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1. INTRODUCTION

To study the influence of deviations from normality the class of elliptical

dictributione  which intraduces a cinale Lurtacic mnarameter - ic aften
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the moment generating function (m.g.f.) of the distribution of the sampling
covariance matrix for a subclass of elliptical distributions is first derived
and is then generalized to include distributions containing two kurtosis
parameters.

A subclass of elliptical distributions, E, (0, P; k), was introduced by the
present author [4] by considering the following convergent series as
cumulant generating function (c.g.f.),

K(t)=3(tPt) + [ 3(CPO)T*+ Y A, (t'Pt), (la)

r>2
with probability density function (p.d.f.),

en(X; 0; P, k) =n,,(x; 0, P){ 1 + 5xH5(Q)/1!
+terms of higher order in the polynomial 0}, (1b)

where the matrix P=P,,, ,, = (p;) is the population correlation matrix, t is
an m 1 generating vector, A, A,,.., are constants, x is a kurtosis
parameter, while n,,(x; 0, P) is the standardized m-dimensional normal
with quadratic form Q =x'P ~'x. The definition of the polynomials H"(Q)
are given in [4]. In particular, HY(Q) = Q?—2(m+2) Q+m(m+2). The
subclass of elliptical distributions as defined by (1) contains quite a number
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of well-known members of the elliptical class, such as the multivariate
normal, the contaminated multivariate normal and the multivariate
t-distribution. An extension of E,,(0, P; k) to cases containing more than
one kurtosis parameter is given in [4]. The m.g.f. as defined in (1a) will be
used as starting point to derive the properties of the required sampling
distributions of the covariance matrix for the case of one and two kurtosis
parameters. An m.g.f. approach will be used in this paper. An alternative
method for dealing with the case of one kurtosis parameter is given in a
paper by Sutradhar and Ali [6].

2. THE DISTRIBUTION OF THE COVARIANCE MATRIX FOR
ONE KURTOSIS PARAMETER

To derive the m.g.f. of the covariance matrix for a random sample from
the m-dimensional population with c.g.f. (1a), the procedure is as follows:

(i) The m.gf. of the joint distribution of x,x;, i<j, i=1,2,..,m
j=1,2,..,m, is derived by first introducing a differential operator in terms
of generatmg variables 7; associated with x;x; respectively and which
operates on the relevant m g.f. for the multmorma] case.

(ii) The m.gf. of the joint distribution of the second order moments
about the origin is obtained from (i) by using straightforward probability
theory and matrix differentiation.

(ii1) The m.gf. of the joint distribution of the elements of the
covariance matrix is obtained by applying an orthogonal transformation to
the distribution derived in (i1).

Starting with the case where X is multivariate normal with p.d.f.
n,(x;0,P), the m.gf of the joint distribution of the squares and the
products x;x;, 1<), ,j=1,2,..,m, is given by

=" [

— oo — o0

iV

{exp( > t,-jx,-xj>} Cexp{ —50} [] dx;, (2)
i<j=1 i=1

where t=(t,1, t12s cr t)s C=(27) 2" |P|~"? and Q=x'P 'x=|P| !
x {27 P, x;>+23,;|P;| x;x;}. Differentiating (2) with respect to ¢,
using

ij

0
9,,. p for the operator |P| ! { Y P +2 Y IP,l 3 }, (3)
i

i=1 ” i<j
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it follows immediately that

{gm:P}SMl(t):Iw Jw

— o0 — O

{exp( y tl-/xix,)} 0°n,(x;0,P) [] dx,.
i<j=1 i=1

(4)
Applying the result in (4), the m.g.f. of the joint distribution of the squares

x? and the products x;x; where i and j take the values as indicated above,
corresponding to the p.d.f. (1b) is given by

=" [

— o0 — o0

{exp < i tijxixj>} n,,(x; 0, P){1+ §xH5(S)/1!

isj=1

+ higher order terms in Q} [] dx,= {1+ §xH5(Z,,.p)

i=1

+terms of higher order in the operator &,,. p} M,(t). (5)
It is, however, well known (see [ 1, p. 160; 3, p. 89]) that
M) =[P~ 1" P71 —T*| 712
where the matrix
T*=[(1+5,)], ti=ty, o0,=1, i=j
=0, i#]. (6)

Thus, using (5) and (6), the m.gf. of the joint distribution of x,x;, i<},
can be obtained by applying the operator &,,.p, on the m.gf. M,(t).
Considering n independent vectors X =(X,, X5, ., X}s)s s=1,2,..,n
each with p.d.f e,(x;0, P, x) as in (1b), the m.g.f. of the sums of squares
2 . . n . .. .
Y1 Xy, i=1,2,..,m, and the products >7_, x,x;, i<j, is given by
[ M,(t)]", so that the m.g.f. of the second-order moments about the mean,
=20, is given by

| s ([ re o (B o

where by (3)

H’;(I’l@m: P) =m(m +2) _2(m +2)(n9m: P) + (n@m:l’)2

t
m(5)=ppe
n

and

—1/2

Pfl_lT*
n
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Writing now Z* =P ' —(1/n) T*, it follows on differentiation [ 1, p. 347]
that
0 1
——|Z¥ P = |2 P ZE | 2H
ot; n (8)

0 1
el AR A Rt AR PAT R
i

where |Z}| is the cofactor of the element of the i th row and j-column in
|Z*|. Also

62
Ot; 0ty

3 - -
|22 7P =S 122 12 124

1
—;IZ*I’”Z(IZZ?/,UI+|Z7§‘/,,-,-|)IZ*I", 9)

where |Zf ;| is the cofactor in |Zf| of the element in ith row and jth
column of |Z*|.

It is clear from Egs. (8) and (9) that the operator 0/0t; 0t leads to a
factor |Z%| |Z}| in the first term of the r.hs. of (9) and to a factor
(12} ;| + 12}, ;|) in the second term. To write down the final form for
M,(t) it is convenient at this stage to change the notation used in (2),
where i <j. This notation gave rise to the factor 2 appearing in the second
term of (3) and will have a further accumulating effect on the second-order
operators. Using the subscripts p, ¢, r, s, all of which can take on the values
1,2, 3, .., m, it now follows from (8) and (9), using (3), that

M) = [P0 2% =02 | L Liom(om +2)

_%K(m+2)|l)|7l |Z*|7] Z |qu| |Z1>’kf/
pg=1

g [P2LZH 70 Y Y [Py, [ [P
p.gq=1rs=1

<3N LN Z* 7 = (12, 1+ 125, DY + - |, (10)

rq prq,rs g, sr

where [P, |=|P

P! —(1/n) T*.
The first factor in (10), that is, [P~'|"2 " P~ —(1/n) T*| /2=

L, —(1/n) T*P| =27 is the well-known m.gf for the Wishart

[Pl =1P. |, |Z3,|=1Z5,|, |ZX|=1Z}], Z*=

qp|7
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W, (n, (1/n) P) distribution. It is clear that (10) reduces to this distribution
when x =0.

To proceed from the m.g.f. of the second-order moments about the mean
to the m.g.f. of the elements of the covariance matrix it is observed that the
p.df of E, (0, P;x) is a function only of the quadratic form Q0 =x'P~'x.
It follows, therefore, that the well-known procedure of orthogonal trans-
formations (see, e.g., [3, p. 70]) is also applicable to this case. Thus, the
m.gf. M5() in (10) is the m.g.f. of the elements of the covariance matrix,
S'= (s;), with the parameters n now defined as N — 1, where N is the sample
size and where

The influence on (10), if terms of third and higher degrees in (t'Pt) were
specified in the expressions (la) and (1b), will be that (7) will include
specific terms of higher order than the second in the differential operators.
This will give rise to terms containing cofactors of the form [Z*,, , ,,| and
lower order. However, the final form corresponding to (10) will contain the
m.g.f. of the same Wishart distribution as first factor. It will be shown
below that these terms have no influence on the standard errors of the
elements of the covariance matrix.

The marginal distribution of any square submatrix S; of S located on the
diagonal of S follows from (10) but with m replaced by / the rank of S,.
This is seen by substituting #,,=0 for 7, j > . Taking, for example, /=2, the
m.g.f. associated with the elements s,;, 5,5, and s,, follows from (10) as

M(tyy, 115, 1) = {A(2)} 112" {1 +rx—2c{A(2)} !
1
x 1_2(111 + P12t + 1)

3 2
+§K{A(Z)} -2 { 1 _;(tu + Pt + 1)

1
+;(l%1 F Pt 5+ 2t +piati i+ Pratials)
1 —1 n
SO} (i1

where A(t) =1—(2/n)(t;; + piatia+12) + (l/nz)(l _p%z)(4t11t22_t%2)~
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Hence, E(s,;)=1 and var(s,;)=(1/n)(2+3x), so that for an un-
standardized population with variance ,, (=07) follows that var(s,)=
(1/n)(2 +3K) a3,. Var(s,,) follows from var(s,;) by symmetry. The m.g.f
for the marginal distribution of s,, follows from (11) for ¢,,=1,,=0.
Hence, E(sy,) = p» and var(s,,) =[1+ p3, + k(1 +2p3,]/n, so that for the
unstandardized case, var(s,,) =0,,0,»[1+pl,+x(1+2p3,)]/n. Similarly,
putting #,, =0 in (11) to obtain the m.g.f. of the marginal distribution of
(ty,,1t,) 1t follows from the coefficient of #,,¢,, that cov(s,,s;,)=
(1/n)(2p 1>+ 3Kkp1,) o303 for the unstandardized case. Further, for 7,,=0
in (11), it follows for the unstandardized case that, cov(s,,, s,)=
(1/m)2p1, +x(1+2p3,)] 01102.

Rewriting the well-known expressions given in [3, pp. 41-42], for the
variances and covariances of the asymptotic distribution of the covariance
matrix under a multivariate elliptical model as

1 K
COV(S,';: Sk7) :; (Utkaj/ + Uizajk) +; (Utjakl +0y0;+ Ut/“jk)a (12)

where, as usual, g,=07, 0;=p,;0:0;, i#j, it is clear that the exact
expressions for var(s,,), var(s,,), var(s,,), and cov(s,;, §,,) as derived from
(11) for the subclass defined in (1), is the same as asymptotic expression
(12). Clearly, it can be seen from the symmetrical property of (10) that (12)
also gives the exact expressions for all elements of the covariance matrix.

3. THE DISTRIBUTION OF THE COVARIANCE MATRIX
FOR TwoO KURTOSIS PARAMETERS

Dividing the random vector X' =(X,, X>, .., X,,) into vectors X" =
(X1, X5, ., X)) and X® = (X, |, ..., X,,,) with a corresponding division of
the generating variable t and of the matrix P, and writing the m.g.f. of the
multivariate normal in the form given in [4], Eq. (23), the c.g.f. for the
case of two kurtosis parameters follows as

K(t)=3(tV +P'P,t?D) PtV + PP, tP)
+3 () + PRIP ot @) Pyt + PP, )]
+ %(t(z),Pzz.l t?) + %Kz[%(t(z)’l)zz.l t)7]?
+terms higher than fourth degree in ¢,, ¢,, ..., £,,. (13)
where P,,; =P,, — P, P;'P,,. The associated quadratic forms are
Q1 =X(1)’P1_11X(1), Q2:Y(2),P2_2,11 Y®
with YO =X® _— E(X® | XD =xM),
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It is easily seen that the form of the c.g.f. (13) is such that m.g.f’s of the
distributions of submatrices or related conditional matrices of the sampling
covariance matrix can be written down by using (10). For this purpose it
is necessary to divide the sampling covariance matrix S into submatrices,

S, S
S= [S“ S”} and to define S, =S,,—S,,S;;'S},.
12 22

The relevant m.g.f’s, as well as some properties, are

(a) Since the marginal distribution of X" (obtained when t*' =0 is
e, (xV;0-P,,,x,), the mgf of the marginal distribution of the sampling
covariance matrix S,, associated with the vector X'V is given by (10),
where m is replaced by /4, k by x,;, and P by P,,. This means that the exact
variances and covariances of the elements of S,; (the sampling covariance
matrix corresponding to P,;) can be written down by using (12).

(b) The distribution of the conditional sampling covariance S,,;
corresponding to the matrix P,,, and associated with the conditional
vector Y? is distributed independently of S,,. The m.gf. of S,,, follows
directly from (10) by substituting P, for P, m — & for m and &, for x and
changing the relevant cofactors appearing in (10) accordingly.

(c) For the case of two kurtosis parameters an expression similar to
m.gf. (5) can be written down for the m.g.f. of the distribution of the
elements of the matrix [ x,x;] of squares and products. This m.g.f. will be
denoted by M(t; k,, k,) and is given by

M(t;Kl»Kz):fw foo

— 0 — 0

{exp < > l,;jx,»xj>} n,(xY; 0, Py,)

isj=1

x {1+ g, H5(Q,)/1! + terms of higher order}

nmfh(y(Z); 0, P224I){1 + %KzHrznih(Qz)/“

+ terms of higher order} | [ dx,. (14)
1

To introduce the method consider the three-dimensional case when
m=3in (14) and where the random variables X, X,, and X; are divided
as (X, X,) and X5, so that P=(p;), i=1,2,3;j=1,2,3;

P“:(pm),l’z1,2;S=1,2;p1,q=1 lf pP=q,

P13_P1§P23+p23pz3_plfpl3 . (15)

l—p1 1 —pi,

Pypi=1—|pp
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Further, substitute 755, =0, so that (14) reduces to
j f <[exp 10 XTH X X0+ 15,X3) ] ex(Xy, X250, Py, icy)

% {f exp {tw {xl <x3 +p131__/)p1§p23 X +p231__Pp1§p13 x2>
- 12 12

_P13—P12P2s xz_P23—P12P13x x
1—p7, 1 1—p, e

X exp {h{xz <x3+P23_P1§P13 x2+P13_P12P23x1>

1 —p1, I_P%2
_P13_p12P23x ¥ P P12P13 o
1—ph e 1—ph :
xe(y3; Py, K2) dx3}> dxy dx,, (16)

where
Y;=X;—E(X;| X, =x, X,=X,)

P23~ P12P13 P13~ P12P23
X, + X

1_:0%2 l_p%2

=X+ ..

Noting that (16) consists of a marginal factor and a conditional factor, it
becomes clear that the function inside the large curly brackets is the m.g.f.
of the joint conditional distribution of x, x5 and x,x; given x7, x,x,, and
x3. The following deductions are obvious:

(1) Putting 7,5 =0, it is seen that the conditional distribution of x, x5,
given x7, x,x,, and x3, is univariate elliptical with mean and variance
respectively equal to

P23_P12P13x ¥ +P13_P12P23x2
142 s
1—pi, 1—p%, l
mef={l—{pl3pl3p1§p23+p23p23plipw}}xi (17)
l—ph 1 —p1,

Writing X5, for the conditional X5, similar expressions for the mean and
the variance follow for the conditional distribution of x, x5, by interchanging
the subscripts “1” and “2.” It follows from (16) that the conditional
product moments of x7, x,x,, x3 with x, x5, and with x,x;, are zero. The
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conditional product moment of x,y; and x,y; follows by integrating the
coefficient of #,57,; in (16) and is given by

P22A1x1x2={1 _{Plzpl_pplzp%‘f‘/’z%p%_pl;pn}}xlxz- (18)

12 1 —pi,

It is clear from (16), (17), and (18) that if A=(x;), i=1,2,3;j=1,2,3;
where the rows and columns of A, correspond to the rows and columns
of Py;, then the joint distribution of x, x5. and x,x;,, given A, is elliptical,
E(P21P1_11A11> Py @Ay, K2).

(i) Considering now the case of n independent sets of three variables
each leading to a m.gf (14), it follows from the m.gf. of the sums of
squares and sums of products (after division by n), that the c.g.f. of the
conditional distribution of

I | =

I M=
=
i
w

given

S|

n'Mx

1 n
; Z 11x2n Z le,

i=1 l—l

is the sum of the c.gf’s of elliptical distributions with mean and variance
given by (17) and (18). Thus the factors x7, x,x,, and x3 in (17) and (18)
are replaced by the relevant mean products. The definition of the matrix A

}1

can thus be changed by replacing the elements x,x; with (1/n) 37_ | x,.x;

ir Xjre
(i1) In the above consideration the moments about the population
mean were used. However, the same reasoning as in the case of one
kurtosis parameter holds also in the present situation. This shows that for
moments about the sample means the parameter n should be equal to
N —1, where N is the number of independent observations. Using now the
notations S, S,;, and S,,,, as previously introduced, it follows from

2 2
$22873 811523 — 2815813923

(Sllszz_sfz)

Sori =533.=X33— s

that setting #;;=0 in (16) did not remove the influence of s;; on relevant
elements of the covariance matrix.

(iv) Return now to expression (14) for the general case, while noting
that the conditional distribution S,,, was already dealt with under (b)
above, it follows that the values of all the generating variables ¢, associated
with the elements in the rows and columns corresponding to S,, can be
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taken as zero. The procedure similar to the transition from (16) to (17) and
(18)) becomes only a question of repeating the algebra in matrix notation
when separating the marginal factor corresponding to S,; from the
conditional factor corresponding to S,,. Thus using the result in (i) of this
section, it follows by replacing A,; by S,; that the general result can be
stated as:

The conditional distribution of S,, given Sy, is E(P5; P ;'S\, Py @Sy, i)

In this form the present result may be compared with the known result in
multinormal theory given by Muirhead [3, p. 93].

4. AN APPLICATION

As an application consider the following moments and correlation
matrix, together with the conditional sampling correlations obtained from
multitrait-multimethod data with respect to 50 persons measured for two
traits (7)) by two different methods (M) The four wvariables are
X (TIM1), X,: (T2M1), X5:(T1M?2), X,(T2M2). The distribution of
the conditional sampling matrix S,,; given in (b) of Section 3, as well as
the relations in (12), are taken as basis for discussion.

Cond.
Moments Mean Var. Skew. Kur:y, Correlation: X, X, X; X, correlation:

X, 1128 11.10 —0.04 —0.17 100 0.65 0.60 0.60  riy5=0.315
X, 1020 906 0.3 —0.38 0.65 1.00 072 0.73 13, =0373
Xy 1562 6436 —031 —1.60 0.60 072 1.00 0.72
X, 1392 6150 0.08 —1.53 0.60 0.73 0.72 1.00

The relevant questions concern the degree to which the interdependence
between traits (methods) can be attributed to method (trait). Although the
underlying model to be discussed contains two kurtosis parameters, the
conditional sampling matrix S,,, depends on only one kurtosis parameter,
so that using results in Muirhead [3, Chap. 5], the correlation structure
can be treated in stead of the covariance structure.

Estimates of the two kurtosis parameters in (13) follow from equating
the calculated marginal kurtosis parameters y,/3 to the expected kurtosis
parameters of the marginal distributions of X;, X,, X5, X, by using the
relations similar to those given in [4, p. 9, Eq. (20]. The four expected
kurtosis parameters (one-third of the relevant y,) follows directly from
the relevant four coefficients of 7/8, 13/8, t3/8, and #3/8 in (13) in terms of
the two parameters x, and x, and the population correlations. Substituting
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the calculated marginal kurtosis as well as the correlations as given in the
above table, four linear moment equations in two population parameters r,
and x, can be written down. A solution to the estimation problem in a
similar case by combining the method of moments and of weighted least
squares, was discussed in detail by the present author in [5]. However, in
the present case, where the expected values of the coefficients of 7{/8 and
t3/8 are both equal to x, an estimate &,= —(0.17+0.38)/6 = —0.092
seems feasible. Using this estimate of x, in the two equations obtained from
the coefficients of ¢3/8 and 3/8, two slightly different estimates —0.628 and
—0.606 for x, follow, giving an average estimate K, = —0.617. Amongst
others, the conditional correlation between X5 and X,, that is, r=ry,»
can now be transformed [3, p. 159] to z=14log [(1 +r)/(1—r)] and
considered as normal variate with variance 1/(n—2)+x,/(n+2), where
n+1 is the sample size. Applying this result it follows that the value
r341» =0.373 in the above table is significant. A similar result is obtained on
considering the correlation between X, and X,, conditional on X; and X,.
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