Available online at www.sciencedirect.com

SciVerse ScienceDirect Procedia
IUTAM

www.elsevier.com/locate/procedia

ELSEVIER Procedia IUTAM 6 (2013) 132 — 140

IUTAM Symposium on Multiscale Problems in Stochastic Mechanics 2012

Stochastic averaging of roll-pitch and roll-heave motion
in random seas

Leo Dostal®*, Edwin Kreuzer®, Navaratnam Sri Namachchivaya”

“Institute of Mechanics and Ocean Engineering, Hamburg University of Technology,
Eissendorfer Strasse 42, 21073 Hamburg, Germany
Department of Aerospace Engineering, University of lllinois at Urbana-Champaign, Urbana-Champaign, USA

Abstract

Multi-degree-of-freedom ship motion and ship stability in random seas are of major interest for the development of new
advanced intact stability criteria. The purpose of this research is to improve the safety of new ship designs, but the results are
relevant also for other engineering systems involving multiple scales. We focus on roll-pitch and roll-heave motion in random
seas. The random wave excitation is modeled by a non-white stationary process. This process is derived from a spectral
description of the random seaway using traveling effective wave.

© 2013 The Authors. Published by Elsevier B.V. Open access under CC BY-NC-ND license.
Selection and/or peer review under responsibility of Karlsruhe Institute of Technology (KIT) Institute of the Engineering Mechanics.

Keywords: Fluid-structure-interaction; random seas; stochastic averaging

1. Introduction

It is of major interest for the design process of ships to improve the calculation procedures for fluid-ship
interaction in realistic sea states. Modeling of sea states by a random fluid field defined by measured spectral
properties is more realistic then using deterministic fluid fields modeled by Airy or Stokes waves. However,
numerical simulations are time consuming, if a random fluid field model is used, since simulations have to be
repeated many times. In order to make the analysis of ship dynamics in random seas tractable in the early design
process, a reduction of the multi-degree-of freedom state space is needed. This is possible by means of the
stochastic averaging Method. Up to now, asymptotic methods were used for determining the averaged equations
of roll motion subjected to real noise excitation [1,2,3,4]. Exact averaging of strongly nonlinear one-degree-of-
freedom oscillator was done for the case of white noise excitation [5,6,7] and for the white noise excited Duffing
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oscillator with a two well potential [8]. Here, we use stochastic averaging as presented in [9,10] and include
additional excitation due to heave or pitch motion of the ship. The purpose of this research is to improve the
safety of new ship designs, but the results are relevant also for other engineering systems involving multiple
scales.

We focus on coupled roll-pitch and roll-heave motion in random seas. The random wave excitation is modeled
by a non-white stationary process. In Section 2 this process is derived from a spectral description of the random
seaway using a traveling effective wave. Section 3 is devoted to roll-pitch and roll-heave equations of motion
which are transformed later into a dynamical system with multiple time scales. The state space dimension of this
system is reduced by means of stochastic averaging in Section 4, followed by possible application of the reduced
equations in Section 5. Before we conclude our results, we calculate probabilistic measures for a real RoRo ship
design.

2. Random Seas Waves

A well-known model for an irregular long crested wave surface is the superposition of infinitely many
harmonic waves with wave numbers k(@) and frequencies @, which correspond to a one-sided sea state
spectral density S(@). Such an irregular wave surface is too complex for further analysis, because there are
infinitely many possibilities for the wave pressure field acting on the ship hull. Since high frequent pressure
variations will have only small effect on the total fluid forces acting on the ship hull, we consider only an

averaged incident wave with the same length as the ship length consisting of two harmonic components.
Therefore, we approximate the irregular long crested wave surface by the following effective wave

Z;(x,t)=n,(t)sin (277[ xj +1.(t)cos (277[ x] =n(t)cos (%x + W(t)). (1)

The Gaussian random processes 77,(¢) and 77,(¢) are determined by minimizing the error between the irregular

wave surface and the effective wave. Then spectral densities of the above processes are

S, (@) =21, (k(@))* (o), ®)
S, (@) =2f.(k())* S(o), 3)

where the transfer functions f, and f, are given by

27 sin (ék(w)]

7’ —(lz'k(a))j

3. Model of Roll-pitch and Roll-heave coupling

Lk(w)sin (ék(a))j

S (k(w)) = 7 3
7’ —(2 k(a)))

J.(k(w)) =

“4)

Modeling of coupled 6-degrees of freedom ship motion can be done by many ways, depending on the
necessary level of accuracy. Since our results have to be useable in the early design stage of a ship, we will
include only leading nonlinearities and mode coupling. It follows from linear ship motion analysis, that for
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symmetric floating bodies with respect to the X —z plane, the surge, heave, and pitch motions are decoupled
from the sway, roll, and yaw motions. On the other hand, we include the coupling resulting from the influence of
ship orientation in waves on the righting lever GZ . This leads to multiplicative coupling in the righting lever
curve approximation. From an order of magnitude analysis of heave-pitch-roll motions, it is common to neglect
the influence of roll on heave and pitch. Then, the heave and pitch motion statistics can be computed beforehand
and the roll motion is then obtained by including these forcing terms in the one-degree of freedom equation of
motion for roll. We use a linear strip method to obtain the response amplitude operator (RAO) for heave and pitch

motion. The spectral densities S ce and S £ for the heave and pitch motion with corresponding response

z

amplitude operators RAQO_ and RAQ, are given by

S. . (@) =|RAO| S(w), S. . (@) =|RAO,[" S(w). 5)

Figure 1. Definition of relevant ship motions

3.1. Roll-pitch and Roll-heave coupling

Heave and pitch motions change the position and orientation of the ship hull in incident waves. Therefore, these
motions will have an influence on the ships restoring capability. The forces and moments on the hull are
determined by integrating the fluid pressure over the wetted surface of the ship hull. This results in a moment

M with respect to the center of gravity G of the ship, which is determined by M . = GZ -A-g . Here, g is

acceleration due to gravity and A is the displacement of the ship. For each ship, the righting lever has to be
computed numerically, taking the specific geometry of the ship hull into account. These numerical data are then

fitted by analytical functions. For this, we consider the following approximation GZapp for the righting lever

curve of coupled roll-pitch or roll-heave, where we denote the heave process by & =< and the pitch process

by &, =&, Then

GZ,,($.E.w.1) = qp— 4.0° +qsncos(W)p+q, . i=12, (6)

where all coefficients are positive. The coefficients ¢,,q,, and g, are obtained by least squares fitting of the
righting lever curve data GZ , cf. [11]. We have included a cubic nonlinearity in ¢ to account for the softening

spring characteristic of roll restoring force. Moreover, the excitation process f¢ = 5,7‘ =1ncos(y)is given by
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the amplitude process 77, defined by the spectral density from equation (3). With the above approximation of

righting lever GZ , the roll dynamics of a ship in head or following long crested waves can be represented by

(I, +A)p+bd+bF +AgGZ, ($,E,,E)=0, i=12. (7)

Here, /_ is the roll moment of inertia, Axx is the hydrodynamic added mass evaluated at the natural roll

eigenfrequency, b, and b; are linear and cubic damping coefficients.

3.2. Derivation of Multiple Scales Model

Using standard rescalings, equation (7) can be written as the following system of first order differential equations
xX=y,
)= - x+a,x —eQBy+2B,°)+e +k i=1,2
y=—w;x+ax —e2py+2py ) +Ne(axE, +k,xs,), i=12.

For the heave-roll and pitch-roll equations of motion we can assume, that the parameter € in system (8) is much
smaller than one, since hydrodynamic damping and excitation due to sea are small compared to the restoring
forces. Then equations (8) form a weakly perturbed Hamiltonian system, with Hamiltonian

®)

2 a)2 x2 a x4
H(x.y)="+—0 === ©)
From the Hamiltonian we obtain
1
O(x,H)=y" :2H—a);x2+§a3x4. (10)

It is clear, that the energy of system (8) changes due to the perturbations and damping. Therefore, the total
derivative of the Hamiltonian (9) does not vanish and we have

‘il—’f = —£QB.00e H) +2B,0(r, HY) e (@,x, + k5 ) O H). an

With this we state a system of differential equations for the energy H and the variable x

X=\0(x,H),

. (12)
H =—eQ2B,0(x, H)+28,0(x, H)*) + e (a,x&, + k,xE)WJO(x, H).

The state variable X and H in equation (12) exhibit different time scales, since the energy H changes slowly
with time compared to the change of the variable X . For fixed H a closed form solution of x can be obtained in
terms of Jacobian elliptic functions by

x(t) =b sn(qt, k), (13)
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where
—a); +4 fa); —4a,H
b=,|- " (14)
a;
and

a= 42H, qg=a &, k:é.
b a, \ 2 a

With the equality X =/Q(x,H) we obtain from equation (13)

JO(x, H) =bgcn(qt, k) dn(qt,k). (15)

For a fixed energy H in the unperturbed system with & = 0, the period of one oscillation of the fast variable x
is thus

T(H)z2dxja

dx
—'_Q(x, H) (16)

4. Stochastic Averaging

A rigorous proof of a limit theorem concerning stochastic differential equations with multiple time scales was
obtained in 1966 by Khashminskii [12]. This theorem was later extended by Papanicolao and Kohler [13]. We
use the limit theorem from [13] to average the change of energy H in system (12) during one oscillation period
T of the fast variable X . For this purpose, we define the averaging operator

M s} =[] ror %

Application of the limit theorem from [13] yields the following It6 stochastic differential equation

dH = m(H)dt + c(H)dW, (18)

which determines the energy variable H of system (12). The equations for drift m(H ) and diffusion
o(H ) become
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m(H) =M{Q(x(1), H)(=2 3, =2 B,0(x(t), H)) | +

0
cn,__dn
+a,k, b’ | (R, . (7)=R. . (-1))M {sn sn,, . M} dr+
'[c - ” T endn,

0
cn,, dn (19)
+a;b’ .[ R..(tM {sntsnm M}df +
00 cn,dn
o 41

0
cn,, dn
+k¢f,.b2 I R.. (T M {Sntsnm ’”—t“} dr,

cn,dn,

c’(H)=a;b'q’ J‘_w R. . (r)M {sntsnwcntdntcnmdnm } dr +

L

+kyb'q? J’: R.. (0)M{sn,sn, cndncn,, dn, tdr+ (20)
+a4k¢ib4 e I_Z (R.; (1) =R, . (-0)M {snsn,, cndnen,, dn, }dr.

Here R £z, and R; g are the autocorrelation functions of the processes &; and éf¢ = é:n . The cross correlation
is denoted as R e Equations (19) and (20) contain the Jacobian elliptic functions
sn, = sn(qt, k), cn, :=cn(qt, k), dn, = dn(qt,k),

and Jacobian elliptic functions with time shift

sn,, =sn(q(t+71),k), cn,,  =cn(qt,k), dn,  =dn(q(t+7),k).

5. Stationary Density and Mean Exit Time

With the results from Section 4 for drift and diffusion of the averaged process for the energy H , we can
calculate further relevant measures like probability density functions (pdf) or mean times until a specific energy
level is reached. For this, we introduce the speed and scale measures, which transform the diffusion process (18)
on its natural scale, where the drift is identically zero. This task is achieved via the transformation $(x) given by

) drj, (21)

m(r
o’(r)

S(x) = .[xs(x)dx, s(y)= exp(—ZJ.y

where §() is called the scale density. Then, the speed density is defined by
1

_ 2
> ()s() 22

u(y) =

The stationary pdf of energy H can be stated in terms of
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Py (H) :/U(H)(Cls(H)"_Cz)- (23)

The coefficients ¢, and ¢, are determined by boundary and normality conditions. If we assume a reflecting
boundary at H :a); / (4a;) (ie. no capsizing), which is approximately the case up to moderate noise
intensities, then ¢, = 0. In this case a stationary solution exists and is given by

__ % H m(x)
p“"(H)_—az(H) exp(2.|. g dx]. (24)

The mean first passage time [, for a process on x €[x,, xc] with entrance boundary X, and exit boundary

X, can be calculated by the following formula (cf. [14])

1) =2 | [ sy ju)e, 23)
where X, €[x,,x,] is the starting point.
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Figure 2. Heave RAO, U=15 kn Figure 3. Pitch RAO, U=15 kn
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6. Results for a RoRo ship in random seas

We now consider the case of a RoRo ship travelling in long crested following waves. The data of this ship can
be obtained from [10,11,15]. At ship speed U =15knin a sea state S(@) defined by a Piersson-Moskowitz
spectrum with modal frequency @, =0.64rad /s and significant wave height H =14m, the RoRo ship is
in the region of 2:1 parametric resonance, which leads to large amplitude roll motion. The heave and pitch
RAQ’s for this scenario are plotted in Figures 2 and 3. For the case of roll-pitch coupling we calculate the drift
m(H) and diffusion o(H), which are respectively given in equation (19) and (20), by numerical integration.
The numerical data are interpolated by cubic splines and shown in Figures 4 and 5.

100 1000
0
T T
£-100 = 500
-200
~30% 5 10 15 % 5 10 15
H H
Figure 4. Drift m(H) for roll-pitch motion Figure 5. Diffusion 5 (H) for roll-pitch motion

We further can calculate an approximate probability density by means of equation (24). After the
transformation from roll energy H to maximal roll angle per roll period b , which is given in equation (14), we
get the corresponding pdf as shown in Figure 6. Further calculations of mean first passage times by means of
formula (25) are shown in Figure 7, where the scaled time for reaching the critical energy level for capsizing is

computed, starting at the initial roll angle @ . Note, that the scaled time 7, = &7 is plotted, where we have used

c=0.1.
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Figure 6. Pdf of maximal angle b Figure 7. Mean time for capsizing

for roll-pitch motion for roll-pitch motion
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7. Summary and Conclusions

In this paper we have obtained analytical results for the behavior of the roll-pitch and roll-heave motion of
ships in random seas. It was shown, that the developed theory is applicable for the analysis of large real ships. An
approximation for the probability density in a finite time interval was calculated for a RoRo ship, assuming
reflecting boundary conditions for the corresponding Fokker-Planck equation. The approximate probability
density can be used in the design process of a ship to optimize its stability. Because the roll dynamics are
modeled by a softening spring type Duffing oscillator with additional cubic damping, which is excited by non-
white stochastic processes, the presented results are also applicable to various engineering problems containing
multiple scales.
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