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Abstract

It is an open question whether the smash product of a semisimple Hopf algebra and a sem
module algebra is semiprime. In this paper we show that the smash product of a comm
semiprime module algebra over a semisimple cosemisimple Hopf algebra is semiprime. In pa
we show that the centralH -invariant elements of the Martindale ring of quotients of a module alg
form a von Neumann regular and self-injective ring wheneverA is semiprime. For a semiprim
Goldie PIH -module algebraA with central invariants we show thatA #H is semiprime if and only
if theH -action can be extended to the classical ring of quotients ofA if and only if every non-trivial
H -stable ideal ofA contains a non-zeroH -invariant element. In the last section we show that
class of strongly semisimple Hopf algebras is closed under taking Drinfeld twists. Applying
recent results of Etingof and Gelaki we conclude that every semisimple cosemisimple tria
Hopf algebra over a field is strongly semisimple.
 2004 Elsevier Inc. All rights reserved.

1. Introduction

It is an important open question in the theory of Hopf algebra actions whether the s
productA #H of a semisimple HopfH and a semiprime leftH -module algebraA, is
semiprime (see [17, Question 4.4.7]).
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Fisher and Montgomery had proved an analogous result for group rings (see [11
Cohen and Montgomery for duals of group rings (see [6]). Attempts had been ma
tackle this question often by restricting the class of Hopf algebras (see for example

In order to give a partial answer to the semiprimness question, we will restrict the
of module algebras rather than the class of Hopf algebras. In particular we will sho
the question has a positive answer for commutative module algebras in character
The main step is to show that the subring of centralH -invariant elements of the Martinda
ring of quotients is von Neumann regular. The result follows applying a theorem of S
which says that a commutative module algebra is an integral extension of its invari
the Hopf algebra involved is semisimple and cosemisimple.

In general one might ask what are necessary or sufficient conditions for a smash p
to be semiprime. A very important necessary condition is the existence of non-
H -invariant elements in non-zeroH -stable ideals of the module algebra. A sufficie
condition is the ability of extending theH -action on a semiprime Goldie module algeb
to its classical ring of quotients. We will see in Theorem 4.4 that for semiprime G
PI module algebras with central invariants those conditions are equivalent to the
product being semiprime. In the final section we show that the class of strongly semis
Hopf algebras is closed under Drinfeld twists. Applying finally a recent result of Eti
and Gelaki, we can also conclude that triangular semisimple cosemisimple Hopf al
are strongly semisimple and satisfy the property that their smash product with a sem
module algebra is semiprime.

All rings are supposed to be associative and have a unit element unless otherwise
Throughout the textR will denote a commutative ring,H a Hopf algebra overR with
antipodeS, counitε and comultiplication∆. We will make use of the so-called Sweedl
notation∆(h) = ∑

(h) h1 ⊗ h2 for the comultiplication of anh ∈ H . A left H -module
algebraA is anR-algebra in the category of leftH -modules. The smash product ofA
andH is anR-algebra with underlyingR-moduleA⊗R H and denoted byA #H . The
multiplication of two elementsa #h andb #g in A #H is defined to be equal to

(a #h)(b #g) :=
∑
(h)

a(h1b) #h2g.

We emphasis thatA is a cyclic leftA #H -module and EndA#H(A)� AH . This allows to
studyA, AH andA #H in module-theoretic terms.

We refer to all unexplained Hopf-algebraic terms to [17] and [20], to all ring-theo
terms to [13] and to all module-theoretic terms to [23].

2. Separability of smash products

Many results on group actions are stated in terms of algebras over rings rather
terms of algebras over fields. Throughout the paper we will consider Hopf algebra
a commutative ringR. Just when applying deeper results on Hopf algebras over field
will assume thatR is a field. In the case of a base ringR the adequate analogue of
semisimple Hopf algebra (over a field) is a Hopf algebra that is separable overR.
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2.1. We will shortly recall the definition of separability in non-commutative r
extensions (see [12]).

Definition. Let S ⊆ T be any ring extension.T is calledseparableoverS if there exists an
idempotent

ω :=
n∑
i=1

xi ⊗ yi ∈ T⊗ST such that
n∑
i=1

xiyi = 1 and tω = ωt

holds for allt ∈ T . We refer toω as theseparability idempotentof T overS.

Here we considerT⊗ST as aT − T -bimodule viat (x ⊗ y)= tx ⊗ y and(x ⊗ y)t =
x ⊗ yt for all t ∈ T andx ⊗ y ∈ T⊗ST .

2.2. Separable extensions are in particular semisimple extensions (see [12
extensionS ⊆ T is called semisimple if every exact sequence of leftT -modules, which
splits as a sequence of leftS-modules, splits. Hence ifH is a Hopf algebra over some fie
k such thatk ⊆H is separable,H must be a semisimple ring. (Note that ‘semisimple ri
shall always mean ‘semisimple artinian ring’.) We will see soon that the converse i
as well.

2.3. Recall the submodule of left integrals in a Hopf algebraH :∫
l

:= {
t ∈H | ∀h ∈H : ht = ε(h)t

}
.

Right integrals are defined analogously. It is known that
∫
l

= 0 in caseH is finitely

generated and projective asR-module (see [19]). The author was unable to find a refere
for the following (maybe known) result which gives a criterium forA #H to be separable
overA. Note that no hypothesis onH as a module overR is needed.

Proposition. Let H be a Hopf algebra overR and letA be a leftH -module algebra
Assume that there exists a left or right integralt in H with ε(t)1A invertible inA. Then
A #H is separable overA.

Proof. Let t be a right integral inH such thatε(t)1A is invertible inA and letz ∈A be its
inverse. A straightforward calculation shows thatz is a centralH -invariant element ofA.
As in [5, Theorem 1.11] one shows that

ω :=
∑
(t)

[
1 #S(t1)

] ⊗ [z # t2] ∈A #H ⊗A A #H

is a separability idempotent forA #H .
For a left integralt with ε(t) invertible inA we sett ′ := S(t). Sincet ′ is a right integral

andε(t ′)= ε(t) we can argue as above and conclude thatA #H is separable overA. ✷
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2.4. Letting H act trivially on R by settinghr := ε(h)r for all h ∈ H and r ∈ R,
R becomes a leftH -module algebra andR #H � H . Proposition 2.3 shows thatH is
separable overR if and only if there exists a left or right integralt in H with ε(t) invertible
in R. While the sufficiency follows from the proposition, the necessity follows becau
H is separable overR theH -linear mapε :H →R splits as rightH -modules. Hence ther
exists anH -linearσ :R → H such thatε(σ (1)) = 1. The elementt := σ(1) is our right
integral.

In particularA #H is separable overA for every leftH -module algebraA whenever
H is separable overR Thus for instance wheneverH is a semisimple Hopf algebra over
field.

Note that this fact holds without assuming any additional hypothesis onH as a module
overR. On the other hand it is well known that a separableR-algebraH must be finitely
generated asR-module ifH is projective asR-module.

2.5. In case of a group ringH = R[G] withG a finite group. The submodule of left an
right integrals

∫
l is spanned by the elementt := ∑

g∈G g. For anR-algebraA whereG
acts on,A #G is equal to the skew group ring ofA andG. Proposition 2.3 says thatA #G
is separable overA providedε(t)= |G| is invertible inA.

2.6. Since separable extensionsS ⊆ T are semisimple extensions, every leftT -module
that is projective as leftS-module is also projective as leftT -module (see [24, 28.5])
In particular any separable extension of a semisimple artinian ring is itself semis
artinian. Our next lemma shows that the analogue statement for flat modules an
Neumann regular rings is also true by [24, 20.12]:

Lemma. SupposeT is separable over a subringS. Then every leftT -module that is flat as
left S-module is also flat as leftT -module.

Hence a separable extension of a von Neumann regular ring is itself von Neu
regular.

2.7. Combining Lemma 2.6 and Proposition 2.3 we get the following impor
Corollary which generalises a result of Cohen and Fischman that says thatA #H is
semisimple wheneverA andH are semisimple (see [4, Theorem 6]).

Corollary. LetH be anR-Hopf algebra andA a leftH -module algebra, such that the
exists a left or right integralt in H with ε(t) invertible inA. If A is von Neumann regula
thenA #H is von Neumann regular. IfA is semisimple artinian, thenA #H is semisimple
artinian.

2.8. A first application of the corollary above will allow us to show that whenever
H -action can be extended to the left maximal ring of quotientsQl

max(A) of a left non-
singularH -module algebraA the smash productA #H must also be left non-singular an
moreover its left maximal ring of quotients is isomorphic toQl

max(A) #H .
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Recall the definition of the left maximal ring of quotients. LetS be any ring and denot
by E(S) its injective hull inS-Mod. Define the left maximal ring of quotients ofS as the
S-submodule

Ql
max(S) :=

{
m ∈E(S) | ∀f ∈ EndS

(
(S)

)
: f (S)= 0 ⇒ f (m)= 0

}
of E(S). Let B := EndEndS(E(S))(E(S)) be the biendomorphism ring ofE(S). The
evaluation mapΨ :B → Ql

max(S) with ϕ �→ ϕ(1) is an isomorphism of abelian grou
and induces a ring structure onQl

max(S). Hence one might identifyQl
max(S) with the

biendomorphism ring of the injective hull ofS.

2.9. Recall that a submoduleN of a moduleM is calleddensewhenever

Hom(L/N,M)= 0 for allN ⊆ L⊆M.

Ql
max(S) can also be seen as the maximal extensionE of S such thatS is dense inE.

Lemma. LetS ⊆ T be a ring extension such thatHomS(T /S,T )= 0 andST is injective.
ThenT �Ql

max(S) as rings.

Proof. Let L be an S-submodule ofT containing S. By injectivity of T , every
homomorphismf :L/S → T can be extended to an homomorphism̄f :T/S → T which
is zero by hypothesis. ThusS is dense inT . By [13, 13.11] there exists an injective rin
homomorphismg :T ↪→Ql

max(S) such thatg(s)= s for all s ∈ S. Henceg is left S-linear
and by injectivity ofT , Im(g) is a direct summand ofQl

max(S) containing the essentia
submoduleS. Thusg must be surjective and must be an isomorphism of rings.✷

2.10. In the following theorem we will apply Corollary 2.7 and Lemma 2.9 to sh
thatQl

max(A #H) � Ql
max(A) #H is von Neumann regular. Using Johnson’s Theor

that states that a ringS is left non-singular if and only if its left maximal ring of quotien
Ql

max(S) is von Neumann regular we can conclude thatA #H is left non-singular.

Theorem. Let H be a Hopf algebra overR with HR finitely generated and projective
Let A be a leftH -module algebra, such that there exists a left or right integralt ∈ H
with ε(t)1A invertible inA. Assume that theH -action extends to the left maximal rin
of quotientsQl

max(A). If A is left non-singular, thenA #H is left non-singular and
Ql

max(A #H)�Ql
max(A) #H .

Proof. By hypothesisA is left non-singular. Hence by Johnson’s Theorem the max
ring of quotientsQ := Ql

max(A) of A is von Neumann regular and equalsE(A) the
injective hull ofA. In particularQ is injective asA-module. The invertibility ofε(t) in
A (and hence inQ) implies the separability ofQ #H overQ by Proposition 2.3. From
Corollary 2.7 we know thatQ #H is von Neumann regular. Applying the exact func
− ⊗R H to the exact sequence

0→A→Q→Q/A→ 0
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we getQ #H/A #H � (Q/A)⊗R H as leftA-modules. SinceRH is a direct summand
of a free moduleRk with k � 1 and sinceA is dense inQ, we get:

HomA#H(Q #H/A #H,Q #H)⊆ HomA–
(
(Q/A)⊗R H,Q⊗R H

)
⊆ HomA–

(
(Q/A)k,Qk

) = 0.

Hence HomA#H(Q#H/A #H,Q#H)= 0. SinceA #H is separable overA, we can also
conclude thatQ #H is an injective leftA #H -module, asQ andQ #H are injective left
A-modules. By Lemma 2.9,Ql

max(A #H) �Q #H and by Johnson’s Theorem (see [1
13.36])A #H is left non-singular. ✷

2.11. The question whether theH -action of a semisimple Hopf algebra can be exten
to the maximal ring of quotients of a module algebra is still open. A claim that th
always possible was made in [22] but its proof is not complete as was confirmed b
author of [22].

3. Commutative semiprime module algebras

Consider the subringMH(A) of EndR(A) generated by theH -action onA and by the
left and right multiplications of elements ofA:

MH(A) :=
〈{La,Ra,Lh | a ∈A, h ∈H }〉 ⊆ EndR(A),

whereLa andRa denotes the left and right multiplication witha ∈A, respectively, andLh
denotes theH -action of the elementh onA. A is a cyclic faithfulMH(A)-module whose
submodules are precisely theH -stable two-sided ideals ofA. If A is commutative then
MH(A)�A #H/AnnA#H(A).

3.1. A module algebraA is calledH -semiprimeif A does not contain any non-trivia
nilpotentH -stable ideals.

Lemma. The following statements are equivalent for anH -stable idealI of anH -semi-
prime module algebraA.

(a) l.annA(I)= 0;
(b) I is an essentialMH(A)-submodule ofA;
(c) I is a denseMH(A)-submodule ofA.

Proof. (a) ⇒ (b). LetJ be anH -stable ideal ofA. Since the left annihilator ofI is zero,
J ∩ I ⊇ J I 
= 0 shows thatI is essentialMH(A)-submodule ofA.

(b) ⇒ (c). LetJ be anH -stable ideal ofA containingI and letf :J →A beMH(A)-
linear such thatI ⊆ Ker(f ). ThenK := f (J )∩ I is nilpotent since

K2 ⊆ f (J )I = f (I)= 0.
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As A is H -semiprimeK = 0 and asI is essentialf = 0. Hence HomMH(A)(J/I,A) = 0
shows thatI is dense inA.

(c) ⇒ (a). LetJ denote the left annihilator ofI . Since for allh ∈H,x ∈ J andy ∈ I
we have:

(hx)y =
∑
(h)

h1
(
x
(
S(h2)y

)) = 0,

J is anH -stable ideal ofA. SinceA isH -semiprime,I ∩ J = 0. Letπ :J ⊕ I → J be the
projection, thenπ ∈ HomMH (A)((J ⊕ I)/I,A)= 0. HenceI has zero left annihilator. ✷

3.2. Recall that a moduleN is calledM-generated if it is an epimorphic image
a direct sum of copies ofM. The self-injective hullM̂ of a moduleM is the largest
M-generated submodule of its injective hullE(M). The endomorphism of the sel
injective hull of a module whose essential submodules are dense is known to b
Neumann regular and self injective (see [24, 11.2]). Applying this module-theoreti
to our situation Lemma 3.1 shows that the endomorphism ringT of the self-injective hull
Â of A asMH(A)-module is von Neumann regular and self-injective. We will construc
isomorphism betweenT and the subring of centralH -invariant elements of the Martinda
ring of quotients ofA.

3.3. Let F denote the set of ideals ofA with zero left and right annihilator. Theright
Martindale ring of quotientsof A is

Q(A) := lim−→
{
Hom−A(I,A) | I ∈F

}
.

Alternatively one might constructQ(A) as follows: define an equivalence relation⋃
I∈F Hom−A(I,A) by letting f : I → A to be equivalent tog :J → A if there exists

a K ∈ F such thatK ⊆ I ∩ J and f|K = g|K . Note that the equivalence class of t
zero map contains all mapsf that vanish on some ideal inF . Addition is defined by
[f ]+ [g] := [f + g : I ∩J →A] while multiplication is set to be[f ][g] := [fg :J I →A]
wherefg denotes the composition mapa �→ f (g(a)).

In order to extend theH -action onA to some subring ofQ(A), Miriam Cohen
considered the subsetFH ofH -stable ideals belonging toF and constructed the followin
ring:

Q0(A) := lim−→
{
Hom−A(I,A) | I ∈ FH

}
.

We will refer to the elements ofQ0(A) as equivalence classes in the above sense. More
Q0(A) is a subring ofQ(A). TheH -action onA extends toQ0(A) by letting an elemen
h ∈H act onf : I →A by (h · f ) : I →A with

(h · f )(x) :=
∑

h1f
(
S(h2)x

)
for all x ∈ I.
(h)
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One checks as in [3, Theorem 18] thatQ0(A) becomes a leftH -module algebra with this
action.

3.4. It is well know that the extended centroid of a semiprime algebra is a von Neu
regular self-injective ring (see [23, 32.1(2)]). We are now in position to show tha
subring of centralH -invariant elementsZ(Q0)

H :=Z(Q0) ∩QH
0 of the right Martindale

ring of quotients of a semiprime module algebra is von Neumann regular and self-inje

Proposition. LetH be a Hopf algebra overR and letA be a leftH -semiprime module
algebra with right Martindale ring of quotientsQ0. Let T be the endomorphism ring o
the self-injective hull̂A ofA asMH(A)-module. Assume that

• A is commutative, or
• A is semiprime, or
• H has a bijective antipode.

Then

ψ :T → Z(Q0)
H with f �→ [f : If →A]

is a ring isomorphism whereIf := f−1(A) ∩ A. MoreoverZ(Q0)
H is a von Neumann

regular self-injective ring.

Proof. Let Â denote the self-injective hull ofA asMH(A)-module and letT denote
the endomorphism ring of̂A asMH(A)-module. For each endomorphismf ∈ T define
If := f−1(A) ∩ A. Since pre-images of essential submodules are essential,If is an
essentialMH(A)-submodule ofA. By Lemma 3.1,If has zero left annihilator. IfA is
commutative or semiprimeIf has also zero right annihilator and belongs toFH . If the
antipode ofH is bijective then the right annihilatorJ of If is also anH -stable ideal since
for all h ∈H,x ∈ J andy ∈ If we have:

x(hy)=
∑
(h)

h2
((
S−1(h1)x

)
y
) = 0.

As If ∩ J is a nilpotentH -stable ideal and asA isH -semiprimeIf ∩ J must be equal to
the zero submodule.If being an essentialMH(A)-submodule implies thatJ is zero. Thus
also in this caseIf belongs toFH .

We will show thatψ is a ring homomorphism. Letf,g ∈ T . Note thatIf Ig ∈ FH and
If Ig ⊆ Ifg . Thus

ψ(f )ψ(g)= [f : If →A][g : Ig →A] = [fg : If Ig →A] = [fg : Ifg →A] =ψ(fg).

This shows thatψ is a ring homomorphism. Assumeψ(f ) = 0 for somef ∈ T . Then
there exists anJ ∈ FH with J ⊆ If andf (J )= 0. Hencef ∈ HomMH (A)(If /J,A) = 0
asJ is dense by Lemma 3.1. This shows thatψ is injective. On the other handψ is also
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surjective. Let[q : I → A] ∈ Z(Q0)
H . First note thatq is MH(A)-linear: Leta ∈ A then

[q][La] = [La][q] implies the existence of an idealJ ∈ FH with J ⊆ I and

q ′ := qLa −Laq ∈ Hom−A(I/J,A).

SinceJ has zero left annihilator andq ′(I/J )J = 0 we can concludeq ′ = 0. This shows

q(ax)= qLa(x)= Laq(x)= aq(x)

for all x ∈ I . Henceq is a leftA-linear.
Note that sinceq ∈QH

0 for all h ∈H : h · q = ε(h)q . Leth ∈H . For allx ∈ I we have:

q(hx)=
∑
(h)

ε(h1)q(h2x)=
∑
(h)

h1 · q(h2x)=
∑
(h)

h1q
(
S(h2)h3x

)

=
[∑
(h)

h1ε(h2)

]
q(x)= hq(x).

This shows theH -linearity ofq . Sinceq is by definition rightA-linear we have shown tha
q is anMH(A)-linear map.

By injectivity of Â, q : I → A can be extended to anMH(A)-linear mapq̄ ∈ T . This
extension is unique since HomMH(A)(Â/I, Â) = 0. Moreoverψ(q̄) = [q] asI ⊆ Iq̄ and
q̄|I = q . This shows thatψ is surjective and we have established an isomorphism
rings betweenZ(Q0)

H andT which is von Neumann regular and self-injective by [2
11.2]. ✷

3.5. Our main result follows now easily from the preceding paragraphs.

Theorem. LetH be a Hopf algebra overR such thatHR is flat and letA be a commu-
tative semiprime leftH -module algebra. Assume that there exists a left or right inte
0 
= t ∈H such thatε(t) is not a zero divisor inA. ThenA #H is semiprime providedA is
integral overAH .

Proof. Denote byQ0 the right Martindale ring of quotients of the module algebraA.
Assumeε(t) is invertible inA. Let Ã := 〈A,QH

0 〉 ⊆Q0 be the subalgebra ofQ0 generated
by A andQH

0 . ObviouslyÃ is a leftH -module algebra. SincẽA is a subalgebra of th
right Martindale ring of quotientsQ of A which is commutative and semiprime, alsoÃ is
commutative and semiprime. By hypothesisA is an integral extension ofAH . HenceÃ is
integral overQH

0 . To see this note thatAH ⊆QH
0 and letaq ∈ Ã. There exists a moni

polynomial

f (X)=
n∑
riX

i ∈AH [X]

i=0
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with f (a)= 0. Define the monic polynomial

f̃ (X) :=
n∑
i=0

riq
n−iXi ∈QH

0 [X].

Thenf̃ (aq)= f (a)qn = 0 shows that every element of the formaq of Ã is integral over
QH

0 . Since the set of integral elements is closed under sums, we getÃ is integral overQH
0 .

By Proposition 3.4,QH
0 is von Neumann regular. Recall that a commutative ring is

Neumann regular if and only if it is semiprime and every prime ideal is maximal. S
QH

0 ⊆ Ã is an integral extension, the height of a prime idealP in Ã is equal to the heigh
of the prime idealP ∩QH

0 (see for example [8, 9.2]) every prime ideal ofÃ is maximal
and thereforeÃ is von Neumann regular.

Sinceε(t)1A is invertible inA, it is also invertible inÃ. By Corollary 2.7,Ã #H is von
Neumann regular. LetI ⊆A #H be an ideal withI2 = 0. ThenĨ := I (QH

0 # 1) is an ideal
of Ã #H . SinceQH

0 # 1 is central inÃ #H we getĨ2 = 0. As Ã #H is von Neumann
regular, hence semiprime, we haveĨ = 0. SinceRH is flat,A #H is a subring ofÃ #H
and thusI = 0. This showsA #H does not contain a non-trivial nilpotent ideal and m
be semiprime.

In caseε(t)1A is not invertible inA but a non-zero divisor, we can localiseA by the
powers ofε(t)1A and obtain a semiprime commutative module algebraA[ε(t)−1]. Thus
A[ε(t)−1] #H =A #H [ε(t)−1 # 1] is semiprime and so must be alsoA #H . ✷

3.6. S. Zhu showed that a commutativeH -module algebraA is an integral extension
of its invariants wheneverH is a finite dimensional Hopf algebra over a fieldk such that
char(k) � dim(H) andS2 = id (see [26, Theorem 2.1]). Etingof and Gelaki proved in
that a finite dimensional Hopf algebraH satisfies char(k) � dim(H) andS2 = id if and only
if H is semisimple and cosemisimple. Combining Zhu’s and Etingof and Gelaki’s r
with Theorem 3.5 we obtain the following corollary.

Corollary. LetH be a semisimple cosemisimple Hopf algebra over a field and letA be a
commutative semiprimeH -module algebra. ThenA #H is semiprime.

It is well known, that a semisimple Hopf algebra over a field of characteristic 0 is
cosemisimple.

4. Semiprime Goldie PI module algebras

Assume that the smash productA #H of a module algebraA and a semisimple Hop
algebraH is semiprime. Then every non-zeroH -stable left ideal ofA contains a non-zer
H -invariant element. In this section we will show that this necessary condition is a
sufficient condition for semiprime Goldie PI module algebras with central invariants.
generally we will show that theH -action on such a module algebra can be extended
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classical ring of quotients in case every non-zeroH -stable left ideal contains a non-ze
H -invariant element.

4.1. A moduleM is calledretractableif Hom(M,N) 
= 0 for all non-zero submodule
N of M (see [25]). Recall that one has anR-linear isomorphismIH � HomA#H(A, I) for
all H -stable left idealsI of A. Hence the existence of non-trivialH -invariant elements in
non-zeroH -stable left ideals can be expressed asA being a retractableA #H -module.

Lemma. LetM be a retractable leftR-module whose endomorphism ring is semisim
ThenM is a semisimple artinianR-module. If moreoverR is a PI-ring, thenM is finitely
generated over its endomorphism ring.

Proof. Let N be a non-zero submodule ofM. By hypothesis there exists a non-triv
idempotente ∈ S := EndR(M) such that HomR(M,N)= Se. ThusM =Me⊕M(1− e)

impliesN =Ne⊕ (N ∩M(1− e)). Hence

HomR
(
M,N ∩M(1− e)

) = HomR(M,N)∩ HomR
(
M,M(1− e)

)
= Se ∩ S(1 − e)= 0

implies by hypothesisN ∩M(1 − e)= 0, i.e.,N is a direct summand ofM. This shows
thatM is a semisimpleR-module. As End(M) is artinian,M is artinian.

Write M = ⊕k
i=1E

ni
i with pairwise non-isomorphic simpleR-modulesEi and k,

ni � 1. SetPi := AnnR(Ei). ThenS = ⊕k
i=1Mni (∆i) where∆i = EndR(Ei). Assume

thatR is a PI-ring. By Kaplansky’s Theorem (see [16, 13.3.8]) there existsmi � 1 such
thatR/Pi is isomorphic to the full matrix ringMmi (∆i) andEi is a finite-dimensiona
∆i -vector space. HenceEnii and alsoM are finitely generated over their endomorphi
rings. ✷

4.2. Applying the above lemma to the module algebra situation we will see, tha
H -action on a semiprime Goldie PI module algebra whose non-zeroH -stable ideals
contain non-zero centralH -invariant elements can be extended to its ring of quotients

Proposition. LetH be a Hopf algebra overR with HR finitely generated and letA be a
semiprime Goldie PIH -module algebra with classical ring of quotientsQcl(A). If every
non-zeroH -stable ideal ofA contains a non-zero centralH -invariant element, then th
H -action onA can be extended toQcl(A) andQcl(A) is equal to the central localisatio
A[C−1] of regular elementsC of the subringZ(A)H ofA.

Proof. LetZ(A)H :=Z(A)∩AH and letC denote the set of regular elements ofZ(A)H .
The elements ofC form an Ore set inA and are also regular elements ofA since
AnnA(c)H = 0 implies AnnA(c)= 0 for all c ∈ C. Denote byÃ :=A[C−1] the localisation
of A by C. Note thatA is a subring ofÃ and the mapI �→ (I ∩ A) from ideals ofÃ to
ideals ofA is injective. In particularÃ is semiprime. SincẽA is a central extension of th
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PI-ringA, Ã is PI by [16, 13.1.11]. By [21, 6.1.1],̃A⊗ Ãop is a PI-ring and hence its facto
ring

Ã⊗ Ãop/AnnÃ⊗Ãop

(
Ã

) �M
(
Ã

) := 〈{
Lx,Rx | x ∈ Ã}〉 ⊆ EndR

(
Ã

)
is a PI-ring. TheH -action onA extends trivially toÃ by letting an elementh ∈H act on
an elementac−1 as(h · a)c−1. SinceH is finitely generated asR-module,MH(Ã) is a
finite extension ofM(Ã) and therefore also a PI-ring by [16, 13.4.9]. Note that

EndMH(Ã)

(
Ã

) �Z
(
Ã

)H �Z(A)H
[
C−1] �Qcl

(
Z(A)H

)
is semisimple artinian. Moreover letI be a non-trivialH -stable ideal ofÃ. ThenI ∩ A
is a non-trivialH -stable ideal ofA and contains a non-trivial centralH -invariant element
Using the isomorphism

HomMH(Ã)

(
Ã, I

) � I ∩Z(
Ã

)H 
= 0

we see thatÃ is a retractable module over the PI-ringMH(Ã) having a semisimple
artinian endomorphism ring isomorphic toZ(Ã)H . By Lemma 4.1,Ã is finitely generated
overZ(Ã)H and is therefore left and right artinian. Being semiprime artinian makeÃ

a semisimple artinian ring and sinceA is a left order inÃ we can conclude that̃A is
equal to the classical ring of quotients ofA. ThusQcl(A) = Ã is finitely generated ove
Z(Qcl(A))

H . ✷
Examples ofH -module algebrasA with the property that every non-zeroH -stable ideal

contains a non-zero centralH -invariant element are Hopf–Galois extensions with cen
invariants (see [7]). If the extensionA/AH isH ∗-Galois thenA is a generator inA #H ∗-
Mod. HenceIH � HomA#H ∗(A, I) 
= 0 for allH -stable left idealsI of A. So-called Hopf
PI triple considered in [2] are examples of Hopf–Galois extensions: Letε be a primitive
lth root of unity of 1 and letH = Oε(SL2(C)) be the quantized coordinate ring ofSL2(C)
as defined in [2]. Then there exists anl3-dimensional Hopf algebraH such thatH is a
left H ∗-module algebra. The subring of invariantsZ0 :=HH ∗ = O(SL2(C) is central and
H/Z0 is a Hopf–Galois extension (see [2, III.4.6]).

4.3. In case there do not exist non-trivialH -stable ideals we obtain the followin
corollary from the previous proposition.

Corollary. LetH be a Hopf algebra overR with HR finitely generated. Any semiprim
Goldie PIH -module algebra that isH -simple is finite dimensional overZ(A)H and equals
its classical ring of quotients.

Proof. SinceA is H -simpleZ(A)H is a field. Thus by Proposition 4.2,Qcl(A)= A and
dimZ(A)H (A) is finite. ✷
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4.4. Assume thatA is a semiprime Goldie PIH -module algebra with central invariant
We can now prove the main result of this section showing that the ability of extendin
H -action to the classical left ring of quotients of a semiprime Goldie PIH -module algebra
A with central invariants is equivalent toA #H being semiprime.

Theorem. Let H be a Hopf algebra overR with HR finitely generated and projective
LetA be a semiprime Goldie PIH -module algebra with central invariants such that the
exists a left or right integralt with ε(t)1A invertible inA. Then the following statemen
are equivalent:

(a) Every essential left ideal ofA contains a regularH -invariant element.
(b) TheH -action onA extends to the classical left ring of quotientsQcl(A).
(c) A #H is semiprime.
(d) EveryH -stable left ideal ofA contains a non-zeroH -invariant element.

ThenQcl(A) = A[C−1] andQcl(A #H) = A #H [C−1 # 1], whereC denotes the set o
regular elements ofAH .

Proof. Let C denote the set of regular elements ofAH .
(a) ⇒ (b). ConsiderÃ := A[C−1] and letI be an essential left ideal of̃A. ThenI ∩A

is an essential left ideal ofA and contains an element ofC. HenceI = Ã shows thatÃ has
no proper essential submodules and must be semisimple artinian. SinceA is a right order
in Ã we obtain thatÃ=Qcl(A). TheH -action can be extended trivially tõA.

(b) ⇒ (c). LetD denote the set of regular elements ofA. TheH -action onA can be
extended to the classical left ring of quotientsQcl(A) = A[D−1] by hypothesis. Sinc
A is a semiprime Goldie PI-algebra,Qcl(A) is semisimple artinian. By Corollary 2.7
Qcl(A) #H is semisimple artinian sinceε(t)1Qcl(A) is invertible inQcl(A). AsA is a left
and right order inQcl(A) every element ofQcl(A) can be written in the formd−1a with
d ∈ D anda ∈ A. HenceA #H is a left order inQcl(A) #H . Thus by Goldie’s Theorem
A #H is semiprime andQcl(A #H)�Qcl(A) #H .

(c) ⇒ (d). Note thata �→ a # t is an injectiveA #H -linear map fromA to A #H .
Assume thatA #H is semiprime and letI be a non-zeroH -stable left ideal ofA. Then
0 
= (I # t)2 = I (t · I) # t showsIH ⊇ t · I 
= 0.

(d) ⇒ (a). By Proposition 4.2,̃A= A[C−1] equalsQcl(A) and is semisimple artinian
Let I be an essential left ideal ofA. ThenI [C−1] is an essential left ideal of the semisimp
ring Ã and therefore improper. ThusI [C−1] = Ã implies that there exista ∈ I andc ∈ C
such thatac−1 = 1. Equivalentlya = c ∈ I ∩C shows thatI contains a regularH -invariant
element. ✷

4.5. Note that condition (d) of 4.4 says that for every left idealI in the filter F of
essential left ideals ofA and for everyh ∈ H there exists an essential left idealI ′ ∈ F
such thathI ′ ⊆ I . Montgomery had termedH -actions with this propertyF -continuous
and had shown in [17] that this condition is sufficient for extending theH -action to the
ring of quotients with respect to the filterF . We see that under the assumptions of 4.4
F -continuity of theH -action is also a necessary condition.



352 C. Lomp / Journal of Algebra 275 (2004) 339–355

opf

nt

ld

ions
f the

e the
h

l

hose
imple
d, that

Those

nder
ular
, we
4.6. Combining Theorems 3.6 and 4.4 we obtain the following corollary for H
actions on integral domains.

Corollary. Let H be a semisimple, cosemisimple Hopf algebra over a fieldk and letA
be a leftH -module algebra that is an integral domain. Then the quotient fieldQ of A
equalsA[C−1] whereC := AH \ {0}. TheH -action extends toQ andQH ⊆Q is a finite
field extension.A #H is a semiprime Goldie PI-algebra with classical ring of quotie
isomorphic toQ #H .

4.7. A classical result of Bergman and Isaac asserts, that a ringA with group action
G suchA is |G|-torsionfree is nilpotent wheneverAG is nilpotent. As a kind of Hopf-
algebraic analogue Bahturin and Linchenko showed in [1] that every leftH -module algebra
A (possibly without unit) is nilpotent wheneverAH is nilpotent if and only if every left
H -module algebraA (possibly without unit) is PI wheneverAH is PI if and only if
T (H)/〈∫l〉 has finite dimension, whereH is a finite dimensional Hopf algebra over a fie
of characteristic 0,T (H) denotes the tensor algebra ofH and 〈∫

l
〉 the ideal ofT (H)

generated by the left integrals inH . They also show that under those equivalent condit
aboveH must be semisimple. Whether every semisimple Hopf algebra fulfills one o
above properties is still open.

Combining Bahturin and Linchenko’s result with Theorem 4.4 we can conclud
following: If H is a finite dimensional Hopf algebra over a fieldk of characteristic 0 suc
thatT (H)/〈∫l〉 is finite dimensional and ifA is a semiprime Goldie leftH -module algebra
with central invariants then one can extended theH -action toQcl(A), Qcl(A) is equal to
the localisation ofA by the regular elements ofAH andA #H is semiprime with classica
ring of quotients equal toQcl(A) #H .

5. Drinfeld twists of strongly semisimple Hopf algebras

We finish the paper by showing that Cohen’s question has a positive answer ifH is
semisimple cosemisimple triangular.

Definition. A Hopf algebraH over R is called strongly semisimple if for every H -
semiprime leftH -module algebraA the smash productA #H is semiprime.

Criterions for a Hopf algebra to be strongly semisimple are given in [18] but t
criterions are hard to verify. Over a field, every commutative or cocommutative semis
Hopf algebra is strongly semisimple. Moreover Montgomery and Schneider showe
every semisimple Hopf algebra that admits a normal seriesHi whose quotientsHi+1/Hi
are either commutative or cocommutative, is strongly semisimple (see [18, 8.16]).
Hopf algebras are called semi-solvable.

We will show that the class of strongly semisimple Hopf algebras is closed u
Drinfeld twists. Applying a theorem of Etingof and Gelaki, that classifies all triang
semisimple cosemisimple Hopf algebras as Drinfeld Twists of group algebras
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5.1. Recall the definition of Drinfeld twists for a Hopf algebra.

Definition. Let H be an Hopf algebra overR. A Drinfeld Twist for H is an invertible
elementJ ∈H ⊗H , such that

(J ⊗ 1)(∆⊗ 1)(J )= (1⊗ J )(1⊗∆)(J ), (1)

(ε⊗ 1)(J )= 1 = (1⊗ ε)(J ) (2)

holds. We write formallyJ =: ∑J 1 ⊗ J 2 andJ−1 =:Q=: ∑Q1 ⊗Q2.

If H is a Hopf algebra overR with comultiplication∆ and antipodeS, then∆J :=
J∆J−1 defines a new comultiplication onH with ∆J (h) := J∆(h)J−1 for all h ∈ H .
Let U := ∑

J 1S(J 2) andU−1 = ∑
S(Q1)Q2 and define a new mapSJ := USU−1 by

SJ (h) := US(h)U−1 for all h ∈H . Then it has been shown in [14, 2.3.4] that∆J andSJ

define a new Hopf algebra structure onH keeping the same multiplication, unit and coun
We denote the obtained Hopf algebra byHJ . Obviously∆J (h)J = J∆(h) for all h ∈H .

Moreover it is not difficult to see thatJ−1 is a Drinfeld twist forHJ .

5.2. Having ‘twisted’ the comultiplication ofH we can also ‘twist’ the multiplication
of a leftH -module algebraA such thatA becomes a leftHJ -module algebra.

Definition. LetA be a leftH -module algebra with multiplicationµ and letJ be a Drinfeld
twist forH . We define a new multiplicationµJ :A⊗A→A onA with

a ·J b := µJ (a ⊗ b) :=
∑(

Q1 · a)(Q2 · b) for all a, b ∈A.

It had been shown in [14, 2.3.8] thatAJ with multiplicationµJ is a leftHJ -module
algebra. Moreover the smash productsA #H andAJ #HJ are isomorphicR-algebras.
This follows from a more general theorem by Majid (see [15, 2.9]).

5.3. Note that for every two elementsa, b ∈A we have:

ab=
∑(

J 1 · a) ·J
(
J 2 · b).

In particular take anyHJ -stable idealI of AJ , then I is also anH -stable ideal ofA.
Moreover ifI is nilpotent as an ideal ofAJ , then it is also nilpotent as an ideal ofA. This
showsAJ is HJ -semiprime wheneverA isH -semiprime. By the same argument appl
toA= (AJ )J

−1
we obtainA isH -semiprime wheneverAJ isHJ -semiprime.
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5.4. Combining the results of the last two paragraphs we can prove that the cl
strongly semisimple Hopf algebras is closed under Drinfeld twists.

Corollary. The class of strongly semisimple Hopf algebras is closed under Drinfeld tw

Proof. LetH be a strongly semisimple Hopf algebra and letJ be a Drinfeld twist forH .
Let A be a leftHJ -module algebra, thenAJ

−1
is a leftH -module algebra by [14, 2.3.8

If A isHJ -semiprime, thenAJ
−1

isH -semiprime by 5.3. As noticed in 5.2 from [15, 2.
follows

AJ
−1

#H =AJ
−1

#HJ J
−1 �A #HJ .

SinceH is strongly semisimple,AJ
−1

#H and thereforeA #HJ is semiprime. HenceHJ

is strongly semisimple. ✷
5.5. A Hopf algebra is calledtriangular, if there exists an invertible elementR ∈H⊗H

with

(∆⊗ 1)(R)=R13R23, (1⊗∆)(R)=R13R12,

∆cop=R∆R−1 and R−1 = τ (R)

whereτ :H ⊗H →H ⊗H is the isomorphismx⊗ y �→ y⊗ x. ForR = ∑
ai ⊗ bi we set

R13 :=
∑

ai ⊗ 1⊗ bi, R23 :=
∑

1⊗ ai ⊗ bi, R12 :=
∑

ai ⊗ bi ⊗ 1.

P. Etingof and S. Gelaki classified in [10] semisimple cosemisimple triangular
algebras over algebraically closed fields as Drinfeld twists of group rings. From th
obtain as a corollary:

Corollary. All triangular semisimple cosemisimple Hopf algebras over an algebraic
closed field are strongly semisimple.

Proof. LetH be a semisimple cosemisimple triangular Hopf algebra over an algebra
closed fieldk. By Etingof and Gelaki’s result [10, Corollary 6.2] there exists a grouG
and a Drinfeld twistJ ∈ k[G] ⊗ k[G] such thatH � k[G]J as Hopf algebras. Ask[G] is
strongly semisimple alsoH is strongly semisimple by 5.4.✷
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