.
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K11 = Qs + 7K,

1 .
Koz = 2 <PM,Z + UZPM,zz) ,

K12 = K21 =&1K22, (4.35)
and
Gn=6G+p+Hu,
1
Gp==-Puz,
2=5Fmz
G12=G621=80G»n, (4.36)
where we introduced the following quantities
05— H2qr Bw? 4 4qrwy)
ST (wr— 2w
Wzé‘
1=,
(w1 —2wy)¢
— (Wg — wep)o
(Wi —2w2)¢
_ wiwg(dwawep — wiwg) —4wswad®  wy
- 4ws(wq — 2w2)2¢? 2
2wowep — wiw
_ 2wawed 1Wg (4.37)

4(wq —2wy)¢?

Provided that the matrix K is positive definite, the scalar ghosts
are absent. Under the no-ghost condition K23 > 0 of the fluid, the
positivity of K is ensured for Qs > 0. Since the quantity Qs does
not contain the term qy, the no-ghost condition is not affected
by the intrinsic vector mode. We also note that Qs is solely ex-
pressed in terms of the functions A3 45 and their derivatives, so
the no-ghost condition is similar to that in generalized Proca the-
ories.

In the large k limit, the dominant contributions to the second-
order action (4.33) are the first two terms, so the dispersion rela-
tion is given by
det (c@K - G) —o0, (4.38)
where cé is the sound speed squared related with the frequency w,
as w? = c2k?/a®. Then, c? is the solution to the equation

2
((.%K]] — G]l) (C%Kzz — Gzz) — (C%K]Z — G12) =0. (4.39)
In generalized Proca theories there is the relation wg = wgg + wy
and hence & = &;. Since in this case G12/Kq2 = G22/K22, we ob-
tain the two decoupled solutions to Eq. (4.39):

G P
2 22 M,z
C ==, 4.40
M™ Ky~ Pmz+062Pyzz (440)
1 G2
2
=—|6nn—-(Kn1—-Q )—}
P= 0 [ 11 11 o
1 . w2(pm + Pum)
= —|G+a+Hu— 2o | (441)
Qs |: 2(wq — 2wy)2¢2?

where cﬁ/, is the matter propagation speed squared equivalent to
Eq. (4.18). Another sound speed squared cl% coincides with the one
derived in Refs. [40,41].

In beyond-generalized Proca theories we have that & # &;, in
which case there is a mixing between the two scalar propagation
speeds. To quantify the deviation from generalized Proca theories,
we introduce the following dimensionless quantities

ap= 2 1= W= Wb+ wa) (4.42)
&1 w2
and
K
Bp = 2c2, (é -~ l) ap
_ Wa(ws — wed — w2)(om + Pm) (4.43)

(3w? + 4qr w4)qr H?

Expressing the terms Gz, G11, K11, K22, G12 in terms of c%/, etc.
by using Egs. (4.40), (4.41), (4.43) as well as the relations Ky, =
I(lzz/(Kn —Qs) and G12/K12 = (1 +ap)Ga2 /K22, the two solutions
to Eq. (4.39) are given by

2= % [C,ZV, +ci—ppt \/ (e —c+pp)?+ 2C2M06p,3p:| . (444)
For non-relativistic matter (cﬁ/, = 0), the two solutions (4.44) re-
duce to ¢2 =0 and c% = ¢ — Bp. The latter corresponds to the
scalar sound speed squared associated with the field v, whose
value is different from clz, by the factor gp. Thus, the sound speed
squared is a key quantity to distinguish between generalized Proca
theories and beyond-generalized Proca theories. This situation is
analogous to the difference between Horndeski and GLPV theo-
ries. Since the contribution of the intrinsic vector mode affects
c% through the term ws in the quantity G, the sound speed in
beyond-generalized Proca theories generally differs from that in
GLPV theories.

5. Conclusions

We proposed the new derivative interactions (2.13)-(2.16) be-
yond the domain of second-order generalized Proca theories. These
Lagrangian densities are constructed in terms of the products of
the anti-symmetric Levi-Civita tensor as well as the vector field
A and its first derivatives. By taking the scalar limit A* — VH#r,
the terms C? and £§ recover derivative interactions of the scalar
field w appearing in GLPV theories. Since it is known that GLPV
theories do not increase the number of propagating DOF relative
to that in Horndeski theories [15,20], our interest is to see what
happens by extending generalized Proca theories to those contain-
ing the four new interactions (2.13)-(2.16).

We first derived the dynamical equations of motion on the flat
FLRW background and the associated Hamiltonian of the system.
Even in the presence of new interactions, there is no additional
ghostly DOF to that appearing in second-order generalized Proca
theories. In fact the existence of a constraint leads to a vanishing
Hamiltonian, which explicitly shows the absence of the Ostrograd-
ski ghost.

As a second step, we considered linear cosmological perturba-
tions on top of the flat FLRW background by taking into account
a perfect fluid and studied the propagating DOF by expanding the
action (2.18) up to second order in perturbations. We showed that
the number of DOF is the same as that in generalized Proca the-
ories: two tensor polarizations, two transverse vector modes, and
two scalar modes (one longitudinal scalar and one matter fluid).
Thus, beyond-generalized Proca theories are not prone to the ap-
pearance of additional DOF at the level of linear cosmological per-
turbations.

We also found that the four new interactions affect the vector
propagation speed squared c%,, while the vector no-ghost condi-
tion is only modified by the term Eg. By introducing the quantities
given by Eq. (3.20), we obtained the two relations (3.25) analogous
to those appearing in the GLPV extension of Horndeski theories.
Since the functions f4 and fs do not vanish in beyond-generalized
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Proca theories, this leads to the scalar sound speed squared c§

away from the value clz, of generalized Proca theories with the
difference weighed by Bp. Thus, the two theories can be distin-
guished from each other by the different evolution of scalar and
vector sound speeds.

There are several issues we did not address in this Letter. While
we showed that the number of DOF in beyond-generalized Proca
theories is the same as that in generalized Proca theories on the
FLRW background, it remains to see whether the same conclu-
sion also holds at the fully non-linear level on general curved
backgrounds. In doing so, it will be convenient to express the
action (2.18) in terms of quantities appearing in the 341 ADM de-
composition of space-time (along the line of Ref. [14]). In fact, we
showed that the quantities associated with the FLRW background
and tensor perturbations in beyond-generalized Proca theories can
be expressed in simple forms by using the variables (3.20) simi-
lar to those appearing in the ADM formulation of GLPV theories,
but the situation is more involved for vector and scalar perturba-
tions. In our case, there should be new contributions to the ADM
action of GLPV theories associated with the vector mode. More-
over, it will be of interest to study the cosmological viability of
dark energy models in the framework of beyond-generalized Proca
theories. These topics will be left for future works.
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