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INTRODUCTION

In this paper we study the question of when the linear span of
{f(kx)} = E;, k=0, 41, £2,... 4n,... is dense in certain function
spaces B. B will designate any one of the following well-known
spaces: L?(0, 27), 1 << p < oo, the p-integrable functions, C(0, 27),
the continuous periodic functions, and /2, the functions with absolutely
convergent Fourier series. The norms used are the usual ones. The
results obtained are generalizations of the Weierstrass approximation
theorem in B by trigonometric polynomials.

Another problem of interest—When will {f(kx)} form a Paley-
Wiener basis for L2?—is of a different nature than the spanning
problem in this paper. The methods required to solve the basis
problem are different than those used here and are discussed in [3].

We consider functions of the form f(x) = ei* — ¥y a,e¥i=. This
represents no loss of generality as far as the signs of the frequencies
are concerned. One replaces €% by cos kx (sin kx) and states and
proves the theorems for even (odd) functions.

Let py, Ps 5..., P, be the primes appearing as divisors of the integers
2,..., n. We associate with f(x) = ei* — ¥;_, a,¢** the polynomial

P(z e, 2) =1—Y a2,  where k= pft-p' ¢))
The density of E; depends on the location of the zeros of P(z, ,..., 2).
We give necessary and sufficient conditions for the density of E;in !
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and L? with any number of variables, and all B with one variable.
Less complete results for C(0, 27) and L?(0, 2=) with any number of
variables are also proven. An effective procedure of approximation
in L2, with any number of variables and L? with one variable is also
given

1. Let T,.f(x) = f(mx), m an integer. T,, is an isometry of
each B, and they commute with each other. f can then be written as
f(x) = P(T, ,..., T}) e C0n51der1ng (T, ,.., T,) as a bounded
operator from the spaces B to B, it is easy to see that E, is dense in
any B if, and only if, the range P(T), ,..., T}, ) is dense in B.

The problem then becomes one of ﬁnding the spectrum o(7,,) of
the operator T, . The spectrum of T,, is independent of m. Because
T, 1s an isometry, the spectrum is contained in the unit disc,

{| 2| < 1}. We give the determination of the spectrum o(7,,) in the
following theorem.

THEOREM 1. (i) T,, as an operator on I' and C(0, 2) has residual
spectrum o,(T,,) equal to the continuous spectrum o(T,,) which equals
A <ILAEL Thatss, if A= 1, |A| <1, then T,, — M is 1 — 1
and range (T,, — A) is not dense. A = 1 is the only eigenvalue and the
constants are the only eigenfunctions. For || > 1, T, — Al has a
bounded inverse.

(ii) T,, as an operator on LP, 1 < p << 0, has residual spectrum

(T,) ={lAl < 1} and continuous spectrum, o(T,,) = {|A| = 1,A #1}.
(Thatzszf|/\[ LA#£1,T,—Mis1l— 1,and if | A| < 1, range
(T,, — M) is not dense, but is dense for |[A| = 1. A =1 s the only
eigenvalue and the constants are the only eigenfunctions. For || > 1,
T,, — M has a bounded inverse.

Proof. [l X| <1]. Then T,f= X implies that f(k) = M(mk),
where f(k) is the k-th Fourier coefficient. So we have | (k)| < f(m’k)),
k #0, for all . By the Riemann-Lebesgue lemma this implies
f(k) = 0. We have f(0) = Af(0), so if A # 1, f(0) = O too. This shows
that A = 1 is the only eigenvalue and the constants are the only
eigenfunctions.

[[A{>1]. Then ¥,_, T,,*/A" is convergent and is a bounded
operator for all B, so T,, — Al has a bounded inverse.

[[A} < 1]. A function, measure or pseudomeasure k€ range
(T,, — AD)L, the annihilator of the range of 7,, — Al if, and only if,

h(mk) = Mi(k)  for all k. ()
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Let h(x) = X, \,¢i™®, Then h e range (T,, — Al ) in all B because
k € I1. Hence, range (T,, — Al) is not dense in any B.
[[Al=1,A%#1]. When A =1, everything we say for B and
|A| =1, holds for B, = {fe B: f(O) = 0}.
We show for any g € B, that the distance d(g, E;) between g and E;
is given by

hm || S(g)ls,  where f(x) = e — A= = (I —AT,)e=  (3)
Here

r—1

SHe) =~ Z Ag(m"x). 4

k=0
First we have

lg —hlis =11 Sg) — SiM)lz = Il SH&lz — Il Sx(A)l - )

For he E;, lim || S,(A)||z = 0. To see this, note that 4 can be approxi-
mated by functions of the form g(x) = (I — AT,,) p(x). Now we have

Siq) = p(x) — AT, "p(x)/r 6
and so
I Sl < 2/rlip s -

We see lim || S,(¢)||z = 0 and hence the same is true for 4. Then

d(g, E;) > lim || S/(g)ls - (™)

By the Hahn-Banach theorem, d(g, E) = |supL(g)l, | L} =1,
LeE;. For LeE;/, we have L(g) = L[S/(g)]- So | L(g)| < || S(2)llz
and, therefore, d(g, E,) < lim | S,(g)llz . This with (7) gives us the
desired result. Note this formula is true for | A | < 1. By the Dunford-
Schwartz ergodic theorem [2], lim S,(g) = 0 a.e. and lim || S(g)}l, = O,
Il ||, being the L? norm. Hence for [A | = 1, range (T,, — Al)is dense
in L?. The continuous and a fortiori the I case is different.

It is easy to see that E, is dense in C(O 2n) if, and only if, e € E,,
the closure of E. Now S,(¢®®) = 1/r 5o 4 Akgim*e s g gap series. By a
theorem of Sidon [7], the sup norm Il S}l is equivalent to the
I norm || Sy(e®)|ly = 1/r Troo | A ¥ =1 (|A| =1). Hence, e“¢ E;
and so range (T, — Al) is not dense in E; . This completes the proof
of Theorem 1.

2. Remarks. We give two more proofs for the L? case of the
last part of Theorem 1.
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An elementary proof can be given by noting that if £ e E;. then
h(k) = M(mk) (| A| = 1), so that | A(R)| < | A(mk)| for all 7 and s0
h(k) = 0, and, therefore, # = 0 a.c.

Another proof can be given by noting that || S,(¢**)||, is dominated
by || S,(¢¥®)|l, from a theorem of Paley [7]. But || S(e®®)|, = 1/4/7
which goes to zero, so that e e E; .

3. A question which we do not consider here is when can
geL? be written as g(x) = h(x) — M(mx), for some heLP. The
case p = 2, was discussed by Kac [4] and Rochberg [6].

The continuous case for the last part of Theorem 1 presents
another problem of interest. There we showed that when
f(x) = e — Aetm= | X | = 1, E; is not dense in C(0, 27). This implies
the existence of nontrivial measures y € E,L, such measures satisfying

(k) = Ai(m) (®)

It is not hard to show such measures are purely singular. It would be
of some importance to be able to construct measures satisfying (8).
Even the case A =1 is of interest. Besides the Haar and Dirac
measures, there is a whole class of measures p such that (k) = g(mk).
These are the Cantor measures p with Fourier-Stieltjes coefficients

aky = H cos:ﬁer , c.f., [5, 7]
r=0 m

If/ze have measures p; SO that 4,(k) = Nfiy(mk), j = 1, 2, then
o *wo(k) = AjAgity *io(mk). So we can build measures satisfying (8)
by convolutions. When A, is a root of unity (A" = 1) we can give
a construction of such u. Let §; be the pomt mass at 0, and let
8, = 2n(m — 1) m¥[(m" — 1). Then p, = 1/r Trop A* 3, is a measure
satlsfymg (8). It would be hoped that by convolving u’s with their
A’s roots of unity, we can get measures satisfying (8) forany A, |A| = 1.
This does not seem possible because {u,} converges w* to 0, provided
infinitely many of the A, 1. This is not hard to prove and we leave
this an exercise for the reader.

4. We now prove

THEOREM 2. Let f(x) = €% — Y, a,6™® and E, = span{f(kx)},
k=0, 41, +2,..., then
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(a) E; is dense in I' and C(0, 27) zf and only if, the zero set Z(P)
of P(2) = 1 — Y1 @,3* is contained in {z : | z | > 1}.

(b) E,isdenseinL? (1 < p < ) if, and only if, Z(P) is contained
mi{z:|z| =1}

Proof. If Z(P) < {| z| > 1}, 1/P(2) is analytic in a neighborhood
of the spectrum 7,,. Hence, P(T,,)™! is a bounded operator on
any B; c.f., [1]. This suffices for E, to be dense in B.

If P(2) has at least one root A, | A | = 1, any measure y satisfying (8)
is in E;L. Hence, E; is not dense in C(0, 27) and I

If P(z) has a root A with |A| <1, then the ' function
g(x) = Ty Neem*= is in E,* for all B. So, in this case, E, is not dense
in any B.

Finally, let A, ,..., A, be the roots of P(z), multiplicities allowed,
(14 | = 1). Then P(T) = IK(T,, — A;I). When B = L?, we have from
Theorem 1 that range (T, — A;1) is dense for each A; . Hence, range
P(T,,) is dense and this implies E; is dense in L?. This completes the
proof of Theorem 2.

5. It is easy to see Theorem 2 remains true for f(x) =
es — T3 @' provided P(z) = 1 — Y a,2* is analytic in a neigh-
borhood of {[ z| < 1L

6. We now consider the case where f(x) = € — Y _, a e,
The answer here is not as complete as in Theorem 2.

THEOREM 3. Suppose f(x) = € — T_p aye™* and P(2y ..., 3,) =
1 — X a2y o 2, (k= pit -+ py). Then
(a) if the zero set Z(P) < {¢é = (& ,-., &) :max | §;| > 1}, E; is
dense in all B;
(b) if there is at least one ¢ € Z(P) such that max | §; | < 1, then
E, is not dense in any B.
Proof. (2) 1/P(2, *** 2,) has a Taylor expansion in
lzll < 1 +€9"',|zs] < 1 +€
for some ¢ > 0, and replacing z; by T, gives a series converging in
norm to P(T, ,..., T, )™
(b) Let ¢é = (&, -+ &) € Z(P), | §;| < 1. Then the I function

Ts

gy =YY £ e gl TN

o<y
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is in E,* for all B. Hence, E; is not dense. This completes the proof
of Theorem 3.

7. We conjecture that if Z(P) C{£ : max | §;| > 1}, then E| is
dense inL?, 1 <{ p < co. Further, if thereisa § e Z(P) with | £, | < 1
and | §; | = 1 for some j, then E is not dense in C(0, 27). We have
not been able to prove these assertions. However, it is very easy to
show that E, is not dense in [1. For let f(x) = €® — w;e?®,j =1 --- 3,
a; = 1/¢;, and E’ = span{f,(kx),..., f(kx)}. Now E'LC E/., so if E
is not dense in B then E; isn’t. Let & be the pseudomeasure

- T1 T3
T- Tg D1 D X
h ~ E ‘511 sae 1 L

07 <<

Then & € (E)*, so E; is not dense in [,
If we can find a measure p satisfying

(k) = oqfPik) = - = a,fi(Pk),  [oy| 21, )

then E; would not be dense in C(0, 27). When each «; is an 7; root of
unity we can construct measures satisfying (9). We write

M= ZZ O‘a]'cja(kl"'ks),

0<<h;<r 1

where 8(k; - k) is the point mass supported on
6(k, k) = 20 1 (8, — VP /TT (2] = 1),
i=1 i=1

and this p satisfies (9). Again it would be of considerable interest to
be able to construct measures satisfying (9) but this seems difficult.
Similar considerations, as in the case of (8), hold here.

Now when all the «; are of absolute value 1, the distance of ¢¥ to
E’ can be calculated by a formula similar to (3). That is d(e'*, E’) =

lim || S,(¢*%)||; , where

] 1 . N

Ty cee Er .. g K g0

S(e”) = p DY ot alee .
0hyCr-1

In this situation, the Sidon theorem doesn’t hold. Nevertheless we
conjecture that || S,(e®®)|| oo # o(1).

8. In the case that Z(P) C {¢ : max | £; | > 1}, then for fin B,
F = P(Tyy s Ty)P(Tyy roes Ty (10)

580/5/2 -3
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We cannot expect this to hold for the case when
Z(P)C{€:max | ¢&| =1},

but we can expect an approximate formula to hold in L?. That is, it is
reasonable to expect that

f=lim P(Ty, ..o, T,)P(Ty, oy 1 T,) S,

convergence taking place in L?. This of course would complete the
density theorem for L?. We give such a result for all L? and P(2) a
polynomial in one variable; and for L2 and any number of variables.
We first prove some lemmas.

LemMma 1. Let P(zy, 25 ,..., 2,) be a polynomial with no zeros in
|20 < 1, | 25| < L.y | 2, | < 1. Inmthe L? metric of the torus | 2, | =
| 2y | = - = | 3, | = 1 the function P(2, , 2, ,..., 2,,)|P(r2, , 725 ..., 72;,)
approaches 1 asr — 1.

Since this fraction does go to 1 a.e. (wherever P(z, ,..., 2,) 7~ 0) it
certainly suffices, by the bounded convergence theorem, to show
that it is bounded. Thus, Lemma 1 follows from

Lemma 2. Let P(z,, 23 ..., 2,) be a polynomial of degree D with
nozerosin | 2| <1, | 2| <l,.,|2,| <landlet 0 <r <1. We
have, throughout | 2, | < 1, |2, | < 1,.., | 2, | <1,

P(zl s B3 5eeey zm)

< mD.
P(rzy , 135 youey 1239) | 2
Proof. Observe the factorization
P(zl 3y B2 5000y z'm)
P(rz, 72, ,...,72,)
_ P21, 23 yees Bm) | P(r21, 23 505 Zm) | P11 yeees T3m_y 5 3m)
P(rz, , 23,00, 8m) P(rz,, 125, 25,...) P(ray ..., r2y)

Each factor is a fraction Q(W,, W,,..., W,)JO(rW,, Wy ,..., W,.),
where the W, are a permutation of variables which are either z;
or r-2;. Thus, Q(W,,..,W,) has no zeros in |W,| <1,
| Wy | < 1,..., | W, | <1, and we show that this implies

Oy, Wy yos W) | _ p
OW,, Wy, W) ’
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which is sufficient for the Lemma, Fix W, , W,,..., W, with | W, | <1
and view Q(W,, W, ..., W,,) as a polynomial in W, alone. As such
it has all its roots outszde the open unit disk. Therefore, we can write
Q(Wl)Wz’ )—’CHJ—I(WI J)!(“#O d<D la]>1
Thus,

Q(Wl b W2 3eees I/Vm) . e Wl — %

Q(le ) W2 seeey Wm) - j=1rWl — 05 )
But observe that, for | W, | < 1,
Wy —o ] a0 —nw, 1 1 —r
Wy, — o W, — < [P Wy — oy |
1 —r —r
<1+ TaT=r1 S <1 + = =2

We conclude that

oW, ..., W)
SR D | L 28 L 2P
. O(rWy s W)
as required.

9. Remarks.  (a) If Z(P) C {{ : max | § | > 1}, then
P(rTI,1 s--+» 7T, ) has a bounded inverse in all B, when 0 <7 < 1.

(b) Under the assumptions in (a), we have
TP(TYP(rT)Y ||, <c<<o independent of 7, for 1 << p < 0. (11)
Now
P(T)POrT) = [[(T — aI)rT — o)1,  with [oy| > 1. (12)
Further,
1—r 3

- z(%_)":rn]. (13)

n=1

(T — o) T — ;1) = [1 —

So (T — al}rT — oyI)!|lp < 2| ;| independent of r. (13) com-
bined with (12) gives us the desired result. We prove a similar result
for || P(Ty ++ T) P(rTy - rT0) 7 |le -

(c) Suppose R(zq,..., 2,) is analytic in a neighborhood of the
polydisc | z, | < 1,..., | 3, | < 1. Then if f(e®) = R(T, - ,..., T ) €%,
we have

51; f:n | f(e)2 dx = (—) J' J' | R(,..., )2 dg, - db,. (14)

\,\

This is just Parseval’s equality.
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Using this, we can get an expression for the norm of R(T, - ,..., Tp")
as an operator on L2 Let f(x) = pl 1 @R = (T, - T,) &%,
O 5) — Zawsh = s, (k= pf =~ 72). Then & — ROe RO s
a function of the variables z, ,..., 2, 2y ,..., 2,» , where repetitions are

allowed. Using (14) we find
r+s . . . .
| RFIE = (_21;) ff | R(® - ¢0)2 Q41 - &%+)|2 @B, - dB,, . (15)

Hence, sup || Rf ||, = max | R(e: «-- ¢%)| = || R||y, where the sup is
taken over f € L? with norm 1.

Now if P(2 -+ 2,) is a polynomial with Z(P)C{max|¢;| > 1},
then

P(e -+ ")

~1|| — [l A
” P(Tl Tn) P(rTl TT,,) ”2 = max P(re“’x vee re“’n) *

(16)

Lemma 1 implies (16) is bounded independently of 7.
10. We can now state our last two theorems.

THEOREM 4. Suppose feLP, 1 < p < o and P(2) is a polynomial
with Z(PYC {| 2| = 1}. Then

lim || f — P(T)PCT) fll, = 0. (T = Tn). )

Proof. It is enough to show (17) when f(x) = €. For if it is true
for €= then it is so for polynomials. From (11) we conclude the truth
for all feLP. Let g x) = P(T) P(rT)™? ¢, The Fourier series for
&%) is of the form ¥ a,(r) ¢™"%, a gap series. So by the Paley Theorem,
all the L? norms of ¢* — g,(x) are dominated by the L? norm. From
(14) we find that

2

J-21r ] i g,(x)lz dx — f P(eie)
0 0

T P(re®)

By Lemma 1 we get the desired result.

THEOREM 5. Suppose P(2y ,..., 2,) s a polynomial with

Z(P)C{¢:max | & | > 1}
Then

Hm || f — P(Ty ooy Ta) PO Ty s 7Ta) fle = 0 forall fel (18)
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Proof. Again it is enough to show (18) true for f(x) = ei*. From
(14) we have

21
€ [ 16— (T oy ) POTy oy Ty e 2

27 J,
L

Lemma 1 gives the desired result.

. P(e,..., &)
P(ret,..., re?s)

2
1 db, -+ df, .
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