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Abstract

Features of the nuclear isothermal incompressibilityκ and adiabatic incompressibilityκQ are investigated. The calculation
are done at zero and finite temperatures and non-zero entropy and for several equations of state with a long range attra
short range repulsion. It is shown thatκQ decreases with increasing entropy while the isothermalκ increases with increasingT .
A duality is found between the adiabaticκQ and theT = 0 isothermalκ. The effect of correlations onκ is studied. A peak inκ
can occur from attractive scattering correlations in various two-nucleon spin–isospin channels. The second virial coef
ρ2 term inP versus density parallels a result that appears in the theory of superconductivity.
 2005 Elsevier B V. . Open access under CC BY license.
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The behavior of nuclear systems at modera
high temperature and density is of current interest
several reasons. Such studies are important for
derstanding features of current medium energy
lisions [1], for future RIA experiments, and for nu
clear astrophysics as in supernovae explosions.
equation of state (EOS) of pressure versus den
and temperature and its associated incompressibili
isothermal and adiabatic, are important in understa
ing flow produced in nuclear collisions as review
in Ref. [2] and, in general, these quantities app
in the description of the thermodynamic properties
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fermionic systems. For example, strongly correla
fermionic systems are of interest in condensed ma
physics and the physics of the quark–gluon plas
This Letter focuses on an important quantity for u
derstanding properties of these systems which is
nuclear incompressibility. While the nuclear incom
pressibility at zero temperature has been studied
an extended period[3–5], it is only relatively recently
that its temperature dependence has been of con
See, for example, the quantum Monte Carlo result
Ref.[6]. Ref.[6] shows a peak in the incompressibili
coefficient and in the specific heatCV . This increase
in CV is also seen in Ref.[7] using a totally differ-
ent approach based on recursive methods to ob
the finite temperature partition function of hadron
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matter. Here, we will study the effect of two nucle
correlations on the EOS. Our approach is similar
spirit to electron pairing in superconductivity as w
be pointed out below.

In this Letter we will study the behavior of th
isothermal incompressibility withT and properties o
the equation of state (EOS) at higher than normal d
sity. As a baseline, we will begin with a mean fie
discussion of its behavior withT to see how large th
incompressibility can become without correlations.

First, we define a quantityκ , the incompressibility
coefficient, as

κ = k2
F

d2(E/A)

dk2
F

(1)= 9ρ2d2(E/A)

dρ2
= −9V 2d2(E/A)

dV 2
.

This quantity is evaluated at the saturation densityρ0
whereE/A has a minimum. The giant monopole re
onance energy is then

E0 =
√

h̄2κA

m〈r2〉 .
If the temperature is kept constant in the above de
atives we have the isothermal incompressibilityκ , and
if the entropy is held fixed, the result is the adiaba
incompressibilityκQ. Theκ andκQ are equal atT = 0
only. The quantityκ defined above is not the isothe
mal compressibility defined in thermal physics as

K = − 1

V

(
dV

dP

)
T

with T held fixed and hereP is the pressure. Sinc
P = −dF/dV , we have

K = 1

V

(
1

d2F/dV 2

)
.

At T = 0, F = E − T S = E, and thusκ = 9/(ρ0K).
This reciprocal connection betweenK and κ is no
longer true at finiteT . Besides the isothermal com
pressibility, an adiabatic compressibility

KQ = − 1

V

(
dV

dP

)
S

can be obtained by keeping the entropy constant.
reciprocal is related toκQ, the adiabatic incompress
ibility as κQ = 9/(ρ0KQ). Since the natural vari
ables for energy are entropy and volume fromdE =
T dS − P dV variations of the energy withV at con-
stant S bear a similar relation to variations of th
Helmholtz free energy withV at constantT where
dF = −S dT −P dV . Thus the adiabatic incompres
ibility of Eq. (1) can go to zero for a Skyrme in
teraction as we shall see. The minimum point (a
maximum point) in the energy occurs at zero press
sincedE/dV at constant entropy is−P . Therefore,
E at constantS has the same maximum and minimu
points with variations inV or R or density asF at
constantT since both derivatives are−P which is set
to 0. The behavior of the adiabatic incompressibility
linked to a phase change. As we shall see, the beha
of the isothermal incompressibility may be associa
with the appearance of a strongly correlated fermio
system at high density and temperature.

Our mean field discussion is based on a Skyrme
teraction which shares some features with a van
Walls interaction with a long range attraction and
short range repulsion. To keep the discussion sim
we consider uncharged symmetric nuclear matter w
no surface energy terms. The Skyrme interaction
ergy is then

(2)
U

A
= −a0ρ + aαρ1+α.

Thea0 term gives a medium range attraction while t
aα term is a short range repulsion.

At T = 0, the kinetic energyEK/A = (3/5)EF (ρ)

with the Fermi energy

EF = h̄2

2m

(
6π2

4
ρ

)2/3

.

The coefficientsa0 andaα are fixed to give a binding
energy per particleEB/A = 16 MeV at densityρ =
ρ0 = 0.15 fm−3, which givesb0 = a0ρ0 = 37+ 23/α
and bα = aαρ1+α

0 = 23/α in MeV. The incompress
ibility coefficientκ atT = 0 is then

(3)κ = −2
EK

A
+ 9(1+ α)αaαρ1+α

0 = 165+ 207α.

For α = 1/3, κ = 234 MeV. Smaller values ofα lead
to softer equations of state and lowerκ . In the limit
α → 0, logarithmic terms appear in Eq.(2) coming
from the presence of a factor

x

α

(
1− xα

) → −x log(x).
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The x = ρ/ρ0 = (R0/R)3 with R3
0 = A/(ρ04π/3).

Theα → 0 limit is the softest EOS allowed by Eq.(2),
and this limit gives from Eq.(3) a value of κ =
165 MeV. A stiff EOS hasα = 1 andκ = 372 MeV.
Recent calculations done atT = 0 [8–10]have a value
of κ = 210–270 MeV and suggest a value ofα = 1/3
in a Skyrme type approach. A larger range of valu
of κ , from 211 to 350 MeV, were reported in Ref.[11].
Because of these uncertainties inκ , from more realis-
tic forces, we will present results for various valu
of α, from α ≈ 0 toα = 1.

At non-zeroT � EF , the kinetic energy is[12]

EK

A
= 3

5
EF + π2

4

T 2

EF

.

The energy per particle is

(4)
E

A
= 21x2/3 + π2

140

T 2

x2/3
− b0x + bαx1+α.

The value ofx that minimizesE/A is xm and satisfies
the equation:

14
(
x

2/3
m − x1+α

m

) − b0
(
xm − x1+α

m

) = π2

210

T 2

x
2/3
m

.

Then theκ = κ(T ) is given by

κ(T ) = −42x2/3
m + 0.705T 2/x

2/3
m

(5)+ 9α(1+ α)bαx1+α
m .

At T = 2.5, 5, and 7.5 MeV, and forα = 1/3, the val-
ues ofκ are 242, 265 and 302 MeV, respectively. T
corresponding values ofxm are: 1.011, 1.043, 1.091
WhenT is replaced with entropy per particleS/A then
thisT dependent term becomes

EF

π2

(
S

A

)2

= 35

π2

(
S

A

)2

x2/3

sinceS = (π2/2)T A/EF at low T . This S/A term
can simply be added to the first term on the right s
of Eq.(4) since both have the samex2/3 dependence.

If the corrections to the nuclear matter incompre
ibility at T = 0 from finite temperature terms a
small, then these corrections can be obtained by u
the following method. LetE0(R) be the nuclear mat
ter energy per particle EOS and which has a minim
at R0 and an incompressibilityκ0. If we add to this a
termEx(R), so thatE(R) = E0(R) + Ex(R) then the
minimum shifts to a new pointR = R + �R . The
m 0 x
new minimum andκ can be found by making a Taylo
expansions around ofR0. The newκ is

(6)

κ = κ0 + R2
(

Ex

A

)′′
− 2R

(
Ex

A

)′
− R

(
Ex

A

)′
Sk

κ0
.

The various quantities are evaluated atR0 and each′
represents one derivative wrtR. Corrections toκ in-
volving the skewnessSk = R3(E0(R)/A)′′′ or third
derivative of the energy were pointed out in Re
[4,5]. Ellis et al. [13] used the correlation betwee
compression modulus and skewness coefficient to
amine the implications in a relativistic Hartree–Fo
approximation where theEx is the Coulomb interac
tion. The above expression is a modified version
their result. Eq.(3) gives an expression for the in
compressibility atT = 0. This will be κ0 = κ0(α) in
Eq.(6). The skewness is

Sk(α) = −3
(
509+ 828α + 207α2)

in MeV. ComparingSk with κ of Eq. (3) we see tha
the ratio ofSk/κ0 is of the order of 10 and somewh
insensitive toα.

At low T , takingEx(R,T ) = 0.0517T 2R2/A2/3,
we obtain theκ(α → 0) = 165 + 1.16T 2, κ(α =
1/3) = 234+ 1.32T 2 andκ(α = 1) = 373+ 1.61T 2.
Thus we see that the first term is very sensitive toα but
the finite temperature correction is somewhat inse
tive to α. At fixed entropy, the second derivative
E(R)/A has a very different behavior than at fixedT .
Namely, it decreases withS/A. This can easily be
seen by noting thatEx(R,S) = 4.836(S/A)2A2/3/R2

compared toEx(R,T ) = 0.0517T 2R2/A2/3. We have
the following final results (in MeV):

κQ(α → 0) = 165− 30(S/A)2,

κQ(α = 1/3) = 234− 38(S/A)2,

κQ(α = 1) = 373− 53(S/A)2.

At higher T , the nearly degenerate Fermi gas
netic energy term is replaced by a virial expansion
ρλ3, where

λ =
√

2πh̄

mT

is the quantum wavelength. Namely,

EK = 3
T

(
1+

∑
cn

(
ρλ3/4

)n
)

A 2
n
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with coefficients arising from antisymmetrization th
are

c1 = 1

25/2
= 0.177,

c2 = 1

8
− 2

35/2
= −3.3× 10−3,

c3 = 1.11× 10−4, . . .

[12,14]. Since thecn’s become small rapidly, we wil
keep terms up toc2. Thenκ is given by

(7)
κ(T ) = −27T

(
λ3ρ0/4

)2
c2x

2
m + 9α(1+ α)bαx1+α

m .

Thexm is again the minimum ofE/A, but now eval-
uated with the new kinetic energy. Thexm is affected
by both thec1 andc2 terms at temperatures wherec1
dominants. A limiting value ofκ can be obtained b
taking T very large wherec1 term leads a minimum
xm given by

xα
m = b0

(1+ α)bα

(
1− 3

2
T

c1

b0

ρ0λ
3

4

)
.

In this highT limit κ is given by the second term o
the right side of Eq.(7) and is

(8)κ(T � 10 MeV) = κsat

(
1− 3

2
T

c1

b0

ρ0λ
3

4

)1+1/α

,

and goes to its saturation value

κsat= 9αb0

(
b0

(1+ α)bα

)1/α

with a T dependence of 1/
√

T . We note that the sign
of c1 determines whether it approaches from above
below. For purely antisymmetric correlationsc1 is pos-
itive because of the statistical repulsion of fermio
If c1 becomes negative as will be discussed belo
would approach from above. At infiniteT for α = 1,
κ = 704 MeV withxm = 1.304 or a minimum density
ρm = 1.304ρ0 and for α = 1/3, κ = 468 MeV with
xm = 1.53 or ρm = 1.53ρ0. In the limit α → 0, κ =
380 MeV with xm = e14/23 = 1.84 or ρm = 1.84ρ0.
These are the limiting values forκ andxm.

We can also include an effective mass in our resu
If we parameterize it as

m∗

m
= 1

1+ r(ρ/ρ0)γ
,

then at zero temperature theE/A will simply read

E

A
= EK

A
x2/3 + r

EK

A
x2/3+γ − b0x + bαx1+α.

For generalα andm∗/m:

(9)

κ(α, r) = 3
(
55+ 69α + 7r[3γ − 1]([3γ − 1] − 3α

))
.

For γ = 1/3 or for α = γ − 1/3 this κ is r inde-
pendent. When we parametrizem∗/m with γ = 1,
for α = 1/3, κ = 234+ 42r and for r = 1/2, κ =
255 MeV. Forα = 1, κ = 372− 42r → 351 MeV at
r = 1/2. The details and otherT dependences will b
given in a future paper[15].

Before discussing how a peak inκ may arise in our
approach, we briefly investigate the case of cons
entropy in the ideal gas limit using the Sackur–Tetro
law [16]:

S

A
= 5

2
− ln

(
λ3ρ/4

)
.

This law connectsT to ρ or V asT = CSρ2/3. Here

CS = 2π(h̄c)2

(mc2)
exp

[
2

3

S

A
− 5

3

]
.

The resultingE(R)/A has a structure similar to the r
sult for a degenerate Fermi gas since both have aρ2/3

dependence for the kinetic energy term but with d
ferent coefficients. This feature and a similar resul
lower T suggests a duality in the energy per parti
EOS at constant entropy and its associatedκQ and the
T = 0 EOS and its associated constantT κ . We also
note a parallel betweenF as a function ofT andV

andE as a function ofS andV .
We now turn to the issue of clusters or more p

cisely correlations at moderately highT and high
ρ > ρ0. We study the corrections to the ideal gas l
using the virial expansion

P = ρT
(
1+ c1(ρλ3/4) + c2(ρλ3/4)2 + · · ·).

Our results are thus restricted to values ofρ and T

where this expansion is valid and the gas is nearly n
degenerate. This also insures that the fermions h
not “quenched out” the dynamical correlations, i.
the N–N scattering cannot occur into final states t
are already occupied. If antisymmetry effects are
only corrections, the coefficients can be calculated
following a procedure in Refs.[17,18]and are the co
efficients already given before Eq.(7). This procedure
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is an extension of our fragmentation model by si
ply noting that a cycle of lengthk is analogous to a
cluster of sizek with a weight functionxk . The grand
canonical partition function is logZ = ∑

xke
βµk and

the mean number of cycles is〈nk〉 = xke
βµk [19]. The

pressure is

PV

T
= logZ =

∑
xke

βµk.

A constraint exists,〈A〉 = ∑
k〈nk〉 = A which deter-

mines the fugacityz = eβµ in a power series inA by
inverting the series. Then we arrive at

PV

T
= A + −x2

x2
1

A2 + 4x2
2 − 2x1x3

x4
1

A3

(10)+ −20x3
2 + 18x1x2x3 − 3x2

1x4

x6
1

A4 + · · · .

Substituting

xk = (−1)k+1V λ3

k5/2

gives the desired power series in(A/V )λ3/4 for
fermions[17,18]. The factor of 4 is spin and isosp
degeneracy. The same procedure applies for bo
with xk = (V/λ3)/k5/2. For fragmentation in the
Boltzmann limit the

xk = V

λ3(k)
Zint(k) = V

λ3(k)
eFk/T ,

whereFk is the internal free energy of a cluster
size k andλ(k) = λ/k1/2. The effect of antisymme
try for oddk clusters and symmetry for evenk clusters
can be included. The grand canonical ensemble re
sents a system of fermions (odd cluster sizes) obe
FD statistics and bosons (even cluster sizes) obe
BE statistics. The constraint of chemical equilibriu
µk = kµ1 or µk = zµp +nµn is imposed which deter
mines the fugacity from the constraint. In thexk model
of Refs.[19–22]this amounts to having various term
in xk that represent both cycles and clusters. For
ample,

x1 = V

λ3
,

x2 = − 1

25/2

V

λ3
+ 23/2 V

λ3

Zint(2)

4
,

x = 1 V + 33/2 V Zint(3)
.
3

35/2 λ3 λ3 4
x4 will have terms from the antisymmetry of mon
mers from cycles of length 4, from symmetrizati
of dimers and from clusters of size 4. Once thexk ’s
are given the canonical partition function can be g
erated by a recurrence relation[19,23]. A factor 1/4
appears from spin–isospin degeneracy which has b
included. The internal partition

Zint(k) =
∑

g(Ej )e
βEj (k)

+ 1

π

∑
J,T

(2J + 1)(2T + 1)

π

×
∫

dδJ,T

dE
e−βE dE.

The sum is over bound stateEj which have degen
eracyg(Ej ) andδJ,T is the phase shift in channel o
spin J and isospinT . A similar result, excluding the
isospin indexT , appears in the theory of supercondu
tivity in Ref. [24]. There the electrons are correlat
into pairs, while here, because of the two types p
ticles, neutrons and protons, more possibilities e
in spin and isospin. These phase shifts include eff
from both attractive and repulsive interactions. Us
nucleon–nucleon phase shifts the continuum con
butions[25] reduces the bound state contribution
about 50% for moderate temperature (T ∼ 20 MeV)
and less for low temperatures because of the Bo
mann weight factor in the integral. At infiniteT ,
Zint → 0 since the continuum exactly cancels th
bound states by Levinson’s theorem[25]. As an ini-
tial example forZint(2)23/2 we will consider

1

2

3

4
23/2e|EB |/T

to see how it compare with 1/25/2; 1/2 is for the con-
tinuum reduction, 3 is for the spin degeneracy of
S = 1, T = 0 channel. TheS = 1, T = 0 channel in
free space has a bound state, which is the deute
In a medium, theS = 1, T = 0 channel may appea
as a metastable resonance or attractive correlatio
we neglect the Boltzmann factor in the binding or r
onance energy, then we have 1.06. To reduce
to 1/25/2 we would need a reduction factor of 1/6.
Also other spin–isospin channels increaseZint. Thus
c1 can easily become minus. For a negativec1, theκ

is above its saturating value and approaches it f
above asT −1/2. At low T , κ is below its saturating
value and initially increases asT 2 because the Ferm
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ley,
sea blocks excitations or “quenches out” dynam
scattering correlations. This behavior automatica
implies a peak inκ . The Monte Carlo result[6] has
a peak behavior inκ with a peak ofκ = 1500 MeV
at T ∼ 14 MeV. Higher orderk = 3,4,5, . . . terms
represent higher order correlations of fermions in v
iousJ , T channels. For example,k = 3 can represen
J = 1/2, T = 1/2 correlations.

In this Letter we investigated the behavior of the
finite nuclear matter incompressibility at finite temp
ature and entropy using a mean field theory and
considering the role of correlations. Various forms
the EOS are studied using a Skyrme parametrizat
Both the isothermal (constant temperature) and a
batic (constant entropy) incompressibilities are fou
to be sensitive to the choice of the Skyrme repuls
parameterα which gives the power of the density in
volved in the repulsive term. These two incompre
ibilities have very different behaviors. The isotherm
incompressibility increases withT initially asT 2 until
a saturation value is reached while the adiabatic
compressibility decreases with increasing entropy
eventually goes to zero. In a mean field approxim
tion, the isothermal incompressibility approaches
saturation value as−T −1/2 with the minus sign re
flecting an approach from below the saturating va
with increasingT . This behavior arises from the st
tistical repulsive correlations that represent the P
exclusion principle. The adiabatic incompressibility
shown to arise from an equation of state (EOS) or
ergy per particle that has a structure that is similar
T = 0 Fermi gas.

We then discussed how a peak can appear in
isothermal incompressibility by looking at coefficien
in the virial expansion, and in particular, we inves
gated the second virial coefficient calledc1 here. Our
results only apply in this nearly non-degenerate lim
An expression similar to our expression for ourc1
appears in the theory of superconductivity, where c
relations arise from the pairing of electrons[24]. Here,
because of the presence of two types of particles,
tons and neutrons, correlations are present in var
spin isospin channels. The approach ofκ to its satura-
tion value was shown to be related to the sign ofc1,
with c1 positive having an approach from below a
c1 negative having an approach to the saturating va
from above it. The role of attractive correlations b
tween nucleons was then studied in the various s
isospin channels and compared to the statistical re
sion term at highT . We noted that a strong two nu
cleon correlation of paired fermions in a high dens
but also high temperature, medium can account for
existence of a peak. The detailed structure of the p
is related to the presence of strongly correlated fer
ons in pairs, triplets, and higher order correlatio
Questions related to strongly correlated fermions
of interest in other areas of physics such as conde
matter physics and in quark–gluon plasma, the la
occurring at a much higher density and or tempera
than theρ andT considered here.
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