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Abstract

We study some properties of Gram matrices with non-negative inverse which lead to the
constructions of obtuse cones. These constructions can find applications in optimization prob-

lems, e.g., in methods of convex feasibility problems or of convex minimization problems. ©
2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

In optimization methods we often have to solve the following problem:

Given a system of linear inequalities ATx < b, where A is a matrix of typen x m,
x € R" and b € R™, and an approximation X € R”" of a solution of this system.
Find x* which essentially better approximates a solution x* € M = {x : ATx <
b} or detect that M = @.

The best possibility would be to take x+ = Py, but the evaluation of such a
projection is often too expensive. On the other hand, x evaluated as a projection
PiraTx<t)®s where q; is the ith column of Aandi € I = {1, ..., m} suchthata]x >
b; is often not essentially a better approximation of a solution x* than x. There is also
a compromise: choose appropriate columns J C I of the matrix A (denote by A the
submatrix of A which consists of the chosen columns J C [ and by b the subvector
of b which consists of the coordinates J C I) and evaluate

E-mail address: a.cegielski@im.pz.zgora.pl (A. Cegielski).

0024-3795/01/$ - see front matter © 2001 Elsevier Science Inc. All rights reserved.
PI:S0024-3795(01)00284-1



168 A. Cegielski / Linear Algebra and its Applications 335 (2001) 167-181
+ _ fa—
X7 = PloaTech )X M

Now, a new problem arises in this context: how to choose J C I such that xTt eval-
uated by (1) essentially better approximates a solution x* than X and such that x™
can easily be evaluated. It seems natural to choose J such that Ayx > by or at least
Ayx > by. Suppose that A; has full column rank and evaluate x" = Py, AT xeb, ) X-

Of course, x’ is not necessarily equal to x* given by (1). Nevertheless, it can be eas-
ily shown that equality x’ = x* holds if and only if »:=(AYA )1 (ATx —b,) >
0 (in fact, A is the Lagrange multipliers vector for the problem min{% lx — X% :
Ayx < by}). Since we have assumed Azx > by we see that A > 0 when (A;AJ)_1
> 0. This observation leads to a study of the properties of a full column rank matrix
whose Gram matrix has non-negative inverse. Such matrices are strictly connected
with the so-called acute cones (see, e.g. [3,4,10,12]). We are interested in our study
on the properties of such matrices which can help us to construct obtuse cones. The
projections evaluated by (1) have in these cases interesting properties which lead to
an essentially better approximation x ™ of a solution than the actual one.

We start with the notations and definitions which will be occurring in the paper.
We use the following notations:

e x = (xi,...,x,)T—an element of R",
e (-, -)—the usual scalar product in R”, ie., (x,y)= xTy = Z;f:lxjyj, for
x,y e R,

I -l = +/(, -)—the Euclidean norm in R”",
e;—ith element of the standard basis in R”,
e Ppx—the metric projection of x onto a given closed convex subset D.
Furthermore, for a given matrix A of type n x m, we denote:
e Lin A—the linear subspace generated by the columns of A,
e (Lin A)*—the linear subspace orthogonal to Lin A,
e cone A—the cone generated by the columns of A,
e r1(A)—therank of A,
and we write:
e A > 0(>0) if all elements of A are non-negative (positive),
e A has full column rank if r (A) = m (or in other words, the columns of A are
linearly independent).
Finally, for a given cone C we define the dual cone of C by

C*={seR":(s,x) <Oforall x € C}.

The matrices we consider in the paper are real matrices.

Definition 1.1. A cone C is said to be acute if (x, y) > Oforall x, y € C. A cone
C is said to be obtuse (in Lin C) if C* N Lin C is an acute cone.

Definition 1.2. Let A be a matrix of type n x m. The matrix AT A is said to be the
Gram matrix of A.
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Remark 1.3. It is well known that the Gram matrix of A is non-negative definite
and that it is positive definite if and only if A has full column rank.

Definition 1.4. Let A be a matrix with full column rank. The matrix
At = (ATA)1AT )

is said to be the (Moore—Penrose) pseudoinverse of A.

Definition 1.5. A matrix G is said to be monotone if

Gx>20=x2>0.

The following result which connects the introduced objects is well known (see,
e.g. [1-4,6,10,12]). Nevertheless, we present in Appendix A a proof of the following
lemma.

Lemma 1.6. Let A have full column rank. The following conditions are equivalent:
(i) cone A is obtuse,

(ii) cone AT is acute,

(iii) (cone A)* NLin A C — cone A,

i) (AT~ >0,

(v) ATA is monotone.

The paper is organized as follows. In Section 2, we present some properties of
Gram matrices with non-negative inverse, which lead to the constructions of an ob-
tuse cone. These constructions consist in an addition of one vector to a given system
of vectors generating an obtuse cone. Such properties and constructions are known
(see, e.g. [3,4,10,12]). Therefore, Section 2 has an auxiliary character. The main re-
sult of this section, Theorem 2.3, will be generalized in the following section in Lem-
ma 3.6 and in Theorem 3.11. In Section 3, we present the sufficient and necessary
conditions for a block matrix A = [A, A] having a Gram matrix with non-negative
inverse. These conditions lead to the construction of an obtuse cone which consists
in addition of several vectors to a given system of vectors generating an obtuse cone.
In Section 4, we present the results of Section 3 in terms of the QR-factorization.
Finally, in Appendix A, we present a proof of Lemma 1.6.

2. One-dimensional update of obtuse cones

Definition 2.1. A matrix A of type n x m is said to be strongly admissible if there
exists x € R" such that ATx > 0. A matrix A of type n x m is said to be weak-
ly admissible if there exists x € R" such that ATx > 0 with at least one positive
coordinate.
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Denote by A1 a matrix of type n x m with columns a;, i = 1,...,m, by a an
element of R" and by A the n x m matrix [A, a], where m = m| + 1.

Lemma 2.2. Let A =[Ay,a] be weakly admissible and let x € R" and
je{l,...,m} be such that ATx > 0 with positive jth coordinate. If
(i) A1 has full column rank,
(ii) Afa < 0 with negative jth coordinate if j < m,
then A has full column rank.

Proof. Suppose r (A) < m. Then, by the Kronecker—Capelli theorem, a = A« for
some o € R™ since A; has full column rank. Furthermore, this representation is
unique. Let x € R" and j < m be such that ATx > 0 with positive jth coordinate.
Such x and j exist since A is weakly admissible. By (ii) we have

ATa=ATAla=a <0
with o; < 0if j < m. The above claims leads to the following inequalities:
0< ax = otTATx <0,

where the first inequality is strict if j = m and the second one is strict if j < m. The
contradiction shows that A has full column rank. [

Theorem 2.3. Let A = [A1, a] be a matrix with full column rank. If
@ (ATAD~' >0,
(i) Afa <0,
then
(iii) (ATA)~' > 0.
Remark 2.4. A proof of a lemma which is formulated equivalently to Theorem 2.3
can be found in [2, Lemma 5.6.B]. In the quoted lemma, the condition Afa < O has

an equivalent form a € —cone A| + (Lin Al)L. Theorem 2.3 also follows from [10,
Lemma 3.2]. In Section 3 we will prove a generalization of this theorem.

Corollary 2.5. Let A =[Ay, a] be weakly admissible and let j € {1, ..., m} be
such that the jth coordinate of A x is positive for some j, and for some x € R". If
(1) Aq has full column rank,

(ii) (ATAD™! >0,

(iii) Afa < 0 with negative jth coordinate if j < m,
then

(iv) A has full column rank and

v) (ATA)" 1 >0
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Proof. The corollary follows directly from Theorem 2.3 and Lemma 2.2. [J

Remark 2.6. Compare also [10, Lemma 3.2], where the above corollary is proved,
or [4, Remark 10], where a proof of the above corollary is suggested.

Corollary 2.7. Let A = [A1, a] be strongly admissible. If
(1) Ay has full column rank,

(i) (ATAD~! >0,
(iii) ATa <0,
then
(iv) A has full column rank and
W) (AT >0.

Proof. Take j = m in Corollary 2.5 which can be done since A is strongly admissi-
ble. [

Remark 2.8. A proof of Corollary 2.7 can also be found in [10, Lemma 3.2] or in
[4, Theorem 5].

Corollary 2.9. Let A = [A1, a] be a matrix with full column rank. If
@ (AjAD~' >0,

(i) ATa <0,
then
(i) ATAL >0

Proof. From assumptions (i) and (ii) it follows that
Afa=@ATAap~"'ATa <.

The corollary now follows from Theorem 2.3 [

Remark 2.10. Other proofs of Corollary 2.9 can be found in [12, Corollary 4.1] or
in [2, Theorem 5.4.A].

Corollary 2.11. Let A = [Ay, a] be weakly admissible and let the jth coordinate of
AlTx be positive for some x € R". If
(1) Ay has full column rank,

(i) (ATAD~! >0,
(iii) A?a < 0 with negative jth coordinate,
then
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(iv) A has full column rank and
V) (ata~' >o.

Proof. From assumptions (ii) and (iii) it follows that
Afa=@ATap~"ATa <.

Denote by «; the ith coordinate of Afra, by b; the ith coordinate of ATa and by bjy
the (i, k)th element of (ATAl)_l. Of course b;; > 0 since all diagonal elements of
a positive definite matrix are positive. By (ii) and (iii) we have

m
aj = ijkbk <bjjb; <O.
k=1

Now, we obtain by Lemma 2.2 that A has full column rank, and by Theorem 2.3 that
At '>0. O

Remark 2.12. Similarly as in Corollary 2.7 one can also formulate the following
version of Corollary 2.11.

Corollary 2.13. [f the Gram matrix G of A has full column rank and non-positive
off-diagonal elements, then Gl>o.

Proof. The corollary can be verified by the repeated application of Corollary 2.9.
(]

Remark 2.14. Similarly as in Corollary 2.11 one can formulate versions of Cor-
ollary 2.13 by an appropriate use of strong or weak admissibility instead of linear
independency.

Remark 2.15. Corollary 2.13 follows also from [5, Theorem 4.3] and from [11,
Theorem 5'] which deal with the so-called Minkowski matrices (non-singular matri-
ces with non-positive off-diagonal elements and with non-negative inverse). Some
other formulations of Corollary 2.13 in terms of cones can be found in [2,7-9,12].

Remark 2.16. Theorem 2.3 allows more general constructions of obtuse cones
than those obtained by application of Corollaries 2.9 or 2.13 which can be seen in
the example below.

Example 2.17. Let A = [ay, a2, a3], where a; = (1,0,0)T, ay = (=1, -1, DT,
11

az = (-1, g, Z)T. One can see that cone A is obtuse since
17 8 8
ATA)y '=|8 8 0f>o0.
8 0 8
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On the other hand, azT a3z > 0 and cone A cannot be constructed by an application
of Corollaries 2.9 or 2.13. Nevertheless, cone A can be constructed by an iterative
application of Theorem 2.3: take in the first iteration A = a;, a = az, and in the
second one A| = [ay, az], a = as.

3. A general construction of obtuse cones
We start with the following example which shows that there exist obtuse cones
which cannot be obtained by an application of the constructions presented in

Section 2.

Example 3.1. Consider the following matrix G:

s 6 25 _25
88 88 22 22

65 175 25 25

G = 88 88 22 22
Tl_»s 2 115 65
22 22 88 88

_25 _25 65 175

22 22 88 88

G is positive definite and its inverse is equal to

—_

G =

N[—= D= n—

Nl—= N|—= = =
[ N N
4 Ll TR ST

i.e., by Lemma 1.6, G is the Gram matrix of a system of vectors A = [ay, a2, a3, a4]
which generates an obtuse cone. Nevertheless, none of the 3-element subsystems of
A generate an obtuse cone, because if one cancels the ith row and the ith column from
the matrix G (i = 1,2, 3,4 ), then the obtained matrix does not have non-negative
inverse:

- 175 25 2597l o 2 2
88 22 22 25 5 5
25 175 65 _ |2 31
22 88 88 - 5 4 20 |
_2 65 175 2 1 3
- 22 88 88 -~ =5 20 4
- 175 65 25941 - 3 _ 1 24
88 88 22 4 20 5
65 175 25 _ |1 302
88 88 22 - 20 4 5
25 25 175 2 2
= 22 22 88 — — 5 5 25-

Therefore, the system A which generates an obtuse cone cannot be constructed by an
application of Theorem 2.3 or of any of its corollaries presented in Section 2.
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Observe that there exist 2-element subsystems [aj, az] and [a;, a4] of A which
generate obtuse cones since

175 25770 s 32
88 22 75 75
25 175 32 56 | © 0

22 88 7575

In this section, we present a construction of obtuse cones which is more general
than that obtained by an application of Theorem 2.3.

Lemma 3.2. A matrix B is the pseudoinverse of a full column rank matrix A if and
only if

(i) BA =1 (i.e., Bis a left inverse of A);

(ii) B = AAT for some square matrix A (i.e., rows of B € Lin A).

Proof. The necessity of (i) and (ii) is obvious. Now, we prove the sufficiency.
By (i) and (ii) we have I = BA = AATA,ie., A= (ATA)"!. Hence, B = AAT =
(ATA)1AT. O

Let Ay, A> be matrices of types n x m| and n x mj, respectively, and let the
matrix A = [A}, A>] have full column rank. One can decompose A into a sum of
a part linearly dependent on the columns of A, and a part orthogonal to Lin A;. We
have

Al = A2AT Ay + Ay, 3)
where

Ay = (I — AZAD)A;. )
There hold the obvious equalities

ArTA; =0 5)
and

AFTAL = AT A5 (6)

Analogously, the matrix A, can be decomposed into a sum of a part linearly depen-
dent on the columns of A| and a part orthogonal to Lin A;. So, we have

Ar = A1AT Ay + AT, )
where

Al = — A1AD A (®)
and

ATTA =0, ©)

ATTAy = AT AL (10)
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Furthermore, by equalities

1 _ + _ o4
Aya = Ao — ArA; Al = A |:—A;A1a:|’

where « € R™1, one easily obtains from the definition that the columns of Aj- are
linearly independent since the columns of A are linearly independent. Therefore
r(A3) = my, consequently, there exist matrices A2L+, (AFTA)T and (A3TADT.
Correspondingly, r(Ali) =my and there exist matrices A1l+, (AILTAIL)+ and
(AfTAx)T.

Lemma 3.3. The matrix

Af — AT A AT
A=
+ + 1+
AT — AT ALA;

is the pseudoinverse of the matrix A.

Proof. First we prove that A’ = AAT for

(ATAD '+ AT Ax(ALTAD) TAT AT
A=
—ATA1(AyTAY)!

—AT Ay (ATADH!
(ATA) ™'+ AT A (AT TADH) 1 (AT AT
By (7), (3) and (2) we have
. (AT — AT AL (AFTAD) (A — A1AT AT
AAT =
| AT — AT AI(A;TAD) (AL — AAT AT
(AT — A Ay(A{TAD)TTALT

= = A/.
+ + 1T AL\—1 41T
| AT — AT A1(A3TAS) 1A

Furthermore, by equalities (9), (10), (5) and (6), and by the definition of the pseudo-
inverse we easily obtain A’A = I. The lemma follows now from Lemma 3.2. [

Lemma 3.4. The matrix

. At
Al

is the pseudoinverse of the matrix A.
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Proof. The matrix A” can be presented in the form A” = AAT for
e (AyTAa)™! —(AyTAp) AT AT
—(AFTAD) T AT AT ATap™!
Indeed, by equalities (3), (7) and (2) we have
[ (ALT g Ly—1 4T LT ALy—=T g+ A \T AT
AT | A2 A7 A — (A A) (A AN A,
| (AFTAD (AT ADTAT + (AfTAD) AT
C[@TAap A - AT AT
(ATTAD) (A — A1 AT AYT
[ ALT g Ly—1 41T 1+
_ (A7 A7)7 Ay ]=|:A2 j|

1T pL\=1 41T 1L
_(Al Al) Al A1+

Furthermore, by equalities (3), (7), (5) and (9), we obtain

. [AxT AyTAL AT A,
AA=| " [[AL A2l =| 7 N
AT ATTAL ATTA

| ATTAD T AT T (A AT AL + Ap)
(ATTAD) 1AL A,

(AyTAY) 1A T A,
(ATTAD TTATT(A AT Ay + AD)
AT ALy=1 41Ty L
_ | (ATan A T4, 0 _ [1,,,, 0 } _
0 (AfTAD)TALTAL 0 lum

The lemma follows now from Lemma 3.2. O
Corollary 3.5. There holds the equality A’ = A"

Proof. The assertion follows from Lemmas 3.3 and 3.4. Namely, the pseudoinverse
of a matrix is uniquely determined. [
Observe that, for a matrix B with full column rank, there holds the equality
BB = B B)"!. (11)
Present the matrix (ATA)_1 in the form of a block matrix

Dy D12:|

ATA)~! =
( ) [DZI 10%)
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where D11, D12, D21, Dy are matrices of types m1 x my, my X mo, mo x mp and
my x my, respectively. Similarly, present the matrices A’ and A” in Lemmas 3.3 and
3.4 in the form of block matrices:

A’
1

A = |:A’:| ,
2

” . " .
where A, A, are matrices of type m1 x n and A, A, are matrices of type my X n.

Lemma 3.6. There hold equalities

Dy = (ATAD '+ AT Ay (AT AD) TN AT AT = (A3TAD) 7, (12)
Dy = —AT Ay(ATTAD) (13)
Dy = —AT A1 (AyTAY) 7!, (14)
Dy = (A3 A2~ + AT A1 (A Ap) TN (AT ADT = (ATTAD T, (15)

consequently, (ATA)~! > 0 if and only if all matrices given by (12)—(15) are non-
negative.

Proof. By equality (11), we have

_A/ -
@t =1 Al A
| 42 ]
and
(ATA)_l _ A/ll [A//T A//T]
- A/z/ 1 2 1

Now, we evaluate the successive blocks of the matrix (ATA)~!. We have
Dy =A AT
_ At A+T + 4 L+T 4T 4+T + L+ 4+T
=ATA] —ATATT AJAT — AT AATTA]
+ L4 A L4T 4T 44T
+ATAZATTATT T AYAT .
By (2) and by (9) AT AT = 0. Furthermore, by (11), we get
A AT = AT

and
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ATATT = (ATap™".

Therefore
Dy = (ATAD '+ AT Ay(ATTAD) (AT AT
On the other hand,

Dy = A AT = (AfTay) 7L
Using similar arguments we obtain equalities (15). Furthermore, by (7), (5) and (6)
we see
Din=A AT = AFtALHT
=(AyT AN AT AL (AT AD) !
=(AyTAD T AT (A — AT AT A)(ATTAD) !
=—(AyTAD) AT A AT Ay (AT AD) !
=—(AyTAD) AT AT AT Ay (AT AD) !
=—Af A (ATTAD L
Equality (14) can be proved analogously. [

Corollary 3.7. There holds the equality
(AyTAD) TN AT ADT = AT Ax(ATTAD T

Proof. The matrix (ATA)_1 is symmetric. Therefore, for the blocks Dy and Dj;
given by (13) and (14) the equality Dgl = Dy is fulfilled. O

Corollary 3.8. There holds the equality
Dy = (A]A)™' + D1nDy,) Dy

Proof. The corollary follows easily from Lemma 3.6 and from the symmetry of the
matrix (ATA)~L. O

Corollary 3.9. Let A = [A1, a] be a matrix with full column rank, where A1 is an
n x my matrix and a € R". Furthermore, let a*~ = (I — AlAT)a. Then the matrix
(ATA)~! has the representation

(AT )1 — | ATADT + A OUTe Tl IP - —Afa/llatI?
—(ATa)"/llat|? 1/la™ |
and, consequently, (AT A)~! is non-negative if and only if

@) Afra < 0and
(i) (ATAD™' + (ATa) (AT /llat|? > 0.
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Proof. The corollary follows easily if one takes A = a in equalities (12)—(15). O

Remark 3.10. Theorem 2.3 follows now from Corollary 3.9. Furthermore, the
results of [10, Lemma 3.2] and [4, Theorem 5] follow from Corollary 3.9 and Lemma
2.2.

Theorem 3.11. Let A = [A1, A3y] be a matrix with full column rank. If
() (ATAD~' >0,

(i) A A2 <0,

(i) (A;TAD)T' >0,

then (ATA)~!1 > 0.

Proof. The theorem follows easily from Lemma 3.6. [

4. Obtuse cones and QR-factorization

In this section we present a form of the matrix (AT A)~! based on the QR-fac-
torization of the block matrix A = [A1, A]. Let A = [A1, A2] be a matrix of type
n x (m; + my) with full column rank and let A = QR be a QR-factorization of the
matrix A = [A1, Az]. Let Q = [Q1, O3], where Q1 and Q, are orthogonal matrices
of types n x m1 and n x my, respectively. Furthermore, let

R R
R = | K 12 ’
0 Rxp
where Ri1, Rz, R»; are matrices of types m| X m1, mj X mp and my X my and

0 is a matrix of type m> x m with all elements equal to 0. The following equalities
are obvious:

A1 = Q1R (16)

AT =Ryl o] (17)
and

Ar = A1R'Ri2 + Q2R (18)

Theorem 4.1. There holds the equality
T -1 -1 T —1pT p-T —1 T -1
(ATA)! = (Rj R1)™" + Ry Rio(Ryy R2)™ Ry Ry =Ry Riz(Ryy R)
—(RLR) ' RLRT (Ry,Ro2)™!
and, consequently, (AT A)~! is non-negative if and only if
) (R},R2)~! >0,
(ii) (Rngzzr‘RszR;f <0, ;
(i) (RT,Ri)~'+ R;'Ri2(R,Rn)'RLR > 0.
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Proof. By equalities (8), (16)—(18) and by the properties of orthogonal matrices we
have

ATTAL = AS(1 — A ADT (T - A1AD) A,
=AY - A AN A,
= RLRFATAIR 'R+ RLRTAT Q2R
—RLRTATQ10T AR Rz — RG R AT Q107 Q2R
+R22Q2A1R11 Ri2+ R}, 05 02R»
= Rngzz.

Furthermore, by equalities (17) and (18) and by the properties of orthogonal matri-
ces, we obtain

ATAZ = R1_11R12.

The theorem follows now from Lemma 3.6 and Corollary 3.7. [

Appendix A

Proof of Lemma 1.6 (i) < (ii) Using the well-known equality R" = Lin A
+ (Lin A)* one can prove that (cone A)* = —cone ATT 4+ (Lin A)T. As a conse-
quence one obtains cone ATT = —(cone A)* N Lin A. Now the equivalence (i) <
(ii) follows directly from Definition 1.1.

(i) = (iii) Suppose (i) holds and (iii) does not hold. Let y € (cone A)* N Lin A
and y ¢ —cone A. Then, by the separation theorem there exists z such that (z, x) >
0 for all x € —cone A, and (z, y) < 0. It is well known that z =7 + 7+, where
Z € Lin A and z*+ € (Lin A)L. We have Z € (cone A)* since (z, x) = (z — z+, x) =
(z,x) > 0for all x € —cone A. Now, it follows from (i) that (z, y) = (z + z+, y) =
(zZ,y) > 0 since z- € (Lin A)* and Z, y € (cone A)* N Lin A. We have obtained a
contradiction which proves that (i) = (iii).

(iii) = (iv) Suppose that (cone A)* N Lin A C —cone A and that b;; < 0 for some
element b;; of the matrix (ATA)~!. Let y = A(ATA)"!(—e;). Then ATy = —¢; <
0,i.e., y € (cone A)* N Lin A. Therefore, by the assumption, y € —cone A4, i.e. y =
Aq for some a < 0. Furthermore, « is uniquely determined since A has full column
rank. Now we have A(ATA)_l(—Ej) =y = Acx, and consequently, o = (ATA)~!
(—ej), e, a; = —b;; > 0, which is a contradiction.

(iv) = (v) Let y = ATAx > 0. Then, by the assumption, x = (ATA)™'y >0,
i.e., ATA is monotone.

(v) = (i) Let x, y € (cone A)* N Lin A. Then ATx <0, ATy <0 and x = A«,
y = AP for some «, B € R™. Hence AT Aa < 0, ATA,B 0 and, consequently, o<
0 since ATA is monotone. Now we have xT y= aTATA,B > 0, i.e., by Definition
1.1, cone A is obtuse. [
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