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Abstract. For every pair of positive integers n and p, there is a language accepted by a real-time
deterministic pushdowr: automaton with n states and p stack symbols and size O(np), for which
every context-free grammar needs at least nzp +1 nonterminals if n>1 (or p non-terminals if
n =1). It follows that there are context-free languages which can be recognized by pushdown
automata of size O(np), but which cannot be generated by context-free grammars of size smaller
than O(nzp); and that the standard construction for converting a pushdown automaton to a
context-free grammar is optimal in the sense that it infinitely often prcduces grammars with the
fewest number of nonterminals possible.

1. Introduction

When trying to describe a context-free language as concisely as possible, one often
hesitates for a second or two in order to decide whether to use a pushdown
automaton (PDA) or a context-free grammar (CFG). Most people would #3ree that
for some languages, a PDA is preferable, and for others a CFG is. But many
arguments have been presented, particularly by designers of programming
ianguages, as to why a grammar is usually the preferable tocl for specifying a
context-free language. So the question remains: why, then, does one sometimes
prefer a PDA for the specification of a particular language?

In this paper, we offer a partial answer to this question. We show that, for every
pair of positive integers n and p, there is a language that can be accepted by a PDA
with n states and p stack symbols and size proportional to np, but for which every
CFG must have at least n2p® 1 nonterminals, where

n’p@1=ifn>1then n’p+1 else n’p fi,
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and hence must have size at least proportional to n’p. It follows that some
context-free languages can be defined much more concisely by PDAs than by CFGs.
It also follows that the usual algorithm for converting a PDA to a CFG, which uses
the seemingly large number of n’p@®1 non-terminals for the CFG, cannot be
improved, in the sense that no algorithm is possible that always produces fewer
nonterminals. This is shown in Section 2.

In Section 3, similar techniques are employed to show that the usual algorithm for
intersecting a context-free language (specified by a CFG with p nonterminals) and a
regular set (specified by a determiniszic finite automaton with n states) is optimal in
the sense that the resulting CFG wili infinitely often have the minimal number of
nonterminals possible. These techniques are also used to show that, for each n =1
and p=2, there is a linear context-free language accepted by a one-turn deter-
minic*ic real-time PDA with n states and p stack symbols for which evety CFG
(wheiner linear or not) needs at least nz(p —1)&1 nonterminals.

Section 4 has a somewhat different perspective. It deals with the question of
whether the smallest CFGs which generate the languages in Section 2 need to exploit
the full power of arbitrary CFGs by using ambiguity, e-productions, and the like. In
view of other results on succinctness and economy of description, it would not be
surprising if these grammars had to be ambiguous and had to use many e-produc-
tions. However, because the PDAs in Section 2 are deterministic, accept by empty
stack, and make no e-moves, they can be used to obtain minimal grammars which are
very simple in the sense that they are LR(0), hence unambiguous, and are in
Greibach Normal Form with no e-productions.

Section 5 contains some concluding remarks.

2. PDA’s which are smaller than CFG’s

The standard method for converting a PDA which accepts by empty stack into an
equivalent CFG is the following ‘triple’ construction (see, e.g. [3]). Let M =
(Q,3,T,5,43. Z,0) be a PDA with n = #Q states and p = #I" stack symbols. Then
for each m~ve

91, A1Az - - - A, € 8(qo, X, An) (1)

sending M from state go to q; while consuming input x € ¥ U {e} (e the empty string)
and replacing Ao on top of the stack by A1A, -+ A, with A on top, the triple
construction introduces context-free productions

[qo. Ao, Q'ri—:]"X[IIl, A, qg][qz, A, q3] R [qn A, 4r+1],
(qZ’ R qr+l) € Qr- (2)

Here, th2 [q;, A, g;]are nonterminals and r = 0. It is then a simple matter to show by
induction on the length of computations and derivations that each nonterminal
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[9, A, q'] generates the terminal string w iff the input w can send M throcgh some
sequence of moves whose net effect is to change state from q to q’ while removing A
from the stack. Hence, adding the productions

S')[q’za QJ: qe Q,
if n = #Q>1, or sctting
$=13,Z 4]

if Q = {G}, results in a CFG G with start variable S generating the same language that
M accepts by empty stack.
'l'he CFG G has n’p@ 1 nonterminals, where

n*p@1=ifn>1thenn’p+1 else n’p fi,

and it has 2" productions of form (2) for each move of M ¢f form (1). Because of the
profligate humber of productions introduced by this construction, the grammar G is
generally ruch larger than necessary. For example, if the productions of form (2) are
replaced by the following productions;

[90, Ao, gr+1]> x1q1, A1A2 - - - A), Gri1d, q-+1€Q,
[Qh AIAZ v Ar’ qr+l]':) [ql, Als 4’2][42, A2 e Ar’ qr+1]’ (qZ’ qr+l) € sz

[qr-ly Ar—lAn qr+1]"') [qr—l, Ar——b Qr][% Ar’ qr+l]’ (qr—la qﬂ qr+l) € Q3a

then an equivalent grammar is obtained which uses more nonterminals but which has
O(rn?) rather than n’ productions for each move of form (1). Thus, the CFG
produced by the standard triple construction will in general be far from minimal in
size, whether size is measured by the number of productions cr by the sum of the
lengths of all productions.

Since the standard triple construction also introduces a large number n’p@®1 of
noaterminals, it is somewhat surprising that the construction is not at all profligate in
this regard, as we now prove.

First, we introduce some notation. The letters s, 7, u and d are mnemonic for set,
reset, up and down, respectively.

Notation. For positive integers »n and p, let M,,, be the PDA

an = (Om Zup’ Fp: anpa qis Zl: @),
where
On={q1’---,qn}9 ir'p={zla--~,Zp}s

Enp ={siis rt'f; u9dlléisn9 lsls‘p}’
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and where &, is the following partial function from Q, X X,, X I, to Q, xI'y :
8.0, 50 Z))=qnZ), 1<isn 1<jsp,
8upQis 1ip Z)) =(q1, Z1), 1<isn1<sj=<p,
8nplQn U, Z;)=(qi ZiZ,), 1<isn,1<js<p,
8.0(qs d, Z;) = (q;, €), l=<si=nlsj=<p

[Note: The move 8,.,{q; u, Z;) = (qi, Z;,Z,) slips the symbol Z, under the top stack
symbol Z,, so the stack contents are always in I',Z} U{e}.]

Theorem 1. For every pair of positive integers n and p, M,,, is a realtime deterministic
PDA with n states, p stack symbols, and 4np moves, which accepts by empty stack a
language L, for which every CFG needs at least n*p @1 nonterminals.

[Note: The number of moves of a deterministic PDA is just the number of triples
on which the next-move function § is defined.]

Proof. Obviously, M,,, is a realtime deterministic PDA with the required number of
states, stack symbols, and moves. Let L,,, be the language accepted by M,,,, and let
G=(N, 2, P, S) bz a CFG for L,,. By Ogden’s Lemma [9], there is an integer m
such that if w is in L,, and if m or more distinct positions in w are designated as
distinguished, then w = wyw,wiw,yws, where
{i) either w;, wy, w3 each contain a distinguished position or ws, ws, ws each

contain a distinguished position,

(ii) wawsw, contains at most m distinguished positions, and

(iii; there is a nonterminal A in G such that

g

=5 W1AW5=>* W1W2_AW4W5=>* WiWa2WiWaWs,

Let
W= wig = Syu" FiSipd ripd, l<isn,1s<j<p, i<k=n.

Then w isin L,,, 5o w = w;wowswaws as in Ogden’s Lemma, where every occurrence
of u and d is distinguished except for the last d. Thus,

S wiApws=* wiw Apwaws S  wiwawaswaws = wy

for some nonterminal A . To complete the proof, it suffices to show thau all of the
nonterminals A;; are distinct, and that each is distinct from S if n > 1, for then G has
at least n’p @1 nonterminals. _

By (iii), both wiwaws and wiwaw3w,ws are generated by S and hence art in L, 0
w2w, has the same number of occurrences of u as of d, and so by (i) it has at least one
occurrence of each. But by (ii), wowsw, has at most m distinguished occurrences of u
and d in toto, so w; and ws must contain a distinguished occurrence of # and d
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respectively. Thus,
(W1, Wawswg, ws) = (s, u™ rysipd™ ™2, d*rid) (3)

for some positive integers #; and #,.
Now suppose A;x = Ayjr. Then wyp i has a primed formula analogous to (3), and

—y! et
S=>* wiApuws = w1Appews=* wiwawiwaws = s;u ™ sieed™ T 2d 2 d,

so the latter string is in L,,. But this is only possible if i = i’, j = ', and k = k'. Hence,
all of the variables A, are distinct.

Finally, suppose n>1. If S=A;; for some 1<i<n, 1<j<p, 1<k=<n, then
choose k' # k in the range 1< k'<n, and observe that A, = S=>%s,,d, since the
latter string is in L,,. Hence, by (3),

S ﬁ* S t‘A,‘,‘kd rszpd i* Siii '1Sk'pdd 'zrk,,d.

Butsince k # k', the latter string is not in L,,, evén though it is generated by S. This is
a contradiction. Hence, § is distinct from all of the A;x when n > 1.

The number of moves of M,, is O(np), as is the length of a description of M,,, in
any reasonable coding. [This assumes that each coding alphabet contains the mnput
alphabet X, If the O(np) input symbols must be coded into a single alphabet of fixed
size, then the length of a description of M,,, would be O(np log(np)).] On the other
hand, any CFG for the corresponding language L., must have at least O(n )
nonterminals by Theorem 1, and hence must have size at least O(n 2pv), whether size is
measured by the number of productions or by the length of a description in any of the
usual coding schemes. Hence, any CFG equivalent to M, is at least O(n) times
larger than M,,,. Thus, for large n, L,, is an example of a context-free language which
can be described much more concisely by a PDA than by 2 CFG.

In addition, it follows from Theorem 1 that the triple construction produces a
minimal CFG for each PDA M,,, where a CFG is minima! if no equivalent CFG has
fewer nonterminals. Therefore, while the grammars produced by the triple con-
struction are in general extravagantly large, the numbers of nonterminals in them are
not, for there is no construction that aiways produces fewer nonterminals.

3. Behavior of related conversion techniques

In this section, we investigate the behavior of one commonly used construction fcr
intersecting a context-free language with a regular set. We also investigate the
performance of the triple construction on one-turn PDAs.

There are two frequently used methods for intersecting a context-free language L
with a regulsr set R. The first one takes the state set Q; of a PDA accepting L and the
state set Q, of a finite automaton accepting R. It then forms a new PDA accepting
L AR which has Q, X Q, as its state set. The second construction uses a CFG G
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generating L and a finite automaton M accepting R. It then produces a CFG G’
generating L n R. The graminar G' has nonterminals of the form [q, A, r], where g
and r are states in M and A is a nonterminal of G, as well as a separate start symbol if
M has more than one state. We now show that it follows from Theorem 1 that the
second construction, like the triple construction, yields a minimal grammar infinitely
often.

Theorem 2. For every pair of positive integers n and p, there is a finite automaton M
with n states and a CFG G with p nonterminals such that L(G) "L(M) can be
generated only by a CFG having at least n*p ®1 nonterminals.

Proof. LetM =(Q,, X, 8, q1, Q.), where Q, and %,, were defined previously, and
8qusy)=q»  8(qsry)=qu,
8(qi u)=qi, 8(qi, d) = qu.
et G = I, 2,5, P, Z,), where P is the set of productions
VART A Z;>»riZy,
Zi»uZZ, Z;»d.
Then L(G)nL(M)=L,,, which has the requirzd property by Theorem 1.

Suppose that a context-free language is considered grammatically complex if it can
be defined by a PDA with # states and p stack syrabols and size O(np), but can only
be generated by a CFG with O(n’p) nonterminals. Then the languages used in
Theorem 1 are grammatically complex. But the following theorem shows that a slight
modification of the PDAs in Thecrem 1 produces one-tarn PDAs, and hence that
even languages as simple as the linear context-free languages can be grammatically
complex. The lower bound on the number of nonterminals is slightly less than

n’p @1, but it applies to all CFGs for the linear language, and not just to lincar
CFGs.

Theorem 3. For every pair of integers n =1 and p =2, there is a linear context-free
language accepted by empty stack by a realtime deterministic one-turn PDA with n
states and p stack symbols for which every CFG needs at least n*(p—-1)®1=
(nzp @1)—n? nonterminals.

Preni. Let M,, be the PDA M,, with the moves Ono(qis Uy Z}) = (qi, Z,Z,,) deleted
for j =p, with 8,,(qw 4, Z;) = (qi, €) dezted for j#p, and with 8,,(qi ripy Z,)
redefined to be (qi, Z,). Then during the first phase of any computation, the stack
contents are in I,_;Z7 and the stack height cannot decrease. Once an input symbol
Skp is encountered, the stack contents remain in Z} and the stack height can never
again increase. Thus, M, is a one-turn PDA.
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The remainder of the proof is the same as that of Theorem 1, but with j constrained
totherange 1<j<p-1.

4. Minimal grammars with additional properties

Recently, several studies have been made on succinctness and economy of
description [2, 4, 6, 8, 10, 11, 12, 13]. Many of them are of the fiavor: if you take a
device A that is more powerful than a device B, then the description of a set in terms
of A can be more economical or succinct than the description in terms of B. In this
section, we present a rzsult that lies at the other end of the spectrum. The following
theorem shows that there are infinitely many context-free languages for which an
LR(0) grammar in Greibach Normal form requires no more nontcrminals than does
a more general CFG. In other words, there are nontrivial cases where we do not have
to pay with extra nonterminals for such nice features as Greibach Normal Form,
unambiguity, and the like. This contrasts with the fact that the various algorithms for
converting a CFG to Greibach Normal Form [1] introduce a large number of
additional nonterminals; and the fact that the increase in size necded to replace an
ambiguous CFG by an equivalent unambiguous one, when this can be done at all, is
recursively unbounded [12].

Theorem 4. There are infinitely many context-free languages having minimai
grammars which are LR(0) (hence unambiguous) and in Greibach Normal Form with
no e-productions.

Proof. Let G,, be the grammar obtained by applying the triple construction to the
PDA M,,, and let G, be the grammar obtained from G,,, by using Algorithm 2.11 in
Ahe and Ullman [1] to remove productions of the form S - A. Since G,,, is minimal
by Theorem 1, and since G,, and G, have the same number of nonterminals, G, is
also minimal. The other properties of G,, are derived from those of M,,.
Specifically, G, is LR(0) because M,, is deterministic, asd G,, is in Greibach
Normal Form with no e-productions because M,, is real-time. (For a detailed
explanation of why G, is LR(0), see the proof of Theorem 12.9 in Hopcroft and
Ullman [7].)

5. Coaclusion

The following simple argument shows that for the PDAs M,,, a reduction in the
number of states by a factor of k will force the number of stack symbols to increase by
a factor of at least k2. Suppose that the number of states in M,,, is reduced by a factor
k to obtain an equivalent PDA M. Let G,,.and G, be the grammars obtained by
applying the triple construction to M,,, and M,,, respectively. If M np had fewer than
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k? times as many stack symbols as M,, then G, would have fewer nonterminals
than G,,. But by Theorera 1, this is impossible since G,,, is minimal.

Thus, a reduction in the number of states of a PDA can necessitate a larger
proportionate increase in the number of stack symbols. This observation leads to the
general question: is it more econornical to keep the number of states or the number of
stack symbols small when designing a PDA? This question deserves further investi-
gation.
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