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1. Introduction

Let M| and M, be o-finite von Neumann algebras equipped with faithful normal states ¢
and @, respectively. The von Neumann algebraic free product (M, ¢) of (M1, ¢1) and (M2, ¢2)
has been seriously investigated so far by utilizing Voiculescu’s free probability theory and re-
cently by Popa’s deformation/rigidity theory. Some primary questions on M apparently are
factoriality, Murray—von Neumann—Connes type classification, and when M becomes a full fac-
tor in the sense of Connes [3] under the separability of predual M,. Several partial answers to the
questions were given in the mid 90s by Barnett [1], Dykema [5,6,8], and after then by us [24].
In particular, Barnett [1] provided a handy criterion for making M be a full factor and also
showed (M,)" N M = C under a slightly weaker assumption than the criterion. At the same time
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Dykema [6] investigated the question of factoriality of M and computed the T-set 7' (M) under
some hypothesis. After then Dykema [8] gave a serious investigation relying on free probability
techniques to the questions at least when the given M| and M> are of type I with discrete center.
Despite those efforts it seems, to the best of our knowledge, that the questions are not yet settled
completely. The main purpose of this paper is to give a complete answer to the questions.

The new idea that we use in the present work is to work with the ¢-preserving conditional
expectation from M onto M| (or M>) instead of the free product state ¢. The idea comes from
the formulation of von Neumann algebraic HNN extensions [26]. (Recall that von Neumann al-
gebraic HNN extension ‘M = N xp 0’ is formulated by using ‘the’ conditional expectation from
M onto N rather than that onto the smallest D.) The conditional expectation E : M — M still
‘almost’ satisfies the so-called freeness condition, and thus, in many cases, a suitable choice of
faithful normal state, say ¥, on M; allows to make the new functional i o E; ‘almost’ sat-
isfy the freeness condition and have the large centralizer inside M;. Based on this observation
we will give a convenient partial answer to the questions, that is, we will prove that M always
becomes a factor of type II; or III, with A # 0 and satisfies M’ N M® = C if at least one of
M;’s is diffuse without any assumption on the ¢;’s. This will be done in Section 3. Some of the
results presented in Section 3 may be regarded as improvements of our previous results [24],
and thus we borrow some minor arguments from there without giving their details. In the next
Section 4, with the aid of Dykema’s ideas in [5] (and also [8]) we will give a complete an-
swer to the questions. Roughly speaking our result tells that Dykema’s ‘factoriality and type
classification results’ in [5,8] still hold true for any choice of (M1, ¢1) and (M>, ¢2). The pre-
cise statements are as follows. The resulting M is always of the form M; @ M, (possibly with
M = M, or other words My = 0), where My is a multi-matrix algebra and M, a factor of type
II; or 1T, with A # 0. As a simple consequence no type IIly factor arises as any (direct summand
of) free product von Neumann algebra. The multi-matrix part My can be described explicitly by
Dykema’s algorithm (see [8, pp. 42—44]) and the type of M, is determined by the T-set formula
T(M.) ={t € R |0 =1d =0}, though our proof cannot conclude ((Mc)yj,,. )’ N M. =Cl
in general. Moreover M, N M® = C always holds, and hence the asymptotic centralizer (M),
is trivial. We would like to emphasize that our proof uses only one easy fact [8, Proposition 5.1]
from Dykema’s paper [8] (see Lemma 2.2 for its precise statement) and is essentially independent
of any free probability technique except the structure result on two freely independent projec-
tions (see [29, Example 3.6.7] and [5, Theorem 1.1]). Therefore our proof is self-contained and
more remarkably rather short compared to [8], though it does not work for identifying (M),
with an (interpolated) free group factor even when both M| and M, are of type I with discrete
center.

One of the motivations of the present work is a result due to Chifan and Houdayer [2].
In fact, by utilizing Popa’s deformation/rigidity techniques Chifan and Houdayer [2] proved,
among others, that any non-amenable free product factor is prime. Hence a necessary and suffi-
cient condition of factoriality and ‘non-amenability’ has been desirable for arbitrary free product
von Neumann algebras. More than giving such a condition the main result of the present paper
enables us to see, by Chifan and Houdayer’s theorem [2, Theorem 5.2], that the diffuse factor
part M, is always prime. Moreover a very recent work due to Houdayer and Ricard [11] also
allows us to see that the diffuse factor part M, always has no Cartan subalgebra when M and
M> are hyperfinite (or amenable). In the final Section 5 we give some remarks and questions
related to the main theorem.

This paper is written in the following notation rule: || —||s denotes an operator or C*-norm.
The projections and the unitaries in a given von Neumann algebra N are denoted by N” and N*,
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respectively, and the central support projection (in N) of a given p € N? is denoted by cy(p).
For a given von Neumann algebra N, its center is denoted by Z(N) and the unit of its non-unital
von Neumann subalgebra L by 1. The GNS (or standard) Hilbert space associated with a given
von Neumann algebra N and a faithful normal positive linear functional ¢ on N is denoted
by L%(N, y) with norm [—Ily and inner product (—|—)y. Also the canonical embedding of
N into L2(N, ) is denoted by Ay. When no confusion is possible, we will often omit the
symbol Ay for simplicity; write [|x||y instead of || Ay (x)|ly . The notations concerning the so-
called modular theory entirely follow [23] with the exception of Ay (the symbol 5y is used
there instead). The other notations concerning free products and ultraproducts of von Neumann
algebras will be summarized in the next Section 2.

2. Notations and preliminaries
2.1. Free products

For given o -finite von Neumann algebras M| and M, equipped with faithful normal states ¢
and ¢y, respectively, the (von Neumann algebraic) free product

(M, ) = (M, g1) x (M3, ¢2)

is defined to be a unique pair of von Neumann algebra M with two embeddings M; — M
(i =1, 2) and faithful normal state ¢ satisfying (i) M = My Vv M>, (ii) ¢|m, = ¢; (i =1,2) and
(iii) My and M are free in (M, @), i.e., p(x] - --x;) = 0 whenever x;.’ € Ker(g;;) withi; #ij11,
j=1,...,€—1.See [29] for further details such as its concrete construction.

Let N be a von Neumann algebra with a faithful normal state . For a subset X’ of N we write
X°:=Ker(Yy)NX ={x e X|¥(x)=0}. Also, for given subsets X7, ..., &, of N, the set of all
traveling words in subsets X7, ..., X, (inside N) is denoted by A°(X, ..., A},), where x1 -- - x;
is said to be a traveling word in the A;’s if x; € &;; withij #ijy1, j=1,...,¢— 1. With these
notations the above condition (iii) is simply re-written as ¢| 4o( Mo Mg = 0.

As shown in [1, Lemma 1], [6, Theorem 1] the modular automorphism o;p, t € R, is computed
as ‘o) =" x0*” which means that o/ |y, = 0" (i = 1, 2). This fact immediately implies the
next fact, which is a key of the present paper. It is probably well known, but a proof is given for
the reader’s convenience.

Lemma 2.1. There is a unique faithful normal conditional expectation E; : M — M; (i = 1,2)
with ¢ o E; = ¢, and it satisfies Eil pome, mgy\me = 0.

Proof. The existence of E; follows from the above-mentioned formula of o,” and Takesaki’s
theorem [23, Theorem IX.4.2]. We claim that A,(M;) and A, (span(A°(M7, M3) \ M)) are
orthogonal in L?*(M, ¢), and also that the map Ay(x) = Ay (E;(x)), x € M, is extended to the
projection E; from L3(M, @) onto the closure of Ay (M;). The first claim follows from the fact
that M| and M, are free in (M, ¢), and the latter from the construction of E;, see the proof of
[23, Theorem IX.4.2]. Hence, for any x € A°(M}, M3)\ M; one has Ay (E;(x)) = EiA(p(x) =0
sothat £;(x)=0. O

In Section 4 we will repeatedly use the next ‘free etymology’ fact due to Dykema. We give a
sketch of its proof for the reader’s convenience.



2650 Y. Ueda / Advances in Mathematics 228 (2011) 2647-2671

Lemma 2.2. (See [8, Proposition 5.1]; also see [5, Theorem 1.2].) Let p € Z(M1)? be non-
trivial and set N := (Cp + M (1 — p)) vV M». Then M| p and pNp generate the whole pMp
and are free in (pMp, (1/91(p))¢|pmp). Moreover ¢y (p) = cn(p).

Proof (Sketch). One can easily confirm that M| p and pNp generate pMp. In fact, for exam-
ple, px1y1x2y2p = (x1p)(py1p)(x2p)(py2p) + (x1p)(py1x2(l — p)y2p) € Myp - pNp - My p -
pNp+ M p- pNp for x1,xy € My and y;, y» € M3. The freeness between M p and pNp fol-
lows from the following fact: Note that (Cp + M1 (1 — p)) +span(A°(Cp+ M (1 - p))°, M3)\
(Cp+ M (1 — p))°) forms a dense x-subalgebra of N in any von Neumann algebra topology,
and thus any element in the kernel of ¢|,y, can be approximated by a bounded net consist-
ing of linear combinations of elements of the form pxp with x € A°((Cp + M1 (1 — p))°, M3)
whose leftmost and rightmost words are from M3. It remains to see ¢y (p) = cy(p). Clearly
cm(p) = cn(p) since M O N, and it suffices to see cyr (p) < ey (p). Since ¢y (p) commutes with
M1 (1 — p) and moreover since cy (p) = p, cy(p) must commute with M| = M1 p + M;(1 — p).
Also ¢y (p) commutes with M too so that cy(p) € Z(M). Hence ¢y (p) <cn(p). O

2.2. Ultraproducts

(See [13, Chapter 5], [3, §$II, §III] and [25, §2.2] for details.) Let N be a o -finite von Neu-
mann algebra. Note that the constructions in [13, §5.1] reviewed below are applicable even for
o -finite (= countably decomposable) von Neumann algebras as in [3, §$II]. Take a free ultra-
filter v € B(N) \ N. (B(N) denotes the Stone—-Cech compactification of N.) Define /,(N) to
be the set of all x = (x(m)),, € £*°(N, N) such that lim,,_,, x(m) = 0 in o-strong* topol-
ogy. The ultraproduct N® is defined as the quotient C*-algebra of the multiplier M (I, (N)) :=
{x €N, N) | xI,(N) C I,(N), I,(N)x € I,(N)} by its C*-ideal I,(N), which becomes a
von Neumann algebra. By sending x € N to the constant sequence (x, x,...) € M(I,(N)) the
original N is embedded into N“ as a von Neumann subalgebra. Any (faithful) normal positive
linear functional ¥ on N induces a (resp. faithful) normal positive linear functional ¥“ on N
defined by ¥ (x) = limy— ¢ ¥ (x(m)) for x € N with representative (x(m)),, € M(Iy,(N)).
If L is a von Neumann subalgebra with a faithful normal conditional expectation E : N — L,
then the natural embedding ¢*°(N, L) — ¢°°(N, N) gives a von Neumann algebra embedding
L? — N® and E can be lifted up to a faithful normal conditional expectation E® : N — L
that is induced from the mapping (x (m)),, € M(I,(N)) — (E(x(m)))m € M(I,(L)).

Define a smaller C*-subalgebra C,,(N) than M (I,(N)) to be the set of all x = (x(m)),, €
LN, N) with limy,— |[[x(m), x1lln, = O for every x € N,, where [x(m), x1(y) :=
x(yx(m)) — x(x(m)y) for y € N. Then C,(N) still contains I,,(N), and the asymptotic cen-
tralizer N,, is defined to be the quotient C*-algebra of C,(N) by I,(N) which becomes a
von Neumann algebra. The inclusion relation C,(N) C M(I,(N)) gives a von Neumann
algebra embedding N, <> N®. It is not so hard to see that N, € N’ N N®. However the
equality does not hold in general. (In fact, such an explicit example exists. We learned it
from Professor Masamichi Takesaki some years ago. We thank him for explaining it.) Thus
N’ N N® = C implies that N, = C. The reverse implication is known to hold only when
N is finite (see [3, Corollary 3.8]), and not known in general. Remark that the property of
‘N'N N® =C’ is a stably isomorphic one for factors. Namely, if (pNp)' N (pNp)® =C
for some non-zero p € NP, then so is the original N when N is known to be a factor. In
fact, since N is known to be a factor, N = pNp or we can choose a smaller e € N? than p
so that N = (eNe) ® B(K) for some Hilbert space K. The first case is trivial. For the latter
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case, note first that N = (eNe) @ B(K) implies (N C N®) = (eNe C eN®e) ® B(K) since N
sits inside N®, and hence N' N N® = (eNe)' N (eN®e). Clearly eN®e = e(pNp)®e, and then
(eNe) N (eN®e) = Ce by [30, Lemma 4.1] or [17, Lemma 2.1].

The ultraproduct H® of H := L>(N, y) is defined to be the quotient of £>°(N, ) by the
subspace consisting of all (£(m)), with lim,,_, [|E(m)| = 0. It becomes again a Hilbert
space with inner product (§|n)ye = limy,— 4 (&(m)|n(m))y for &, n € H® with representatives
(E(m))m, (n(m))m, respectively. The GNS Hilbert space L2(N®, %) can be embedded into H®
as a closed subspace by Aye(x) = [(Ay (x(m)))y,] for x € N with representative (x(m)),,.

3. Analysis in the diffuse case

Throughout this section let M; and M; be o-finite von Neumann algebras equipped with
faithful normal states ¢; and ¢,, respectively, and (M, ¢) be their free product, see Sec-
tion 2.1.

The next is a slight generalization of [24, Proposition 1].

Proposition 3.1. If A is a diffuse von Neumann subalgebra of the centralizer (M1)y with some
faithful normal state W on My and if x € M satisfies x Ax* C M\, then x must be in M.

Proof. Let us make use of the idea in the proof of [18, Lemma 2.5] as in [24, Proposition 1].
The main difference from [24, Proposition 1] is the use of i o E; instead of the free product
state ¢ itself.

Note that any word in A°(M7, M3) \ M7 is of the form ay°b with a word y° € A°(M7, M3)
beginning and ending at M3 and a, b € M} U {1}. In what follows let ay°b be such an alternating
word. Then for any partition of unity {e;}7_, in A” we have

2

[y o El(x*(ayc’b))‘2 = |y o E| ( Zeix*ayc’b)

i=1

2

n
=Y o E; ( Zeix*ayobei)

i=1

2

< (by the Cauchy—Schwarz inequality)

n
E eix*ay°be;
i=1

YoE,

= Z 1//(el~b*E1((yO)*(a*xeix*a)y°)bei) (since eje; =0if i # j)
i=I

= Z ©1 (a*xeix*a)i/f(e,-b*El ((y°)*y°)bei)
i=1

< gi(a*xx*a) ||b*E1((y°)*y°)b|| max V¥ (e;),

X1Li<n

where the second line follows from the fact that ¢; € A C (M1)y C Myog, and the fifth
line from Lemma 2.1 and (y°)*(a*xe;x*a)y® = ¢(a*xejx*a)(y°)*y° + (¥y°)*(a*xe;x*a)°y°
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with (a*xe;x*a)® :=a*xe;x*a — ¢1(a*xe;x*a)l € M} due to xe;x* € My. Since A is diffuse,
maxg;<n ¥ (e;) can be arbitrary small so that x is orthogonal to ay°b in L*(M, Yo Ey).

Let ay°b be as above, and take arbitrary ¢ € M. By Lemma 2.1 one has ¥ o E|(c*(ay®°b)) =
Y(c*aE1(y°)b) = 0, and thus M; and span(A°(M?, M3) \ M7) are orthogonal in
LM,y o Ey). Clearly My + span(A°(M7, M3) \ M7) is dense in M in any von Neumann
algebra topology, and hence we have Ay.g, (x) = ElA¢051 (x) = Ayop, (E1(x)) implying
x = Ei(x) € M, where E; denotes the projection from L*(M, ¥ o Ep) onto the closure of
Ayog, (M1) induced from Ej, see the proof of Lemma 2.1. O

The next corollary is immediate from the above proposition.

Corollary 3.2. If A is a diffuse von Neumann subalgebra of the centralizer (M1)y for some
faithful normal state W on M\, then Ny (A) = Ny, (A) and A’ N M = A" N\ My, where Np(Q)
denotes the normalizer of Q in P, i.e., the set of u € P" with uQu* = Q, for a given inclusion
P D Q of von Neumann algebras.

In particular, any diffuse MASA (semi-regular diffuse MASA, or singular diffuse MASA) in
M which is the range of a faithful normal conditional expectation from M| becomes a MASA
(resp. semi-regular MASA or singular MASA) in M too.

As in [24, Corollary 4] we can also derive the next corollary from the above proposition.

Corollary 3.3. Suppose that there are a faithful normal state v on M and a diffuse von Neumann
subalgebra A of the centralizer (M1)y. Then, A(= A RQCHC M xyRCM X gwok; R satisfies
A'N (M % yor; R)=A"N (M X,v R).

With the help of some general facts on von Neumann algebras we can derive the next factori-
ality and type classification result from the above proposition and corollaries.

Theorem 3.4. If M| # C # M, and if either M| or M> is diffuse, then M is a factor of type Il
or I with A # 0, and its T-set is computed as T(M) = {t e R | 6" =1d = 0*}.

Remark that the type of M is completely determined by the T-set in the above case, since M is
of type II; or Il with A # 0. The proof below gives an explicit description of the (smooth) flow
of weights of M, which explains that no type Il free product factor arises under our hypothesis.
(Another explanation of this phenomenon is given later by showing M,, = C, see Theorem 3.7,
thanks to [3, Theorem 2.12].)

Proof of Theorem 3.4. Note that any diffuse o-finite von Neumann algebra is (i) a o-finite
von Neumann algebra with diffuse center, (ii) a (possibly infinite) direct sum of non-type I fac-
tors, or (iii) a direct sum of algebras from (i) and (ii). Hence we may and do assume

@ . . .
My =Qo® Z QO (afinite or an infinite direct sum),
1

where Z(Qy) is diffuse and the Qy’s are non-type I factors. By [4, Corollary 8] for the separable
predual case or [9, Theorem 11.1] for the general o -finite case, there is a faithful normal state v



Y. Ueda / Advances in Mathematics 228 (2011) 2647-2671 2653

on each Qi (k > 1) so that (Q)y, contains a diffuse von Neumann subalgebra Ay. Take a
faithful normal state ¥y on Qg, and define a faithful normal state

V= 2%8 Y (1725 )y onMi=008Y " 0.

k>1 k=1

Then (M) clearly contains the diffuse von Neumann subalgebra

A=Z(0®Y " Aw

k>1
Therefore, by Corollary 3.2 and Corollary 3.3 we have

(@) (M1)y) N M =((M1)y) N My,
(b) (My x,v RY N(M X ok R) = Z(M; x,v R).

By [23, Corollary IX.4.22, Theorem X.1.7]

(M X yor, RO M %,y R)y=(M X 10K} R 2D M| Xg01 R)
spatially, and thus (b) implies
(b") (Mq xge1 RY N(M Xge R) = Z(M) Xg01 R)

(n.b. 91 0 E1 = ¢). Hence, by the argument in [24, Theorem 7] we get

Z(M x50 R)y=(CxR)NZ(M] Xge1 R)YNZ(M3 Xy R) CC x R.

Hence we see that M is a factor and not of type Illp by ergodic theoretic argument as in [24,
Corollary 8] or by harmonic analysis argument, cf. [16].

We then compute 7'(M). For t € T(M) there is u € M" such that J,WOE' = Adu. By (a)
we have u € M i‘ Using the Connes Radon—Nikodym cocycle [ D¢ : D], [23, §VIIL.3, Corol-
lary I1X.4.22] onme has o = Ad[D¢, : Dyl o a;/mE' = Ad[D¢; : Dyl;,u and
[D¢y : Dyr];u € M{. Hence, by the argument in [24, Corollary 8] we get [D¢; : Dy ];u € Cl so
that o =Id. Hence T(M) ={t e R |0/ =1d} ={t e R | o/' =1d =5}.

Finally, notice that the above T-set formula shows that M is semifinite if and only if ¢ is
tracial. Thus it is impossible that M becomes of type Il or type I . It is also impossible that
M becomes of type I, due to its infinite dimensionality. O

We will then prove that the free product von Neumann algebra M satisfies M’ N M® = C
under the same hypothesis as in Theorem 3.4. Let M“, M}’ and M5 be the ultraproducts of
M, My and M3, respectively. Thanks to Lemma 2.1, M’ and M3 can naturally be regarded
as von Neumann subalgebras of M®, and El‘" MY — M,.‘" denotes the canonical lifting of E;,
i =1,2, see Section 2.2.
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Proposition 3.5. If there exist a faithful normal state  on My and u,v € (M1)y)" such that
@1(u") = 8,,0 and Y (V") = 8,0 for n € Z, then for any x € {u, v} N M® and any y° € M5 one
has ||y°(x — ES ) | orpe < X, Y (o )e-

Proof. As in [25, Proposition 5] an estimate technique used below is essentially borrowed from
[19, Lemma 2.1], but several additional, technical difficulties occur because we use ¥ o E in-
stead of the free product state ¢.

In what follows, write Mlv := Ker(¢). It is not hard to see that span(A°(M7, M3) \ M7)
coincides with the linear span of the following sets of words:

MYMS---MY, My---MS, M3---MY, M5---M5 3.1)

by using the decompositions x € M; = ¢@;(x)1 + (x — ¢;(x)1) e C1 + M7 (i =1,2) and x €
Mi— Y1+ x—vx)1) eCl+ Mlv. Here and in the rest of this paper we denote, for
example, by M M3 - - Mlv the set of all words x7x3 - ~x§nyv with the following properties: n
can be an arbitrary natural number, both xi’“] € M7 and xi’z € M3 hold forevery £ =1,...,n
and moreover y¥ € M\. We easily have

(M7 -+ M3)* (MM3 -~ MY') C MY +Ker(Ey),

(M5 - M7) (MM - M) C Ker(E)),
(M5 - M3)* (M} M5 --- MY') C Ker(E)),
(M5 - MY )" (M7 -~ M53) C Ker(Ey),

(M5 - M35)* (M} -+ M5) C Ker(E)),
(M5 - M3)* (M3 -+ MY) C MY + Ker(E})
by using the decompositions x € M; = ¢;(x)1 + (x — ¢;(x)1) € C1 + M} (i =1, 2) again and
again. Hence the four sets of words in (3.1) are mutually orthogonal in LZ(M , ¥ o E1). Write
H:= L2(M , ¥ o Eq) for simplicity and denote by &', >, A3, Ay the closed subspaces of H
generated by the sets in (3.1), respectively, inside H via Ay, . Then we see H = Ayor, (M1) ®

X1 @ &> @ A3 @ Xy as in the proof of Proposition 3.1. Denote by Py, k = 1, 2, 3, 4, the projection
from H onto X%, and clearly

4
(IH -2 Pk)A'ﬂoEl () = Ayor, (E1(x)), x€M. (3.2)

k=1

Define two unitary operators S, T on H by

SAyor, (X) = Ayor, (uxu®), T Ayok, (x) == Ayok, (vxv*)

for x € M. Here is a simple claim.
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Claim 3.6. We have:

(3.6.1) {S"Xi}uez is a family of mutually orthogonal subspaces for k =3, 4.
(3.6.2) {T" X2} ,e7 is a family of mutually orthogonal subspaces.

Proof. (3.6.1) is shown easily, so left to the reader. (3.6.2) follows from
(" (M7 - M3)o™") (0" (M - M5)v™")
=v"M5 - (M{V"T"MY) - MSvT" C Cu" " 4+ v " Ker(Ep v
In fact, one easily observes M3 --- (M7v™™"M7)--- M3 C Cl1 + span(A° (M7, M3) \ M?7) by
using the decompositions x € M; — @;(x)1 + (x — ¢;(x)1) € C1 + M? (i = 1,2) again and

again. O

Choose and fix arbitrary x € {u, v} N M®, and let (x(m)),, be its representative. For each
n € 7. we have

,}il)nw”/‘onl (x(m) - unx(m)u_n) ”on1 = ”A(onl)w (x — u"xu_n) ” (YoEN® = 0,
Jim | Agor (xm) 7 x0m0 )]y, = | Ao (v~ 050 | g =0

Thus, for each ¢ > 0 and each ng € N there is a neighborhood W in 8(N) at w so that

| Aok, (x(m) — u"x(m)u") “1//0E1 <&

| Apor, (x(m) = v"x ") [, <€ (33)

for every n € N with |n| < ng and for every m € W NN. For k = 3,4 and for every m ¢ W NN
we have

| PeAyor, (xm) |7,

no
- 2n01+ 1 n;m |$" PeAyor, (x(m))||12/foE1
3 (S P () — "B g (500
2ng 1,4 ok,
+ 8" PeST" Ayor (x(m) ”fboEl)
S (IS RS Ay (x|
2no+1, &= Yok

+ || S PkS_nAIIIOEl (x(m)) ”fboEl)
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2 - 2 n —n 2
< — n;m(e + 8" PeS™" Ayor, (xm) [0, )
2
<27+ 2np +1 “AWOEI (x(m)) ”100151
<26+ 2 2

21’1() +1 ” (x(m))m”oo’

where the first equality is due to the unitarity of S, the second inequality is obtained by the
parallelogram identity, the fourth is due to (3.3), and the fifth comes from (3.6.1) together with
the fact that S” P, S™" is the projection onto S” X;. The exactly same argument with replacing S
and (3.6.1) by T and (3.6.2) shows

2 2 2
[Pogor () g, <262+ 52 et I

for every m € W N N. Consequently, for each § > 0 there is a neighborhood W; in 8(N) at w
such that

[P+ Py + Py) Ayor, (x(m) | o, <9 (3.4)
as long as m € Ws N N.

We then regard L>(M®, (¥ o E1)®) as a closed subspace of the ultraproduct H® as explained
in Section 2.2. Choose and fix arbitrary y° € M;. We have

[ Aworne (v°(x = EY () = [(0° PrAyer, (xtm)),, ] 140
= Jim | Ayor, (+°(x(m) = E(x(m)))) = 3 Pt Ao, (x0m) [y,
< sup [ Ayor, (°(xtm) = E1(xm)) = y°PrAyor, (x0m) |y,
<y Hoomesvt;?mNH (Py+ Ps + P Ayor, (x(m) |, ., (use (3.2)
<[y

by (3.4). Since § > 0 is arbitrary, one has, in H®,

Aoryye (y°(x — EY () = [(y° PrAyor, (x(m)),, ]

Also it is trivial that

Aoy (Y EP(x) — EP(0)y°) = [(Ayor, (Y E1 (x(m)) — E1(x(m))y°)),,].

Set
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o0
o 1 2 VoE1 [ o
yn::\/ﬁ e gl (yo) dt
_’/”D : D110 (y°)[ DY : Doy 1F dt

which falls into the o-weak or equivalently o- strong closure of the linear span of M{M;M;.
Remark (see [23 Lemma VIII.2.3]) that f — o, VoE 1(y ) is extended to an entire function, still
denoted by o, Vo '(y2), z € C, forevery n € Nand y? — y° o-weakly as n — oo. For each fixed
n we have

[ Ao ((x = EY0)33) = [(0255" (07) T PrAyer, (x(m),, ] 5o

= 1im [ Ao, ((x0m) = E1(x(m))yy) = Jo 25 (3) " PrAgor, (x(m) [,

= 1im [ Jo¥75" (5) " (Ao, (x(m) = Ei (x(m)) = P Ayor, (x(m)) o,

m—w

< sup ||Jo"’;}’§‘ (5) "I (Agor, (x0m) = E1(x(m)) = Pt Ay, (xm))[ o

meWsNN

< 76255 (7)) 8

as before by (3.2), (3.4), where J is the modular conjugation of M ~ 'H = L*(M, ¥ o E1) and
we used [23, Lemma VIII.3.10]. Hence we get

Aggorne ((x = EP))y2) = [(Jo55" (08) T P1 Ayor, (x(m))),,]

in ‘H”. Note that M1 ¥, sits in the o-strong closure of the linear span of Mlv My M3 M
(C M M3 My). Then we observe that

¥°PiAyog, (x(m)) € span Ayop, (MSMMS -~ MY')
— e

length>4

is orthogonal to

Ao, (Y E1(x(m)) — Ey (x(m))y°) € Ayor, (M3My — M M3)

C Ayor, (M3) @ span Ayop, (M3 M) @ span Ayor, (M M5),

Jowlo/gl( 2)*JP1A¢051 (x(m)) € Jol/fi(’/gl (y;)*J -span Ayog, (MM - M)

C span Ayop, (M7M3 - MY y3) C Ayor, (M) @ span Ayop, (M M3 ---).
—— ——
length>2
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which can be checked by using the decompositions x € M; — ¢;(x)1 + (x — g;(x)1) €
Cl+M? (i=12)and x € My > ¥y ()1 + (x — ¥ (x)]) € C1 + Mlv. Hence we con-
clude that Ayop)e(y°(x — EP(x))) is orthogonal to Ao (y°EY(x) — E{(x)y°) and
Aworpne((x — EY(x))y,). Moreover,

(Aore ((x = EY(0))Y°) [ Aoy (v (x = EY)))) ok, o
= lim (Aorye ((x = EF00))y3)[Agorne (v (x = EY (X)) yog, o =0

n—oo

since y, — y° o-weakly, as n — o0o. Therefore,

“yo(x — E7(x)) “(chl)“’ < ”yox —xy° ” (YoE)®"
Hence we are done. 0O
As in Theorem 3.4 the previous proposition implies the next theorem.

Theorem 3.7. If M| # C # M, and if either My or M; is diffuse, then M’ N M® = C. Also, if
either (M1)y, or (M>)y, is diffuse and the other (M;),,; # C, then (M,)' " M® = C.

Proof. We may and do assume that M| is diffuse. As we saw in Theorem 3.4, there is a faithful
normal state ¢ on M| whose centralizer contains a diffuse von Neumann subalgebra A. Since
A is diffuse, one can construct two von Neumann subalgebras B, By of A in such a way that
(B1, ¢1lB,) and (B>, Y| p,) are copies of the infinite tensor product of C? with the equal weight
state (1/2, 1/2), which is naturally isomorphic to (L°°(T), fT -ur(d¢)) with the Haar probability
measure put on the 1-dimensional torus T (see e.g. [22, Theorem I1I.1.22]). Hence one can find
u,v € A" in such a way that ¢1 (") = 8,0 and ¥ (v") = 8,0 for n € Z. Since M, # C, there
are two orthogonal non-zero ey, e; € M; with e; +e2 = 1. Set y° := @a(e2)e1 — ¢o(e1)er € M5,
and by Proposition 3.5 we get {u, v, y°}' N M® C M{’, since y° is invertible. It is easy to see
that M}’ and M3’ are free with respect to ¢ (see e.g. [25, Proposition 4]). Hence we conclude
{u, v, y°} N M = C1 because (M{’)°y°, y°(M{’)° are orthogonal in L2(M®, ¢®).

The last assertion follows from the same argument as above. In fact, we may and do assume
that (M1),, is diffuse and (M>),, # C. Then the above v is chosen as ¢; itself and consequently
u=v e (Mp)y, . Moreover one can choose y° from (M3),,. Thus the above argument shows that
(My) NM?® C{u=v,y°Y NM?=C. O

4. Main theorem
4.1. Statements

Let M and M> be arbitrary o -finite von Neumann algebras and ¢ and ¢, be arbitrary faithful
normal states on them, respectively. For the questions mentioned in Section 1 we may and do
assume that M| # C # M3 and dim(M) + dim(M>) > 5. Otherwise, the resulting free product
von Neumann algebra M is either M| (when M, = C), My (when M| =C)or (CHC)x (CpC)
whose structure is explicitly determined by the structure theorem on two freely independent
projections, see [29, Example 3.6.7] and [5, Theorem 1.1]. We can write M; = M; 4 & M, .
(i =1,2), where



Y. Ueda / Advances in Mathematics 228 (2011) 2647-2671 2659

(&)
M= Z B(H;j) or =0 possibly with d;; :=dim(H;;) = o0
JjeJi

and M, . is diffuse or M; . = 0. We can then choose a matrix unit system {egj )} 5,0 of B(H;;) that
diagonalizes the density operator of ¢;|p(7,)), that is,

dij
PilBH;) = Tr<< ZA?”ei@”) )
s=1
with 20 > 28 > ..

With these notations the main theorem of this section is stated as follows.

Theorem 4.1. Under the above assumption the resulting free product von Neumann algebra M
of (M1, ¢1) and (M3, @2) is of the form My & M. possibly with My = 0, where My is a multi-
matrix algebra and M. a factor of type 11| or III) with A # 0 whose T-set T (M.) is computed as
{t eR |0/ =1d = 0,*}. Moreover M, always satisfies M. N M® = C, and hence (M,),, = C.

The explicit description of the multi-matrix part My is as follows. If the supremum of all
@i (e) with minimal e € Z(M; 4)?, i = 1,2, is attained by only one minimal p € Z(M;, 4)” with
io € {1, 2} such that M;, 4 p = Cp, and moreover if

d. .

lO]
1 1
o=ljel, < 4.1
iy {Je% Z/\(iaj) . 1—<p,-0(p)}7é@ @
N

s=1

with {i(’)} = {1,2}\ {io}, then the multi-matrix part My is isomorphic to

2]
jers
0

and the copy of B(H,-(/) j) inside Mg is given by the matrix unit system

d
9] (79 (79 Gy G\ Goh)
wi=ey ( /\ edto/ (p A et,;’, )et,g )edto , 1<s,t<d = di(f)j 4.3)

t'=1

(n.b.d = di() j must be finite due to (4.1)). Moreover the free product state ¢ satisfies

dy

lo_]
o . 1
§0(fs(zloj)) = 8,207 (1 — (1 =i (p) E —(i(,)j)>. (4.4)
Ar

r=I1

Otherwise, My = 0.
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Remarks 4.2. (1) The only one ‘largest’ central minimal projection p in the explicit description
of M; must satisfy ¢;,(p) = 1/2. (2) The condition (4.1) says that only B(Hiéj) with di(/)j <
1/(1 — @i, (p)) may appear in the multi-matrix part M. (3) The matrix units fs(,ioj)’s in (4.3) are

nothing less than the ‘meet’ of p and the eiltoj)’s in the sense of Dykema [7, §1]. Note that (4.3)
shows that the minimal p € Z(M;, 4)? in the description of M,y dominates 1,,. (4) The proof
below (see Section 4.2.3) shows a very strong ‘ergodicity’ of ¢, that is, ((Mc)wwf)/ NMP =C,
at least when both M| = M1 4 and My = M3 4 hold. (5) Theorem 4.1 completes to show the fol-
lowing expected fact: the given ‘non-trivial’ free product von Neumann algebra M is ‘amenable’
if and only if both M and M, are 2-dimensional, which is analogous to the well-known fact that

only Z = Z; becomes amenable among the free product groups.

As mentioned in Section 1 some recent results in Popa’s deformation/rigidity theory due
to Chifan-Houdayer and Houdayer—Ricard enable us to give more facts on the diffuse factor
part M..

Corollary 4.3. If M| and M, have separable preduals, then the diffuse factor part M. always
has the following properties: (1) M. is prime, that is, there is no pair P1, P> of diffuse factors
such that M. = P1 ® P>. (2) If the given M and M, are hyperfinite (or amenable), then any non-
hyperfinite von Neumann subalgebra of M. which is the range of a faithful normal conditional
expectation from M. has no Cartan subalgebra.

Proof. When M = M,, [2, Theorem 5.2] directly implies the assertion (1) since we have known
that M is a full factor (and hence not hyperfinite). When M # M., the same proof of [2, Theo-
rem 5.2] with replacing the projection p € L(R) there by 1y, ® p € Z(M) ® L(R) (which sits
inside the continuous core of M) works well for showing that M, is prime, since M, is a full
factor. The assertion (2) on M, is easily derived from [11, Theorem 5.4(2)] as follows. Suppose
that a given non-hyperfinite von Neumann subalgebra N of M, which is the range of a faithful
normal conditional expectation Ey from M, has a Cartan subalgebra A. We can choose a Cartan
subalgebra B of M, since M is a multi-matrix algebra. It is clear that B @& A becomes a Cartan
subalgebra of M; @ N, a von Neumann subalgebra of M, which is the range of Idy, ® En.
Hence, applying [11, Theorem 5.4]to B@® A C My & N we conclude that M; & N must be hy-
perfinite under the assumption of the assertion (2). But this contradicts the non-hyperfiniteness
of N. O

Remark that the statement of the above (2) is almost valid true even when M (or M.) has
the weak™ complete metric approximation property (see e.g. [15, Definition 2.9]); under that
assumption the diffuse factor part M. has no Cartan subalgebra due to [11, Theorem 5.4(1)].
A very recent work due to Ozawa [ 14] makes it hold under the weaker assumption that M (or M)
has the weak™ completely bounded approximation property.

4.2. Proof of Theorem 4.1

This subsection is entirely devoted to the proof of Theorem 4.1. We start with one simple fact
which will repeatedly be used in the proof without any claim. If a given (unital) inclusion of
von Neumann algebras, say N1 € Na, satisfies that (pN1p)' N (pN2p) = N;p N (pN2p) =Cp
and cy, (p) =1 for some non-zero p € N P then the original inclusion is stably isomorphic to
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pN1p € pNap and hence N| N N = C. In fact, choose arbitrary f € Z(N1)?. Then fp =
pfp falls into Z(pN;p)? so that fp must be p or 0. If fp = p, then the definition of cy, (p)
implies 1 = cy,(p) < f, ie., f =1. Also, if fp =0, then f(xp§) =0 for all x € N and
& € 'H, a Hilbert space on which N; acts. This shows f = 0, since NjpH is a dense subspace
of ¢y, (p)H and cy, (p) = 1. Hence N is a factor. Therefore we conclude that pNip C pNop
is stably isomorphic to the original N1 € N, in the same way as in the proof of the fact that the
property of ‘N’ N N® =C’ is a stably isomorphic one (see Section 2.2).

If My 4 =0 or My 4 =0, then the desired assertions immediately follow from Theorem 3.4,
Theorem 3.7 in Section 3. Hence we need to deal with only the following cases:

(a) Al My 4, Mi,c, M2 4 and M; . are not 0.

(b) My.4, My, and M 4 are not 0, but M, . =0.
(¢) My 4, M2 4 and M . are not O, but M; . =0.
(d) Both M| . and M . are 0.

Lemma 2.2 enables us to reduce the cases (a), (b), (c) to the case of M| 4 =0 or M2 4 =0 and
the case (d). Thus, if the case (d) is assumed to be confirmed already, then one can easily treat
the other cases as follows.

4.2.1. The proof of the cases (b), (c)
By switching M and M if necessary it suffices to deal with only (b). Consider the inclusion
M DN =My qa®Cly, )V M. Clearly (N, ¢|y) is the free product

(M1.a ®Cly, ., p1lmy goC1yy, ) * (M2, 92). 4.5)

Moreover, by Lemma 2.2 the pair (1y; M1y, ., (1/@(1ar; ))@l1y, M1y, ) is also the free prod-
uct ’ ’

(Ml,c’ (1/¢1(1M1L))§01 |M1.C) * (lMl.chMllc’ (1/(p(lMl.c))(pllMl_chMLc) (46)

and cy(1p,.) = cy(1p, ). Note here that the free product (4.5) is in the case (d) since
My =M 4. If ¢1(1p, ) is strictly greater than the supremum of all ;(e) with minimal e €
Z(M; )P, i = 1,2, then the central support projection cn(1p,,) must be 1 since all the asser-
tions are assumed to hold in the case (d). Hence M is stably isomorphic to 1y, M1y, . that
satisfies the desired assertions except the T-set formula by Theorem 3.4 and Theorem 3.7 due
to (4.6). We have known that T (M) =T (1p, M1y, ) ={t €R| a;"hMl Ny, =ld= a’?},

. . . 9ilm .
and then by assumption o, | 1y, N1y, , =1dif and only if o " =1d = 0,”* since Iy, Ny,

contains, as direct summand, a certain non-trivial compressed algebra of the diffuse factor part
N, by a projection in (N¢)y| .- Hence we have obtained the desired T-set formula. By the T-
set formula, it is easy to observe that M is never of type Il so that the assertion on the type
of M = M, holds. The triviality of M’ N M® with M = M, also holds since the property of
‘N'NN® =C is a stably isomorphic one as remarked in Section 2.2.

Otherwise, that is, when @1 (1, ) is less than the supremum of all ¢;(¢) with minimal e €
Z(M; 4)P,i=1,2, what we show in the case (d) says that N is either
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e My®Cq® N, withey(ly, ) =g+ ly,, or
o My® N, withen(lpy, ) =1n,,
L Nc,

where My is (4.2) and N, is either a factor of type II; or III; with A # 0, or L>(0, 1) ® M>(C)
if Mi; =C and M4 = C & C (at this point we need the structure theorem on two freely inde-
pendent projections), such that 7(N,) = {t € R | 0" |y, , = 1d = 0,”*}. Then, by (4.6) one easily
observes that M = My @® M. or M = M., and moreover M, is stably isomorphic to 1p7, M1y, .
Therefore the exactly same argument as the previous one shows the desired assertions. Hence we
are done in the cases (b), (c).

4.2.2. The proof of the case (a)
Consider the inclusion M D N := (M1,4 ®Cly, ) vV M>. Clearly (N, ¢|n) is the free product

(M1.a ® Clyy o> 1lmy yoCiy, ) * (M2, 92). 4.7)

Moreover, by Lemma 2.2 the pair (1y, M1p, ., (1/@(Iar, )@l1y, M1y, ) is also the free prod-
uct ’ ¢

(M. (1o1(Lay D)erla ) * (L N ay o (19 (Lagy D)@y, N1y, )

and cy (17, ) = cp(1p, ). Note that the free product (4.7) falls into the case (c), and therefore,
by using what we have established in dealing with the cases (b), (c) we can conclude the desired
assertions in the same way as in the cases (b), (c). Hence we are done in the case (a).

4.2.3. The proof of the case (d)

The proof below will essentially be done by induction together with several case-by-case
arguments (and thus the proof is not so difficult analytically, though it looks complicated at a
glance). The principal aim here is to prove (My),,. ) N M2 = C (since [8] does not discuss it in
full generality). In the course of proving it, we will ‘re-prove’ all the facts on the structure of M
presented in [8] such as (4.1)—(4.4). The desired T-set formula of M. follows from (M, MC)/ N
M2 = C as well as the fact that every xs(iol) = eiltoj) — fs(,loj) with fs(;"/) in (4.3) defines a
non-zero eigenvector in M. for o¥. Hence our proof below is independent of that given in [8].

Step 1. Abelian case. We first consider the following special case:

K K
(My, 1) = Z@ €. (M= Z® € (possibly with K1, K> = 00)

k=1 =1 P
(we use the notations in [5]), where we may and do assume that ¢ > op > --- 20, 1 = B2 >
--- 2 0and @1 > Bi. The free products of this form were already studied in detail by Dykema [5].
His consequence agrees with the statements of Theorem 4.1. (We should point out that he further
proved that the diffuse factor part M, is always isomorphic to an (interpolated) free group factor
in this case.) The case of both K; < 0o (i =1, 2) is treated as [5, Theorem 2.3]. However the
same tedious and elementary induction argument as there with the help of Theorem 3.7 instead
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of e.g. [5, Lemma 1.3, Lemma 1.4, Remark 1.5] (which heavily depend on so-called ‘random
matrix machinery’) shows the desired assertions. The case where either K or K> is infinite is
treated in [S5, Theorem 4.6], but the argument presented in Step 3 below reduces this case to the
previous one, i.e., both K; < co.

Step 2. Non-commutative but the centers are finite-dimensional — most essential step. Assume
that both M} = M 4 and My = M> 4 have the finite-dimensional centers, that is, both J; and
Jo are finite sets. The proof will be done by induction in the number of non-trivial B(H)-
components so that we have assumed that both M| and M; have the finite-dimensional centers.
Thanks to Step 1, as induction hypothesis we may assume, by switching M; and M> if necessary,
that M has the following structure:

e M, has B(KC) (possibly with dim(K) = co) as a direct summand, i.e., M, = B(K) & Q5.
o The density operator of @3] p(x) is diagonalized by a matrix unit system {e;;}; ; of B(K).
e With letting

®
Ny = Z Cei; ® 02 (C M>),

1

N := M Vv N; equipped with ¢|y is nothing less than the free product (M1, ¢1) * (N2, ¢2|n,)
that satisfies the following: N is decomposed into a direct sum N = Ny @ N, of a multi-
matrix algebra N; whose structure agrees with the statement of Theorem 4.1 and a diffuse
factor N with ((N¢)g|y.)' N NS =C.

(Remark that the above assumption on N, does not hold as it is only when M; = C & C and
M, = B(K) with dim(KC) = 2, but the argument below still works in the case too with the help of
the structure theorem on two freely independent projections.) There are two possibilities, that is,

(2-1) at least one of the diagonals e;;’s falls in N,
(2-ii) no diagonal e;; falls in N, i.e., both e;; 1y, 7 0 and e;; 1y, 7# 0 hold for every i.

Note that only dim(/C) < oo is possible in the case (2-ii).

Case (2-i). This case has no counterpart in [5].

Let us assume that ex; € N, for some k. We may assume k = 1. Consider the following sets
of words:

eii( My --- M; )eji (forall possible i, j).
N—— —

alternating in M7, M3

Let X;, &>, A3 and X; be the closed subspaces, in the standard Hilbert space H :=
LQ(M,gp) via Ay, generated by ey (M7 --- M7)ey1, by e1j (M7 ---M7)ejy with i # 1 # j, by
ej (M7 ---M7)eyy with i # 1 and by e11 (M7 --- M[)ej with j # 1, respectively. It is easy to
see, due to e;; € M; for i # j, that those Xy, &, X3 and &4 are mutually orthogonal and
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moreover that

Ho:=Ag(en1Mer) =CAy(e1) ® X1 & X & X3 @ A

(The last assertion immediately follows from the facts that M; + span(A° (M}, M3) \ M3) forms
a dense *-subalgebra of M in any von Neumann algebra topology and that Mjeq; and e M2
are generated as linear subspaces by the ¢;1’s and the ey;’s, respectively.) By assumption one
can choose u € (N;)y|y, in such a way that u*u = uu™ = ey; and (u") = Snop(e11), since
e1] € N, and cr,‘pz (e11) = ey for every t € R. Then we can define a unitary operator U on Hy
by U Ay(x) := Ay (uxu™) for x € e;yMeyy. Since Na + span(A°(M7, N7) \ Ny) forms a dense
x-subalgebra of N in any von Neumann algebra topology, every non-trivial power u” can clearly
be approximated, due to Kaplansky’s density theorem, by a bounded net of linear combinations
of words in

o o
ell(Ml Ml )611.
—_— —m—m——
alternating in M1°,N§

Trivially {U" A2}, ¢z is a family of mutually orthogonal subspaces of Hy. Since Nyej; = Cey; =
e1;N; and Njej; = Cej) = e;1N; (both sit in M3), we can prove that both {U"A3},¢z and
{U" X4}z also become families of mutually orthogonal subspaces of Hy. The essential point
of showing the mutual orthogonality of {U" X4}, c7 is as follows. (Confirming that of {U" X3},c7
is easier than this case.) The problem is reduced to showing that any word in

elj My - My ey M{ -+ Mjen M{ -+ Mj el My - M} en

alternating in M fM; alternating in M fN2° alternating in M 1°M2° alternating in M fN2°
is in the kernel of ¢. By approximating each letter by analytic elements we may assume that each

letter of the word in question is analytic. Hence by using [23, Exercise VIII.2(2)] again and again
we can transform the question to showing the same one for

el Mf Mi)en Mf Mf ejl Mf Mijelj Mf Mf

alternating in M f N_; alternating in M fM; alternating in M i’N; alternating in M’ fM;

(N.b. ¢; (0" (x)) = ¢; (x), z € C, holds for every analytic x, i = 1, 2.) This question can easily be
settled by using Nye;; = Cej; € M;.

Choose arbitrary x € {u} N (ej1Me11)® = {u} Nejy M®ey) with representative (x(m)),. De-
note by Py, the projection from H onto X} for k =1, 2, 3, 4. Then we can prove, in the exactly
same way as in the proof of Proposition 3.5, that for a given y > 0 there is a neighborhood at w
on which

| P, Ap(x(m) |, < v, k=2.3.4.
By the assumption on N, one can choose an invertible element y; of egeNege with £ # 1 in

such a way that ¢(y;) =0 and a;’) (y7) = y; for every t € R. (See the proof of Theorem 3.7.)
Set y° := ey¢y;eer. Clearly o/ (y°) = y° holds for every ¢ € R (since the e;;j’s diagonalize the
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density operator of ¢2|p(k)) and y° can be approximated, due to Kaplansky’s density theorem,
by a bounded net consisting of linear combinations of words in ej¢ (M7 - - - M7)eg1. Since

Yo Ap(en (M7 Mi)en) S Ag(ere(M7 - M7)enr),
J(°) T Ag(eri (M7 - MP)ens) = Ay (er (M7 -+ MP)eny®) S Ay (en (M7 - M7)eqr),

we see, as in the proof of Proposition 3.5, that

Ao (y°(x = (1/@2(e1D)9” (enn)) = [(y° Py Ay (x(m))), .
Ago((x = (1/@a(e11))9” (e11)y°) = [(J (°) T P, Ay (x(m))), |

are orthogonal to each other in the ultraproduct Hg (C H®), where J is the modular conjuga-
tion of M ~ 'H. This immediately implies that ||y°(x — (1/@2(e11))9” (x)e11)llge < lI[x, y°1llpe.
Therefore (e11Myer1) N (er1tM@err) € {u, y°} N (e11Mer1)” = Ceyy since y° is invertible in
e11Meyqy. Note that every e;; Me;; 2 e;; Mye;; is conjugate to ej1Meyy 2 ej1Myeqy via Adey;,
and in particular, every e;; Mye;; is a factor. Hence one can see that ¢y, (e11) = O Ingeii) +
Ln,, since every e;; has a non-trivial part in (N¢)gy. by the induction hypothesis here. Con-
sequently M = My @ M, so that Mg = Ng(In, — D_; Inyeii) and (Mc)g, ) N MP =C. In
particular, B(K) has no contribution to the multi-matrix part M, and this agrees with the condi-
tion (4.1).

Case (2-ii). We borrow some ideas from the proof of [5, Proposition 3.2], and then apply what
we have provided in Section 3 straightforwardly.

Since Ny + span(A°(M7, N;) \ Ny) forms a dense *-subalgebra in N in any von Neumann
algebra topology and also since every ¢;; is minimal and central in N3, the von Neumann subal-
gebraej;Ne;y of ejyMey; (1 £i < n)is the closure of the linear span of eq; and

ei( My - MY )ei
—— —
alternating in M fN;

in any von Neumann algebra topology, and thus the kernel of ¢|.,; n;; is the closure of the lin-
ear span of ej; (M7 --- M7)e;1’s in the same topology. It follows that the ej; Ne;i’s are free in
(e11Meyr, (1/@(e11))@le; Mey,)- By the assumption here, there is a minimal and central projec-
tion p € M such that the multi-matrix part N; has the component

pAeq] PAeénn

DD C with all ¢1(p) + @2(eii) — 120
o1(p)t+g2(ern)—1 o1(p)t+e2(enn)—1
with n = dim(K) < 400 and moreover that every e;i ‘=e;; — p A e falls in (Ng)g|y, - No-

tice that every (p(elfi) is 1 — ¢1(p) since (4.4) holds, i.e., ¢(p A eii) = @1(p) + @2(eii) — 1,
by the assumption on Ny, and hence all ¢}, are (Murray—von Neumann) equivalent to each
other in (N¢)g|y, since (N¢)g|y, is a factor. (Here and in the next line the structure theorem
on two freely independent projections is necessary when M; = C @ C and M, = B(K) with
dim(K) = 2.) Therefore we can choose partial isometries y;; (2 <i < n) from (N;)g)y, in sucha
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way that ¥, yi1 = e}, and y;1y}| = e/,. The von Neumann subalgebra P generated by e;1 Nej =
C(p ner)+e€)Nee|, and the Cey; (p Aeji)eir +Ceyjel;eir’s (2 <i <n)inejyMeyy is nothing
but the n-fold free product von Neumann algebra of

!
pAer ,ql'_e”, eli(pAeieir  dir=eli€;eil .
C & éyNeeyy  and c & c 2=i=n).
_1=e1(p 1 _ 1= (p —1p
G (pz(m)‘ﬂe’”zvgegl Z2CTY e2(ei)

In what follows we may and do assume that ¢;(e1) is the smallest among the ¢;(e;;)’s (and thus

1— 1(;2‘(”;1(1’;) <1- 1(;2‘@(,’)’)). The inductive use of Theorem 3.7 and Lemma 2.2 together with

-
the structure theorem on two freely independent projections enables us to show that P = C® P,
where

n n
re=/\eu(pneein,  or)= 902(611)<max{1 —(I=p1(p)) # 0})
i = ¢a(eii)
(possibly with r = 0), and also ((Pc)y|,,) N P = C holds since (e/llNCe/ll)‘/"e’“Nce’“ is dif-
fuse. We also have 1p, =1p —r = \/;’zlqi, since g; = 1p — e1;(p A ejj)e;j1. Let us prove
(@1 Mq)gl, ) N (@1 M?q1) = Cqy.

Consider the von Neumann subalgebra {q, g;}" in P (2 <i < n). The structure theorem on
two freely independent projections enables us to choose a partial isometry z; € {q1, ¢;}” so that
77zi = qi and z;z} < q1, since gz (e11) < @2(e;;) (and thus ¢(q1) > ¢(gi), 2 <i < n). Then w; :=
ziel;yi1 is an isometry in g1 Mq with w;w} = z;z7 < q1. Note that ej; Mey; is generated by
q1Ng1 = q1N.q1 and the ey;y;1’s together with e, and hence g1 M g is generated by g1 Nq; =
q1Neq1, q1{q1. 92, - - ., gn}"q1 and the w;’s. (To see this, insert g; = z*'z; before each w; and after
each w in any possible word in g1 Ng and the w;, w;’s, and then regroup the resulting word.)
We write Q :={q1,42,...,¢,}" in P and also ¢/ := z;z} (< q1), 2 <i < n, for simplicity.

Claim 4.4. (Cf. [5, Claim 3.2b and Claim 3.2c].) The ‘restricted’ traveling words in (q1 Qq1)° =
Ker(¢lg, 0g1)s {wf, (w;“)l | £ € N}, 2 <i < n, form a total subset of the kernel of the restriction
of ¢ to q1Qq1 VvV {w; | 2 <i < n}’ in any von Neumann algebra topology. Here a traveling
word x1x2 - - - X is said to be ‘restricted’ if x; = q[xxq] holds (i.e., x; must fall in (q]Qq)° =
Ker(<p|ql{qu{)) when xjp_1 = (w;‘)el, xr € (q10q1)° and xp41 = (wi)?2 with some £, £, € N.
Moreover any ‘restricted’ traveling word in (q104q1)°, {wf, (w;‘)e | £ € NY's and (q1Nq1)° =
Ker(ly;ng,) (in the above sense) is in the kernel of ¢.

Proof. Notice that w}w; = g1 and w;w} = ¢/ € q1{q1. 92, ..., 9,}"q1, and thus it is not difficult,
by using the decompositions

oW +<x_ p(x)

5]1) € Cqy +Ker(p) (ifxeqiNg1Uq10q),

o’ @(q1)
(p(ql/) 1 X (p(qt/) ql € qz + (qz qu) (1 X € CI, qua ~ l ~ n)

again and again, to see that g; and all the possible ‘restricted’ traveling words in (g1 Qq1)°,
{wf, (w;k)e | £ € N}’s form a total subset of g1 Qq; V {w; | 2 <i < n}” in any von Neumann
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algebra topology. Hence it suffices to prove that ¢ (x) = 0 for any ‘restricted’ traveling word x in
(g10491)°, {wf, (w;‘)e | £ € N}’s and (g1 Ng1)°. In the rest of the proof we need to give heed to
the following simple fact: z} (qlf qu/)ozi C (¢i Qg;)°. This is due to a,‘/) (zj) = z; forevery t € R.
In fact this fact is the reason why usual traveling words are not suitable and ‘restricted’ ones are
necessary here. Although the discussion below is almost the same as in [5, Claim 3.2c], we do
give a sketch for the reader’s convenience.

Regrouping a given ‘restricted’ traveling word we can make it an alternating word in

21=(@NgD°U | (@Ny i UynNg Uya(@NgD°yi)u | v Nys.

2<i<n 2<i#j<n
2, =(q10q1)° U U (ei127 Qg1 U q1 Qzieri Ueiiz} (q;Qq!) zierr)
2<i<n
U U ei1z; Qzjer
2<i#j<n

with some constraints due to the fact that w; = z;eq;yi1, 2 < i < n, and their adjoints appear, as

blocks, in the given ‘restricted’ traveling word. Then we firstly approximate each letter from £2,
(p(e,{i)
) @2 (eii) )
For example any element in ¢;1z} (q{ qu/ )°zie1; < ei1(qi Qgi)°e1;i can be approximated, due to

Kaplansky’s density theorem, by a bounded net consisting of linear combinations of words of the
form:

by linear combinations of words in ¢; := e1;¢;e;1 with ¢; :=¢]; —

eij,2<i<n,and¢;’s.

)~ ~ ~
€i14i CiCip*-Ci, |Ci gi€li = €;;Cj€jiyCiy€jyj3 "€, iCi€;;.
N —

non-trivial, traveling

(Note here that g;c; is a scalar multiple of g;.) Hence for any x € (¢/Qg])° the element
yiiei1zjxz;e1;yi1 is approximated by linear combinations of

* 1~ ~ ~ 7 A .
Yi1€;iCi€iiyCip€Ciniz * -~ €i,_1iCi€;; Vil = (yilct)euzczzetzt3 : "el,,_ll(ctytl)-

Since y/\¢; € e;1 Ne;; and ¢;y;1 € e;; Neyy, we finally approximate the right-hand side above by
linear combinations of words in

o o o o o o
€11 M1~--M1 €iiy Ml"'Ml €isis €, _1i M1-~-M1 €11
[ — —_— —_——
alternating in M7,NJ alternating in M7 ,N3 alternating in M7,Ny

which can be written as a linear combination of alternating words in M7, M3 since i # i> # i3 #
-o» #ip—1 # i. (Remark here that N; + span(A°(M7, N3) \ Ny) forms a dense *-subalgebra
of N in any von Neumann algebra topology.) In this way any ‘restricted’ traveling word can
be approximated, due to Kaplansky’s density theorem, by a bounded net consisting of linear
combinations of alternating words in M7, M2° . Hence we are done. O

It follows from the above claim that g1 Ng; and ¢1Qq; Vv {w; | 2 < i < n)” are free
in (q1Mqi, (1/9(q1))¢lg;mq,)- Note that (qg1Ng1)g|, v, = 91(Ne)gly g1 1s clearly diffuse,
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and also g1 Qg is non-trivial and sits in (g1 Mq1)y oMy - Therefore (the latter assertion of)
Theorem 3.7 shows (q1Myq1)' N (q1M“q1) = ((qqu1)(p|qqul)’ N (g1Mq;)® = Cq,. Since
CPy, (q1) = e11 —r (n.b. e;1Myeyq contains Py, ) and since r = Z?:l e1i(p Aeji)eil is minimal
and central in ej; Meqy (n.b. e;1 Meq is generated by P and the eq; y;1’s), one has

ennMen =(r‘;€9(€11 —r)M(e11 — 1), (4.8)
((er1 —r)My (e — V))/ N ((er1 —r)M®(e11 —r)) =C(err — ). 4.9)

Then, by (4.8) we get

1B(/C)MIB(IC) =span{e,-1relj | 1 g i,j gn}
n n
@ ( Zeil(e’n - r)eu)M( Zei1(€11 - r)éli)
i=1 i=1

since {e;;}; j is a unital matrix unit system inside the left-hand side. Therefore this description
of 1pxyM1p(K), the relative commutant property (4.9) and e;; —r > g1 = e’11 € (NC)WNC al-
together show cp(e11 —r) = (O eit(err —r)ei) Vv 1y, = Qi (eii — ejirer)) V 1y, =
(Z;':l(p A eji — ejrre1;)) + ly,. Note that (e;1 — r)My,(e11 — r) is conjugate, via Ade;q, to
(eii — eitre1j)My(ei; — ej1rey;), and thus every (e; — ejire1;)My(ei; — ejirey;) is a factor,
where we remark that e;; — e;17rey; falls in M,. Hence we get cm, (ej; — ejirey) = cm, (el/.l.) =
cm, (e’n) =cm, (e11 —r) for every i, since all el’.i ’s are Murray—von Neumann equivalent in N,
(S My). Consequently we have (3 i (p Aeji —ejirer))+1n, = cpylern —r) = ey, (en1 —r) =
cm, (eii — eirey;) = (e;; — eirey;) V 1y, for every i so that cay, (e11 —r) = Q /1 (p A eii —
eiirey;)) + 1y,. Therefore we conclude My = Ny(1y, — Z?:l p A ejj) @ span{ejirer; | 1 <
i, j <n}and (Mc)g),, ) N M = C. The description of span{e;irey; | 1 <i, j <n}= B(K) in
M, agrees with (4.3). We also have

2(eii)

n 1
mfﬂ(r) = 5ij<ﬂ2(€ii)<1 —(1—wi(p) Z )

— palexk)

p(eirrerj) =6

@if r # 0), which agrees with (4.4). Therefore we complete the discussion of (2-ii). In this case

B(K) has contribution to the multi-matrix part My as long as r # 0 or equivalently >\, ﬁ S
%, which agrees with the condition (4.1).

Step 3. General case. It remains to treat the case that either M| = M| 4 or My = M3 4 has the
infinite-dimensional center, that is, either J; or J> is an infinite set. Firstly suppose that J; is
finite but J; infinite. Then, set

(&)
Ny = [ > B(sz)] ®Cl e
Jjeld;

for a finite subset J; € Jp, where 1 e denotes the unit of N, s = Z?E s B(Hz;). Note that

N := M| Vv N, is a free product von Neumann algebra that is treated in Step 2 so that N =
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Ny @ N., where Ny is a multi-matrix algebra whose structure is determined by the algorithm in
Theorem 4.1 and ((Nc)wmc)/ N N® = C. One can choose JZ’ such that (pz(ljzrc) is so small, and
hence 1;/c € N.. By Lemma 2.2 we see that 1 ;. M1 . is the free product von Neumann algebra

of NZJZ/C with (1/(p2(112/c))(p2|N2JéC and 1J2/6N1J2/c = ljéchljz/c with (]/¢2(1Jﬁ"))(plljéchjéc’

and moreover CM(IJZ/C) = cN(ljzu.») = ly,. Thus Theorem 3.7 shows ((112/ch12/6)¢||]2/01\]|]2/0 YN
(ljzu,er]z/(-)“’ = C. Since ljz/c € (Nc)gly, and ((N,:)(MNC)’HNE" = C, one has ch(ljéy) =1y, s0
that 1y, > cM(ljz/f) > cMw(ljz/c) > cN(ﬂ(lJZrc) = 1y, implying cMw(ljzrc) = 1u,. Consequently,
M =M, ® M., Mg = Ny and moreover (Mc)yy,,.) N M? =C.

When both J; and J; are infinite, the same argument reduces this case to the previous one,
i.e., one of J;’s is infinite and the other finite. Hence we are done.

We complete the proof of the case (d). Hence the proof of Theorem 4.1 is now finished.
5. Concluding remarks
5.1. On (M¢)g),,) "M =C

Let us further assume that M| and M, have separable preduals. It is known, see e.g. [8, Propo-
sition 4.2], that the free product state is almost periodic if so are given faithful normal states. We
also show in Theorem 4.1 that the diffuse factor part M, is always a full factor. Therefore it is
important, in view of Sd-invariant of Connes [3], to see when ((M;)y) MC)’ N M, = C holds. If
this was true, then the Sd-invariant would coincide with the point spectra of the modular oper-
ator Ay, which is computed as the (multiplicative) group algebraically generated by the point
spectra of the modular operators Ay, ’s. This is indeed the case; namely we can confirm that
((Mc)gly, ) N M2 = C holds when both ¢; and ¢, are almost periodic, though the general situ-
ation is much complicated (indeed it does not hold in general!). On the other hand we can show
that the free product state is ‘special’ in some sense. Those will be given in a separate paper [27].

52. Npy=C=N'NN®=C?

Our main theorem (Theorem 4.1) says that the diffuse factor part M, satisfies (M.), = C,
and furthermore (M.)' N M? = C. Thus the next question seems interesting. Does there exist an
example of properly infinite factor N with N, = C but N' N N® # C?

5.3. Lack of Cartan subalgebras

As remarked after Corollary 4.3 the diffuse factor part M, has no Cartan subalgebra when M
(or M.) has the weak* completely bounded approximation property. It is quite interesting
whether or not the same phenomenon occurs in general. Remark here that the phenomenon holds
for any ‘tracial’ free product of R“-embeddable von Neumann algebras due to free entropy tech-
nologies [28,12,21]. However the question is non-trivial even for ‘tracial’ free products without
assuming the R”-embeddability.

5.4. Questions related to free Araki-Woods factors

It should be a next important question whether or not the diffuse factor part M, is isomorphic
to a free Araki—-Woods factor introduced by Shlyakhtenko [20] when given M| and M are hy-
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perfinite. The reason is that free Araki—-Woods factors are expected to be natural models of ‘free
product type’ von Neumann algebras. In the direction Houdayer [10] could successfully identify
some free product factors of hyperfinite von Neumann algebras (including all free products of
two copies of M,(C)) with some of free Araki—Woods factors in state-preserving way.
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