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1. Introduction

Let D be a nonempty subset of the Banach space L’ [0, T] and let f (¢, x(t)) = ¢ (x)(¢t), ¢ : D — L[0, T] and g (¢, x(t)) =
Ex)(t),& : D — LT[0, T] be given functions. Here, by L [0, T] we denote the space of all n-dimensional Lebesgue
measurable essentially bounded functions defined on the interval [0, T] and L][0, T] denotes the space of all n-dimensional
essentially bounded and Lebesgue integrable functions defined on the interval [0, T] with the corresponding norms

Xlloe = max ess sup{ix(6)], 0 < ¢t <T}
1<i<n
and
T
Ixll: = max / xi(0)] dt.
1<i<n 0

Note that, for each t € [0, T], x;(t) is the ith component of x(t) € R".
Consider the following nonlinear continuous-time optimization problem:

T
10 = [ fex@yde - int M
0
s.t. x € §2, where £2 is the set of all x € D for which the following vector inequality
g(t,x(t)) <0, ae.in[0,T], (2)
is satisfied.
We assume that functions t — f(t, x(t)) and t — g;(t, x(t)), i = 1, ..., m are Lebesgue measurable and integrable for
all x € D. Also, we assume that the admissible set £2 is nonempty.
Note that g(t, x(t)) < 0 means that g;(t,x(t)) < 0, i = 1,...,mand g(t, x(t)) < 0 means that g;(t, x(t)) < 0, i =
1, ..., m. Also, all vectors in our paper are column vectors and we use ' to denote transposition.

The minimization in the initial problem is in the sense of an efficient point.
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Definition 1.1. The point X is an efficient point of the problem (1)-(2) if there is no other x € £2 such that

J) <J®)
holds.

Scalar and vector continuous-time optimization problems have been intensively investigated in the past few years.
For scalar optimization problems, we refer to [1,2] where all functions are locally Lipschitz and where the necessary and
sufficient optimality conditions are obtained. Also, some related results can be found in [3-6].

The initial problem was considered in [7] with the minimization in the sense of a proper efficient solution. Among other
interesting results, there are obtained Karush-Kuhn-Tucker optimality conditions with the assumption that the Slater
condition holds. In this paper we derive new Fritz John and Karush-Kuhn-Tucker optimality conditions with the main
characteristic that they depend on the set of constraints that are linear in x.

Now we will give definitions of an invex set and a preinvex function. For more information about generalized convexity,
we refer to [8].

Definition 1.2. A subset S of a Banach space E is invex with respectton : S x S — E if for all x;,x, € S and for each
0 € (0, 1),
X2 +60n(x1,x2) €S.

Definition 1.3. If S is invex with respectton : S x S — E, a given function p : S — R¥ is called preinvex with respect to 7
if for all X1, x, € S and foreach 8 € (0, 1),

p(x2 + 0n(x1, X2)) < Op(x1) + (1 — O)p(x2).
We will formulate the generalized Gordan’s theorem that we shall use in our proof.

Theorem 1.1. Let D C L7 [0, T]andlet g : [0, T] x R* — R™, where g(t, x(t)) = £(x)(t), a.e.in [0, T]and & : D — LT[0, T].
Let D be the invex set with respectton : D x D — LY [0, T] and let g be preinvex in x on [0, T] with respect to the same . Then,
exactly one of the following systems is consistent:

I. there exists x € D such that
g(t,x(t)) <0 aein[0,T];
II. there exist u € LT[0, T], u(t) > 0, u(t) # 0 a.e.in [0, T] such that

T
/ u'(H)g(t,x(t))dt >0, VxeD. (3)
0
The proof of the preceding theorem is given in [7], which is essentially based on the general idea from [9].

2. Fritz John optimality conditions

Let A be the subset of indices from the set {1, ..., m} for which the functions g; are nonlinear in x and let A be the set
{1,..., m}\A,i.e., the subset of indices for which the functions g; are linear in x. Similarly, by B we denote the set of indices for
which the coordinate cost functions f; are nonlinear in x and by B we denote the set {1, .. ., s}\ B. Also, if all functions f; and g;
are nonlinear in x we assume thatA = {1, ..., m}and B = {1, ..., s}. By f4 we denote all components of f with indices from
the set A. According to the preceding notations we have that u(t) = (ua(t), uz(t)) and g(t, x(t)) = (ga(t, x(t)), gz(t, x(t))).

Theorem 2.1. Let the set D be invex with respect ton : D x D — L7, let the functions f (t, x(t)) = ¢ (x)(t) and g(t, x(t)) =
& (x)(t) be preinvex in x with respect to the same 0. Let X be an efficient point of the problem (1)-(2). Assume that the following
control qualifications are satisfied:

CQ1: there exists x; € int D such that
gx(t,x1(t)) <0, aein[0,T];

CQ2: there exists x, € D such that
gx(t,x2(t)) <0, ae. in[0,T].

N

Then there exist the multipliers AeER, D€ LT [0, T] such that the following conditions are satisfied:
0.

(A, a(t)) #£0, ae.in[0,T],

A>0,0(t) >0 aein[0,T],
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T
| wecioa=o.
0

T T T T
/i/f(t,x(t))dtJr/ ﬁ/(t)g(t,x(t))dtZ/ i/f(t,fc(t))dtJr/ i'(t)g(t, x(t))dt, VxeD.

0 0 0 0

Proof. Leti € {1, ..., s} be fixed. Put

T
i) = / £t x(0) dt.
0

It is known (see [10]) that if X is an efficient point of the problem (1)-(2), then we have that there is no x € D such that the
following system is consistent

Jito) < Ji®%),
g(t,x(t)) <0, ae.in[0,T],

T T
/ fi(t, x(t)) dt </ [, x@t)dt, j=1,...,s, j#1i, ae.in[0,T].
0 0

From the generalized Gordan’s theorem we have that there exist the multipliers Al eR, ,3" e R 'and i € L7 [0, T]
such that

Ai>0, B'=o0  @i@)=0, (B, 10) #0, ae.in[0,T],
such that
T .. S T N T )
/ M, x®)de+ ) f Bifi(t, x(6)) dt + / (@' (Hg(t, x(t)) dt
0 jJ;} 0 0
T . N T ..
> [ i soa+ Y [ B o
0 j=1 Y0
J#i

holds for all x € D.
Putting x = X we obtain

T
f @ (Hg(t, k(t)) dt > 0.
0

Since the point X is admissible, we have that the opposite inequality is also satisfied.
From the fact that

T
/ (@Y (Og(t, 0) dt = 0
0

we obtain that

T S T T
[ iexenae+ 3 [ B o+ [ @ oge o d
0 j=1 Y0 0

i
T S T T
> [ineiend+ Y [ Bcio + [ @ oseion (4)
0 j=1 Y0 0
i

holds forallx e D.
Put A = (Aq, ..., As) and 1i(t) = (i1(t), ..., Uy (t)), where

N
L=Re B i=1s
j=1

J#
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and
S .
i) =Y "aim, 1=1,....m.
i=1
Summing inequalities (4), fori = 1, ..., s, we obtain that for such X and ii(t) the conditions 1-3 are satisfied. O

Now, we shall prove that the condition 0 holds. We will suppose that is not true. Let
(A, lia(t)) =0, ae.in[0, T].

From the condition 3 we obtain

T
f > di(D)gi(t, x(t)) dt = 0, Vx e D.
0 e
For the point x = x;, from CQ1, we have that

r
/ D (gt xi(6) dt <0
0 ica
holds. It follows that

T
/ > i(git, xi(0) dt = 0.
0 ea

Since the function

T
G(x) = / D &6 dt
0 ea
is linear in x, nonnegative on the set D, and since x; belongs to the interior of the set D, we can conclude that the function
G(x) vanish on the whole set D. Specifically, for x = x,, we have that

:
| Saoscnea=o
0

icA
holds, which is the contradiction with CQ2. Indeed, from CQ2 and from the fact that tiz(t) # 0, a.e.in [0, T], we obtain

T
| Suwsenwd <o
0 ica
As an illustration, we will consider the following simple example from [10]:

1 1
([ |x1(t) — t|dt, / [x2(t) — ¢ dt) — inf;
0 0

—x1(t) <0, ae.in|0, 1],
—x(t) <0, ae.in[0, 1],
x1(t) + x2(t) — 2t <0, ae.in[0, 1].

It is obvious that X(t) = (%;(t), X2(t)) = (¢, t) is an efficient point of the preceding problem. Since D = L2 [0, 1] we have
that the condition CQ1 is satisfied for any admissible point. Also, we can take that x;(t) = %, x(t) = % and we have that CQ2
holds. From Theorem 2.1 immediately follows that the multiplier that correspond to the cost functions must be nonzero.
We have that necessary optimality conditions are satisfied for

A=,1), @) =00t =0 O3t =1

Remark 2.1. If the set D is open, or if D = L’ [0, T], then CQ2 implies CQ1 and Theorem 2.1 can be proved only with the
assumption that CQ2 holds.

Remark 2.2. It is obvious that the set A in CQ1 and CQ2 can be replaced with a set A; C A and in that case the condition 0
becomes

(A, g, (D) #0, ae.in[0,T],
where A; = {1, ..., m} \ Ay
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3. Karush-Kuhn-Tucker optimality conditions

With the additional assumption we can obtain Karush-Kuhn-Tucker optimality conditions for the initial problem.

Theorem 3.1. Let the set D be invex with respect ton : D x D — L7, let the functions f (t, x(t)) = ¢ (x)(t) and g(t, x(t)) =
& (x)(t) be preinvex in x with respect to the same n. Let X be a global minimizer of the problem (1)-(2). Assume that the following
conditions hold:

CQ1: there exists x; € int D such that
gx(t,x1(t)) <0, ae.in[0,T];

CQ2: there exists x, € D such that
8x(t, x2(t)) <0, aein[0,T];

CQ3: there exists an admissible point x3 € D such that
ga(t,x3(t)) <0, ae.in[0,T].

A

Then there exist the multipliers AeR, e LT [0, T] such that the following conditions are satisfied:

L0,
1.

iu(t) >0 ae.in[0,T],
2.

T
/ o'(H)g(t, X(t)) dt =0,
0

3.

T T T T
/ NF(t, x(t)) dt + / o'(t)g(t, x(t)) dt > / Nf(t, k(@) dt + / i'(t)g(t, x(t))dt, VxeD.
0 0 0 0
Proof. As in the proof of Theorem 2.1., we have that the conditions 1-3 are satisfied. Also, we have that
(A, ia(t)) #£ 0, ae.in[0, T]

holds. Let us assume that A = 0. In that case, the condition 3 becomes

T
f o'(t)g(t, x(t))dt >0, VxeD.
0

According to the fact that CQ3 holds, we obtain that
T m T m
[ Saoscnods [y aosexoi<o
0 jea 0 e
which is the contradiction. O

Remark 3.1. Theorem 3.1 can be proved with the assumption that the classical Slater condition holds, i.e., without CQ1, CQ2
and CQ3. Note that by the fact that the Slater condition holds, we mean that there exists a point x € D such that

g(t,x(t)) <0, ae.in[0,T].

However, if the set D is open or if D = L?_[0, T], then we have that Theorem 3.1 was proved with the weaker assumptions,
since the Slater condition implies CQ2 and CQ3.

Remark 3.2. With the assumptions of the preceding theorem the condition 3 can be formulated as the saddle point
optimality criteria.

Define the function
L:DxR xL3[0,T]— R
by

T T
Lix, hu) = / NF(t,x(6)) dt + / W (gt x(0)) dt. (5)
0 0



B. Marinkovic / Computers and Mathematics with Applications 63 (2012) 318-324 323
The condition 3 can be replaced with

LR, &, u) < LR, &, 0) < L(x, 4, 0), (6)

forallx e D,u € LT[0, T], u(t) > O a.e.in [0, T]. Indeed, we have that

T T T T
f Af(t, &) dt + f u'(H)g(t, k(1)) dt > / Nf(t, &) dt + / u'(H)g(t, x(t)) dt,
0 0 0 0
since A > 0, u(t) > Oa.e.in [0, T] and g(t, X(t)) < 0 hold.

Remark 3.3. The assertions of Theorem 3.1 are also sufficient for the optimality of the point X. Indeed, if we put u(t) = 0 in
(6), we obtain

T T T
/i’f(r,&(t))dtg/ i/f(t,x(t))dt—l—/ o' (H)g(t, x(t)) dt.
0 0 0

For the admissible point x holds
T R T R
/ Nf(E, (b)) dt < / Af(t, x(t)) dt.
0 0

According to the known fact (see [7]) that the solution of the so-called weighting scalar problem associated with the initial
problem is the efficient solution for the initial problem, we have that

T T
/ FE &) dt < / F(e.x(0) dt
0 0
holds.

Using the same approach, we can obtain Karush-Kuhn-Tucker optimality conditions where all multipliers that
correspond to the nonlinear coordinate cost functions are nonzero. We will introduce constraint qualifications and regularity
conditions in order to prove the assertions.

Theorem 3.2. Let the set D be invex with respect ton : D x D — L7, let the functions f (t, x(t)) = ¢ (x)(t) and g(t, x(t)) =
& (x)(t) be preinvex in x with respect to the same 1. Let X be a global minimizer of the problem (1)-(2). Assume that the following
conditions hold:

RCQ1: there exists x; € int D such that

gz(t, x1(t)) <0, ae.in[0,T],

fe(t, x1(0) < fz(t, X(t)), ae in[0,T;
RCQ2: there exists x, € D such that

8z(t, x2(t)) <0, ae.in[0,T],

f5(t, x2(t)) < fz(t, %(t)), ae in[0,T];
RCQ3: there exists an admissible point x3 € D such that

ga(t,x3(t)) <0, ae in[0,T],

f(t, x3(t)) < fz(t, X(t)), ae.in[0,T].

Then there exist the multipliers AeER, e L7 [0, T] such that the following conditions are satisfied:

0.

Ap#0,
1.

t(t) >0 ae.in[0,T],
2.

T
f '(t)g(t, x(t)) dt =0,
0
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T T T T
/i/f(t,x(t))dtJr/ ﬂ/(t)g(t,x(t))dtz/ i/f(t,ic(t))dtJrf i'(Hg(t, x(t))dt, VxeD.
0

0 0 0

Note that by iB we denote the set of multipliers ):,- from /. that correspond to the nonlinear coordinate cost functions.

Proof. As in the proof of Theorem 2.1., we have that the conditions 1-3 are satisfied. Moreover, from RCQ1 and RCQ2 we
have that

Gus, fa(0) # 0, ae.in [0, T]

holds. If we assume that ):3 = 0, then the condition 3 becomes

T T T
/ Sl (e, x(0) dt + f i (g (t, x(0) dt = f Sl (e, k() dt,
0 0

0
for all x € D. According to the fact that RCQ3 holds, we obtain that

T T T
/ A5 (t, x3(D) dt + / ' (0)g(t, x3(t)) dt < f Jfa(e, R(0)) dt
0 0 0
which is the contradiction. O
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