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Abstract

In this paper, we consider some families of one-dimensional locally infinitely divisible Markov processes
{nf Yo<t<r with frequent small jumps. For a smooth functional F(x[0, T']) on space D[0, T], the following
asymptotic expansions for expectations are proved: as € — 0,

ESF(n[0.T]) = EF(°[0. T]) + Y _ €2 EA; F(1°[0, T]) + o(¢*/%)
i=1

for some Gaussian diffusion no as the weak limit of n€, suitable differential operators A;, and a positive
integer s depending on the smoothness of F.
© 2012 Elsevier B.V. All rights reserved.

MSC: 60F05; 60G07; 60F10

Keywords: Weak convergence; Locally infinitely divisible; Compensating operator; Historical processes

1. Introduction

Let {n{}o<:<T on space ({2¢, F€, P€) be a family of stochastic processes depending on a
parameter € > 0. We also write n(¢) instead of n; where it seems appropriate. Assume the
trajectories of {n; }Jo<;<7 are in a metric function space X. We write [0, 7] to stress that each
trajectory is an element in function space X. Weak convergence of processes n[0, T'] to a process
770[0, T] can be formulated as follows

E‘F([0, T]) = E°F(n°[0, T1) + o(1), (1)
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for any bounded and continuous functionals F on X, where E€, € > 0 denote expectations with
respect to probability measures P€. Now we are interested in the exact order of o(1) in (1). The
inspiration behind this problem is from classical asymptotic expansions in limit theorems for
sums of independent and identically distributed (i.i.d.) random variables.

It is quite clear that Berry—Esseen theorem gives a more precise result (under some restrictive
conditions on moments) on convergence of distributions than central limit theorems. If more
conditions are imposed on i.i.d. &, then we have an asymptotic expansion for distribution
functions Fy, of (&1 + -+ &) //n : Fr(x) = Foo(X)+ Y 1<y Pi @)n~2 + 0(n=N/?) where
F is the limiting distribution of F;,. If we write this in an expectation form for a smooth function
F, then it can be proved that E F (& +- - -+&,)//n) = EF (6sc)+Y <<y Pin~ /> +o(n=N/?),
where £ is the random variable corresponding to distribution function Fi, (see for example [4]
for related works). This expansion leads us to expect the exact order of o(1) in (1). For various
classes of families of stochastic processes, results concerning the exact order of o(1) were
obtained in [3,5-7].

In [7] Wentzell proved

s
ESF(n°[0, T]) = E°F(°[0, T]) + Y /P E°A; F(1°10, T1) + o(*/?) (©)
i=1

for bounded smooth F and for some class of families of locally infinitely divisible processes n¢
with s = 1. When one tries to extend the results in [7] to general s > 1, unbounded functionals
arise even if F and its derivatives are bounded, and thus several technical difficulties appear such
as extending the domain of a compensating operator to include some unbounded functionals,
upper estimates for a functional f (¢, x[0, ¢]) which is defined in Section 3.1. Another reason to
consider some unbounded functionals is from the study of the asymptotic expansions on large
deviations of the form

Ef [exp{f_lF(Se)}]=exp{6_1[F(¢0)—S(¢o)]}< > K,-.e"+o(es/2)) 3)

0<i<s/2

for some families of locally infinitely divisible Markov processes &€ defined through »€, where S
is the normalized action functional and ¢y is the unique maximizer of F' — S. It turns out that the
expansions on large deviations in (3) can be derived from the expansions on normal deviations
(2) for some unbounded functionals. This idea was used by Cramér (see [1]) to derive precise
large deviations for sums of independent and identically distributed random variables. But for
stochastic processes, nothing has been done for precise large deviations in this direction based
on normal deviations (2). This is because no such a tool exists. This paper is devoted to such a
tool, namely (2).

In this paper we first show expansions (2) with s = 1 for certain class of unbounded
functionals F (see Theorems 2.1 and 4.1), and then apply these for s = 1 to get expansions for
general s > 1 (see Theorems 5.1 and 5.2). Those technical difficulties are tackled in Section 3
based on linear transformations of stochastic processes and suitable truncation arguments.

1.1. Locally infinitely divisible processes

Let us introduce several concepts. If (&, Ps ), t € [s, T], is a Markov process (the subscript
s.x means the process starts from x at time s), we use P*',0 < s <t < T, to denote the
corresponding multiplicative family of linear operators acting on functions according to the
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formula

Ps’tf(x) = Es,xf(%_t)a

where E; . is the expectation with respect to probability measure P . The compensating
operator 2 of this Markov process, taking functions f(z, x) to functions of the same two
arguments, is defined by

t

PSLF(, ) (x) = f(s,x) +/ PHURAS (u, ) (x)du 4
N

under suitable assumptions on the measurability in (z, x) of 2Af (¢, x), where P> f(z, -)(x)

means that P*7 is applied to function f(z, x) in its second argument x, and PS*2f (u, -)(x)

means that P*" is applied to function g(u, x) := 2Af(u, x) in its second argument x. If some

measurability conditions are imposed on the process &; (), then (4) is equivalent to that

t
£l &) — / Rf (u, £)du

is a martingale with respect to the natural family of o-algebras and every probability measure

Ps x. Of course, compensating operator 2l is not defined uniquely. Different versions are such that

A f (u, &,) coincide almost surely except on a set of time argument u of zero Lebesgue measure.
We say A; is the generating operator of our process (§;, Ps x) if fors <1,

t
P f(x) = f(x) +/ P Ay f (x)du

for suitable f. Also a generating operator has different versions. For a wide class of Markov
processes, a version of the compensating operator 2 of process & for smooth functions f (¢, x)
is given by

a
Af(t,x) = 8—];0, x)+ A f(, ) (x),

where generating operator A; acts on functions of the spatial argument x only.

(a) In this paper, we consider a class of families of locally infinitely divisible processes
(&f, Pg )t € [0, T] (again sometimes we also write £°(¢) instead). For each fixed € > 0,
let £€ have the compensating operator (a version)

af

WS (bx) = To(0.3) + AT 1)), )

€
where the generating operator Af is

£ — ol a0 T
A} [, )E) =« (t,X)ax (t,x) + 2a(t,X) %) (1, x)
" of
+e / [f(t, x+eu)— f(t,x) — Eua(t, X)} Wt ,x (du) (6)

for bounded functions f(¢,x) that are absolutely continuous in ¢ for fixed x and twice
continuously differentiable in x for fixed ¢ with bounded derivatives df/dt, df/dx, 8> f/9x>. We
impose a condition on measures ji; x in order to make sense of everything: f uzu,, x(du) < oo.
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The probability measures P(;’: ; mean that £ = x for some x in the real line. We will use the
following symbols to denote the moments

o’ (t,x) = a(t,x) + / u? i x (du)
. . . , (7
ol (t,x) = /u’m,x(du), Bl (t, x) = / lul’ e x(duy, j > 2.
Let us set
€ _ _—1/2/5€
n°(1) = € (EN (1) — x4(1)),
where x, is the unique solution of differential equation x'(z) = al(t, x(1)) with a prescribed
initial condition. For each € > 0, the process n°(¢) is also a Markov process (the generating
operator A; is given in the Appendix), and it can be easily checked that for any x¢ in the real
line
n° _ pé&°
POJCO T 0,x4(0)+€!/2xg”

Throughout this paper we assume that process n¢ starts from one same fixed point x¢ in the real
line at O for every € > 0. For instance, we can set x,(0) = 0 and £€(0) = €2 xg.

It can be proved that under some additional assumptions the process n¢ converges as € — 0
to a process r)O (see Theorem 1 and Lemma 6 in [7]), and no is a Gaussian diffusion process on
the real line with generating operator

1
AT F) = ad(t,xu0) -x - f(x) + Eaz(;, X (1)) - f(x), ®)

where the subscript » means differentiation in second spatial argument.

(b) To formulate our main result, we introduce a class of locally infinitely divisible processes.
The space Dy [0, T] consists of functions defined on [0, T'] starting from x at O which are right
continuous with left limits, and D[t1, 2], t1 < 12, is the space of all functions over [71, f;] that
are right continuous having left limits. Class A is the collection of locally infinitely divisible
processes (§(7), P;,x) whose compensating operators are given by A f = 0f/0t + A, f,

1
Acf(x) =o' (0 £ (x) + @) ()
+ f [fx+u)— F&x) —uf' )] e x(du),

and it can be approximated by pure jump processes (ég(t), P,(’fx) with compensating operators
AW f=0f/ot + ALf.

A F(x) = / LFG+ ) — FO0T (),

with bounded u?’ , so that the distribution of Ee[tl, 2] in space D[t1, tp] with respect to the
probability Pfx converges weakly in the Skorohod topology to that of &[#1, ;] with respect to
Py x, and Af f(x) — A;f(x) uniformly with respect to ¢, to x, to f changing in every class of
uniformly bounded function with uniformly bounded and equicontinuous derivative f”.

(c) For each fixed € > 0, the process (n€(¢), P&EXO), t € [0, T] is a Markov process. We can
consider its path n€[0, ¢] restricted to the interval [0, ¢] for every ¢t € [0, T]. We can think of
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n€[0, t] as a function of r € [0, T'], and 7€[0, ¢],¢ € [0, T], is a stochastic process taking for
each ¢t € [0, T] values in its own function space Dy,[0, ¢]. Such processes have been studied
by various authors (see [2,5]). We employ the term historical processes for such processes (see
[7,2,5]).

It is proved in [5] that we can have historical process n¢[0, 7], ¢ € [0, T] as a Markov process.

That is, for every x[0, s] € Dy,[0, s], the stochastic process (7¢[0, ], PS 2[0.s] ) t e [0,T],isa
Markov process taking values for each ¢ € [0, T'] in the space Dy,[0, 7], where P X[0.s] for some
s € [0, T'] denotes the probability measure under the assumption that process n [0 t] starts from

a function x[0, s] € Dy,[0, s] at time s. For s = 0, the probability P, o 2[0,0] is nothing but P, 0 o
if x[0, 0] is the function defined at the single point 0 and taking at it the value xo. Now we can
also consider the multiplicative family of linear operators P,‘;gt of € acting on functionals of the
form f(x[0, t]) according to the formula

Py F(x[0.5]) = E o 10, 1))

with E”

(4), the compensating operator A" of historical process n€[0, t], t € [0, T], acting on functionals
of the form f (¢, x[0, t]), is defined by

P x[0 5] denotlng the expectation with respect to probability measure PS X[0.5] Similarly as

t
P f(t,)(x[0,5]) = f (s, x[0, s])—l—/ P,jg“at”‘f(u,.)(x[o, s)du ©)

provided that bounded f (¢, x[0, #]) satisfies suitable smoothness assumptions (see Lemma 1
of [7] for precise assumptions).

The first question arising here is to find the value of the compensating operator
n f(t, x[0, t]) on some wide classes of functionals. It is natural to expect that some smoothness
in ¢ and x[0, t] of f(z, x[O0,¢]) is sufﬁment for the existence of the compensating operator
A f(t,x[0,¢t]). The partial derivative az (t x[0, ¢]) could not exist since we cannot fix
x[0, t] € Dy,[0, t] while changing ¢. Wentzell introduced in [8,7] the pseudo-partial derivative
fa)(, x[0, t]) in the time argument: for each ¢+ € [0, T] and x[0, t] € Dy,[0, ¢], the pseudo-
partial derivative f(1)(t, x[0, 7]) is a functional that is measurable in (¢, x[0, ¢]) and such that for
0<s =<t =T,x[0,s] € DylO0,s],

t
[, x°10,1]) = f(s, x[0, s1) +/ fay(u, x*[0, ul)du,

where the new function x*[0, #] over [0, ¢] is defined as

sy Jx() forv <s;
X () = {x(s) fors <v <t.

The functional f(1)(¢, x[0, ¢]) is not defined uniquely. If one version f(1(z, x[0, t]) satisfies the
condition

1[i¢1£1f(1)(t, x*[0, t]) = fay(s, x[0, sT)
forall s € [0, T] and x[0, s] € Dy,[0, s], then this version is

Sy, x[0,1]) = Eﬂ% AT f e+ A X0, 1 + A]) — £ (2, x[0, 1])]. (10)
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Conversely, if the limit in (10) exists for all ¢ € [0, T') and x[0, ] € D,,[0, ¢], and the pre-limit
quantity in (10) is bounded uniformly inall 0 < ¢t < ¢t + A < T and x[0, ] € Dy,[0, t], then
one of the versions of the pseudo-partial derivatives is given by the limit (10).

It has been shown in [7] that AT f(, x[0,¢]) is well-defined for bounded functionals
f(, x[0, t]) having pseudo-partial derivative f(1)(z, x[0, t]), bounded second spatial derivative
f (2)(t, x[0, t1) Uiy, I{ry) along directions I([0, t] and other suitable continuity restrictions,
namely,

AT £ (2, x[0,1]) = far)(t, x[0, 1])

+e 2 [al(t,x*(t) +€'2x (1)) — al(t,x*(t))]
D@, x[0, 1D Uy

§ 3050+ Px0) - FO 0,510, UE)
—i—e_l/[f(t,x[O, 11+ ue'21yy) — £, x[0, 11)

—ue'? . fD @, x0, r])(l{,})] Mt (1) 2 (1), (11)

We recall that under suitable restrictions on F and 7€, expansions (2) were proved in [7] for
the case s = 1. As explained in Section 1, unbounded functionals will arise for general s > 1.
We thus first extend the domain of the compensating operator 1’ f(, x[0, t]) to include some
unbounded functionals f (¢, x[0, ¢]). This is done in Proposition 3.4. Sections 2 and 3 present
our main result and its proof. Section 5 contains applications of our main result, which are the
asymptotic expansions (2) for general s. In what follows, const;,i = 1, 2, ... denote generic
positive constants whose values may vary in different places.

2. The main result

Before our main theorem, let us introduce the functional derivatives that will be used in this
paper. We understand the differentiability of a functional F(¢) as Fréchet differentiability. As

in [7], we assume that the derivatives F¢ )(qb)(S 1, ..., 0;) can be represented as iptegrals of the
product 81(sy) - -+ - - 38 (s ;) with respect to some signed measures, denoted by F G )(¢; °):
FO(@)G1.....8)) = / Bis) e 8j(s))FD (¢ ds ---ds). (12)
[0,7)

The norm of the signed measure is defined by

IFPl= sup  |FO10, T )] (0. T1).
x[0,T1€Do[0,T]

We also use F(j)(¢)(y[0, T]®j) to denote the j-th derivative F(j)(¢)(y[0, Tl,...,y[0,T]) of
the functional F at point ¢[0, 7] in directions y[0, T'] for short. Let us recall a differential
operator A; which was defined in [7] for functionals F on DI[0, T']:

3
AIF(x[0,T]) = Z/ TG0, L5, oo, s)FO [0, T dsy -+ - disg)
k=1 710.T}
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where

rl(x[0,T1; s1) = %/1 ady (7, x4(1))x ()* exp {/1 a;(u,x*(v))du} d;
0 0
1 min{sy,s2} 2 Si
Flz(x[O, T1; s1,82) = 5/ a%(t,x*(t))x(t) exp Z/ azl(v,x*(v))dv dt;
0 =1 J0

1 min{sl,sz,S3} 3 N
pf(x[o, T];s1,sz,53)=5/ o> (1, x,(1)) exp 2/ aé(v,x*(v))dv dt.
0 i=170

Theorem 2.1. Assume ||oz§2||, eI, ||Ol%|| < 00, a%(t, x) < Cj for some nonnegative constant
Cr,and |B'|| < cofor3 <i < j+ 1, where j > 2 is some integer. Let every process of the
Sfamily of locally infinitely divisible processes (£€(t), POS;) be in class A. Processes n° and x,
are defined as above. Assume, in addition, that “52 (t, x), oz% (¢, x) and &> (¢, x) are continuous in

x at the point x,(t) for all t, and |u|’ " is uniformly integrable with respect to ji; .
Let the functional F(x[0,T]) on DI[0, T] be three times differentiable with the following
conditions:

(i) there is a constant B > 0 such that for all x[0, T], y[0, T] € D[O0, T],

|F(x[0, TD| < BA + [x(T)V);

FOWO, D10, 1) < A+ Iy - B+ (14 1x(I2) i =1,2,3;
(i) FO &[0, T U718, Iir.798, Iir.718) is continuous with respect to x[0, T] uniformly as
x[0, T changes over an arbitrary compact subset of DI[0, T],t over [0, T], and §[0, T] over

the set of Lipschitz continuous functions with constant 1, ||8] < 1.
Then as € | 0,

€ 0 0
Ej . FI0,T]) = Ej  Fn°[0, T]) + €' E]  A1F(1°[0, T]) + o('/?), (13)

O,X()

where A\ is a third-order differential operator defined above.

Remark. We point out here that | F® (x[0, T1)(y[0, T1®")| < (1 + |[y|I}) - B - (L4 1x(T)1I2)
in above condition (i) can be replaced by:

FOO, TG0, TL -, 5il0, TD] < ol il - B+ (14 (1) ~2)
with o (x1, ..., x;) denoting any real valued function that takes a bounded set in R to a bounded
set in R. For instance, we can choose o (x1, ..., x;) = x1 - - - x;. The condition that was assumed

in (i) is just for simplicity.
Some examples of functionals satisfying all the conditions in Section 2 can be produced by
carefully taking into account the upper bounds. For instance, a class of examples is given by

F(x[0,T]) = g(x(T))

for some smooth function g(x) having an upper bound 1 + |x|/ together with its derivatives.
We can take g(x) = x* for example where k is any positive integer. More classes of examples
are given after Theorem 4.1 where a better condition on the upper bound of the functionals is
assumed.
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3. Proof of Theorem 2.1
3.1. Properties of f(t, x[0, t])

As in paper [7], for x[0, 7] € DO, t] we introduce

Fx0,6]) = E}' o s F°[0, TD). (14)

Let us analyze (14) in detail for x[0, t] € Dy[O0, ¢]. If (x% (t, x4(t)) = 0, then from (8) we know
n° is a time- inhomogeneous Wiener process with local variance a2(t, xy (t)) In particular, it has

independent increments. So the distribution of 7°[0, 7] under probability P [0 . 1s the same as

the distribution of x’[0, T] + n; 010, 7] under probability P(;{ o’ where

x'(s)=x(@s) ifs <t, =x(t) ifs >t
19(s) = 1n°(s) = °)'(s)  where (n°)! (s) is defined similarly as above x'(s).

To see why these two distributions are the same (provided independent increments), we notice
that for any measurable C € D, [0, T1,

0
P o (no[o, Tl e c) P (n9[t, T1+x(t) e cx[o,,])

according to [5], where Cxjo.,] = {y[t, T] : x"y[0, T] € C}. By the Markov property for the
process 7" with respect to time 7, and the independent increments of 7%, we have

0
P (n9[t, T1+x(t) e cx[o,,]) —pl (n[ [t, T1+ x(t) € Cupos )
0
This is nothing but Ponx0 ((x’[O, T]+ 77?[0, T]) € C). Thus (14) becomes

"’ 0 n° t 0
f@,x[0,1]) = E [ yF@°[0, T) = Ej  F(x'[0, T1+ /[0, T1). (15)

If a% (1, x4(t)) # 0, then n° is a general Gaussian diffusion which may not have independent
increments. In this case, a linear transformation ng(t) = exp {— fot a% (s, x4 (s5))ds } 7°(1) is used.

It is then easy to deduce that ng is a time-inhomogeneous Wiener process with local variance
@21, x.(1)) - exp | =2 [y @} (s, x.()ds | If we define

F.([0,T])=F (y[O, T]-exp {/.aé(s, x*(s))ds}) ,
0
then it follows from (15) that

f(ts-x[o’ t]) = tx[()t]F(n [O T])

= Er ,x[0,1] <772[0’ T]-exp {/(; 0‘%(5» x*(s))ds})

= o (1000, 71) = B FoGe'10. 71+ 00410, T

= ngo <xt[o, T]-exp {f ozé(s,x*(s))ds} + [0, T]), (16)
0

that is, the functional F is taken of a function over [0, 7] whose value at a point v € [0, T] is
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x'(v) - exp [y ad (s, x«(s))ds} + 1P (v). Here we use [ (s, x4(s))ds to denote a real valued
function defined on [0, T].

3.2. Estimates

In this section, j > 2 is some integer as in previous section. Let us first prove an auxiliary
result.

Lemma 3.1. Under conditions ||B']| < oo for 3 < i < j+ 1, |le?|| < oo and condition
a; (t, x) < Cy for some nonnegative constant C1, then for any €y > 0,

sup  sup E" |z7€(z‘)|jJrl < (Ixolt' 4+ 1) - const.(T, J) < oo.

0,x0
te[0,T] e€[0,€0)

Proof. Without loss of generality we may assume j is an odd number. First we can find
€ €
generating operators A, of processes n¢ from generating operators Af of processes £€ (see

the Appendix for details). Let us consider a sequence of functions f,(x) = for an

Lk
1+(x/n)*
even positive integer k. Then, according to the formula for A" in the Appendix, the generating
operator A/ applying to f, gives
AT a0 = €2 1) [l (0,0  xn ) — @ (1,0 0)
1
+5alt, xe! 2 + 5. 0) £/(0)
e [ [ €0 = 50 = P 510 )

1
=x- fl(x)-adt, 01xe'? + x.(0) + S, xe'? 4 x, () £ (x)
£l (x0)
+ nT uzrut,xel/z—&-x*(t) (du)

L
Tt ale U0 (4 026 Pty 12y (i)

which is less than or equal to

< const1 + consty x f,(x),

since £ ¥ is bounded, and x - Fa, £ ,fk_l) are bounded by const; +consty X f;, (x).
So

A

Oxo [f” (nt)] < Jfa(x0) +/(; (ConStl + consty X Eg,exo [f” (nf)D ds

IA

1 €
C+ const2/ Eq o [fa (n5)] ds.
0

where constant C = C(xq, k, T) = |xo|* + T - const;. Applying Gronwall’s lemma with such
nonnegative E" [ fa (nf)]. we obtain

OXO [fn (77;)] < C - exp{const; - t},
then the proof is done by sending # to infinity and choosing k = j +1. O
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Lemma 3.2. Assume ||B'|| < oo for3 <i < j+ 1, |la?|| < oo and condition o} (t, x) < Cy for
some nonnegative constant C1, and condition (i) in Theorem 2.1 holds, then there is a constant
B’ = B'(xo, T, j) such that

| £, x[0, D] < B'(1 + [x())]),
Sfor all x[0, t] € Dy,[0, t].
Proof. According to (16), we have

[f(, x[0, ]|
= Eg"on <x’[0, T]-exp {/ oc% (s, x*(s))ds} + 779[0, T])‘
’ 0

T J
<B- ngo [1 + (|x(t)| ~exp{/ a;(u,x*(u))du} + 1n°(T) —x(t)|> }
0

. 0 .
< B(1 + |x@)) - const; + const, - Eg_x0|n0(T)|f)

< B'(1 + |x(1))/), forsome B’ from Lemma 3.1. [J

Lemma 3.3. Assume ||B'|| < oo for3 <i < j+ 1, |le?|| < oo and condition a)(t, x) < C\ for
some nonnegative constant C1, and condition (i) in Theorem 2.1 holds, then there is a constant
B" = B"(x¢, T, j) such that

FO@x10.DUE)| < B'(A+ x@P 2. i=1,2.3,

forall x[0, t] € Dy[0, t].

Proof. From Lemma 4 in [7], with ¥, 71(s) = I};,71(s) exp {fts a%(v, x*(v)dv)} ,
FOU 10, DUE) = EI oy FOGO0, THWE .

It follows from (16) that

FD(, x[0, t])(l{,}) = ng’on“) (x’[o, T]-exp {/O.aé(s,x*(s))ds} +n?[0, T])
x (W2, (17)

Thus
|70, xi0, )|

’Eﬂ F® (xt[(), T]-exp {/Owg(s,x*(s))ds} + 1710, T ) v, T])

) T
<B-: Etnxo [(1 + 1Yl (1 + [x(#)| - exp {/(; a;(u,x*(u))du}

j—2
+|n%T)—xan) }

< B"(1 + |x(1)|’7%), for some B” depending on xo, T and j. O

According to Lemma 3.1, we can select B’ = consts(1+|xg|/) and B” = constg(1+|xo|/ ~2).
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3.3. Proof of Theorem 2.1

For each fixed € > 0, the compensating operator A" of 7€[0, T] is well defined for
nice bounded functionals f (¢, x[0, T]) (see (11) and Lemma 1 in [7]). As explained in the
introduction, we need to extend the domain of the compensating operator 2”° to include some
unbounded functionals.

Proposition 3.4. Assume ||B|| < oo for3 <i < j+ 1, [o?| < oo, 3] < oo, e, || < o0,
ozé (t, x) < C for some nonnegative constant C1, and condition (i) in Theorem 2.1 holds, then the

compensating operator W' of historical process n€[0, 1], t € [0, T, can be applied to functional
f(,x[0, t]) on DIO, t] given by (14) with F in Theorem 2.1.

Proof. For x[0, t] € DJ[O0, t], let us define
Fult.x[0.1]) = £(t.x[0, 1)) - h(’“(”> h <@>

n
where & is a non-negative smooth function with sup, #(x) < 1, andisequal to 1 in (—1, 1) and
to 0 outside (—2, 2).

Claim. For each positive integer n,

()XOfn(T n°[0, T1 = fu(0, XO)+/ OXOQI" Ju(t, €10, t])dt. (18)
As explained at the beginning of Section 3.3, equality (18) holds for nice bounded functionals
with suitable continuity conditions. We will show the following:

(a) fn(l)(t, x[0, t])(yyy) is continuous in x[0, t] with respect to Skorohod topology for every t;

(b) fn(z) (t, x[0, tD sy, Iyry) is bounded and uniformly continuous in x[0, t] in uniform topology;

(©) fu(t,x[0,t]) and the pseudo-partial derivative (f,))(t,x[0,t]) are bounded and
continuous in x[0, t] in uniform topology for every t.

Proof of (a) and (b): Let us compute the first Gateaux derivative of f, (¢, x[0, ¢]) in its second
argument along direction y[0, ] as follows

lim 87 [ fu(t, x[0, 11+ 8Y[0, 1) — £, (2, x[0, £])]
x(0) + aym) 0 (x<0> + 8y(0>)

= lim§~! [f(t,x[O, 1]+ 8y[0,1]) - h (
§—0 n n

— £, x[0, 1]) - <x(t)> h (@)}

= £O ., x[0, ()10, 1]) - h (x(”) h (i‘”)

n

x(t 0
+ f(t, x[0, t])[}/( ())Qh<&>
n n
A (@) o (x(0)> _ y(oq |
n n n
We note that the first Gateaux derivative at x[0, 7] as a functional on space DIO0, ¢] is linear and
continuous in y[0, ¢], and it is continuous in x[0, 7] as a mapping from DIO0, ¢] to L(DI[O0, ¢], R)
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which is the space of all linear and continuous functionals over DIO0, t], so f, (¢, x[0, ¢]) is first
Fréchet differentiable in the second argument x[0, ¢] and for ¢ > 0,

£, [0, D Iy = [f“)(t %[0, DUy - h (xfl”)

+ £ x[0,1]) - (x(t)) 1] h (x(0)>.
n n

Similarly f, (¢, x[0, #]) is twice Fréchet differentiable and for r > 0,

120 0. D) = [f% X0, (DUE) - h(xa))

+ £ x[0, (DT - W (x(’)) 2

+ f(t,x[0,1]) - B" (ﬁ) : iz] h (@)
n n n

From definition of &, we get

sup Sl x[0.D] = sup £ x[0. D] -k (x(’)) h ()LO))
x[0,¢]1eD[0,t] x[0,t1eD[0,¢] n
<B . sup (1 n |x(t)|j> h (ﬂ) h (@>
x[0,11€D[0,1] n n
< consts(1 + (2n)j)2.

And from Lemma 3.3, it follows

sup | £0 (e, [0, 1)U < oo sup
x[0,t1€DJ0,1] x[0,¢1eD[0,¢]

2510, MUE)| < oo,

Note that f;,, n(l) and f; ) are continuous in x[0, t]. Lemmas in Section 3.2 tell us we can
consider f;, n(l) and f(z) just for x(¢z) in [—2n, 2n] because outside this interval &, i’ and h”
are zeros, from which unlform continuity follows. For instance, the proof of uniform continuity
for £ (¢, x[0, t])(I{,} ) can be done as follows. For x[0, ¢], y[0, t] € D[0, t] with ||y — x|| < 1,

we estimate the following

5 = 1200, UE))|
’f@)(r ¥10, DU (y m) h (@)

— £, X0, 1D UEH <x(’)) h ()LO)> + other terms
n

< I1 + I, + |other terms|,

where

n= ‘f‘z)(t y10, t])(l{,})h(y(”) (@)

— FP 310, DUE)HA (x(t)> (ﬂ)‘

n
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<9x(t) + 1 - 9)y(t)>‘
n

IA

@10, mu))|- ( y@) = x(0)]

4w <9x(0)+(1—0)y(0)>' Ty (O)—x(0)|)

n

IA

constg(1 + (2n + 1)/~ 2)2 " sup |7 )| - |y — x]|.

Term /> can be estimated as follows,

0
B =@ 310, DUE) - 1P @ 200, U] 0 (“”) (&)

n

= ‘f@(t, x[0, 11 + 6z, x[0, £1, [0, £])

0
([0, 1] = x[0, 1) (Lyry, Ly, y[0, 1] — x[O, t])’ ~h (%) h <&>

n
constg(1 + (2n + 1)/ 732 . ||y — x|,

IA

where 6 (¢, x[0, t], y[O0, t]) is between 0 and 1 depending on ¢, x[0, ¢] and y[O0, ¢]. The other terms
are

|other terms|

= [t # (20) 2 o o (12) 2
n n n

1

n2

+f(t’y[0”])'h”<&) i—f(t x[0,1]) - h”(ﬂ). h(’ﬂ)
n n n n

Similar estimates can be made for the other terms. The uniform continuity of the second
2
derivative f,,(2) (t, x[0, t])(I ® ) in x[0, t] then follows from these estimates.

Proof of (c): First we show the functional f(z, x[0, ¢]) = Et 0. t]F(no[O, T1]) given by (14)
has a pseudo-partial derivative f(1)(z, x[0, t]) with F in Theorem 2.1. If functional F were
bounded together with its derivatives, then pseudo-partial derivative f1)(t, x[0, f]) exists and
even an explicit formula can be found (see Lemma 4 of [7]). Here F' in Theorem 2.1 may not be
bounded, so we set, for x[0, t] € D[O, ¢t] and & defined above,

0
fonlt, x10,6) = El [F(nO[O, Thh (” ,;T))] .

It is clear that limy, o fon (7, [0, 1) = £ (&, x[0, £]). Now F(n°[0, T])h (@) is bounded

together with its derivatives, then it follows that fm (¢, x[0, t]) has a pseudo-partial derivative
(fm)y(, x[0, ¢]), thatis, forany 0 < s <t < T, x[0, ¢] € D[O, t],

Fn(t, x10,8]) = fiu (s, x[0, 51) + / t(fmm)(u, x*[0, ul)du. (19)
What is more, A
(Fm) (2. x[0, 1]) = —a;(r X (O)x (O (f) P (¢, B X[0, 1) 1))
——oﬂ(r e O)(f) @ . B~ 210, DU,
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where Bx(t) = exp{ fot a; (s, xx(s))ds} - x(¢) is a one-to-one mapping from D[0, T'] onto itself.
By sending m to infinity in (19) we get
t
S

F(t, x°10,1]) = f(s, x[0, s])—i—/ <—a%(u,x*(u))x(;)f(1)(u,B—le[O, ul)(Iyy)

- %oﬁ(u, X () f @ (u, B~'x°10, u])(l{%f))du.

This suggests that a version f(1)(z, x[0, #]) of the pseudo-partial derivatives is given by
fo (@, x[0,1]) = =y (1. xu(@)x(0) f V. B~ x[0, 1) (L))
1 _ 2
= et 2 0) f P @, B0, (DU

From (15) we know
1tif£1 fay (@, x*[0,t]) = fa) (s, x[0, s])

for all s € [0, T] and x[O0, s] € D[O, s], so this version satisfies

Joy (@ x(0.1) = lim ATV f(+ A X0, 1 + AD — £(1, x[0, 1])].

We thus can compute the pseudo-partial derivative of f, as follows:
(f)y @ x[0.1]) = lim AT fult + A X0, 1 + AD) = fult, x[0,2])]

= grﬂ) AT f e+ A X0, 1+ A — £, x[0,1])]

n n

= fay(t, x[0,2]) - h <$) T ()ﬂ) ‘

n

From Lemma 3.3 we have

sup  |(fi)y (@, x[0, 1])] < oo.
x[0,1]€eDI[0,¢]

The continuity in x[0, ¢] of (f,)(1)(¢, x[0, t]) is proved in the same way as in (a) and (b). The
claim is thus proved.

Now we apply lim,,_, » to both sides of (18). For lim,_, o Eg;o fn (T, n€[0, T]), we can find
a dominating function as follows '

| (T, 010, TD| < | £(T,n°[0, TD| < B'(1 + [n*(T)I).
Noticing that B'(1 4 |€(T)|/) is integrable by Lemma 3.1, we get from Lebesgue dominated
convergence theorem that lim,,_, Eg’xOf,,(T, n€[0, T)) = Eg’XOf(T, n€[0, T1). Now for the
limit on the right hand side lim,, _, oo fOT Eg;OQ['?6 fu(t, n€[0, t])dt, we use Lebesgue dominated

convergence theorem twice to first interchange lim,,_, o, and fOT and then interchange lim;,_,
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€
and Eg o' More precisely, the dominating function can be chosen as follows:
A7 £, (2, 1[0, t])’ < (consty +consta - [n* ()Y ) (1 + ol )

where finite constants const; and consty are independent of n (but they depend on ||oz%|| and
||ot;2 ||, and this is why we assume these two are finite). At the end, we get

€ r € ¢
B 007D = 10300+ [ B 20 £t 0, 0,

which means 2" f(t, x[0, ¢]) is well defined. [

Proof of Theorem 2.1. Since we have Proposition 3.4, we rewrite A f(t, x[0, t]) as follows,

A" £ (1, x[0, 1]) = 61/2{%0{%2(1, X (1) + €205y - x (@) - £V, x[0, () (Isy)

1
53 (0) + € 65) - x(0) - P (0. DU

1
+ / 6 fD [0, 1]+ €265

3
s I )Mt,x*(t)Jre'/zx(t)(du)}’ (20)

where Gf, i =1, 2,3, are between 0 and 1 depending on € (and some other elements).
We want to show ¢~ 1/29(7° f(t, x[0, t]) converges to

1

Bf (1, x[0,1]) = {E“zlz(t, X)) - x (0 D, x[0, 1D Uy
1

+ 505 2(0) - x (1) - f O, %[0, DUE)

+éa3<r,x*<r)>f<3>(r,x[0, MU } @1

uniformly as x[0, 7] varies over every compact subset of Dy [0, ¢]. We prove such uniform
convergence in several steps (note that uniform convergence can be easily derived except for
the last integral term in (20)).

Step 1: Ase — 0,

3 3
O X0, 004 €205 - u- I UE) — O, x[0, DU

uniformly for |u| < const. and for x[0, #] changing over every compact subset of Dy,[0, ¢]. This
is from (ii) of Theorem 2.1 and (17). To see this, we notice that (17) gives that for i = 3 and for
any }’[0’ [] € on[oa []’

FO 0. NUE) = EY FO (yf[o, T1-exp { /O “als ms))ds}

+n010, T]) W)
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= / F® (yt[o, T]-exp {/.aé (s, x*(s))ds}
Dyl0,T] 0

+ 20, T]) W& 000,720, T, (22)

where © 010,71 represents the distribution of »; [0, T] on space Do[0, T]. We now replace

y[0, 7] in (22) by y[0, 1] = x[0, ] + €'/205 - u - [0, 1] for x[0, ] € Dy, [0, ¢] (the initial
point y.(0) = x(0) = xg for t > 0), then from (ii) we know the integrand converges to
FO 0, T] - exp{ [y o (s, x<(s))ds} + z[0, T])(w[?;]) uniformly for |u| < const. and for
x[0, 1], z[0, T'] changing over every compact subset of D, [0, ], Do[0, ¢] respectively. What is
more, integrand F® (y/[0, T1 - exp { [5 a3 (s, x4(s))ds} + z[0, T])(w[?;]) is bounded on every
compact set (for z[0, T]) and uniformly integrable with respect to probability measure 010,77
These facts complete the proof of Step 1.

Step 2:
3
‘/ W fO (e, x10, 11+ €' PO5uli) T ) 1ty v )4et /200 (1)

— 3t 0) FO 1, x[0, DUE,

3
< f Juf? ‘f‘”(t, x[0, 1]+ €265 - u - 1) US)

f(3)(l‘ x[0, ¢ )(I{t} )‘ My x*(t)+e'/2x(t)(du)

+|r®a 0. mug)|- ‘ [ s @i = [ o

= J1+ /L.

First, J, = 0 (¢ — 0) uniformly as x[0, ¢] over every compact subset of D,,[0, ], since o3 is

continuous at x,(¢) in its second argument. For Ji, let C > 0,
3
Ji = / Juf? )f“)(r, x[0, 11 + €205 uli) UE)
3
— O X0, DU 11,1, 07e1200) @)
3
= / Jul? ‘f“)(r, x[0, 1] + €' 265uli ) (US)
lu|<C

= D610, DU 11,1, 076172000 @0

+ f Juf? (f“)(r, x[0, 11 + €205 uli) (IS)
lu|>C

— OO0 DU e o120 @)

IA

/| . Jufl? 'f(3)(t,x[0, 11+ € 205uli) (I8)
u

— OO0 DUED| e o100 @)
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3 j-2, 42
+ |u|” ( const; + consty|u|/ " “€ 2
|lu|>C

+ constz - [x(1)|/ _2) It e, (1) e ey ()
= J3+ J4,
where J3 converges to zero (for any C) uniformly in x[0, 7] over a compact set according
to Step 1. The first part f‘ c |u|3const1Ml’x*mﬁl/zx(t)(du) of J4 goes to zero as C — o0

uniformly in all x[0, 7] (not necessary over compact set) since |u|> is uniformly integrable
with respect to the measures u; (this can be seen from || B* < oo). The second part

u|>

. j—2
-[\u|>C lu>consty - |uli 2.2 Kt x, (t)+€!/2x () (du) also converges to zero uniformly in all x[0, 7]

because |u|/*! is uniformly integrable with respect to i, .. The same uniform integrability of
|u|/+1 implies that the last part Sui>c lul3consts - [x ()12 41, o (1y1el 2 (du) Of J4 goes to zero
uniformly in x[0, T'] over any compact set.

At the same time, we note that €~/ 29(n° f(, x[0, t]) is dominated by

B” (const1 + const; - |x(t)|j) ,
which is uniformly integrable with respect to distributions of ¢ because of Lemma 3.1,

¢ j+1
sup Eg’x0|n6(t)|-’+ < 00.
€€(0,¢p)

Then weak convergence of 1€ to n° (which was proved by Theorem 1 and Lemma 6 in [7])
completes the proof. [

4. An extension of Theorem 2.1

As mentioned in the remark of Theorem 2.1, the condition (i) of Theorem 2.1 is restrictive to
some extent. In this section, we will weaken this condition.

Theorem 4.1. Under conditions of Theorem 2.1, but with (i) replaced by:
(1)’ there is a constant C > 0 such that for all x[0, T], y[0, T] € D[0, T],

T
|F(x[0, T])| < C (1 + |x(T) +/ |x<s>|f'ds) ;
0

] . . T .
FOI0, TH(10, T1¥)| = (1 + IylIHC (1+|x(T>|f2+/ |x<s)|fzds),
0
i=1,2,3,
the following holds: as € | 0,

nf
EO,X()

0 0
F(n°[0, T]) = Eg  F(°[0, T]) + €' E]  A1F(1°[0, T]) + o('/?).

Proof. First note that under condition (i)', by using similar proofs as in Lemmas 3.2 and 3.3, we
can prove there are constants C’ and C”

t
|f(t, x[0, t])] < c’(l + x(®)) +/ |x<s>|fds);
0

. t
FO@ 210, MUE)| = c”<1 +Ix 1 7 + / |x<s>|f—2ds).
0



148 X. Yang / Stochastic Processes and their Applications 123 (2013) 131-155

Then we can prove that the compensating operator 2”° of 7¢[0, T'] can be applied to function
f(t,x[0,1]) given by (14) provided F satisfies condition (i)’. To do this, we apply similar
arguments as in Proposition 3.4, but this time we define

t 2j
fn(f,x[(), l‘]) — f([’x[()’ t]) - h (x(t)> - h (@) - h (M) ,

n n n

for a smooth function /2 which is equal to 1 in (—1, 1) and to 0 outside (—2, 2). Similarly we can
get (20). The rest of the proof will be almost the same as that of Theorem 2.1. [

Now more classes of examples can be produced based on the condition (i)’. The first class of
examples takes the form

T
F&I0,T]) = ¢ ( /0 g(x(s))ds)

where two smooth functions ¢ and g satisfy suitable upper bound assumptions in order to validate
ka
(i)’. For instance, we can take F (x[0, T]) = (fOT xki (s)ds) for two positive integers k1 and k.

More generally, we can produce functionals combining the end point value x(7") and the integral
type functional as follows

T
F(x[0,T]) =¢ <X(T)’/o g(X(S))dS> .

It is straightforward to check the differentiability of F' given the smoothness of ¢(x, y) and
g. Also, the condition (i)’ is fulfilled if all the partial derivatives of ¢ (x, y) are bounded by
1 + |x[¥ 4 |y|* and the derivatives of g(x) are bounded by 1 + |x|¥ for some positive integer k.

k
A specific example of this kind is F(x[0, T]) = (fOT xk (s)ds) ’. x}3(T) for positive integers
ki, ky and k3.

5. Applications of Theorem 2.1: general expansions
First let us introduce some symbols:

a{l.)(t, Xx) = 0[%2- N 2(t, x).
RI/_/

The subscript » denotes the differentiation in the second spatial argument x. Thus oe(jl.) (t, x) means
the i times differentiation in x of a/ (7, x).

Theorem 5.1. Let processes 1€ and x, be in Theorem 2.1. Consider an integer s > 3. Assume
(x% (t, x) < C for some nonnegative constant C1, and

1B <oo for3<i<3(s—2)+1;  [l&| <oo;
1 1 1
||05%2||’ ||0;222||» cees ||;5(s_1)|| < 00,
||a%||, ||a%2||, o ||ags,2)|| < 00,
o3 1l llods . - - e, s Il < o0,

-1
s || < oo.
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Assume, in addition, that a(ls_l)(t, X), a(zs_z) (t,x),..., aé_l(t, x) and o®(t, x) are continuous

in x at the point x,(t) for all t, and |u|**? is uniformly integrable with respect to Mt x-
Let the functional F (x[0, T]) on Dy,[0, T] be 3(s — 2) times differentiable with the following
conditions:

(D) there is a constant B > 0 such that for all x[0, T], y[0, T] € D[0, T]
[F(x[0, TD| < B(1 + [x(D)I");
FOG0, THGI0, TI)| < A+ IyI) - B - (14 [x(D)F72),
i=1,2,...,3(s — 2);

D) FO&[0, TD U118, - - -, I.118), 1 < i < 3(s — 2), are continuous with respect to x[0, T]
uniformly as x[0, T] changes over an arbitrary compact subset of DI[0, T],t over [0, T], and
8[0, T'] over the set of Lipschitz continuous functions with constant 1, ||8|| < 1.

Thenas e | 0,

EY FOrF10. T = El FP[0, T1)+Ze2E" AFQOI0.TD + o), (23)

where Ay is a third-order differential operator defined before, Ay is a sixth-order differential
operator given by

T - T 1
A F(x[0,T]) = / A1 F(x[0, t])dt +/ |:3’Ot222(t x4 (2))x(1) f(l)
0 0
1
X (1, %10, (D U)) + 7o, (1, 2 (O)x (O f D (¢, %10, MU
L] 3
5B w0 £ (0. DU

—a (e, xe(@) £ @, x[0, MU )]

with
F(x[0,1]) = 1a;2(r, x (D)7 (1) f O @, x[0, 1D U1y
+ az(r X)) fO (1. 210, DU
+ la € xuO) [P, 210, D UE), (24)
and As, ..., As_o are suztable differential operators defined through derivatives of f.

Proof. The case when s = 3 is actually Theorem 2.1. In what follows, sometimes f® will

be used to denote f®(z, x[0, t])(I ) for short. Now we first prove this for s = 4. Applying
Taylor’s formula we write

A" £(t, x[0, 1])
= 61/2{ <%a§2(t, x(0))x (1) + %a%n(t, x5 (1) + el/zefx(t))el/zx(t)3)

x O, x[0, 1D (Iy)
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1 1
+5 (az(t X (1)) - x(1) + azz(t X+ €205 x(1)) - €' 2x(1)? )

FO 0. DUE) +/< W FO @, x[0, DUE)

1 4
gt € X0, 11+ €1205 - uli U )> Mot x4 2 () (A1) }

Then, if we write o®(, x,.(t) + €'/2x(1)) = o3 (t, x,(t)) + a3 (t, x4 (1) + €'/20x (1)) - €' 2x (1),
then

e '/? (e—”z%'ff(r, x[0, 1]) — [ Lt x0) - 20 - FO

21

+1/203(, %2 (1)) - x () - f2 + %0‘30, 2. (0) f D2, x10, t])(l{?}3>])

1
— {(5@220, X (1)) -x(t)3> O, x[0, (D))
1
+ 795 %) - x(0F- F2 @, X1, MUE)
1a2<t X (0)x (@) e, x[0, DU, )+ f<4><t x[0, r])<1® Yat(z, x*<z>)}

uniformly as x[0, #] varies over every compact subset of Dy[0, ] (The proof on uniform
convergence can be done similarly as that of Theorem 2.1. The uniform integrability of |u|®
with respect to measures (4, x is used and this is a consequence of 1871 < o0.) Besides,

e (e‘lﬂm’ff(r, *[0, 1)) — [%aéz(t’ xe(0) -2 (@) - f O

+1/2053 (1, x.(0) - x(0) - £ + —a 3, 2 (0) £ @, x[0, MU, )D

can be dominated by a functional which is uniformly integrable with respect to distributions of
n€. Thus we have

EJ AT £t 510, 1))

=) [%aba, 2@ O O + 172031, 2 ()0 @) f P

1

316X fD @10, MU )}
+e-Eg,°xO[3,a222(r x() -0’ @) - O+ a22<t x) '@ - P

1
52O OFY + 4 f<4>(t n°[0, U )oe“(t,x*(r))]

+a(e). (25)
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Now we want to apply the case s = 3 to write the term E77 F(n [0, £]) as E F(nO[O, t]) +

el/zE(')”xOAlF(n [0, ]) + 0(61/2), thus we have to apply Theorem 2.1 to funct10nal F(x[O, t])

defined by (24). First we have to clleck F (x[O0, ]) satisfies all conditions of Theorem 2.1: here
we just check that the first term of F (x[0, ¢]) (which is x%(¢) £ (D (¢, x[0, t]) (1)) satisfies (i) and
(ii) of Theorem 2.1. It can be easily seen that x2(1) fD(, x[0, t]1)(Iy1y) is differentiable and

20 £V 210, D U | = 27O B+ (4107,
M
[0 £V x10.0)] " 10,00
= fim h™ [(x +hy) @ f D@, x4+ hI0, (D Un) — 2@ f P @, 210, t])(I{,})]

x2(t) f P, x[0, 1) Ly, yI0, 1) + 2x (@) y () £ D2, x[0, 1) (Igr)).

Proceeding in this way, we can find [xz(t) f (1)](2) and [xz(t) f (1)](3). For the derivative
[x2(r) f MWD there is a term involving x2(r) f @), and condition (I) of Theorem 5.1 implies
Ix2(1) FfP| < const; + consty|x2H5=2(¢)|. Thus in order to make the first derivative satisfy
condition (i) of Theorem 2.1, we should require, in case s = 4, ||ﬁ | < 00,3 <i < 7. For
condition (ii) of Theorem 2.1, we need uniform continuity of F F® in some sense: note that F®
consists of f(’), 2 <i < 3(s —2) = 6, and this is the reason why we assume condition (II) of
Theorem 5.1, i.e. uniform continuity of F 0,2 <i <3(s—2) = 6 (here we actually do not
need uniform continuity of F(I), but we will see that uniform continuity of F!) is needed when
we prove the case when s = 5).

Applying Theorem 2.1 with ¢ in lieu of T to F and then putting the result back to (25), we get
a new version of (25) and put it in the following equality

T
EY FOF10.T)) = EfL FO°[0. T]) + f EJ 7 f(t. 5[0, ).

This proves (23) when s = 4, and gives A, which is a sixth-order differential operator. In
conclusion, for s = 4, we require F to be six times differentiable and ||8'|| < cofor3 <i < 7.
Now we prove the case s = 5. We use Taylor’s formula to write one term further,

AT (2, x[0, t]) = €'/ {(21'

1
a22x(t) +3' %zzél/zx(tf

1
+ % a0 + e“zefx(r»ex(t)“) SO, x10, 1) Tyy)
+1/2 (a%x(z) + %a%zel/zx(t)z

1
+ 3'052220 x*+el/292x(t))ex(t)3> @@, x[0, DU ’)

1 3 3 SAel2 ¢ @

1 5
+ e D x00, 1] + € 205ul) U )>

X Mt x(+€2x (1) (du)} .
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Then, by expanding o> and a*, we get
e ! (e‘l/zi’l”éf(t, x[0, 1]) — [%agz(t, xo(0) - x(2)? - D
F1/203050) - x0) - O 4 o0 0) O, x0. DU )]
1 1 1 1
e [ 2O U 4 SR x (@ fO 4 Jasxo fO + ma“f(‘”])
1
- {(50534) (t, x:(1)) - x(r)“) @, x10, (D Tyy)
1
+ 5@t x) 20 - P, x[0, MmUE)
1
3192 x) - x (0  fO (e, X0, M)
1 )
%2 > (6, %) - x () - f @, x[0, t])(l{,} )
+5 f% x[0, U )aS(r,x*a))},
uniformly as x[0, ¢] varies over every compact subset of Dy, [0, #]. Just like before, it follows

OXOQU' f @, 010, 1])

e . [ b () 1 O £ 4172630 0 0) (1) - £

+ %oﬁ(t, ) O, 0, t])(z{;@’}%}

te E) |:31'ot222n O FO 4 ;!agzne(t)zf(z) n %agne(t)f@) 4 $a4f(4):|

+e¥? - g x0|: 1!“(14)@’ x(0) -0 O+ %(xgn(r, xs) - n2(0)3 - fP
31,0‘220 x) '@ fO + !ag(t, ) -0) - f@

+5 f“)(r n°[0, DU, )as(r,x*(r»}o(é”).

€
For /2. Eg o> We want to apply the result of case s = 4 to write

€~ 0 ~
V2Bl = €2 () Fnllo, 0+ € 2E] A1 Fill0,1

0 ~
+ €E) A P[0, 1]+ 0(e))
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so we need F to be six times differentiable. Thus F should be nine times differentiable.
F~urthermore, in order to use the case s = 4, we have to assume the uniform continuity of
F@ 2 < i < 6, which consist of f),1 < i < 3(s —2) = 9 (this is why we also include
uniform continuity of F!) in assumption (II) of Theorem 5.1). Noticing that the derivatives of F
contain a term 7€ (1)% - f@, we get from condition (I) of Theorem 5.1 that

24s-2

In€ ()% £ D] < const; + consta |7 (1)] = const; + constz |7 (1)].

Thus in order to use the result of case s = 4, we need ||| < oo for 3 < i < 10 (we notice
that when s = 4, if condition (I) is modified to be ||y||’ - B - (1 + |x(T)|5), then we just need
1B ]l < oo for 3 <i < 10).

For term € - Eg;o, we will apply the case s = 3 so that we can get o(¢3/?). When we check
condition (i) of Theorem 2.1 for the third derivative, we will meet a term x3 ®f @ and condition
(D) of Theorem 5.1 implies |x3(t) f (4)| < const + consty|x(¢) |6. In order to make the derivative
satisfy condition (i) of Theorem 2.1, || 7| < oo for 3 <i < 10 is enough.

In a word, for s = 5, we need F to be nine times differentiable and || /Bi | <oofor3 <i <10.

For general s > 6, we notice that the order of differentiability of F* will increase by 3 each
time, and finiteness of ||%]|,3 < i < 3(s — 2) + 1 will be required. Thus the proof can be done
by writing more and more terms in Taylor’s formulas. [

For future use in the theory of large deviations, we state an extension of Theorem 5.1 as
follows. The proof copies that of Theorem 5.1 by using Theorem 4.1 instead of Theorem 2.1
everywhere.

Theorem 5.2. Under conditions of Theorem 5.1, but with (1) replaced by:
(I)' there is a constant C > 0 such that for all x[0, T], y[0, T] € D[0, T]

T
IHHQNN§C<LHMDP+/|AMWO;
0

) ) T
Fm@mTMﬂQﬂwﬂSO+MWW<LHMDWQ+/Inm“%O
0
fori=1,2,...,3(s —2), the following holds: as € | 0.
€ 0 220 0 s=2
E§  FnI0,T]) = Ej  F[0, T + > €2 Ej, AiF(n°[0, T]) +o(e 7),
i=1

where Ay, Ay, ..., Ag_p are same as in Theorem 5.1.
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Appendix. Compensating operators after transformations

In this section, we give the details on deriving compensating operators for stochastic processes
defined through linear transformations of some processes. Recall that the family of locally
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infinitely divisible processes (§€(t), Pf, ») in Section 1.1 has generating operators Af given by
A%'E _ 1 ’ € 1
1 f@) = o () f (%) + Zalt, ) f7(x)

1
T2 / [f (x +eu) — fx) = euf'(x)] s x (du)

for twice continuously differentiable functions f that are bounded together with their first and
second derivatives. It was mentioned that n€(¢) = e~1/2 (E€(1) — x4(2)) converges as € — 0 in
distribution to a Gaussian diffusion process n° with generating operator

n° _ ol Y/ 12 e
Af f) =gt x(0) - x - f1(X) + S (% (1) - f7 ()

where the subscript , means differentiation in second spatial argument. Here x, is the unique
solution of ordinary differential equation x, (z) = ol (2, x,.(¢)). We will show here how to get the

€ € 0
generating operators A, of processes 7¢ and that lim, 10 Al f(x) = Al f(x) for some class of
functions f under suitable conditions on 7.
The compensating operators A5 of processes £€ are defined as A8 f(t,x) =0f(t,x)/ot +

€ €
Af f(t,)(x). To find the generating operators A; , we assume the initial position of process ¢
is £ = x. From definitions of compensating operator and generating operator, it follows:

t
P S0 = o) = [ piaf fooav,

N

t
P f(t, ) (x) = [ (s, %) =/ PR f (v, ) (x)dv,

N
for suitable f(x) and f(¢,x), where the family P' is the multiplicative family of linear
operators of Markov processes £¢ defined by ng' fx) = Efex F(E€(1)). Term ng’ F(t, ) (x)
means that Pg;l is applied to function f(z, x) in its section argument x, and Pﬂ’”?lsef(v, I(x)

means that Pg;v is applied to function i (v, x) = A5 f (v, x) in its second argument x. We derive
two connections between multiplicative families of £€ and 7€ as follows:

P = ESFE) =ET o F (0 4 50)
PEF@ ) (7P —xe)),  Fx) = f (x4 x.0),

PP = EL S0 0) = ES iy o f (6772650 = xa00)
PEGE ) (x' P +0.0),  Glx) = f (70— ).

The generating operator A?E can be found in the following way.

P f(x) = f(x) = PG, ) (xel/2 + x*(S)> -G (s, xel/? 4 x*(S))

t
/ P;gUQlSEG(v, J) (xel/2 + x*(s)) dv

N

t
_ f P ) (x4 () d,
N
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set g(v,x) = A G, )(x)

t
= / P'g(v, ) (x)dv, where g(v,x) =g (v, xel/? 4 x*(v)> .
N

It can be easily found that
g0 = V2 f (720 - x)) (o 0,0 — K w) + 5aw, 00
x (€720 = xu0))
+ %/ [£ (720 + e = xap) = £ (€720 = 2, 00)
— e Puf (720 = 2 ) | o)

from which we get
Al P = Faon = 200 (@ @oxe!? 4 x0) — o (10 0)
+ 30l x4 w01 0)

1
+ - / [f (x + 61/2u) — f(x)— el/zuf’(x)] It oxel 2, (1) ().
€
Now we take the limit ¢ — O to have
. n¢ _ 1 / 1 2 ”
lim A7 f () = @y (1, % (0) - x - () + 7 (1, x(1)) - (%)

for all f(x) that are bounded and continuous together with their first and second derivatives
(suitable conditions on 1€ should be imposed). And this limit is the generating operator for some
Gaussian process 7°.
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