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According to L. Auslander and R. Swan any group containing a 
polycyclic subgroup of finite index can be faithfully represented by integral 
matrices. A constructive proof is given and it is shown that conversely every 
noetherian group of matrices of finite degree over any field contains a 
polycyclic subgroup of finite index. 

Any subgroup of the group GL(n, F) of all nonsingular matrices of 
finite degree n over a field F is called a linear group (of degree n over F). 
A group is called noetherian if its subgroups satisfy the maximal condition : 
Any collection of subgroups contains at least one member that is not 
properly contained in another member.* 

For example every finite group is noetherian. Every cyclic group is 
noetherian. 

Furthermore, if the normal subgroup S of the group G is noetherian 
and if the maximal condition holds for the subgroups of G containing S 
then G is noetherian.? 

Any group G with a normal chain the factors of which are noetherian 
is noetherian. 

A group with a normal chain the factors of which are cyclic is called 
polycyclic. 

Polycyclic groups are noetherian. 
Reinhold Baer [2] has conjectured that every noetherian group has a 

polycyclic normal subgroup with finite factor group. 
We prove this conjecture for linear noetherian groups. 

* Equivalent conditions are: Every subgroup can be finitely generated, or: for any 
ascending subgroup sequence there is a member of the sequence equal to all later 
members of the sequence. 

t This follows from the Lemma: 
If U, V are two subgroups of G for which U c V, U n S = V n S, US = VS, 

then U = V. Indeed, for x E V there is y  in LJ, s in S, satisfying x = ys, hence 
y-~x=sEVnS=UnS,sEU,X=ysEU. 
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LEMMA 1. Every subfactor group of a noetherian group is noetherian. 

Proof clear. 

LEMMA 2. A solvable group is noetherian if and only tf it is polycyclic. 

Proof. We must show that any solvable noetherian group G is polycyclic. 
This follows from the basis theorem for abelian groups. In any case, there 
is a normal chain with abelian factor groups. According to Lemma 1 each 
factor group is polycyclic. Hence there is a refinement with cyclic factors. 

Q.E.D. 

LEMMA 3. Any noetherian group contains a maximal solvable normal 
subgroup (radical subgroup) and a maximal nilpotent normal subgroup 
(Fitting subgroup). 

Proof clear. 

As the general theory shows both subgroups are uniquely determined. 
The radical contains every normal solvable subgroup. The Fitting sub- 
group contains every normal nilpotent subgroup. 

We denote the radical subgroup of a group G by W(G), its Fitting 
subgroup by S(G). If the elements of finite order form a subgroup then 
it is called the torsion subgroup of G and it is denoted by Y(G). For 
example every nilpotent (or every locally nilpotent) group has a torsion 
subgroup. A group without elements of finite order > 1 is said to be 
torsion free. For example the factor group over the torsion subgroup 
is torsion free. A group which is its own torsion group is said to be 
periodic. 

Let Q be the rational number field. 
For any group G we define a Q-factor offinite rank r to be an abelian 

torsion-free factor group of rank r of a normal subgroup N2 of G over 
a normal subgroup Nr of G contained in N2. The corresponding 
G-Q-representation a = &2,N‘ of degree r over Q obtains by inter- 
preting N2/N1 as a torsion-free module M, embedding M into the linear 
space QM of dimension r over Q that is generated by M upon forming 
the quotient module and defining the action of an element g of G on 
the element ii of M corresponding to the coset u/N, (u E N2) by setting 

A(g>(@ = bug- ‘WI 
and extending it to QM by setting 

AkMu> = ;m(s)(u) (A E Q). 
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For any normal subgroup N of G satisfying 

N, 2 N z N, 

the elements tl of M corresponding to cosets u/N, for which u is in N 
form a torsion-free submodule m of M invariant under G. The repre- 
sentation nNjlv, of G is equivalent to the representation of G with 
representation space Qm over Q. Its degree is at most r. The representa- 
tion A,,,, is equivalent to a constituent of the first kind of nNZIN,. 

All elements u of N, for which the element 17 of M corresponding to 
the coset u/N, is contained in Qm form a normal subgroup 9b(N, N2/N1) 
the pure extension of N with respect to N,/N,. The factor group of N2 
over Sd(N,N,/N,) is free abelian and the representation &21bl(N,N21N,j 
is equivalent to a constituent of the second kind complementing &,N, as 
a constituent of the first kind of &2,NI. According to A. Kurosch one 
defines an ascending subgroup chain of G to be a set S of subgroups of G 
with the properties that S is well ordered by set theoretical inclusion with 
1 as first element and G as last element and that for any subset of S the 
union of the members of that subset belongs to S. 

One speaks of an ascending normal subgroup chain of G if each member 
of S is a normal subgroup of G. Its Q-constituents are the representations 
a y,X of G corresponding to the factor group of a member Y of S suc- 
ceeding the member Xprovided that Y/Xis torsion free abelian of finite rank. 

We speak of a Q-chief series if S is an ascending normal subgroup 
chain such that for any number Y of S succeeding the member X either 
Y/X is torsion free abelian of finite rank and nrjx is irreducible over Q 
or if there are no two normal subgroups X’, Y’ of G for which 
X c X’ c Y’ c Y and Y’/X’ is torsion free abelian of finite rank. 

Two ascending normal subgroup chains S,, S, are said to be Q-iso- 
morphic if there is a l-1 correspondence between the Q-constituents of 
Si and S, such that corresponding Q-constituents are equivalent. 

By an argument similar to Kurosch’s proof for the generalization of 
the Jordan-Holder-Schreier theorem for well ordered ascending subsets 
of normal subgroups of a group one shows 

LEMMA 4. Any two ascending normal subgroup chains have Q-isomorphic 
refinements. If there is a Q-chief series at all then any ascending normal 
subgroup chain can be refined to a Q-chief series. Any two Q-chief series 
are Q-isomorphic. 

We shall also use 

LEMMA 5 (Malcev [4]). Any irreducible solvable linear group contains 
a normal abelian subgroup offinite index. 
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COROLLARY. An irreducible polycyclic linear group contains a torsion- 
free normal abelian subgroup of finite index. 

LEMMA 6. Any periodic polycyclic group is finite. 

Proof. Trivial. 

Now we can prove 

LEMMA 7. Any polycyclic group G contains a torsion-free characteristic 
subgroup of finite index in G with torsion-free abelian factor group over 
its Fitting subgroup. 

Proof. It suffices to show the existence of a torsion-free subgroup S 
of G of finite index in G with torsion-free abelian factor group over its 
Fitting subgroup. 

Indeed, the subgroup N of G that is generated by the (G : S)-th powers 
of the elements of G is a characteristic subgroup of G with finite factor 
group, according to Lemma 6. Moreover N is contained in S. The normal 
subgroup N n 9(S) of N is nilpotent with abelian factor group. Hence 
N n 9(S) c 9(N) and N/F(N) is abelian. Of course N/Y(N) is 
polycyclic so that Y(N/9(N)) is finite. The subgroup N, of N that is 
generated by 9(N) and by the lY(N/F(N))(-th powers of the elements 
of N is a characteristic subgroup of N of finite index in N and with 
torsion-free abelian factor group over P(N). We observe that 
9(N,) = F(N) and G : N1 is finite, hence Lemma 7. 

If G is finite or if G is abelian we use 1 as torsion free normal subgroup 
to establish Lemma 7. Now let G be infinite, non-abelian. 

Since G is solvable there is a natural number k such that 

1 = DkG c Ok-lG c . . . cDGcG. 

Upon rtfinement of this ascending normal subgroup chain we obtain a 
Q-chief series with finitely many Q-constituents A,, &,. . ., A,. 
According to Lemma 5 there is a normal subgroup Ni of finite index in G 
such that ker ai E Ni and aiNi is torsion free abelian for i = 1,2,. . . , S. 
Hence the intersection No of N,, N,, . . . , N, is a normal subgroup of G 
of finite index which is mapped onto an abelian group by each of the 
irreducible representations a,, &, . . . , A,. 

We observe that according to Clifford’s theorem 1 on induced repre- 
sentations any normal subgroup of an irreducible linear group is full 
reducible. The irreducible Q-constituents of N,, always have DN,, in 
the kernel. 
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Hence upon replacement of G by N,, we are permitted to make the 
additional assumption that the irreducible Q-constituents of G have DG 
in the kernel. 

The intersection of the kernels of the irreducible Q-constituents of G 
is a normal subgroup N of G containing DG. The factor group of G 
over N is torsion free. 

Upon suitable refinement of the ascending normal subgroup chain 

1cDGrNsG 

we obtain an ascending normal subgroup chain of finite length, say 

1 = Go c G, C. . . E Gj = N c G 

such that for i = 1,2,. . . , j either Gi/Gi- r is finite or it is torsion free 
abelian with irreducible G-constituents. 

If it should happen that 0 < i < j and that Gi/Gi_, is finite whereas 
G,+,/G, is abelian of finite rank then we have 

Gi-14 Gi+l 

and the index of Gi+ i/Gi_ r over the centralizer 

Z Gi+I/Gi-,(GilGi-l) = ‘J/G,-, 

of GJGI-l in Gi+r/Gi-, is finite. This is because U Q Gi+l and Gi,,IU 
is isomorphic to a subgroup of the automorphism group of Gi/Gi- r . 

The group U/G,-, is nilpotent with (Gi n U)/Gi_I as subgroup in the 
intersection of the center and the derived group. It follows that the 
((Gi n V) : Gi- ,)-th powers of the elements of U and the subgroup G,- r 
generate a normal subgroup V of G which is of finite index in Gi+ 1 such 
that ~/V/G,- 1 is abelian. The factor group of I’ over Y n Gi is torsion 
free whereas V n GJGi- r is finite. Hence the subgroup W of G generated 
by the ((V n Gi) : Gi-,)-th powers of the elements of V and by GI- r is 
a normal subgroup of G which is of finite index in Gi + r. 

Moreover WIGi- 1 is torsion free. 
We replace Gi by W. In this way we succeed in pushing down torsion- 

free factor groups, pushing up finite factor groups. 
After a finite number of steps we find the new normal subgroup chain: 

~=I&,cH,c...cH~~NEG 

such that all factor groups Hi/Hi-l (0 < i I I) are torsion free abelian 
with irreducible Q-constituent and that N/H, is finite. 

By a similar construction we also find a normal subgroup IV1 of G of 
finite index such that H, is contained in N, and the factor group NJH, 
is torsion free abelian. 

By construction Ht is nilpotent. Moreover the intersection N, of the 
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kernels of the irreducible Q-constituents of Nr lies in N. Since NJH, 
is torsion free it follows that N, c H1. 

Since N, is torsion free over torsion free it is torsion free. Hence 
%(N,) c N2 E H r c %(Nr), %(N,) = Hl. Thus Lemma 7 is established. 

LEMMA 8. The radical subgroup R of a group G with a normal chain 
G = G, 2 G2 2 . . . 2 G, = 1 whose factors are jinite or cyclic is of 
finite index in G. 

Proof. Let % be the set of all normal subgroups of G with finite index 
over their radical subgroup. 

If N,, N2 belong to % and if R(N,) is the radical subgroup of Ni 
then it is a characteristic subgroup of Ni, hence it is normal in G. Hence 
R(N,)R(N,) is a normal subgroup of finite index of N1 N2 and also belongs 
to %. It follows from the assumption of the lemma that G is noetherian. 
Hence % contains a maximal element N. It contains every member of %. 

If N # G then there is an index i satisfying 

l<i St, Gi c N, 

Gi-1 B Ns N c NGi-l, 

NQ NGi-l, NGi- l/N E Gi- 1/Gi(Gi- 1 n N), 

R(N)a NGi-I, R(N) G R(NGi- 1). 

If Gi-l : Gi is finite, then Gj- r : Gi(Gi- 1 n N) is finite, NGi_l’: N 
is finite, NGi- 1 : R(N) is finite, NGi- r : R(NG,- 1) is finite, hence NG,- r 
belongs to % contrary to the maximal property of N. 

Hence Gi-I/Gi is infinite cyclic. The factor group of NG,-,/R(N) over 
the normal subgroup X/R(N) = Z,,,-,&N/R(N)) is isomorphic to a 
subgroup of the automorphism group of N/R(N), a finite group. Since 

X/R(N) D (X n WW), 

WNWIKX n WW) 21 XNIN, 
XN/N cyclic, 

X n N/W) = SWWW, 

a finite abelian group, it follows that X is polycyclic. Moreover the factor 
group NGi-,/X is finite as was shown above. Therefore NGi-r belongs 
to 9, contrary to the maximum property of N. 

Therefore N = G. 
Q.E.D. 

A family % of groups is said to be residually finite if for every element 
g # 1 of any given member G there is a homomorphism of G in a finite 
group belonging to % which does not have g in its kernel. 
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LEMMA 9 (Malcev [4]). The family of all linear finitely generated groups 
of fixed degree is residually finite. 

Proof. Let 9 be the family of all linear finitely generated groups of 
fixed degree n. Let G be a member of F and g an element # 1 of G. We want 
to find a homomorphism of G in a finite group belonging to 9 that does 
not have g in its kernel. By assumption G is generated by finitely many 
eIements 

ah = (a![)) ‘ 
(a$EF* , i k=l 2 9 > ,*-*, n; h = 1,2 ,..., 8). 

For convenience sake we assume that ala2 . . . a, = 1 so that the 
inverse of each element a,, itself is a product of the generators: 

-I- 
ah - ah+l.. .adal.. .ah-l. 

It follows that every element of G is a matrix with its coefficients in the 
commutative ring A generated by the finitely many ring elements a$). 

Since 1 = (8J belongs to G it follows that A is unital. Furthermore 

9 = (ad 
where 

aik E A (i,k=1,2 ,..., n) 

and by assumption there is a pair of indices i*, k* for which 

apk* # di*k*. 
By Zorn’s lemma there is a maximal ideal M of A containing no power 

of the element a = ai*k*-8i*k*. 
We show as usual that A4 is a prime ideal. 
Namely, if 

a # O(M), 

b f O(M), ab = O(M). 
then 

M c M+aA, 

M c MfbA, (M+aA)(M+bA) c A. 

Due to the maximal property of M there must be some power a” of a 
in M+ aA and some power a” in M+ bA. Hence aCI +” = a”a’ E M, a 
contradiction. 

Since A/M is finitely generated it follows as usual that A/M is a finite 
field. 

The mapping of the matrix (en) of G on the matrix (<ik/M) of degree n 
over A/M provides an epimorphism of G on a finite member of 9 which 
does not have g in its kernel. 

Q.E.D. 
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We shall have occasion to use Lemma 6 in a decisive manner. 
For a solvable group G we define k(G) the minimum number of abelian 

factors so that 

Hence 
G I> DG 13 D’G 2.. . I Dk”‘G = 1. 

k(G) = Omeans: G is 1, 

k(G) = 1 means: G is abelian # 1, 

k(G) > 1 means: G is solvable, but not abelian. 

One says that G is precisely k(G)-step metabelian. One says that G is 
k-step metabelian if k 2 k(G). 

LEMMA 10. There is a function K defined as a natural number u(n) for 
every natural number n such that every solvable linear group of degree n is 
n(n)-step metabelian. 

Proof. See [6]. 

We define higher commutator words C(a,, . . . , azm) for any 2-power 2”’ 
depending on arguments a,, . . . , azm belonging to a group G as follows: 

C(a,,a,) = a,a,a;‘a;* = (aI,az), 

C(a,, . . . , a& = (C(a,, . . . , azm- ,), C(a,,-I + 1,. . . , a,,)), (m > 1). 

LEMMA 11. The group G is m-step abelian if and only if identically 

Ch.. ., a,,) = 1 on G. 

Proof See [6j. 

THEOREM 1. Every linear noetherian group contains a normal polycyclic 
subgroup of finite index. 

Proof. Let G be a linear noetherian group of degree n over the field F. 
If n = 1 then G is abelian. According to Lemma 2 the group G is 
polycyclic. 

Apply induction over n. Let n > 1. If G is reducible then we have 

9 ( 
n1s * = 

0 &g > 

for every g of G with ni a representation of degree nt (i = 1,2) over F 
such that n, +n, = n. 

The image groups &G are noetherian of degree less than n. By 
induction assumption there are normal subgroups iVi of finite index in G 
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such that &Ni is polycyclic. Hence 
1 = DW&& = &Jpmi 

so that the subgroup Dmax(x(nl)*K(n2))(N1 n N2) contains only matrices of 
the form 

( 

I * 
n1 

> 0 In, - 
Therefore 

D’ +max(Nu),+2))(N1 n NJ = 1 

According to Lemma 2 the normal subgroup N, n N2 of G is polycyclic. 
Since both N,, Nz are of finite index in G it follows that N1 n N2 is 

of finite index in G. 
If G is irreducible, but imprimitive, then G contains a normal subgroup 

N of finite index such that N is full reducible. Since N, being a subgroup 
of G, itself is linear noetherian, it follows from the previous argument 
that N contains a polycyclic subgroup N* of finite index. The intersection 
of the conjugates of N* under G is a polycyclic normal subgroup of 
finite index in G. 

It suffices to deal with the case that F is algebraically closed, G is 
irreducible and primitive. Then it follows from Clifford’s 1st theorem 
that every normal subgroup N of G is full reducible. Since G is primitive, it 
follows that all irreducible constituents of N are equivalent to one 
another. If N would not be irreducible and not in the center of G and if 
N would not consist only of scalar matrices then by Clifford’s 2nd theorem 
there would be a central expansion 

(G,Z,0)=1+Zh:G+l (exact; z-image of Z in 
center of G) 

of G and irreducible representations A,, A2 of G such that 

8X=&Z&X (X E e,, 

degree& < n, kern, n ker& = 1. 

We know that G can be finitely generated, say G = (al, a2,. . . , a,) 
There are elements 6r, d2,, . ., & of G for which fXi = ai (1 5 i s s) 
Without restriction of the generality of the argument replace G by the 
subgroup 6 = (cii, ci,, . . . , ci,>, Z by Z n 6, r by Z/Z n 6 and 0 by O/6. 
Thus we see that it suffices to deal with the case that 6 is finitely generated. 
Upon forming determinants we obtain abelian groups det &G (i = 1, 2) 
that can be finitely generated. The subgroups det &(lZ) also can be 
finitely generated. Since they consist entirely of scalar matrices of fixed 
degree it follows that the groups &(zZ) themselves can be finitely 
generated. The same applies to the direct product. It also applies to the 
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group Z which is isomorphic to a factor group of A,(zZ) x &(IZ) 
because ker (A, (rZ) n ker (A, IlZ) = 1. The factor group C&Z is 
isomorphic to G, a noetherian group. Hence G is noetherian. Since &G 
is a homomorphic image of G it follows that ai 6 is noetherian (i = 1,2). 
By induction assumption AiG contains a polycyclic subgroup of finite 
index. The same applies to the direct product and to any homomorphic 
image of the direct product, for example to G. Thus Theorem 1 is 
established in the case that G is primitive with a normal subgroup that is 
neither irreducible nor in the center. 

It suffices to consider the case that every normal subgroup of G either 
is absolutely irreducible or it consists only of scalar matrices. 

Since G can be generated by a finite number of nonsingular matrices 
of degree n over Fit follows that the ring R generated by the coefficients 
of the matrices in G is a unital subring of F which can be finitely generated. 
Its quotient field Q(R) is a subfield of F of finite degree of transcendency d. 

If d = 0 and x(F) > 0 then R is finite and G is finite, hence Theorem 1 
holds in this case. 

Now let either d > 0 or x(F) = 0 and let G infinite. There is a discrete 
multiplicative valuation 9 of Q(R) such that q(R) I 1, 

(PQ(R) = (8) v ‘A 
O<&<l. 

We form the normal subgroups 

G(v,v) = {XIX = (5J E G & dtik-8ik) I E’} 

ofGforv=0,1,2 ,.... 
We have 

G = G(cp,O). 

The factor group G/G((p, 1) is isomorphic to a linear group of degree n 
over the residue class field 

k, = o&q 
when 

is a homomorphism Br of G in GL(n, k,) with G(cp, 1) as kernel. 
If d > 0, x(F) > 0 then k, is of degree of transcendency d- 1. 
It suffices to show that both G/G((p, l), G(cQ, 1) are finite over poly- 

cyclic in order to deduce that G is finite over polycyclic (i.e., of finite 
index over a polycyclic subgroup). This remark makes it possible to use 
induction over d. 
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We observe that 

(G(cp, m,), G(c mz>> E G(qo> m, ++I 

so that G(q, 1) is generalized nilpotent: 

iilPiG(P, 1) = 1. 

(I) d = 1, x(F) > 0. It suffices to show that G(cp, 1) is solvable. 
In fact, upon replacement of G by G(cp, 1) we may make the additional 

assumption that G is generalized solvable: 

G = ‘3~ 11, 

; D'G = 1 
i=l 

because from the remark made above, we infer that 

D'G I G(cp,2'). 

If D”‘“‘G # 1, then there are elements a,, az,. . ., aZM(“) of G for which 
a = WI, a29 . . . , 2,+,) # 1. There exists a discrete valuation + of Q(R) 
for which 

ICIQ(R> = (E) u 0, 

$R<l, 

8,a # 1. 
Since 

e,a = C(e~a,,~~~,,. . .,Q+w) # 1, 
it follows that 0,G is not solvable, hence there is a normal subgroup N 
of G such that 

N 2 ker 8,, 

We set 

so that 

D(N/ker 0,) = Nlker f&, 

G/N is finite solvable. 

N,/ker 8, = R(N/ker t?,), 

N=,N,?kert+, 

N1(DN)=N, 

NNIN,) = 1, 
N,/ker 8, solvable. 

Since 
D'G($, 1) E G($, 2’) 
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we have 

; D'G($, l)= 1, 
i=l 

fi D'N = 1. 
i=l 

Since N,(DN) = N it follows that 

N/(D'N n N,) = (D'N/(D'N n N,))x (N,/(D'N n N,)). 

Hence for each element y of N there is a sequence of elements y(j) of 
N, such that 

(y * y(j), Nl) c W, d. 
But due to the assumptions made already $ is discrete with finite 

residue class field k, so that the J/-adic completion is locally compact. 
Hence there will be a J/-adic convergent subsequence of y(j). Its $-adic 
limit jj satisfies the conditions 

(Y-Y, N,) s W, 2’) (j = 1,2,. . ,) 
and since 

“n G($, 2’) = 1 
j=l 

it follows that 
(Y*K N,) = 1. 

Note also that 
y*jf=y 

modulo Q,. Hence the J generate a non-abelian group with N/N, as 
homomorphic image. 

But only scalar matrices are allowed to commute elementwise with the 
infinite normal subgroup N, of G. Since this is a contradiction we find 
that D”(“‘G = 1 

(II) d = 1, x(F) = 0. It follows that Q(R) is an algebraic number 
field. We draw the same conclusions as above using a suitable discrete 
multiplicative valuation 1+5 of Q(R). 

(III) d > 1. In case x(F) = 0 we choose cp in such a way that cp is 
trivial on the rational number field. 

In any case cp is trivial on the prime field. Hence k, is of degree of 
transcendency d- .l . 

Applying induction over d we reduce the situation to the case that 
G = G(cp, 1) is infinite and we have to show that G is solvable. Again we 
find that 

"n D'G= 1 
j=l 

6 
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because of the relation 

D’G 2 G(cp,2’). 

There is an element < of Q(R) for which 

If G would not be solvable then there would be elements 
a,, a2,. . . , a2+) of G such that a = C(q). . . , Use) + 1. Hence 

a E G(cp, h), 

a 4 G(cp,h+l) 

for some natural number h. 
Hence 

a-1, = cy(cQ) 

with qk E oe and some couple of indices i’, k’ for which 

‘p(cQk,) = 1. 
Set 

fj+ = Cli’k’. 

There is some subfield F,, of Q(R) of degree of transcendency d-2 
such that F. is algebraically closed relative to Q(R) and, moreover, cp is 
trivial on F,, and [, q are algebraically independent over F,,. 

F,,[[, q] induces Krull valuations cp’, II/’ of rank 2 such that cp’, I,Y are 
trivial on F, and 

40’(t) = c% I>, 40’(1) = (134 

V(5) = (L4, !cd = (5 1). 

We extend them to Krull Valuations cp’, Ic/’ of Q(R) such that the initial 
part of rp’ is cp. The initial part of t,Y is a discrete valuation Ic/ of Q(R) 
for which we have 

“n @,G)(cp”,j) = 1 
j=l 

when q/’ denotes the discrete valuation of k, induced by $‘. 
By inductional assumption we know that $G(cp”) is finite over poly- 

cyclic. Since G = G(q, 1) it follows that t$,G = (@,G)(q”, 1). Hence 
t&, G is solvable. On the other hand 8,a # 1, which leads to a contra- 
diction because Btia = C(OJla,,. . ., f?,+z,,(,,,). 

Hence the theorem. 
Linearity was used several times in a decisive way. One wonders 

whether there may be a counter example for Baer’s conjecture in one of 
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the following two ways: 

I. Does there exist a simple infinite noetherian group? 
II. Does there exist a nonsolvable noetherian group G for which 

“n D’G = l? 
i=O 

Can we go in the converse direction? 
Yes, there holds: 

THEOREM 2 (L. Auslander [I]). Every group with a polycyclic subgroup 
of finite index has a faithful representation by integral matrices of finite 
degree. 

Upon duplication of that faithful representation we obtain a faithful 
representation by integral matrices of determinant 1.. 

We obtain a proof of Theorem 2 via 

LEMMA 12. Any noetherian group G with abelian factor group over torsion 
free nilpotent normal subgroup N can be embedded into a noetherian 
group G of finite index over G such that there is a torsion-free normal 
subgroup fi of G with no principal G-Q-constituent and a nilpotent sub- 
group S of G satisfying 

sm=e, Sniv=l. 

Proof. Firstly we deal with the case that N is abelian. 
We interpret N as a torsion-free module 15 by associating with each 

element n of N a symbol fi and introducing the rule of addition 
-- - 
nl +n, = n, It2 (nl, 122 6 N) 

in the set 15 of symbols fi. 
The torsion-free module 15 is finitely generated; it generates a linear 

space QN of finite dimension f over the rational number field Q giving 
rise to the G-Q-representation a = aNji defined by the operation rule 

-1 A(s>(W = Lgng (g E G, n E N). 

We define the abelian group N* as a multiplicative copy of QN viz. as the 
set of symbols qu (u E QiV) with the multiplication rule 

(ou*cpv = q(u +v) (u, v E QN 

such that cpfi is identified with n for n of N and that, moreover, the 
mapping q constitutes a l-l correspondence between QR and N* 
carrying additions into multiplications. The inverse mapping ‘p-l carries 
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n* into r7* by definition. It establishes a l-1 correspondence between N* 
and QI7 carrying multiplication into addition. 

We embed G into the extension G* of N* by the factor group G/N which 
is uniquely defined by the group theoretical relations: 

G* = GN*, N=GnN* 

and we expand a to a representation a* of G* by the rule 

a*(g)@*) = Sn*g-’ (n* E N*). 

The linear hull E of a*G* over Q is a commutative hypercomplex 
system over Q1, with I/ as identity. 

(a) What happens if n is irreducible over Q and not principal? 
In this case, according to Schur’s lemma, E is a field and the set 

o = Z&G) 

of the linear combinations of n(G) over Z is an order of E with a(G) 
as subgroup # 1 of the unit group U(O) of D. We want to establish the 
existence of an abelian subgroup S of G* covering G*/ker A*. 

If G*/ker A* is cyclic then any cyclic subgroup (g) for which 
G/ker n = (g/ker A> can serve as S. 

Let G*/ker a* be not cyclic. It follows that f > 1. Among the 
abelian subgroups of G* there is one, say S, for which the subgroup 
S ker n*/ker A* of G*/ker a* is as large as possible. Certainly S 
is not in ker A*. 

According to the basis theorem for abelian groups we have a direct 
decomposition : 

S ker a*/ker a* = fi (AJker a*) 
i=l 

when s is finite and Ai is in S, but not in ker A* for i = 1,2,. . . , s. 
If S would not cover G*/ker a* then there would be an element g of 

G* not contained in S ker A*. 
We apply the Philip Hall formula: 

(9, A;‘, Ak>A’(Ai, A;‘,g)A”(A,,g-‘, Ai)’ = 1 (1 5 i < k I S). 

Since by assumption (A;‘, Ak) = 1 it follows that 

O=-a(A,)(a(Ai>-fz)(g,A;‘)+n(g)(n(A,)-Z,)(g-’,Ai). 
We observe that 

(g-l,A,) = g-lA,gA;‘= g-‘A,(g,A;‘)(g-‘A,)-’ 

(g-l, AJ = A(g)-‘A(AJ(g, A;‘). 

Hence 
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Since by assumption &4,)-t # I1 for j = 1, 2,. . . , s it follows that 

(9, Aj') = (If-a(Aj)-')w (15jIs) 

with a certain element X of N*. 
Hence the element X commutes with Al, A,,. . ., A, so the abelian 

subgroup of G* generated by X,, Al,. . . , A, covers more of G*/ker a*, 
a contradiction. 

Thus we have established the existence of the abelian subgroup S* of 
G* covering G*/ker a*. 

There holds a direct decomposition 

G/ker a = fi (Bilker A) 
i=l 

when Bi is in G, but not in ker A, for i = 1, 2,. . . , s. There are elements 
Xi of N* such that XiBi is in S. 

The submodule 

M,=R+i:oX, 
i=l 

of QZV is torsion free and finitely generated. Hence the subgroup 
Gi = GrpMi of G* is noetherian and contains the abelian torsion-free 
subgroup N1 = ‘pM, such that Gl = GN,, N = G n N1 and, moreover, 
there is the abelian subgroup S of G, covering the factor group 
G&r (A* IGi)- 

For the purpose of proving case (a) of Lemma 12 we may substitute G, 
for G, Nl for N. In other words we are permitted to make the additional 
assumption that already in G there is an abelian subgroup S of G covering 
GJker A. The intersection of S and N is 1 because there is an element 
g of S not belonging to ker /J and for any element n of S n N we have 
fi = gng-’ = A(g)% A(g) # If, i = 0, n = 1. 

Among the pairs 6, S of noetherian subgroups 6 of G* containing G 
and abelian subgroups S of 6 covering G/ker (A*@) we choose a pair 
for which S covers as large as possible a subgroup of G*/N*. It is our 
aim to show that S covers G/(N* n 6). 

As was shown before, S n (6 n N*) = 1. For any element g of 
ker (A*$) we observe the commutator (g, h) depending only on the 
coset modulo ker @*I@ to which the element h of 6 belongs. Hence 

ghg -’ = dfJW)h 

when f, is a function defined on AG with values in QN such that 

fgW =&a +&v (a, b E AG>. 

In other words, f. is a I-cocycle of AG acting’on QN. 
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we have 
Cb - l>.lJa> = (a - W,(b) (a, b E A@. 

Hence 
&a = (a-1)x (0 E Ad.3 

for some x of QN. In other words,f, is a I-coboundary. 
The o-module 

M,=enN*+ox 

is finitely generated and the group G = &pM, is noetherian, containing 
G such that the element (qx)-‘g commutes elementwise with S. If 
g $ S(G n N*), then the abelian subgroup (S,(cpx)-‘g) of 6 would 
cover more of G*/N* than S covers. Therefore S covers G/G n N*. 
As was shown above already, the group S intersects G n N* in 1. 

(b) What happens if among the irreducible constituents of n identity 
does not occur? 

There is a finite G-Q-composition chain QiV = M,, M,, M,, . . . , Mt = 0. 
We observe that any finitely generated n(G)-submodule of M, also 

is finitely generated over Z. This is because for finitely many elements 
Ul, u2.9. * ., up of M,, there is a natural number d such that duj is in fl. 
Hence the n(G)-submodule generated by ui,. . . , up is contained in 
(I/d)lCi, which is finitely generated over Z. 

Applying (a) to the group G1 = GcpMl/cpM1 we obtain a noetherian 
subgroup G, cpM,/qM, of G*/@‘Ur where G, is a subgroup of G* obtained 
by the adjunction of finitely many elements of (PM,, to G such that there 
is a subgroup S, of G, covering G*/rpM, and intersecting qM, in a 
subgroup of c$M,. 

According to the remark made above G, is noetherian. Hence S, is 
noetherian. 

We apply (a) once again to Sr and find a noetherian group S2 covering 
G*/cpM, and intersecting cpM, in a subgroup of cpM,. 

After t steps we find an abelian subgroup S of G* covering G*/(pM, 
and intersecting cpM,, in 1. There is a system of finitely many generators 
A,,. . ., A, of S and there are elements x1, x2,. . . , x, of cpM, such that 
AixL: ’ is in G. According to the remark made above the subgroup G of G* 
generated by G and x1,. . ., x, is noetherian. It splits over the normal 
subgroup N = G n N* and we have 

G* = GN, N=GnN*. 

We provide the proof in the same way also in case that N is nilpotent 
of class c but no G-Q-constituent on N is identity. In support we use the 
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result of Jennings’ work [3] according to which in the factor ring of the 
group algebra Q[N] of N over Q over the (c+ l)-st power of the aug- 
mentation ideal 

B = 
1 

C A(u)ulA(u) E Q, all but a finite number of 
UGN 

the mapping 

A(u) are zero, C A(u) = 0 
UEN > 

sends N in 1-l fashion into a nilpotent Lie algebra L that is generated 
over Q by log N. 

Moreover, on L there is defined the exponential function exp by the 
rule 

a2 
expa=l+a+5+...+Fr 

such that exp L is a torsion-free nilpotent group containing N as sub- 
group. For any element of exp L the logarithmic function is defined as 
above so that log is the inverse function of exp. 

The subring (log N) of L that is generated by log N merely by sub- 
traction and Lie multiplication has a finite basis and of course N is 
contained in the nilpotent torsion-free group N* = exp (log N) as 
subgroup of finite index. 

If there is any subring M of L containing (log N) as subring of finite 
index then exp A4 is a nilpotent torsion-free group containing N as sub- 
group of finite index. 

Such subrings are just the ones obtained by the induction argument 
under (b) if logarithms are formed. 

Finally, if there are no restrictions on N then we form again the nilpotent 
torsion-free group N* = exp (log N) as above. The mapping of a on 
$(g)(a) = gag-’ (a EL) leads to a representation $ of the elements of G 
of the same degree over Q as the rank of N. For every irreducible con- 
stituent of $ the elements of N are in the kernel, hence the linear hull 
QvVG) of $tG) over G is a unital hypercomplex system with abelian 
factor ring over its radical. It follows that 

QJ/(G> =i$,eiQ$(G) 

when e,,. . ., e, are the primitive idempotents of Q+(G) and each of 
these idempotents is central such that the factor ring of eiQ$(G) over its 
radical is a field. Furthermore the index of (log N) in c e, log N is 
finite and hence the index of N in the group Nr = exp (c ei log N) is 
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finite. But N, is a nilpotent torsion-free group invariant under G and equal 
to the direct product of the subgroups Nri = exp (ei log N). All irre- 
ducible G-Q-constituents on N,i are equal to the irreducible representation 
nj corresponding to ei. 

According to the previous argument we obtain subgroups fli of 
exp (eiL) of finite index over Nli which are invariant under G such that 
the group 

iQ=fi& 
i=l 

is the direct product of the q nilpotent torsion-free groups lQi with N as 
subgroup of finite index and that fi is invariant under G. 

The extension 6 of fl with G/N as factor group for which there hold 
the group theoretical relations 

G=G& N=Gnfl 

will contain a subgroup S which covers G//lo such that S intersects Ri in 1 
if & is not identity. If ai is identity it follows that Ski is nilpotent. 
We may replace S by flj. In this way we obtain a nilpotent subgroup S 
of e covering the factor group of 6 over 

but intersecting 20 in 1. 
jti 

Proof of Theorem 2. If the subgroup M of finite index in the group G 
has a faithful integral representation of finite degree then the induced 
representation yields a faithful integral representation of finite degree 
of G. Conversely any faithful integral representation of finite degree of G, 
upon restriction to M, leads to a faithful integral representation. 

Using Lemma 7 it suffices to deal with the case of a torsion-free poly- 
cyclic group with torsion-free abelian factor group over its Fitting sub- 
group. Using Lemma 12 it suffices to deal with a torsion-free noetherian 
group G splitting over a normal subgroup N with torsion-free nilpotent 
factor group such that every irreducible G-Q-constituent of N maps G 
on an abelian group # 1. 

Let S be a representative subgroup of G over N. It is nilpotent of class c. 
According to [3] the intersection of S- 1 with the (c+ l)-st power of the 
augmentation ideal B(S) of the group algebra Q[S] is 0. Hence the factor 
module 

A4 = Z[S]/B(w” n Z[S] 

is a finitely generated torsion-free module leading to the faithful integral 
representation a of S that is obtained by left multiplication: 

a(s)(q = (ii) (s E S) 
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when u is any element of Z[S] and ii denotes the residue class modulo 
B(S)c+l n Z[S] represented by U. 

We inflate n to an integral representation of G with N as kernel by 
setting 

A(m) = A(s) (s E S, n E N). 

The group N is nilpotent of class c’. As above we deduce from Jennings’ 
work that the torsion-free finitely generated module 

M' = Z[N]/B(N)"+' n Z[N] 

gives rise to the faithful integral representation r of N by left multiplication 

I-(n)@) = (6) (n EN) 

when u is any element of Z[N] and v’ denotes the residue class modulo 
B(N)=‘+’ n Z[N] which is represented by a. 

Transformation of the elements of N by an element s of S leads to an 
automorphism s of Z[N] which gives rise to the integral representation 
+ of S defined by setting 

l@(s)(iT) = s(u) (s E s; u E Z[N]) 

of the same degree as r. 
But $ and r together yield an integral representation cp of the skew 

product G = SN by defining 

q(m) = l#qs)r-(n) (s E s, n E N) 

The kernel of this representation lies in S. 
Hence the sum of n and cp is a faithful integral representation of 

finite degree of G. 
Q.E.D. 
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