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Abstract

The Amitsur—Levitzki theorem asserts that M, (F) satisfies a polynomial identity of degree
2n. (Here, F is a field and M, (F) is the algebra of n x n matrices over F.) It is easy to give
examples of subalgebras of M), (F) that do satisfy an identity of lower degree and subalgebras
of M,,(F) that satisfy no polynomial identity of degree < 2n — 2. In this paper we prove that
the subalgebras of n x n matrices satisfying no nonzero polynomial of degree less than 2n
are, up to F-algebra isomorphisms, the class of full block upper triangular matrix algebras.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is concerned with n x n matrix subalgebras that do not satisfy a poly-
nomial identity of degree < 2n. Our aim is to present and prove the following theo-
rem: Let F be a field and let A be an F-subalgebra of M, (F). If A does not satisfy
the standard polynomial s>,_>, then A is equivalent to a full block upper triangular
matrix algebra.

To begin, let F' be a field, M, (F) the algebra of n x n matrices over F, and
F{X} = F{X1, X2, ...} the free associative algebra over F in countably many
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variables. A nonzero polynomial f(Xi, ..., X,,) € F{X} is a polynomial identity
for an F-algebra R (or, R satisfies f)if f(r1,...,ry) =0forallry,...,r, € R.
The standard polynomial of degree ¢ is

si(X1, ..., Xy) = Z(sg )Xo ()Xo --- Xo ()

o€eS;
where S; is the symmetric group on {1, ... ,7} and (sg o) is the sign of the permu-
tation o € S;. The standard polynomial s; is homogeneous of degree ¢, multilinear
and alternating. If ¢ is odd then s,(1, X2, ..., X;) = s,—1(X2, ..., X;). Thus s is

an identity of R if and only if 52,41 is an identity of R. The standard polynomial s, ,
is a linear combination, with coefficients being 1 or —1, of evaluations of ss,. This
can be shown as follows: We partition the set of permutations S, by defining the
equivalence relation T ~ o if the images of the interval [1, ¢] under t and o are the
same set. Then, we have

s (X1, ..., X)) = Z (sg 0)sqg(Xo1)ys -+ s Xo(@))Sr Xo(g+1)s -+ » Xo@)-
TS/~ (1.1)

The Amitsur-Levitzki theorem asserts that M,, (F) satisfies any standard polyno-
mial of degree 2n or higher. Moreover, if M, (F) satisfies a polynomial of degree 2n,
then it is a scalar multiple of 55, (cf. [1]).

The standard polynomial sy, is a minimal identity in the sense that M), (F') satis-
fies no polynomial identity of degree less than 2n. More generally, if A is a subalge-
bra of M,,(F) isomorphic to a full block upper triangular matrix algebra,

0

then A satisfies no polynomial identity of degree less than 2n. To prove this assertion,
note that every full block upper triangular matrix algebra contains the “staircase
sequence” eq1, €12, €22, €23, - .- » €(u—1)(n—1)> €(n—1)n» €nn»> and

son—1 (€11, €12, €22, €23, . .., €u—1)(n—1)> €(n—Dyns €nn) = €1n, (L.2)

where the ¢;; are the standard matrix units.

In Section 2 we provide the building blocks for the main theorem of this paper
and its proof. This proof and some of its consequences are presented in Section 3.
For polynomial identities in Ring Theory and the polynomial identities of n X n
matrices, [2,4] are suggested general references.
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2. Building blocks

Lemma 2.1. Let A be a simple F-subalgebra of M,,(F). Then either A = M,,(F)
or A satisfies the identity s3,—2(A) = 0.

Proof. By assumption, A is a a finite dimensional central simple algebra over its
center k. Let K denote the algebraic closure of k; then A ®; K is a simple K -alge-
bra in a natural way (cf. [4, §1.8]), with dimg (A ®; K) = dimg(A). Also, A ®
K = M;(K) for some t < n. Suppose that A is a proper subalgebra of M,,(F). It
follows that ¢ < n. Hence, by the Amitsur—Levitzki theorem, A ®; K satisfies s2,—2,
and the result follows since A is embedded as a k algebrain A ®; K. O

2.1. We now consider the case when A contains a “repetition”. We will need some
notation.

(i) Let My, ..., M, be matrices in A,
ax  br ¢k
My=10 e dif,
0 0 a

ag, cx € My(F), ex € My(F), by € Mysm (F), di € My (F).
Given 1 <i < j<tando € S, set
m{[i, j1=(sg 0)as(1) - .- Ao (i—1)bo (D) eo(i+1) - - - €o(j—1)do(j)do (j+1) - - - Ao (1)
and denote by W the set of all matrix products
{m{li, jl:o € Spand 1 <i < j <t}

(ii) The projection ur returns the £ x £ upper right block of a matrix in A:

a b ¢
ur{0 e d]=c
0 0 a
(iii) Given n x n matrices My, ... , M;, we say that a matrix product My - - - M;
formally contains the factor Ay --- Agif Ay = My, Ay = Moy, ..., Ay = Myys—1,

for some 1 < ¢ < ¢. This notation is to distinguish to the case when CAy --- A;D =
M; --- M; as n x n matrices, for some matrices C and D. Further, if £ = 1, we say
that M - - - M, formally contains Aj - - - Ay as left factor.

This is a good place to record a Lemma extracted from [1], which will be used
later.

Lemma 2.2 (AL50, Lemma 1, 450-451). If for an odd positive integer r we put Y =
Xiv1 -+ Xiyr, and if s’ denotes the sum of all terms of s,,,(X) containing the common
factor Y, then

/
s =sm7r+l(le--~ aXiaYa Xi+r+l,--~ ’Xm)-
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Lemma 2.3. Sett =2( + m), and let My, ..., M; be matrices in A such that for
all1 <k <t

a by O
Mk = 0 (97 dk s
0 0 a

foray € My(F), ex € My (F), by € Mos(F), di € My (F).

Then urls;(My, ... ,M;)] =0.

Proof. First we observe that

ur[My---M;] = Z Ag(1) - - - Ao (i—1)

I<i<j<t

X bg(iyes(i+1) - - - €a(j—1)do (j)Ao (j+1) - - - Ao (1)

which implies that

urlsy(My, ... . Mp)l=>" > mllijl. (2.3)

oes; I<i<j<t

To prove that ur[s;(My, ..., M;)] = 0, we split the right hand side into two sum-
mands:
wrlsy(My, ..., M)l= " Y mlli, jl+ Y Y mili jl. 24
oe$; 1<i<j<t oeS 1<i<j<t
j—i—1=2m J—i<2m

Our goal is to show that each summand in (2.4) is zero. To handle the first summand
we introduce the following new equivalence relation on S;. Given fixed | <i < j <
t,suchthat j —i — 1 > 2m, and given 7, 0 € &, say that t is [i, j]-equivalent to
if T restricted to the initial and final intervals [1, i] and [/, ¢] equals the restriction of
o to the same domain. In symbols,

T~0j1 0 <= Tl =0olpiand Tl = ol

For each pair (i, j),suchthat 1 <7 < j <tand j —i— 12> 2m, the relation ~y; j;
yields a partition of S; into disjoint subsets P{; i k=1,..., #’_1), Then, we
have

Yoo milil= Y0 Y Y mili]

oS I<i<j<t I<i<j<t k sepk .
j—i—1=2m j—i—1=2m (i, 71

= > > ) (s20)acy - deio)

I<i<j<t  k gepk
j—i—1>2m 771
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X bo(i)eo(i+1) - - €o(j—1)do(j)do(j+1) *** do(r)

= Z Z(Sg Ok )doy (1) * * * Ao (i~ 1) Doy ()5 oy (j) Aoy (j+1) -+ * Aoy (1)
I<i<j<t k
j—i—1=2m

where s = 5;_j11(€s;(i41)s - - - » €oi(j—1)) and oy is arepresentative of the class P['§ i
Since j —i — 1 > 2m,

Si_j+1(egk(l'+1), e eo'k(j_l)) =0 forall k,

hence

> 2. milij1=0.

oeS 1<i<j<t
j—i—1>2m

This takes care of the first term in (2.4). We now turn to the second summand. For
a given g, with 2 < g < ¢, denote by R, the set of all g-tuples r = (rq, ... ,ry) of
different elements from {1, ..., ¢} and by T, .. ) the set of matrix products w
formally containing the common factor b, e, - - - €r, d, » Considering all possible
¢q and g-tuples, the sets Ty, .. r,) form a partition of W. We are interested in the case
when g < 2m + 1. Observe that

2m+1
Yoo mligl=3 3 > w
oeS; I<i<j<t q=2 reRy weT<,lw,,q)
j—i<2m
Fix g odd, a g-tuple (rq,...,ry), and the corresponding set of matrix products

T, ) Then, ZweT(rlqu) w is the sum of all matrix products formally contain-
ing the common factor y = b, e, - - Erq,ldrq- Each matrix product w € T(rl,..A,r[,)
corresponds uniquely to a permutation o € S; and a pair (7, j), such that the g-tuple
(r1,...,rq) is the image under o of (i,..., j). Explicitly, the correspondence is
w =m{[i, j]. We can now apply Lemma 2.2 and the alternating property of the

standard polynomials. If oy € §; is a fixed permutation such that
op:i —ri, 1<i<gq,

we have

Z w = (8g 00)St—g+1 (y, Aoy(g+1)s - - - ,aao(t))

wET(r| veeslq)

where y = b, ¢, - - - er, laqu. Since t — g + 1 > 2¢, and since all the arguments of
Si—g+1 in the last equation are £ x £ matrices, it follows that
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> w=0, whengisoddand (r,...,r,)isafixed g-tuple. (2.5)
u)ET(rl.,.. rq)
Therefore

2m—+1

Y Y w=o

q=2 reRry wET(rl,.u,rq)
godd

Suppose now that g is even, so g < 2m, and fix an arbitrary g-tuple r = (rq, ... , ry).
We will split further the sets 7. First consider all w € T, formally containing in
common the left factor y = b, e, - - - €r, d, = and call this subset L,. Then, for each
ro € {r1, ..., rq} consider the (¢ + 1)-tuple (ro, r) and the subset G,,,,) of w € T}
formally containing in common the factor y = a,,b, ey, - - - €r, d,q. The sum of all
matrix products in the set 7, can be split as

Zw:Zw—i— Z Z w.

weT, weL, TOITOFET 150 1T WEG(rO,r)

For the terms in L, we have

Y w= (2 00)ysi—g (aopiqt1)s - -+ dagn)) (2.6)

wEL(r] seeilq)
where y = b, e, - - erq_ld,q, and where o¢ € §; is a fixed permutation such that
op:i —>ri, 1<i<gq.

Since t — g > 2¢, we obtain

Z w = 0. (2.7)

weL,

Finally, for a suitable fixed rg, the sequence (7o, r) has odd length, so we can
argue as in (2.5) to obtain

Z w = (8 00)Sr—g+1 (y, Aoy(g+2)s - - - ’aﬂo(t)) =0,

WEG(rO,r)
where y = a, b, e, - ~€rq,1dr » and where og € S; is a fixed permutation such that

1—))‘0,
o0 =1. .
i —>ri—y, for 2<i<qg+1.

This finishes the proof of Lemma 2.3. [
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Proposition 2.1. Let

a b
A= 0 e
0 O

Then, A satisfies $3(¢4m)-

STV

) ra,ce My(F),e € My (F),b € Myy,, (F),d € My, ¢(F) ¢ .

Proof. For any # and matrices My € A,k =1...t,set

ar by i
My=10 e di],
0 0 a

ag, cx € My(F), e € My (F), by € Mysyy(F), di € Mo (F).

By direct calculations, we obtain

t
ur[st(M19"' ’Ml)]z Zsl(al’ e i1, Cis i, e ’al)
i=1

+Y D mlli

oe8; 1<i<j<t

Now set t = 2(£ + m). It follows from (2.3) that

o> mlli jl=urls(M{, ... . M)] =0,

oes; I<i<j<t

where M is the matrix in A obtained by replacing the upper right corner c; of My
by 0 € M,(F). Suitable applications of the Amitsur—Levitzki identity give us

Mr[St(Ml, ey Ml‘)] :0,

ap by a; b .
(5 0) (5 )=
el dp e d; _
((0 1)(0 >>_0

Combining these three equations, it follows that s; (M1, ..., M;) =0. U

and
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3. Main theorem

In this section we prove that if an F-subalgebra of M, (F) does not satisfy the
standard polynomial s7,,_», then it is isomorphic as F-algebra to a full block upper
triangular matrix algebra.

3.1. We first introduce our notation and review some necessary background (cf. [3]).
(i) Let # be a positive integer, let £1, £2, ... , £; be positive integers summing up
to n, and set

My (F)  Myxe,(F) -+ Myxe_(F)  Meyxe, (F)
0 My, (F) s Mgyxe, ((F) Myyxe, (F)
Eq t5,...00(F) = : : : : : )
0 0 My, (F) My, x¢, (F)
0 0 . 0 My, (F)

a full block upper triangular matrix subalgebra of M, (F).

(i1) Recall that every F-algebra automorphism t of M, (F) is inner (i.e., there
exists an invertible Q in M, (F) such that t(a) = Qa Q! for all a € M, (F)). We
will say that two F-subalgebras A, A’ of M,,(F) are equivalent provided there exists
an automorphism t of M,,(F) such that t(A) = A’.

(iii) We will say that a subalgebra A of E, ¢, ¢)(F)is an (€1, £, ..., £4;)-
extension of simple blocks if the projections ; : A — My, (F), for 1 <i < t, are all
irreducible representations (when F' is algebraically closed, of course, the represen-
tation 7r; is irreducible if and only if ; (A1) = My, ). Note that, every F-subalgebra A
of M, (F) is equivalent to an ({1, £, ... , £;)-extension of simple blocks A for some
suitable (£1, €2, ..., {;).

Theorem 3.1. Let F be a field and let A be an F-subalgebra of M,,(F). If A does
not satisfy the standard polynomial s»,—7, then A is equivalent to a full block upper
triangular matrix algebra.

Proof. Without loss of generality we assume that A is an extension of simple blocks.
We proceed by induction on ¢, the number of diagonal blocks in A. If t =1, A
is a simple algebra and therefore, in view of Lemma 2.1, A is a full matrix alge-
bra. Now suppose that there are 7 diagonal blocks of sizes £1, £2, ..., {;, withn =
£1 4 -+ £;. The desired conclusion is: If A does not satisfy s2,,_», then it is full
block upper triangular. Assume that each matrix B € A has the form

By B - Bi—1 By,
0 By - By —1) By,
B=]": : : : :
0 0 -+ Be-ne-1n Bu-1n

0 o - 0 By
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If A does not satisfy s2,,—2, then it does not satisfy s7(¢, +-¢,4-..¢,_;)—252¢,. This implies
that the image of A gotten by deleting the last row and the last column does not
satisfy $2(¢,+-¢,+-..¢,_,)—2, and by induction it is full block upper triangular. Similarly,
the image of A gotten by deleting the first row and the first column is full block upper
triangular. Since A can not be semisimple, A is full block upper triangular unless
the projections B — Bp; and B — By are equivalent representations of A, which
means that there is a fixed matrix 7 such that TB;;T~' = B, for all B € A. But
then Proposition 2.1 implies that A satisfies so,—>. O

Corollary 3.1. The standard polynomial sy,—» is an identity for any proper subal-
gebra of U, (F), the algebra of upper triangular matrices over the field F.

Proof. Immediate from Theorem 3.1. [

Remark. The standard polynomial of degree 2n — 2 is not necessarily an iden-
tity for any proper subalgebra of U,(C) when C is a commutative ring: Let / be
a nonzero ideal of C, and consider the C-subalgebra B of U, (C) defined by the
property that the (1, 2)-entry of matrices in B lie in /. A staircase argument shows
that s2,_2(B) # 0.
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